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1. Introduction. In this paper we consider third order delay differen-

tial equations of the form

(1) Z(t)+a(t)f(z(t), z(t)2(t)+b(t)g(z(t—7), &(t—7))+c(t)h(z(t—7)) = 0
and
z(t) + a(t) f(z(t), x(1))Z(t) + b(t)g(z(t — 7), 2(t — 7))

(2)
+e(®)h(z(t — 7)) = p(t)

where a(t), b(t) and ¢(t) are continuously differentiable functions in [0, 00),
p(t) is a continuous function in [0,00), 7 > 0 is a constant; f,g and h are
continuous functions for all 2 and y with g(z,0) = h(0) = 0. Also, fz, gz, 9y
and h'(z) exist and are continuous for all z and y. All coefficients and
functions that are given in the above equations and as well as the solutions
of (1) and (2) are assumed to be real valued.

Equations of these types are encountered in the control of a flying appa-
ratus in cosmic space. Particularly, the linear case of equation (1) without
delay states the motion z(t) of a steam supply control slide valve.
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Many papers have been published on the boundedness, stability, oscil-
lation and periodicity of solutions of (1) and (2) without delay. The book
of Reissing, Sansone and Conti is a good source for these kind of studies of
third order nonlinear ordinary differential equations [1, see Chapters 4 and
5). HARA [2] considered the ordinary differential equations

(3) T +a(t)f(x,z)z + b(t)g(z,z) + c(t)h(z) = p(t)
and
(4) T +a(t)f(zx,z)z + b(t)g(z,z) + c(t)h(z) = p(t, z, z, )

He studied the boundedness of solutions of (3) and (4). CHUKWU [3] con-
sidered the third order delay differential equation of the form

5) O+ F2®),2(), 2(8)2(¢) + 9(2(t — b), 2(t — h))
+i(z(t — h) = p(t,z(t), o(t), z(t — h), &(t — h), E(t))

and investigated the existing of a periodic solution of (5). Recently, the first
author [4] showed that the zero solution of the fourth order delay differential
equation

w (1) + e (t,2(t), &(2), #(t), (8)) Z(t) + f (¢, 5(t — 7))

6
(6) +g (t a:(t—T)) +h(x(t—7)) 0

is uniformly asymptotic stable.

As we know, there are no results about boundedness and uniform asymp-
totic stability for third order delay differential equations. So, our aim in
this paper is to establish sufficient conditions for the uniform asymptotic
stability of the zero solution of equation (1) and boundedness of a solution
of equation (2).

The paper is organized as follows. First, we recall some basic notations
and results. Then, in Section 3, we stated our main results and we indicated
that the Routh-Hurwitz conditions are satisfied for linear case. Moreover,
we introduced a Liapunov functional. Section 4 deals with the proofs of
main results. Finally, we presented some remarks and examples.

2. Basic notations and result. The following notations will be
used: For z € R", |z| denotes the Euclidean norm in R". For a given
7 > 0, C denotes the space of continuous functions mapping the interval



3 SOME RESULTS ON BOUNDEDNESS AND STABILITY 247

[—7,0] into R", and, for ¢ € C, ||¢| = sup |¢(0)|. Also, Cy will denote
—7<6<0

the set of ¢ € C such that |¢| < H where H > 0. If z is a continuous
function of u defined on —7 < u < A, A > 0, and if ¢ is a fixed number
satisfying 0 < ¢ < A, then the symbol z; denotes the restriction of z to the
interval [t — 7,t], i.e., z; is an element of C defined by z.(0) = z(t + ) for
—-7<6<0.

Let z(t) denote the right-hand derivative of z(u) at u = ¢t and consider
the functional-differential equation

(7) o(t) = F(t, )

where F'(t,¢) € R" is defined and continuous on [0,00) x Cy, F(t,0) = 0
for all £ > 0.

Definition 1. A function z(ty, ) is said to be a solution of (7) with
initial condition @ € Cy at t = tg, to > 0, if there is an A > 0 such that
z(to, ) is a function from [ty — T,tg + A) into R™ with the properties

(1) z¢(to, ) € Cp for tog <t <ty + A,

(ii) 1, (to, ) = ¢,

(iii) z(to, @) satisfies (7) for to <t < to+ A.

We denote by x(t; to, @) the value of z(to, ) at t.

Definition 2. A Liapunov functional is a continuous V (t,p) : [0,00) X

Cu — [0,00) whose derivative along a solution of (7) will be denote by V(7)
and is defined by

B Velte) = lmsug (V4 bate) - Vine)

—0t

where x(to, ) is the solution of (7) with zy,(to, ) = .

Definition 3. The solution x = 0 of equation (7) is said to be stable
if for any to > 0 and € > 0, there is a positive § = (e, tg) such that
p € Cs implies |z(t;to, )| < € for t > ty. The solution © = 0 is said to be
asymptotically stable if it is stable and if for each ty > 0 there is a § > 0
such that ¢ € Cys implies z(t;tg, ) — 0 as t — oo. The solution © = 0 is
said to be uniformly stable if the number § in the definition is independent
of to. The solution © = 0 is said to be uniformly asymptotically stable if it
is uniformly stable and if there is a 69 > 0 and for every n > 0 there exists
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a T(n) > 0 such that ¢ € Cy, implies |z(t;to, )| <n fort>to+T(n) and
for every to > 0 [5].

Now, let us state a well known result due to BURTON [6], important in
our development.

Theorem 1. Suppose there is a continuous functional V(t, ) locally

Lipschitz in @, defined on 0 < t < oo, ||¢|| < H which satisfies following
conditions:

(HL) W (|e(0)]) < V (2, 0) < Wi (l(0)]) + W2 ([llell]),

(H2) Vi7)(t, ) < =W3 ([0(0)]),
where W, W1, Wy and W3 will denote continuous functions from [0, 00) into
[0,00) with W;(0) = 0, W;(r) > 0 if r > 0, W; nondecreasing (i = 1,2,3)

and
ol n 1/2
|||90||\=</_ [ ¢%<s>]ds> .

Then the zero solution of (7) is uniformly asymptotically stable.
3. Main results. The following two theorems are our main results.

Theorem 2. Suppose that for every t,x, y, z in

Q:={(t, 7, y,2) € R :0<t < o0, |z| < Hy, |yl < Hy,
|Z|<H1,H1§H}

(i) there exist positive constants ag, by, co, A, B, C such that
O0<ap<a(t) <A, 0<by<b(t)<B, 0<cy<ct)<C,
(ii) fo, f, go and G are constants such that

0 < fo<flzy<Ff
g(z,y
Y

~—

0 < go<

(i) yfa(z,y) <0, —L < galz,y) < 0,9y(z,y) < L' where L and L'
are positive constants,

(iv) B (z) < hy < %6{0090
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(v) ¢ is a positive constant such that for x # 0,

B

m

fﬁ{m7<m+

400

@)} << ho)/a
where 1 and po are arbitrary constants satisfying

(Ch1/bogo) < p1 < aofo , 0<pz < (aobofogo — Chy),/ Afo,

(vi) (&' ()] + V()] + | (t)]) < ka,ks; where kq is a certain nonnegative
constant and ks 1s a certain positive constant.
Then the zero solution of (1) is uniformly asymptotically stable.

Theorem 3. If hypotheses (i)-(vi) of Theorem 2 hold and if further for
all t >t

(vii) ft'; Ip(s)|ds <p < o0,
then there exists a finite positive constant D such that the solution z(t) of
(2) defined by the initial conditions

9)  2(t) = B(t), (t) = B(t), E(t) = $(), to—T<t<to,
satisfies the inequalities
(10) z(t)| < D, |&(t)| <D, |Z(t)| <D

for all t > to, where D is a finite positive number and ¢ € C?([tg — T, t0], R).
The following special case should be noted:

a(t)f(z(t), z(t)) = a, b(t)g(z(t—7),z(t—7)) = bz (t), c(t)h(z(t—7)) = cz(t),

where a, b, and c¢ are real constants. Then the hypotheses (i), (i7), and
(1v) reduce to the Routh-Hurwitz criteria (that is, a > 0,6 > 0,¢ > 0, and
ab — ¢ > 0) for the global asymptotic stability of the trivial solution of
equation

Z(t) + az(t) + bz(t) + cx(t) = 0.

The hypotheses (7i7), (v), (vi) are trivally fulfilled.

It is note that we assume the existence of solutions for both equations.
But, the uniqueness of solutions is just needed for our second result. So,
we suppose that the solution of equation (2) with initial conditions (9) is
unique.
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The proofs of Theorem 2 and 3 are based on a Liapunov functional
constructed as below.
The equation (1) is equivalent to the system

z(t) = y(1)
(11) S y(t) = =(1)
z(t)=—a(t) f(x(t),y(t))z(t)—b(t)g(x(t), y(t)) —c(t)h(z(t))+G ()
where
0
G@):b@X[_gﬂx@+0%y@+0ﬂy@+0ﬂ0
(12) +Mﬂ/0%A (t+0), y(t + 0)) 2(t + 0)do

t)/ 2(t + 0)) y(t + 0)do.

Now, we introduce the Liapunov functional V (¢, ) defined as
(13) V(t, o) = Vi(t) + Va(t) + V5(t) + Va(t, ¢)

where Vi (t), Va(t), V3(t) and V4(t, o) are given by

x(t) y(t)
WA (1) =2p11¢(1) /0 R(E)dE +2¢(1) (1)) (1) +26(1) /0 9w (1), m)dn
(14)
(t)
+meOyfmmmmm+wwman+f®,
x(t)
2Va(t) = pab(t)goa?(t) + 2a(t) foc(t) /0 h(&)dé + a®(t) f3y* (t)
(15)

y(t)
g () + 2b(2) / g (t), m)dn + 22(t) + 2uza(t) for(t)y (t)

+2p2x ()2 (1) + 2a(t) foy (£)2(1) + 2c(t)h(x())y (),

y(1)

(16) 2V3(t) = 2a°(t) fo i f(x(t),mndn — a®(t) fy* (1),
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2% 0 0

(17) Valt,p) = 74/ {/ (22(t +0) + y*(t + 0) + 22(t + 0)) dH} do;
—T 01

where 3ky = k3 —\/k3 — 4k?72 is nonnegative, k3 is a positive constant that

is determined in (21) and

k = max {(BL + Chl)ug, (BL + Chl)(,ul + Afo), 2(BL + Chl),
BL,:“‘?aBL,(:U‘l + Af0)72BL/} .

4. Proofs of theorems

Proof of Theorem 2. This theorem is proved by using of Theorem 1.
First of all, it is clear that V (¢, ) defined by (13) satisfies locally Lipschitz
condition in ¢ because it is continuously differentiable with respect to ¢ for
0<t<oo|pl <H.

Now, we have to show that the functional V (¢, ¢) verifies conditions (H1)
and (H2) of Theorem 1. For (H1), we consider the following inequalities
estimated by HARA [2]

ki(z?(t) + y2(t) + 22(t)) < Va(t) + Val(t) + V()

(18) < ko (22(t) + y2(t) + 22(8))

where k1 and ko are positive numbers. Adding V(¢ ¢) to the both sides of
(18) gives

Va(t, @) + k1 (z2(t) + y*(t) + 2%(t)) < V(t,9)
< ko (a®(t) + 92 (1) + 22(1) + Valt, @)

Since Vj(t, @) is nonnegative, we have

krlo(0)] < V (5, )
<k |(0)* + 2k4 /O [2%(t +0) + y*(t + 0) + 2*(t + 0)] df

(19 o

— o |p(0)[ + 2y / PO

-7

= ko |0(0)[% + 2k |[|0||?

From (19), it follows W (r) = kyr?, Wi(r) = kor?, Wo(r) = 2k4r?. Therefore,
hypothesis (H1) is satisfied.



252 HUSEYIN BEREKETOGLU and FATMA KARAKOC 8

To see the remain hypothesis (H2), we calculate the derivative of the
functional V (¢, ¢) along a solution (x(t),y(t),2(t)) of (11) and obtain that

V(t, )= — UL (t, (1), y(t), 2(1)) + U2 (¢, 2(t), y(2), (1))

o) OO )+ (u -+ alt)fo) y(e) + 22(0)

b2 [ 202 (04220014 0) P (40) (0 + 0)] O

—T

and
x(t)
Un(t, 2(t), y(t), 2(8)) = [juc'(6) + a'(B)e(t) fo + alt)e (8) fo] / h(e)de
) (t)
L2m(1) / " get), mydn + 26(0)y(0) / " gelw(t), mdn
0 0

y(t)
+ [pd! (t) + 2a(t)d’ (¢) fo] /O f(a(t),n)ndn
y(t)

+ [a®)y(t) + a*() foy (1) / fol(t), m)ndn

0
1
+2¢ (Dh(@(6)y(8)+ 52t (902" () + o’ (t) foz (t)y (1) +a' (1) foy (1) 2(1)-
Note that the following inequalities are estimated by HARA [2]

Up > 4ks (22(t) + y2(t) + 22(t))

(21) Uy < ks (|a'@®)] + V(&) + | @)]) (22(t) + y* () + 22(¢))
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where k3 and k5 are certain positive constants depending on pu1, po, ag, bo, co,
A, B,C, fo, g0, 9. Substituting these inequalities into (20), we obtain

Vo< —dks (22(t) + 2 (t) + 22(1)
+ks (|a'(0)] + [0/ ()| + | (®)]) (£ (t) + y2(t) + 22(t))
GO [[p2z ()] + (11 + a(t) fo)y(t)] + [22(2)]]

+@ 0 [22(t) + v (1) + 2°(t) — 2*(t + 0) — y*(t + ) — 2°(t + 0)] db

—T

where G(t) is given by (12).
From hypotheses (ii), (iii), (iv) and (vi) of Theorem 2, we have

V< — ks (z2(t)+42 (1) +22 (1)) +ka (22 () 9> (1) +2%(2))

+ ((BL+ Chl)/o |y(t+0)|d0+BL’/0 |z(t+0)|d0)
X (p2 |z (t)] 4 (p1 + Afo) |y(t)] + 2|2(1)])
+% " (2% (t)+y2 (1) +22 (t) —2? (t4+0) —y>(t + 0) — 2*(t + 6)] dO

T —T

< —aka(a(8) +52(0) + 22(0)) + 3ka(a (1) + v2(0) + 22(0)
0 0
T / 2 (8)] [yt + 0)| 6 + k / y(0)] ly(t + )] do

-7 -7

(22)

0

0

+k/_ |z(t)\|y(t+9)|d0+k/_ o(t)] |(t + 0)| d6
0 0

i [ W@+ 0 do+k [ 120)] 12t + 0)] do

. .,
2ky [©

T J-r

[2%(t + 0) + y*(t + 0) + 2(t + 0)] df
Inequality (22) can be rewritten as below

V< —2k3 (22(t) + o2 (1) + 22(t))

1 /071 1
——/ [51623:2(15) — k7 |z(t)] |y(t + 6] + §l<:4y2(t +0)|do

[ —
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1 /971, 1
——/ §k4y2(t)—lm'|y()||y(t+9\+2k4y t+9]d0

TJ-7L

1 /9701 1
——/ SR 0) — kT 20 Iyt + 0] + Shay? (¢ +0) | db

TJ-7L

0)
1 /9701 1
* 2
——/ SR (1) — ke ()] |2(t 4 0] + Shaz? t+0]d0
—T L
0)

(23) -
—1/0 L2 () — b ly(®)] |2(t + 0] + Shaz?(t +
2" Tly(t 2

L or,, 1
——/ SRIA(0) — k20 [2(6 + 0] + Skaz (2 +6)

TJ-7L

db

)
|
}

3 /0 2% (t + 0)do
2r _r
where kj = ks + \/k3 — 4k272.
It is clear that every integrand in (23) has the form A&? 4 Bén + Cn?
1 1
which is positive definite. Because A = §k1 >0, B2—4AC = —§k27'2 <0.
Therefore, it follows that

(24) V < =2ky (22(1) + (1) + 2°(1)) = —2ks [0(0)]*.

Thus we obtain that W3(r) = 2k3r? which is continuous, positive and-
increasing for r # 0. This completes the verification of (H2). Hence all
conditions of Theorem 1 are fulfilled.

Proof of Theorem 3. Here, we use the following system which is
equivalent to equation (2):

(25)

where G(t) is the same as (12). Let (z(¢),y(t), 2(t)) be the solution of (25)
with z(t) = ¢(t), y(t) = ¢(t), z(t) = ¢(t). Consider the functional V' (¢, p)
defined as in (13). Calculating the derivative of V' (¢, ) along the solution
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(@(8),y(t), 2(t)), we get

V(t, @) < —2ks (z*(t) + 4> (t) + 2%(t)) + p(t) [p2 = + (1 + a(t) fo)y + 27]
< [p(t)| D1 [|z] + |y| + |2]]

where Dy = max {pg, i1 + Afo,2}. Since |z| < 1+ 22, |y| < 1+ %2, and
|| <1+ 2%, we have

V(t, @) <301 p(t)] + Dy [p(t)| [l + g + |#I*]

By (19),
(26) B (@(0) + (1) + 2(0) < V(L ).
So, we get
. D
V(L) = 3 IOV () < 3D1 |p(t)
which means that
) D,
V(t, x4, ye, 20) — T lp(t)| V (t, 4, y1, 2e) < 3Dy |p(t)].

Therefore, by (vii), we obtain that

_ Dip
V(e g, 2) < [V (R0, Tag, Ytos 216) + 3PD1] exp <k:_11>
(27) D5
_ 1P

< [ sup V (to, %tes Yto» 2t) + 3PD1] exp <k_) < o0

—7<6<0 1
From (26) and (27), we get the inequalities in (10). Hence the proof of the
theorem is complete.

5. Some remarks and examples

Remark 1. Suppose that all conditions of Theorem 2 are hold. There-
fore, it is clear that lig_n W (r) = 4oc. In this case, all hypotheses of the
T—1+00

theorem [7, p.27] are satisfied. So, the solutions of equation (1) are uni-
formly bounded (that is, for any a > 0, there is a § = f(a) > 0 such that,
forallo € R, ¢ € C, ||¢|| < «a, we have |z(o,¢)(t)| < S for all t > o).
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Remark 2. Under the hypotheses of Chukwu's theorem, it can be
guarantee that the zero solution of equation

(28) Z(t) + f(x(t), 2(), 2(¢))Z(¢) + g(x(t — h),2(t — b)) +i(z(t — ) =0

is uniformly asymptotic stable. It is note that this result was not mentioned
in his work [3].

Remark 3. If a(t) = b(t) = ¢(t) = 1, then equation (1) is a special case
of equation (28). In this case our hypotheses are not the same as Chukwu's.
Because Lyapunov functions that we used are different from each other.

Example 1. Consider the equation
(29) )+ (e+ D)z@t)+ a2t —1)+e 322t —1) =e

with the initial conditions

z(t) =et, —1<t<0,
(30) i(t) = —et, —1<t<0,
(t)=et, —-1<t<0

Equation (29) is a kind of (2) providing that a(t) = e+ 1, b(t) = 1, ¢(t) =
e %, p(t) = e, f(z(t),2(t) = 1, g(a(t = 1),&(t — 1)) = &(t - 1), h(z(t -
1)) = 23(t — 1), 7 = 1, tg = 0. Therefore, all hypotheses of Theorem 3
are satisfied for the initial value problem (29)-(30). Then by Theorem 3,
the solution z(t) of (29)-(30) together with its derivatives of the first and
second order are bounded for ¢ > 0. Indeed, the problem (29)-(30) has the
unique solution z(t) = e~* which is bounded in [0, c0).

Example 2. In this example, we show the numerical verification of
Theorem 2. Consider the equation

T(t) + (g + cost) (2 —z(t)z(t)) Z(t)

(31)
(2 +sint) (2 (- %)ab(t _ %)) it — %) + %x(t - %) ~0

which is a special case of (1) providing that a(t)

c(t) =1, f(z(t),z(t)) = (2 —z()z(t)), g(=(t - %)750(75 -3))
—2—a(t— %)ds(t Y-l Ly=1
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We take into account the equation (31) together with the following three
initial functions, respectively,

(32) (1) = t°, —05<¢<0,
(33) P(t) = 0.5,  —0.5<t<0,
(34) p(t) =0.1¢3,  —0.5<t<0.

In the following figure, the numerical solutions of the initial value prob-
lems (31)-(32), (31)-(33) and (31)-(34) are given respectively by the bolded
lines, segmented lines and dotted lines, by using Runge-Kutta fourth order
method: This figure illustrates the uniform asymptotic stability of the zero

0.1 5

23
o 5 10 15 20 25 30 35 40

Figure 1.

solution of equation (1). From the figure, we observe as expected that, the
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closer the initial function to zero function in [—0.5, 0] means closer the solu-
tion of the corresponding initial value problem to the zero solution. Indeed,
the solution of initial value problem (31)-(34) almost coincides with the zero
solution.
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