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ON RARELY gf-CONTINUOUS FUNCTIONS
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Abstract. Popa [10] introduced the notion of rarely continuity. In the same spirit,
we introduce a new class of functions called rarely gB-continuous functions by utilizing
the notion of gB-open sets. We also investigate some of its fundamental properties. This
type of continuity is a generalization of both rare continuity and rare 3-continuity [7].
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1. Introduction and preliminaries. PopA [10] introduced the notion
of rarely continuity as a generalization of weak continuity [8] which has been
further investigated by LONG and HERRINGTON [9] and JAFARI [5] and [6].
JAFARI [7] also generalized the notion of rare continuity to rare S-continuity
by involving the notion of B-open sets. The purpose of the present paper
is to introduce the concept of rare gf-continuity in topological spaces as a
generalization of both rare continuity and rare S-continuity by utilizing the
notion of gB-open sets introduced by DONTCHEV [4]. We investigate several
properties of rarely g3-continuous functions. The notion of I.gG-continuity
is also introduced which is stronger than rare gg-continuity.

Throughout this paper, (X, 7) and (Y, o) (or simply, X and Y) denote
topological spaces on which no separation axioms are assumed unless ex-
plicitly stated. ABD EL MONSEF et al. [1] and ANDRIJEVIC [2] introduced
the notion of B-open set, which Andrijevi¢ called semipreopen, completely
independent of each other. In this paper, we adopt the word (-open for
the sake of clarity. They characterized the most important properties of
(-open sets. A subset A of a topological space (X, ) is called -open if
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A C Cl(Int(CIl(A))), where Cl(A) and Int(A) denote the closure and the in-
terior of A, respectively. The complement of a S-open set is called S-closed.
The intersection of all #-closed sets containing A is called the (-closure of
A and is denoted by BCI(A). DONTCHEV [4] introduced the notion of gen-
eralized semi-preclosed set (briefly gsp-closed). In this paper, for the sake
of harmony we use the words g3-closed set and gB-open set instead of gsp-
closed set and gsp-open set, respectively: A set A in X is called g(B-closed
if BCI(A) C G whenever A C G and G is open in X. The complement of
a gf-closed set is called gB-open [4]. The family of all g5-open (resp. open
and [-open) sets will be denoted by GSO(X) (resp. O(X) and SO(X)). We
set GAO(X,z) ={U |z €U € GBO(X)}, O(X,z2) ={U |z €U € O(X)}
and fO(X,z) = {U | x € U € BO(X)}. Recall that a rare set is a set R
such that Int(R) = 0.

Definition 1. A function f : X — Y is called:

i) Weakly continuous [8] (resp. weakly-gB3-continuous [3]) if for each
x € X and each open set G containing f(x), there exists U € O(X, x)
(resp. U € GBO(X,x)) such that f(U) C Cl(G).

ii) Rarely continuous [10] (resp. rarely B-continuous [7]) if for each x €
X and each G € O(Y, f(x)) , there exist a rare set Rg with G N
Cl(Rg) =0 and U € O(X, x) (resp. U € BO(X,x)) such that f(U) C
G U Rg.

iii) gsp-continuous [4] (here we call it g3-continuous) if the inverse image
of every closed set in'Y is gB3-closed in X.

2. Rare gf-continuity

Definition 2. A function f : X — Y is called rarely gB3-continuous if
for each x € X and each G € O(Y, f(x)) , there exist a rare set Rg with
GNClRg) =0 and U € GBO(X, ) such that f(U) C GU Rg.

Example 2.1. Let X and Y be the real line with indiscrete and discrete
topologies respectively. The identity function is rarely g3-continuous.

By Pora and NoIRI [[11], Remark 2.6], JAFARI [7] and Definition 2, we
obtained the following diagram:
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continuity ——— weak continuity ——— rare continuity

| |

g(-continuity rare gg-continuity <—— rare S-continuity

Example 2.2. (I) Let X = {a,b,c}, 7 = {0,X,{a},{a,b}}, 0 =
{0, X, {a},{b},{a,b}} and let f : (X,7) — (X,0) be the identity func-
tion. Then:

BO(X,T) = {®7X7 {a},{a,b},{a,c}},
%?O(X’ 7) = {0, X, {a},{b},{c},{a, b}, {a,c},{b,c}

a) f is gf-Continuous, but it is not continuous,

b) f is not continuous, but it is weakly continuous, gf3-continuous, rarely
continuous, rarely 8 Continuous and rarely g3-Continuous.

(IT) Let X = {a,b,c}, 7 = {0, X, {c},{a,b}}, o0 = {0, X, {a}, {b}, {a,b}}
and let f: (X,7) — (X, 0) be the identity function. Then:

?g(Xﬂ') = GBO(X, ) = {0, X, {a},{b},{c}, {a, b}, {a, c},{b, c}

a) f is not rarely continuous,

b) f is rarely § continuous and rarely g(-Continuous.

Question 1. Is there any example showing that a function is rarely
gB-continuous but not rarely 3 continuous?

Theorem 2.3. The following statements are equivalent for a function
f: X—>Y:

(1) The function f is rarely g(3-continuous at x € X.

(2) For each set G € O(Y, f(x)), there exists U € GBO(X,x) such that
Int[f(U)N (Y \ G)]0.
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(3) For each set G € O(Y, f(x)), there exists U € GBO(X,z) such that
Int[f(U)] C Cl(G).

Proof. (1) — (2) : Let G € O(Y, f(z)). By f(zx) € G C Int(CIl(Q))
and the fact that Int(CIl(G)) € O(Y, f(x)), there exist a rare set Rg with
Int(Cl(G))NCIl(Rg) = 0 and a gB-open set U C X containing z such that
f(U) C Int(Cl(G))URG. We have Int[f(U)N(Y —G)] = Int[f(U)]NInt(Y —
G) C Int[Cl(G)URgIN(Y =Cl(G)) C (CU(G)UInt(Ra))N(Y —=CI(G)) = 0.
(2) — (3) : It is straightforward.

(3) — (1) : Let G € O(Y, f(x)). Then by (3), there exists U € GBO(X, x)
such that Int[f(U)] € CI(G). We have f(U) = [f(U) — Int(f(U))] U
Int(f(U)) C [f(U) = Int(f(U))]UCHG)[f(U) — Int(f(U))|UGU(CUG) -
G) =[fU) = Int(fU)]N (Y = G) UG U (CIG) - G).

Set R* = [f(U) — Int(f(U))] N (Y — G) and R*™* = (Cl(G) — G). Then
R* and R** are rare sets. Moreover Rg = R* U R™ is a rare set such
that Cl(Rg) NG = 0 and f(U) C G U Rg. This shows that f is rarely-
gf-continuous. O

We define the following notion which is stronger than rare g(3-continuity.

Definition 3. A function f : X — Y is I.gf3-continuous at x € X if for
each set G € O(Y, f(x)), there exists U € GBO(X, x) such that Int[f(U)] C
G.

If f has this property at each point x € X, then we say that f is I.g[3-
continuous on X.

It should be noted that I.gG-continuity is stronger than rare g3- conti-
nuity.

Example 2.4. Let X =Y = {a,b,c} and 7 = 0 = {X,0,{a}}. Then a
function f : X — Y defined by f(a)f(b) = a and f(c) = cis I.g[-continuous
(hence rarely g/3- continuous).

Question 2. Are there examples showing that a function is rarely gs-
continuous but not I.gB-continuous?

Theorem 2.5. Let Y be a reqular space. Then the function f: X — Y
1s 1.gB-continuous on X if and only if f is rarely gB3-continuous on X.
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Proof. We prove only the sufficient condition since the necessity con-
dition is evident.

Let f be rarely gf-continuous on X and = € X. Suppose that f(z) € G,
where GG is an open set in Y. By the regularity of Y, there exists an open
set G1 € O(Y, f(z)) such that C1(G1) C G. Since f is rarely gf-continuous,
then there exists U € GBO(X, ) such that Int[f(U)] C Cl(G1) (Theorem
2.3). This implies that Int[f(U)] C G and therefore f is I.gS-continuous
on X.

We say that a function f : X — Y is r.g(-open if the image of a g3-open
set is open. O

Theorem 2.6. If f : X — Y be an r.gB-open rarely gB-continuous
function, then f is weakly gB-continuous.

Proof. Suppose that z € X and G € O(Y, f(x)). Since f is rarely
gB-continuous, there exist a rare set Rg with Cl(Rg) N U = () where U €
GPO(X, z) such that f(U) C GURg. This means that (f(U)N(Y\CI(G)) C
Rg. Since the function f is r.gB-open, then f(U) N (Y \ CI(G)) is open.
But the rare set Rg has no interior points. Then f(U) N (Y \ CI(G)) = 0.
This implies that f(U) C CI(G) and thus f is weakly gf-continuous. O

Theorem 2.7. Let GBO(X,T) closed under finite intersections. If
f X =Y is rarely gB-continuous function, then the graph function g :
X — X XY, defined by g(z) = (x, f(x)) for every x in X is rarely gf-
continuous.

Proof. Suppose that x € X and W is any open set containing g(x).
It follows that there exist open sets U and V in X and Y, respectively,
such that (z, f(x)) € U x V. .C W. Since f is rarely g(-continuous, there
exists G € GPO(X,x) such that Int[f(G)] C Cl(V). Let E=UNG. It
follows that £ € GBO(X,z) and we have Int[g(E)] C Int(U x f(G)) C
U x Cl(V) C Cl(W). Therefore, g is rarely g/-continuous. O

Definition 4. Let A = {G;} be a class of subsets of X. By rarely union
sets [5] of A we mean {G; U Rg,}, where each Rg, is a rare set such that
each of {G; N Cl(Rg,)} is empty.

Recall that, a subset B of X is said to be rarely almost compact relative
to X [5] if every open cover of B by open sets of X, there exists a finite
subfamily whose rarely union sets cover B.
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A topological space X is said to be rarely almost compact [5] if the set
X is rarely almost compact relative to X.

A topological space X is called GBO-compact [4] if every cover of X by
gB-open sets has a finite subcover.

Theorem 2.8. Let f : X — Y be rarely gB-continuous and K an
GBO-compact set relative to X. Then f(K) is rarely almost compact subset
relative to Y.

Proof. Suppose that 2 is a open cover of f(K). Let B be the set of all
V in Q such that V' N f(K) # (. Then B is an open cover of f(K). Hence
for each k € K, there is some Vj; € B such that f(k) € Vj. Since f is
rarely gf-continuous there exist a rare set Ry, with Vi N CI(Ry,) = 0 and
a gf-open set Uy, containing k such that f(Uy) C Vi U Ry,. Hence there is
a finite subfamily {Uy }rea which covers K, where A is a finite subset of
K. The subfamily {Vj URy; }rea also covers f(K). O

Corollary 2.9. Let f : X — Y be rarely continuous and K be an
GpO-compact set in X. Then f(K) is rarely almost compact subset of Y.

Lemma 2.10. (Long and Herrington [9]). If g : Y — Z is continuous
and one-to-one, then g preserves rare sets.

Theorem 2.11. If f : X — Y is rarely gB-continuous and g : Y — Z
is continuous and one-to-one, the go f : X — Z is rarely g3-continuous.

Proof. Suppose that x € X and (go f)(z) € V, where V is an open
set in Z. By hypothesis, ¢g is continuous, therefore there exists an open
set G C Y containing f(z) such that ¢g(G) C V. Since f is rarely gi-
continuous, there exists a rare set Rg with GNCI(Rg) = () and an g-open
set U containing x such that f(U) C GU Rg. It follows from Lemma 3.10
that g(R¢) is a rare set in Z. Since R is a subset of Y\ G and g is injective,
we have Cl(g(Rg)) NV = (. This implies that (g o f)(U) C V U g(Rg).
Hence the result. U

Recall, that a function f : X — Y is called pre-gB-open if f(U) is
gB-open in Y for every gB-open set U of X.

Theorem 2.12. Let f : X — Y be pre-gB-open and g : Y — Z a
function such that go f : X — Z is rarely gB-continuous. Then g is rarely
gB-continuous.
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Proof. Let y € Y and = € X such that f(z) =y. Let G € O(Z,(g o
f)(x)) . Since go f is rarely gf-continuous, there exists a rare set Rg with
GNCl(Rg) =0 and U € GBO(X, ) such that (go f)(U) C GU Rg. But
f(U) (say V) is a gf-open set containing f(z). Therefore, there exists a rare
set Rg with GNCI(Rg) =0 and V € GBO(Y, y) such that g(V) C GURg,
i.e., g is rarely g(-continuous. U
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