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Abstract. We characterise the biharmonic submanifolds of the unitary Euclidean
sphere Sn and the biharmonic Riemannian submersions. Then, we study the biharmonic-
ity of the canonical projection π : TM →M .
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1. Introduction. A harmonic map φ : (M, g) → (N,h) between two
Riemannian manifolds is a critical point of the energy E(φ) = 1

2

∫
M |dφ|2 vg.

The corresponding Euler-Lagrange equation for the energy is given by the
vanishing of the tension field τ(φ) = trace∇dφ. The bienergy of a map φ is
defined by E2(φ) = 1

2

∫
M |τ(φ)|2 vg, and φ is said to be biharmonic if it is a

critical point of the bienergy.
In [4, 5] G.Y. Jiang has obtained the Euler-Lagrange equation for E2;

that is

(1.1) τ2(φ) = J(τ(φ)) = 0,

where J is the Jacobi operator of φ. The equation τ2(φ) = 0 will be called
the biharmonic equation. Also, G.Y. Jiang has observed that the generalized
Clifford torus

Sp(
1√
2
)× Sq(

1√
2
) ↪→ Sm+1

with p+q = m and p 6= q is a nonminimal biharmonic submanifold of Sm+1.
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In the first part of this paper we give some results about the nonexistence
of nonharmonic biharmonic maps into a manifold with nonpositive sectional
curvature, or with nonpositive Ricci curvature.

In the second part we characterize the biharmonic submanifolds of Sn.
The last part is devoted to the study of the biharmonicity of Riemannian

submersions. First we give some results about the nonexistence of nonhar-
monic biharmonic Riemannian submersions onto a manifold with nonposi-
tive Ricci curvature. Then we prove a theorem which gives a class of non-
harmonic biharmonic Riemannian submersions. We finish with the study of
the biharmonicity of the canonical projection π : (TM,S) → (M, g), where
S is a Riemannian metric of Sasaki type, and π : (TM,S) → (M, g) is a
Riemannian submersion.

The manifolds, maps, vector fields etc. considered in this work are
assumed to be smooth, i.e. differentiable of class C∞. By (M, g) and
(N,h) we shall mean connected Riemannian manifolds, of dimensions m
and n, respectively, without boundary. We shall denote by ∇ the Levi-
Civita connection on (M, g). For vector fields X, Y, Z on M we define the
Riemann curvature operator by R(X, Y )Z = [∇X ,∇Y ]Z − ∇[X,Y ]Z. We
shall say that M has nonpositive sectional curvature, and write Riem ≤ 0,
if for every p ∈ M and 2-plane P in TpM , Riemp(P ) =< R(X, Y )Y, X >≤ 0,
where {X, Y } is any orthonormal basis of P . The indices i, j, k, l take the
values 1, 2, . . . ,m, and the indices α, β, γ take the values 1, 2, . . . , n.

2. Biharmonic maps. Let φ : (M, g) → (N,h) be a smooth map
between two Riemannian manifolds. Assume that M is compact and ori-
entable. The tension field of φ is given by τ(φ) = trace∇dφ, and the
bienergy is defined by

E2(φ) =
1
2

∫
M
|τ(φ)|2 vg.

Then we call biharmonic a smooth map φ which is a critical point of the
bienergy functional. As we have said in the introduction, we have for the
bienergy the following first variation formula:

dE2(φt)
dt

∣∣∣∣
t=0

=
∫

M
< τ2(φ), v > vg,
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where vg is the volume element, v is the variational vector field along φ,
and

(2.1) τ2(φ) = −∆τ(φ)− trace RN (dφ−, τ(φ))dφ− .

When M is not compact and orientable, the map φ is biharmonic if τ2(φ) =
0. In the sequel we shall specify if we are assuming M to be compact and
orientable.

Of course, every harmonic map is biharmonic. Further we shall give
some results about the nonexistence of nonharmonic biharmonic maps.

First, we recall the following result of G.Y. Jiang.

Theorem 2.1 ([5]). Let φ : (M, g) → (N,h) be a smooth map. Suppose
that M is compact and orientable, and RiemN ≤ 0. Then φ is biharmonic
if and only if it is harmonic.

If we give up the hypothesis M compact and orientable, we can get

Proposition 2.2. Let φ : (M, g) → (N,h) be a Riemannian immer-
sion such that |τ(φ)| = constant. Suppose that RiemN ≤ 0. Then φ is
biharmonic if and only if it is harmonic.

Proof. Assume that τ2(φ) = 0. From the Weitzenböck formula we
obtain

1
2
∆|τ(φ)|2 = < ∆τ(φ), τ(φ) > −|dτ(φ)|2

= < trace RN (τ(φ), dφ−)dφ−, τ(φ) > −|dτ(φ)|2.

If |τ(φ)| = constant, as RiemN ≤ 0, from the above equation it results that
dτ(φ) = 0. Using now the equation

−|τ(φ)|2 =< dφ, dτ(φ) >,

which is true for any Riemannian immersion, we conclude that φ is har-
monic.

When dim M = dim N − 1, we can replace the hypothesis RiemN ≤ 0
with the hypothesis RicciN ≤ 0, and we obtain

Theorem 2.3. Let φ : (M, g) → (N,h) be a Riemannian immersion.
Suppose that M is compact and orientable, RicciN ≤ 0 and m = n − 1.
Then φ is biharmonic if and only if it is harmonic.
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Proof. Since φ is a Riemannian immersion and m = n− 1, we have

trace RN (dφ−, τ(φ))dφ− =
m∑

i=1

RN (dφ(Xi), τ(φ)), dφ(Xi)

= −RicciN (τ(φ)),

where {Xi}m
i=1 is an orthonormal frame field. Assume that φ is biharmonic.

From the Weitzenböck formula and from the maximum principle we obtain
dτ(φ) = 0. Now, the result follows applying the same argument as in the
proof of Proposition 2.2. �

Proposition 2.4. Let φ : (M, g) → (N,h) be a Riemannian immersion
such that |τ(φ)| = constant. Suppose m = n− 1, and RicciN ≤ 0. Then φ
is biharmonic if and only if it is harmonic.

Proposition 2.5. Let φ : (M, g) → (N,h) be a smooth map with the
property that there is p ∈ M such that rank φ(p) ≥ 2 and |τ(φ)| = constant.
Suppose that RiemN < 0. Then φ is biharmonic if and only if it is harmonic.

Proof. Assume that φ is biharmonic. Again, from the Weitzenböck
formula we obtain

RN (τ(φ), dφ(Xi), τ(φ), dφ(Xi)) = 0, ∀i = 1, · · · ,m,

where {Xi}m
i=1 is an orthonormal frame field. Suppose τ(φ)(p) 6= 0; then,

as RiemN < 0, it follows that τ(φ)(p) ‖ dφp(Xi),∀i, i.e. rankφ(p) ≤ 1. So
τ(φ)(p) = 0 and since |τ(φ)| = constant, the proposition follows.

3. Biharmonic submanifolds of Sn. Let M be an m−dimensional
submanifold of Sn, and let i : M → Sn be the canonical inclusion. We
denote by B the second fundamental form of the submanifold M ⊂ Sn, by
A the shape operator, by H the mean curvature vector field of M , by ∇⊥
the normal connection and by ∆⊥ the Laplacian in the normal bundle of
M .

Then we have
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Theorem 3.1. The map i is biharmonic if and only if

(3.1)


−∆⊥H − trace B(−, AH−) + mH = 0

2 trace A∇⊥
(−)

H(−) + m
2 grad(|H|2) = 0.

Proof. Since

trace RSn
(di−, τ(i))di− = −mτ(i),

the map i is biharmonic if and only if

(3.2) τ2(i) = trace∇dτ(i) + mτ(i) = m{trace∇dH + mH} = 0.

To prove this theorem we can choose, without loss of generality, a system
of normal coordinates {xi}m

i=1 around an arbitrary point p ∈ M . If we put

ei =
∂

∂xi
, at p we have

trace∇dH =
m∑

i=1

∇Sn

ei
∇Sn

ei
H=

m∑
i=1

{∇Sn

ei
[∇⊥ei

H−AH(ei)]}

=
m∑

i=1

{∇⊥ei
∇⊥ei

H−A∇⊥ei
H(ei)−∇eiAH(ei)−B(ei, AH(ei))}

=−∆⊥H− trace B(−, AH−)−
m∑

i=1

[A∇⊥ei
H(ei)+∇eiAH(ei)].

Moreover, a straightforward computation shows that at p one has
m∑

i=1

[A∇⊥ei
H(ei) +∇eiAH(ei)] = 2

m∑
i=1

A∇⊥ei
H(ei) +

m

2
(d|H|2)]

= 2 trace A∇⊥
(−)

H(−) +
m

2
grad(|H|2),

where ] : T ∗M → TM is the musical isomorphism that through the metric
identifies 1-forms with vectors. Therefore, replacing the value of trace∇dH
in (3.2), we have that i is biharmonic if and only if

(3.3)
−∆⊥H− trace B(−, AH−)+mH=

= 2 trace A∇⊥
(−)

H(−)+
m

2
grad(|H|2).
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Since the left-hand side of (3.3) is normal to M and the right-hand side of
(3.3) is tangent, the theorem follows. �

Proposition 3.2. Let M be a compact orientable manifold which is
pseudo-umbilical, i.e. AH = |H|2I. Assume that |H|2 ≥ 1. Then i is
biharmonic if and only if |H| = 1 and ∇⊥H = 0.

Proof. Assume that M is a biharmonic submanifold in Sn. Then, from
the first equation of (3.1) we obtain that

∆⊥H = (1− |H|2)mH,

and applying the Weitzenböck formula, we get

1
2
∆|H|2 = < ∆⊥H,H > −|∇⊥H|2

= m
(
1− |H|2

)
|H|2 − |∇⊥H|2 ≤ 0.

Now, from the maximum principle, we conclude.
The converse is immediate.

Proposition 3.3. Let M be a pseudo-umbilical submanifold of Sn with
mean curvature constant |H| = 1. Then it is nonharmonic biharmonic if
and only if ∇⊥H = 0.

4. Biharmonic Riemannian submersions. Let φ : (M, g) → (N,h)
be a Riemannian submersion and let p ∈ M ; we have TpM = TH

p M⊕T V
p M ,

where T V
p M = ker dφp and TH

p M is the orthogonal complement of T V
p M

with respect to the metric g. Let W be an open subset in N such that
φ(p) ∈ W , U = φ−1(W ) and let {X̃α} be an orthonormal frame field on W .
We consider Xα = (X̃α)H and {Xa}m

a=n+1 an orthonormal frame field on
T V U . We have the well-known formula

τ(φ)(p) = −
m∑

a=n+1

dφp(∇XaXa) = −(m− n)dφp(H(p)),

where H(p) is the mean curvature vector field in p of the submanifold
φ−1(φ(p)) of M .
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In the following we shall suppose that the tension field of φ is basic, i.e.
τ(φ)(p) = τ(φ)(q) whenever φ(p) = φ(q). Thus τ(φ) can be thought of as a
vector field on manifold N .

Theorem 4.1. Let φ : (M, g) → (N,h) be a Riemannian submersion
with basic tension field. Then we have

(4.1.) τ2(φ) = traceN ∇2τ(φ) +N ∇τ(φ)τ(φ) + RicciN τ(φ).

Proof. Using the above orthonormal frame fields {Xi}m
i=1 and {X̃α}n

α=1,
we obtain

trace∇2τ(φ) =
n∑

α=1

{
∇φ−1(TN)

Xα
∇φ−1(TN)

Xα
τ(φ)−∇φ−1(TN)

∇XαXα
τ(φ)

}
+

n∑
a=n+1

{
∇φ−1(TN)

Xa
∇φ−1(TN)

Xa
τ(φ)−∇φ−1(TN)

∇XaXa
τ(φ)

}
=

n∑
α=1

{N∇
X̃α

N∇
X̃α

τ(φ)−N ∇dφ(∇XαXα)τ(φ)
}

+
n∑

a=n+1

{N∇−dφ(∇XaXa)τ(φ)
}

= traceN ∇2τ(φ) +N ∇τ(φ)τ(φ),

and
trace RN (dφ−, τ(φ))dφ− = −RicciN (τ(φ)).

Therefore, replacing the values of trace∇2τ(φ) and trace RN (dφ−,
τ(φ))dφ− in the expression of τ2(φ), we have the theorem.

Next we give some results about the nonexistence of nonharmonic bi-
harmonic Riemannian submersions.

Theorem 4.2. Assume that M is compact and orientable and RicciN ≤
0, Then φ is biharmonic if and only if it is harmonic.

Proof. If φ is biharmonic, then, from the Weitzenböck formula, we
obtain

1
2
∆|τ(φ)|2 = < ∆τ(φ), τ(φ) > −|dτ(φ)|2

= < RicciN τ(φ), τ(φ) > −|dτ(φ)|2 ≤ 0.
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Since M is compact, applying the maximum principle, we obtain dτ(φ) = 0.
Now, from

0 =
∫

M
< dτ(φ), dφ > vg =

∫
M

< τ(φ), d?dφ > vg = −
∫

M
|τ(φ)|2vg,

we conclude.

Proposition 4.3. Assume that RicciN ≤ 0, and ∃q ∈ N such that
RicciN (q) < 0. If |τ(φ)| = constant, then φ is biharmonic if and only if it
is harmonic.

Now, we replace the hypothesis M compact and orientable with the
hypothesis N compact. We obtain

Proposition 4.4. Assume that N is compact and orientable, and
RicciN ≤ 0. Then φ is biharmonic if and only if N∇τ(φ) = 0.

Proof. Suppose that φ is biharmonic. Again, from the Weitzenböck
formula, we obtain

1
2
∆|τ(φ)|2 ≤ 0,

where ∆ acts over smooth functions on M . Since τ(φ) can be thought as a
vector field on N , and N is compact, then ∃p0 ∈ M such that |τ(φ)|(p0) ≥
|τ(φ)|(p), ∀p ∈ M . So, using the maximum principle and the Weitzenböck
formula, we obtain dτ(φ) = 0, which is equivalent with N∇τ(φ) = 0.

The converse results from Theorem 4.1.

Corollary 4.5. Assume that N is compact and orientable, RicciN ≤ 0
and ∃q ∈ N such that RicciN (q) < 0. Then φ is biharmonic if and only if
it is harmonic.

Corollary 4.6. Assume that N is compact and orientable, RicciN ≤ 0,
and the Euler-Poincare characteristic χ(N) 6= 0. Then φ is biharmonic if
and only if it is harmonic.

Now, looking for nonharmonic biharmonic Riemannian submersions, we
can get

Theorem 4.7. If τ(φ) is an unitary Killing vector field on N , then φ
is a biharmonic map.
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Proof. The hypothesis τ(φ) Killing implies

traceN ∇2τ(φ) + RicciN (τ(φ)) = 0,

and the hypothesis τ(φ) unitary Killing vector field on N implies N∇τ(φ)τ(φ)
= 0. Now, we conclude.

Corollary 4.8. Let φ : (M, g) → S1 be a Riemannian submersion such
that its fibres have constant mean curvature field, i.e. |H(p)| = 1, ∀p ∈ M ,
and τ(φ) is basic. Then φ is biharmonic.

Proposition 4.9. Suppose that N is compact and orientable, |τ(φ)| = 1
and div τ(φ) = 0. Then φ is biharmonic if and only if τ(φ) is Killing.

Proof. It follows from the formula∫
N
{−h(traceN ∇2τ(φ)+RicciN (τ(φ)), τ(φ))−1

2
|Lτ(φ)h|2+(div τ(φ))2}vg=0,

(see [10]).

4.1. Application. In this subsection we shall study the biharmonicity
of the canonical projection π : TM → M .

Let (M, g) be an m-dimensional Riemannian manifold and let π : TM →
M be its tangent bundle. A local chart (U ;xi), i = 1, . . . ,m, on M induces
a local chart (π−1(U);xi, yj), i, j = 1, . . . ,m, on TM , where we denote,
by abuse, xi instead of π?xi = xi ◦ π, and yj are the vector space coordi-
nates of the element v ∈ π−1(U) ⊂ TM , with respect to the natural basis{
(

∂

∂xi
)π(v)

}m

i=1
.

We have the vertical distribution V (TM) on TM , defined by Vv(TM) =
ker dπv, v ∈ TM . We consider a nonlinear connection on TM defined by the
distribution H(TM) on TM , complementary to V (TM), i.e. Hv(TM) ⊕
Vv(TM) = Tv(TM), v ∈ TM . The distribution H(TM) is the horizontal
distribution. For any induced local chart (π−1(U);xi, yj) we have a local
adapted frame in H(TM) defined by the local vector fields

δ

δxi
=

∂

∂xi
−N j

i (x, y)
∂

∂yj
, i = 1, . . . ,m,
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where the local functions N i
j(x, y) are the connection coefficients of the

nonlinear connection defined by H(TM). The vector fields
{ ∂

∂yi

}m

i=1
define

a local frame for the vertical distribution V (TM).

Let ξ = ξi ∂

∂xi
be a (local) vector field on M . The horizontal and the

vertical lifts of ξ are defined by

ξH = ξi δ

δxi
, ξV = ξi ∂

∂yi
.

We consider the Riemannian metric S of Sasaki type on TM , defined by

S(XV , Y V ) = S(XH , Y H) = g(X, Y ), S(XV , Y H) = 0.

The canonical projection π : (TM,S) → (M, g) is a Riemannian submer-
sion. By computing its Levi-Civita connection S∇, we obtain

(4.2)



S∇ ∂

∂yi

∂

∂yj
=

1
2
(−∂gij

∂xk
+

∂N l
k

∂yi
glj +

∂N l
k

∂yj
gli)gkh δ

δxh

S∇ δ

δxi

δ

δxj
= Γh

ij

δ

δxh
+

1
2
Rh

ji

∂

∂yh
,

where Γi
jk are the Christoffel symbols and Ri

jk =
δN i

k

δxj
−

δN i
j

δxk
(see [6]).

We shall consider the following three cases
A) N i

j = Γi
jky

k + T i
j (x), where T i

j (x) are the components of a tensor on
M of type (1, 1) . By a straightforward computation we obtain

Proposition 4.10. The map π is harmonic and therefore it is bihar-
monic.

B) N i
j = (Γi

jk + δi
jξk + δi

kξj)yk, where ξ is a vector field on M and
ξi = gijξ

j (a projective change of the Levi-Civita connection ∇). By a
direct computation and applying Theorem 4.1, we obtain

(4.3)


τ(π) = −(m + 1)ξ,

τ2(π) = −(m + 1){trace∇2ξ + Ricci(ξ)− (m + 1)∇ξξ}.
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So we conclude

Proposition 4.11. a) If ξ is an unitary Killing vector field, then π is
nonharmonic biharmonic.
b) If ∇ξ = 0 and ξ 6= 0, then π is a nonharmonic biharmonic map.

C) N i
j = (Γi

jk+δi
jαk+δi

kαj−gjkα
i)yk, where αk =

∂ρ

∂xk
and ρ ∈ C∞(M),

ρ 6= constant (a conformal change of the connection ∇). Again, applying
Theorem 4.1, we get

(4.4)


τ(π) = −m grad ρ,

τ2(π) = −m{trace∇2 grad ρ + Ricci(grad ρ)−m∇grad ρ grad ρ}.

Thus, we have

Proposition 4.12. If ρ is a Killing potential, then π is a nonharmonic
biharmonic map.
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