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1. Introduction. An almost contact metric structure (φ, ξ, η, g) satis-
fying (∇Xφ)X = 0 is called a nearly cosymplectic structure (see [1]). If we
consider S5 as a totally geodesic hypersurface of S6, then it is known that
S5 has a non cosymplectic nearly cosymplectic structure. In this paper, by
the way of Olszak [5], we shall show that the curvature tensor on nearly
cosymplectic manifolds is determined by the pointwise constant φ-sectional
curvature perfectly and give some result induced from it. These results are
a generalization of ones of Blair and the present author ([2], [3], [4]).

2. Nearly cosymplectic manifolds. Let M be a (2n+1)-dimensional
almost contact metric manifold with structure tensors (φ, ξ, η, g). Then we
have ([8] p.252)

η(ξ) = 1, φ2 = −I + ξ ⊗ η, φξ = 0, η(φX) = 0,

g(φX, φY ) = g(X,Y )− η(X)η(Y ), η(X) = g(X, ξ), rank φ = 2n
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for any vector fields X and Y on M. Let∇ denote the Levi-Civita connection
with respect to the metric g on M. If φ satisfies (∇Xφ)X = 0 for any vector
field X on M i.e., (∇Xφ)Y + (∇Y φ)X = 0 for any vector fields X and Y
on M , then M is said to have a nearly cosymplectic structure (φ, ξ, η, g)
and is called a nearly cosymplectic manifold [1]. It is known that a nearly
cosymplectic structure with the normality ( [φ, φ] + 2dη ⊗ ξ = 0 ) is a
cosymplectic structure ([1]).

It is also known that an almost contact metric structure (φ, ξ, η, g) is
cosymplectic if and only if φ is parallel ([1]). From now on, we assume that
M is a nearly cosymplectic manifold. Then the vector field ξ is Killing ([1]),
that is,

(2.1) g(∇Y ξ, Z) + g(Y,∇Zξ) = 0.

We define a tensor field H by putting

(2.2) ∇Xξ = HX.

Then H is skew-symmetric by means of (2.1).
If at any point p ∈ M the sectional curvature K(X, φX) (denote it by

Kp) is independent of the choice of the tangent vector X ∈ Tp(M), 0 6=
X ⊥ ξ. It is said that M has the pointwise constant φ-sectional curvature
Kp.

We use the following symbol from now on:

∇2
X,Y φ : ∇X(∇Y φ)− (∇∇XY φ).

Then the Ricci identity can be written by

g((∇2
X,Y φ)W,Z)−g((∇2

Y,Xφ)W,Z)=g(R(X, Y )φW,Z)+g(R(X, Y )W,φZ),

where R is the curvature tensor on M. Moreover, by calculating

W (g((∇Zφ)X,Y )) = −W (g((∇Zφ)Y, X)),

we notice that ∇2
X,Y φ is anti-symmetric.

3. Some lemma

Lemma 3.1. For a nearly cosymplectic manifold we have

(3.1) (∇Xφ)ξ = −φHX
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(3.2) φH + Hφ = 0

(3.3) H ξ = 0 .

Proof. (3.1): By φξ = 0, we see that (∇Xφ)ξ + φ(∇Xξ) = 0. From
(2.2), we get (3.1).

(3.2): From (3.1) we have

g((∇Xφ)ξ, Y ) = −g(ξ, (∇Xφ)Y ) = −g(φHX, Y ).

Interchanging X and Y in the above equation, we have

g((∇Y φ)ξ,X) = −g(ξ, (∇Y φ)X) = −g(φHY, X).

Adding these equations, we get (3.2).
(3.3): From (2.2), Hξ = ∇ξξ. On the other hand, by (2.1), we have

g(∇ξξ, Z) + g(∇Zξ, ξ) = 0.

Here, differentiating g(ξ, ξ) = 1 covariantly, we get g(∇Zξ, ξ) = 0, from
which Hξ = 0.

Next we get some relations for the curvature tensor on M . ¤

Lemma 3.2. On a nearly cosymplectic manifold, the curvature tensor
satisfies the following:

(3.4)
g(R(φX, Y )Z,W ) +g(R(X, φY )Z,W )+g(R(X, Y )φZ, W )

+g(R(X, Y )Z, φW ) = 0

(3.5)
g(R(φX, φY )φZ, φW ) =g(R(X, Y )Z, W )−η(X)g(R(ξ, Y )Z, W )

−η(Y )g(R(X, ξ)Z, W )

(3.6) g(R(φX, φY )Z, W ) = g(R(X,Y )φZ, φW ).

Proof. (3.4): From the assumption, we have

(∇Y φ)Z + (∇Zφ)Y = 0.
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Differentiating this equation covariantly, we find

(∇2
X,Y φ)Z + (∇2

X,Zφ)Y = 0.

Applying the Ricci identity, from the above equation and the anti-
symmetry of (∇2

X,Y φ),

(3.7)
g(R(X,Y )Z, φW ) −g(R(X,Y )W,φZ) + g((∇2

X,Zφ)Y, W )

−g((∇2
Y,Zφ)X,W ) = 0.

Here, by the Bianchi and Ricci identities, we find

(3.8)

g(R(X,Y )Z, φW ) = −g(R(Y, Z)X, φW )− g(R(Z,X)Y, φW )

= g((∇2
Y,Zφ)W,X)− g((∇2

Z,Y φ)W,X)

−g(R(Y, Z)W,φX)− g(R(Z, X)Y, φW ).

Substituting (3.8) into (3.7), it follows that

(3.9)
g(R(X, Z)Y, φW )− g(R(X, Y )W,φZ)− g(R(Y,Z)W,φX)

−g((∇2
Z,Y φ)W,X)− g((∇2

X,Zφ)W,Y ) = 2g((∇2
Y,Zφ)X,W ).

On the other hand, using the Ricci identity, we see that

(3.10)
g(R(X, Z)Y, φW ) −g(R(X,Z)W,φY )− g((∇2

X,Zφ)Y, W )

−g((∇2
Z,Xφ)Y, W ) = 0.

Adding (3.10) to (3.9), we get

(3.11)
2g(R(X,Z)Y, φW ) −g(R(X,Y )W,φZ)− g(R(Y, Z)W,φX)

−g(R(X,Z)W,φY ) = 2g((∇2
Y,W φ)Z, X).

Interchanging Y and W , we find

(3.12)
2g(R(X,Z)W,φY )− g(R(X,W )Y, φZ)− g(R(W,Z)Y, φX)

−g(R(X,Z)Y, φW ) = 2g((∇2
W,Y φ)Z, X).

Subtracting (3.12) from (3.11), and using the Bianchi and Ricci identities,
we get

g(R(φX, Z)Y, W ) + g(R(X,φZ)Y, W ) + g(R(X,Z)φY, W )

+g(R(X,Z)Y, φW ) = 0,
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which implies (3.4).
(3.5): Replacing X by φX in (3.4), we have

(3.13)
−g(R(X,Y )Z,W )+η(X)g(R(ξ, Y )Z,W )+g(R(φX, φY )Z, W )

+g(R(φX, Y )φZ, W ) + g(R(φX, Y )Z, φW ) = 0.

Exchanging X and Y , we see that

(3.14)
g(R(X,Y )Z,W ) + η(Y )g(R(ξ, X)Z,W )− g(R(φX, φY )Z, W )

+g(R(φY, X)φZ, W ) + g(R(φY,X)Z, φW ) = 0.

Subtracting (3.14) from (3.13), we find

(3.15)

2g(R(φX, φY )Z, W )−2g(R(X,Y )Z,W )+η(X)g(R(ξ, Y )Z, W )

−η(Y )g(R(ξ,X)Z, W )+g(R(φX, Y )φZ, W )−g(R(φY, X)φZ, W )

+g(R(φX, Y )Z, φW )− g(R(φY, X)Z, φW ) = 0.

On the other hand, replacing Z by φZ, and W by φW in (3.4) respec-
tively, it follows that

(3.16)
−g(R(X, Y )Z, W )=−η(Z)g(R(X,Y )ξ,W )−g(R(X, Y )φZ, φW )

−g(R(X, φY )φZ,W )− g(R(φX, Y )φZ,W ).

(3.17)
−g(R(X,Y )Z,W )=−η(W )g(R(X,Y )Z, ξ)−g(R(X, Y )φZ, φW )

−g(R(φX, Y )Z, φW )− g(R(X,φY )Z, φW ).

Adding (3.16) to (3.17), and substituting the gotten equation into (3.15),
we have
(3.18)

2g(R(φX, φY )Z, W )− 2g(R(X, Y )φZ, φW )− η(Z)g(R(ξ,W )X, Y )

−η(W )g(R(ξ, Z)Y, X)+η(X)g(R(ξ, Y )Z, W )−η(Y )g(R(ξ, X)Z,W ) = 0.

Replacing X by φX and Y by φY in (3.18), we find

(3.19)

2g(R(X,Y )Z,W )− 2η(X)g(R(ξ, Y )Z,W )

−2η(Y )g(R(X, ξ)Z, W )− 2g(R(φX, φY )φZ, φW )

−η(Z)g(R(ξ, W )φX, φY ) + η(W )g(R(ξ, Z)φX, φY ) = 0.
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Replacing W by ξ, we have

(3.20)
2g(R(X,Y )Z, ξ)− 2η(X)g(R(ξ, Y )Z, ξ)− 2η(Y )g(R(X, ξ)Z, ξ)

+g(R(ξ, Z)φX, φY ) = 0.

Replacing X and Y by φX and φY respectively, it follows that

(3.21)
4g(R(φX, φY )Z, ξ) + 2g(R(ξ, Z)X, Y )− 2η(X)g(R(ξ, Z)ξ, Y )

−2η(Y )g(R(ξ, Z)X, ξ) = 0.

Adding (3.20) and (3.21), we get

(3.22) g(R(ξ, Z)φX, φY ) = 0.

From (3.22) we obtain (3.5).
(3.6): Replacing Z by φZ and W by φW, and using (3.22), we get (3.6).¤

Lemma 3.3. For a nearly cosymplectic manifold we have

(3.23) (∇XH )ξ = −H 2X

(3.24)
g(R(ξ,X )Y ,Z ) = −g((∇XH )Y ,Z ) = η(Y )g(H 2X ,Z )− η(Z )g(H 2X ,Y )

(3.25) g(Qξ,Z ) = Ric(ξ,Z ) = −η(Z )TrH 2

In particular TrH2 = constant.

(3.26) Ric(φY ,Z ) = Ric(Y , φZ ) i.e., φQ = Qφ.

(3.27) Ric(φY , φZ ) = Ric(Y ,Z ) + η(Y )η(Z )TrH 2.

where Ric denotes the Ricci tensor and Q is the Ricci operator.

Proof. (3.23): Differentiating (3.3) covariantly, we get (3.23).
(2.24): The equality g(R(ξ,X)Y,Z) = −g((∇XH)Y, Z) can be obtained

as a consequence of (2.1) and (2.2), by well-known argument (see for exam-
ple [7]).
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Replacing Y by φY and Z by φZ in g(R(ξ,X)Y, Z) = −g((∇XH)Y, Z)
respectively, using (3.22), we see that

(3.28) g((∇XH)φY, φZ) = 0.

Moreover, replacing Y by φY and Z by φZ in (3.28) respectively, using
(3.23), we get

g(R(ξ,X)Y, Z) = −g((∇XH)Y, Z) = −η(Y )g((∇XH)ξ, Z)

−η(Z)g((∇XH)Y, ξ) = η(Y )g(H2X, Z)− η(Z)g(H2X, Y ).

(3.25): Putting X=Y =Ei in (3.24) and summing over i=1, 2, ....., 2n+1,
we get (3.25). Replacing Y by HY in (3.24), putting Y = Z = Ei in the
gotten equation and summing over i = 1, 2, ....., 2n + 1, we get

Tr (∇XH)H = 0,

which implies TrH2 =constant.
(3.26): Taking a φ-basis (i.e., an orthonormal frame E0, E1, ......E2n such

that E0 = ξ and Ei+n = φEi for i = 1, 2, ....., n) X = W = Ei in (3.4) and
summing over i = 0, 2, ....., 2n, we get (3.26).

(3.27): Replacing Z by φZ in (3.26) and using (3.25), we get (3.27). ¤

Lemma 3.4. For a nearly cosymplectic manifold, we have
(3.29)

g((∇Xφ)φY ,Z ) = g((∇Xφ)Y , φZ ) + η(Z )g(HX ,Y ) + η(Y )g(HX ,Z ),

(3.30)
g((∇φXφ)Y ,Z ) = g((∇Xφ)Y , φZ ) + η(Z )g(HX ,Y ) + η(X )g(HZ ,Y ),

(3.31)
g((∇φXφ)φY ,Z )=−g((∇Xφ)Y ,Z )+η(X )g(HZ , φY )+η(Y )g(HX , φZ ).

Proof. (3.29): Differentiating g(φY, φZ) = g(Y,Z) − η(Y )η(Z) covari-
antly and using (3.2), we have (3.29).

(3.30): (3.30) follows from (3.29) by the assumption.
(3.31): Replacing Y by φY in (3.30) and using (3.29), we get (3.31). ¤

Lemma 3.5. In a nearly cosymplectic manifold, we have the following
identity:

g(R(φW,φX)Y, Z) = g(R(W,X)Y, Z)

+g((∇W φ)X, (∇Y φ)Z) + g(HW,X)g(HY,Z).
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Proof. Differentiating (3.29) covariantly, we see that
(3.32)

g(∇W (∇Xφ)φY, Z) + g((∇Xφ)(∇W φ)Y, Z) = g(∇W (∇Xφ)Y, φZ)

+g((∇Xφ)Y, (∇W φ)Z) + g(HW,Z)g(HX,Y ) + η(Z)g((∇W H)X,Y )

+g(HW,Y )g(HX,Z) + η(Y )g((∇W H)X,Z).

On the other hand, applying (3.12), (3.24) and (3.6), the sum of the
first and second terms in the right hand members of (3.32) imply
(3.33)

g(∇W (∇Xφ)Y, φZ) + g((∇Xφ)Y, (∇W φ)Z) = g((∇Xφ)Y, (∇W φ)Z)

+g(R(X,Y )W,Z)− η(X)η(Z)g(HW,HY ) + η(Y )η(Z)g(HW,HX)

−1
2
g(R(W,Z)φX, φY )− 1

2
g(R(X,Z)φW,φY )− 1

2
g(R(W,X)φZ, φY ).

Exchanging Y and Z in (3.33), taking the minus of it and considering the
left hand members of (3.32), we get

(3.34)

g((∇Xφ)Z, (∇W φ)Y ) + g((∇Xφ)Y, (∇W φ)Z) + g(R(X,Z)W,Y )

+g(R(X,Y )W,Z)− g(R(W,Z)φX, φY )− g(R(X, Z)φW,φY )

+g(HX, Z)g(HW,Y ) + g(HW,Z)g(HX, Y ) = 0.

Replacing in (3.34) Z and W by φZ and φW respectively, we find

(3.35)

g((∇Xφ)φZ, (∇φW φ)Y ) + g((∇Xφ)Y, (∇φW φ)φZ)

+g(R(X, φZ)φW, Y ) + g(R(X,Y )φW,φZ)

−g(R(φW,φZ)φX, φY )− g(R(X, φZ)φ2W,φY )

+g(HX,Y )g(HφW,φZ) + g(HX, φZ)g(HφW,Y ) = 0.

Using (3.29), (3.30) and Lemma 3.1, we find
(3.36)

g((∇Xφ)φZ, (∇φW φ)Y )=g((∇Xφ)Z, (∇W φ)Y )−g(X, HφZ)g(W,HφY )

+η(W )g(φ(∇Xφ)Z, HY ) + g(HX, Z)g(HW,Y )

−η(Z)g(HX,φ(∇W φ)Y )− η(Z)η(W )g(HX, HY ),

(3.37)

g((∇Xφ)Y, (∇φW φ)φZ) = −g((∇Xφ)Y, (∇W φ)Z)

+g(φHX, Y )g(HW,φZ)− η(W )g(HφZ, (∇Xφ)Y )

+g(φHX, Y )g(Z, φHW ) + η(Z)g(HW,φ(∇Xφ)Y ).
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From (3.24) and Lemma 3.1, we have

(3.38)
g(R(X,φZ)φW,Y )−g(R(X, φZ)φ2W,φY )=g(R(X, φZ)φW, Y )

+g(R(X, φZ)W,φY )− η(X)η(W )g(H2Z, Y )

On the other hand, by (3.4) and (3.6) it follows that

(3.39)
g(R(X, Z)φW,φY ) + g(R(X, Z)φ2W,φY )

+g(R(X, φZ)φW, Y ) + g(R(φX,Z)φW,Y ) = 0.

(3.40) g(R(φX, Z)φW,φ2Y ) = g(R(φ2X,φZ)W,φY ),

from which

−g(R(φX, Z)φW, Y ) + η(Y )g(R(φX, Z)φW, ξ)

= −g(R(X,φZ)W,φY ) + η(X)g(R(ξ, φZ)W,φY ).

using (3.24), (3.39), (3.40) and Lemma 3.1, we see that
(3.41)

g(R(X, φZ)φW, Y ) + g(R(X,φZ)W,φY ) = −η(W )η(X)g(HY,HZ)

+η(Z)η(Y )g(HX, HW ) + g(R(X, Z)W,Y )

−g(R(X, Z)φW,φY ) + η(W )g(R(ξ, Y )Z, X).

Substituting (3.41) into (3.38), we get

(3.42)

g(R(X, φZ)φW, Y )− g(R(X,φZ)φ2W,φY ) = g(R(X, Z)W,Y )

−g(R(X, Z)φW,φY ) + η(W )η(Z)g(H2Y,X)

−η(Z)η(Y )g(H2X, W )− η(X)η(W )g(H2Z, Y ).

By means of (3.24) and (3.5), we have
(3.43)

g(R(X, Y )φW,φZ)− g(R(φW,φZ)φX, φY ) = g(R(W,Z)φX, φY )

−g(R(W,Z)X, Y )− η(Y )η(W )g(φHZ,X) + η(X)η(W )g(φHZ, Y )

−η(Y )η(W )g(X,H2Z) + η(X)η(W )g(H2Z, Y )

−η(Z)η(X)g(φHW,Y ) + η(Z)η(Y )g(φHW,X)

−η(Z)η(X)g(Y,H2W ) + η(Z)η(Y )g(H2W,X).
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Substituting (3.36), (3.37), (3.42) and (3.43) into (3.35), and using Lemma
3.1, we obtain

(3.44)

g((∇Xφ)Z, (∇W φ)Y )− g((∇Xφ)Y, (∇W φ)Z)

−η(W )g((∇Xφ)Z, φHY ) + η(W )g((∇Xφ)Y, φHZ)

+η(Z)g((∇W φ)Y, φHX)− η(Z)g((∇Xφ)Y, φHW )

+g(R(X, Z)W,Y )− g(R(X, Z)φW,φY )

+g(R(W,Z)φX, φY )− g(R(W,Z)X,Y )

−η(Y )η(W )g(X, H2Z)− η(Z)η(X)g(Y, H2W )

+η(W )η(Z)g(H2Y,X) + η(Z)η(W )g(H2Y, X)

−g(HX, Y )g(HW,Z) + g(HX, Z)g(HW,Y ) = 0.

Adding (3.44) to (3.34), we obtain

(3.45)

2g((∇Xφ)Z, (∇W φ)Y )− η(W )g((∇Xφ)Z, φHY )

+η(W )g((∇Xφ)Y, φHZ)+

+η(Z)g((∇W φ)Y, φHX)− η(Z)g((∇Xφ)Y, φHW )

+2g(R(X, Z)W,Y )− 2g(R(X, Z)φW,φY )

+2g(HX, Z)g(HW,Y ) + η(Y )η(W )g(HX, HZ)

−2η(W )η(Z)g(HX, HY ) + η(X)η(Z)g(HY,HW ) = 0.

Interchanging X and Z, and W and Y in (3.45), moreover subtracting the
gotten equation from (3.45), we have

(3.46)

η(Y )g((∇W φ)Z, φHX)− η(X)g((∇W φ)Z, φHY )

+η(Z)g((∇W φ)Y, φHX) + η(X)g((∇W φ)Y, φHZ)

−η(Y )g((∇Xφ)Z, φHW )− η(W )g((∇Xφ)Z, φHY )

−η(Z)g((∇Xφ)Y, φHW ) + η(W )g((∇Xφ)Y, φHZ)

+2η(Y )η(X)g(HZ, HW )− 2η(W )η(Z)g(HX, HY ) = 0.

Putting ξ on W of (3.46), and using Lemma 3.1, we get

(3.47)
g((∇Xφ)Y, φHZ) = g((∇Xφ)Z, φHY ) + η(Z)g(HY, HX)

−η(Y )g(HZ, HX),
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from which

(3.48)
g((∇Y φ)X,φHZ) = −g((∇Xφ)Z, φHY )− η(Z)g(HY, HX)

+η(Y )g(HZ, HX).

Interchanging X and Y in (3.48) and substituting (3.48) into the gotten
equation, we have

(3.49)
g((∇Zφ)Y, φHX) + g((∇Zφ)X, φHY ) = 2η(Z)g(HY,HX)

−η(X)g(HZ,HY )− η(Y )g(HX, HZ).

Interchanging Z and X in (3.49), and which together with (3.47) leads to

(3.50) g((∇Xφ)Y, φHZ) = η(X)g(HY, HZ)− η(Y )g(HX,HZ).

Substituting (3.50) into (3.45), we obtain Lemma 3.5. ¤

Lemma 3.6. For a nearly cosymplectic manifold, we have

(3.51) g((∇Xφ)Y ,HZ ) = η(Y )g(H 2X , φZ )− η(X )g(H 2Y , φZ ).

(3.52) g((∇XH )Y ,HZ ) = −η(Y )g(H 2X ,HZ ).

Proof. (3.51): Replacing Z in (3.50) by φZ , and using Lemma 3.1, we
get (3.51).

(3.52): Replacing Z in (3.24) by HZ , and, by virtue of Lemma 3.1, we
get (3.52). ¤

4. Some results

Theorem 4.1. Let M be a nearly cosymplectic manifold of pointwise
constant φ-sectional curvature K. Then the curvature tensor has the fol-
lowing form:

4 g(R(W,X)Y, Z) = g((∇W φ)Z, (∇Xφ)Y )− g((∇W φ)Y, (∇Xφ)Z)

−2g((∇W φ)X, (∇Y φ)Z)+g(∇W ξ, Z)g(∇Xξ, Y )−g(∇W ξ, Y )g(∇Xξ, Z)

−2g(∇W ξ, X)g(∇Y ξ, Z)− η(W )η(Y )g(∇Xξ,∇Zξ)

+η(W )η(Z)g(∇Xξ,∇Y ξ) + η(X)η(Y )g(∇W ξ,∇Zξ)

−η(X)η(Z)g(∇W ξ,∇Y ξ) + K {g(X,Y )g(Z, W )− g(Z,X)g(Y, W )

+η(Z)η(X)g(Y,W )− η(Y )η(X)g(Z, W ) + η(Y )η(W )g(Z, X)

−η(Z)η(W )g(Y, X) + g(φY, X)g(φZ, W )

−g(φZ, X)g(φY, W )− 2g(φZ, Y )g(φX, W )} .
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Proof. By the assumption we have

g(R(φX,X)φX,X) + Kp ‖X‖4 = 0

at any point p ∈ M and for any X ∈ Tp(M), X ⊥ ξ. It is clear that this
condition implies

(4.1) g(R(φ2X, φX)φ2X,φX) + Kpg(φX, φX)g(φX, φX) = 0

at any point p ∈ M and for any X ∈ Tp(M). Set

(4.2) A(W,X, Y, Z) = g(R(φ2W,φX)φ2Y, φZ) + Kpg(φW,φY )g(φX, φZ).

In view of (3.3) and (3.5), we see that

g(R(φ2W,−X + η(X)ξ)φ2Y,−Z + η(Z)ξ) = g(R(φW,φX)φY, φZ).

Putting X = φS and Z = φT in the above equation, we find

(4.3) g(R(φ2W,φS)φ2Y, φT ) = g(R(φW,φ2S)φY, φ2T ).

Using (4.3), we have

(4.4) A(X,W,Z, Y ) = A(W,X, Y, Z).

Moreover, from (4.2), we find

(4.5) A(W,X, Y, Z) = A(Y, Z,W,X).

By means of (4.4) and (4.5), (4.1) is equivalent to

(4.6)
A(U,X, V, Z) + A(U, V, Z, X) + A(U,Z,X, V )

+A(U,X, Z, V ) + A(U,Z, V, X) + A(U, V,X, Z) = 0.

Replacing U and V by φW and φY respectively, and using (4.2) together
with (3.2), (3.3), (3.5), (3.6), (3.24) and (3.28), it follows that

(4.7)

g(R(W,X)Y, Z) + g(R(W,Z)Y, X)− g(R(W,φY )φZ, X)

−g(R(W,φY )φX, Z)−g(R(W,Z)φX, φY )−g(R(W,X)φZ, φY )

−η(Y )η(Z)g(HW,HX)− η(X)η(Y )g(HW,HZ)

+2η(Y )η(W )g(HX,HZ) + 2η(X)η(Z)g(HW,HY )

+2Kp(g(W,Y )− η(W )η(Y ))(g(X,Z)− η(X)η(Z))

+2Kp(g(φW,X)g(φY,Z)− g(φW,Z)g(φX, Y )) = 0.
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Interchanging W and X, we see that

(4.8)

g(R(X,W )Y, Z) + g(R(X,Z)Y, W )− g(R(X,φY )φZ, W )

−g(R(X,φY )φW,Z)−g(R(X,Z)φW,φY )−g(R(X,W )φZ, φY )

−η(Y )η(Z)g(HX, HW )− η(Y )η(W )g(HX,HZ)

+2η(X)η(Y )g(HW,HZ) + 2η(Z)η(W )g(HX, HY )

+2Kp(g(X,Y )− η(X)η(Y ))(g(W,Z)− η(W )η(Z))

+2Kp(g(φX,W )g(φY,Z)− g(φX, Z)g(φW,Y )) = 0.

Subtracting (4.8) from (4.7), we find
(4.9)

2g(R(W,X)Y, Z) + 2g(R(W,X)φY, φZ)− g(R(W,φY )φZ, X)

+g(R(W,Z)Y,X)− g(R(X,Z)Y, W )− g(R(W,φY )φX,Z)

−g(R(W,Z)φX, φY ) + g(R(X,φY )φZ,W ) + g(R(X,φY )φW,Z)

+g(R(X, Z)φW,φY )−η(X)η(Y )g(HW,HZ)+η(Y )η(W )g(HX, HZ)

+2η(Y )η(W )g(HX, HZ) + 2η(X)η(Z)g(HW,HY )

−2η(X)η(Y )g(HW,HZ)− 2η(Z)η(W )g(HX, HY )

+2Kp(g(W,Y )g(X, Z)− g(X, Y )g(W,Z)− η(W )η(Y )g(X, Z)

−η(X)η(Z)g(W,Y ) + η(X)η(Y )g(W,Z) + η(W )η(Z)g(X, Y ))

+2Kp(g(φW,X)g(φY,Z)− g(φW,Z)g(φX, Y )

−g(φX, W )g(φY, Z) + g(φX, Z)g(φW, Y )) = 0.

On the other hand, using (3.4) and (3.24), we have
(4.10)

g(R(W,Z)Y, X) = g(R(φW,Z)Y, φX) + g(R(W,φZ)Y, φX)

+g(R(W,Z)φY, φX)− η(X)η(W )g(Z, H2Y ) + η(X)η(Z)g(H2Y, W ).

(4.11)
−g(R(X, Z)Y, W ) = −g(R(φX, Z)Y, φW )− g(R(X, φZ)Y, φW )

−g(R(X, Z)φY, φW ) + η(W )η(X)g(Z,H2Y )− η(W )η(Z)g(H2Y, X).

Here, from (3.6) and (3.24), we have generally

(4.12)
g(R(φX, Y )φZ, W ) = g(R(X, φY )Z, φW )

+η(Z)η(X)g(HW,HY )− η(Y )η(W )g(HX, HZ).
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By means of the first Bianchi identity for the first term of the right hand
members of (4.10),(4.12) and (3.6) we note

(4.13)
g(R(φW,Z)Y, φX) = g(R(X,W )φZ, φY )− g(R(φY, W )φZ,X)

+η(Z)η(Y )g(HW,HX)− η(X)η(W )g(HY, HZ).

Substituting (4.13) into (4.10), and substituting the gotten result and (4.11)
into (4.9), and using (4.12) and the first Bianchi identity for the third term
of (4.9), we get
(4.14)

g(R(W,X)Y, Z) + 2g(R(W,X)φY, φZ)− g(R(W,Z)φX, φY )

+g(R(X, Z)φW,φY ) + η(W )η(Y )g(HX, HZ) + η(X)η(Z)g(HW,HY )

−η(X)η(Y )g(HW,HZ)− η(Z)η(W )g(HX, HY ) + Kp(g(W,Y )g(X, Z)

−g(X, Y )g(W,Z)− η(W )η(Y )g(X, Z)− η(X)η(Z)g(W,Y )

+η(X)η(Y )g(W,Z) + η(W )η(Z)g(W,Z)) + 2Kp(g(φW,X)g(φY,Z)

−g(φW,Z)g(φX, Y )− g(φX,W )g(φY, Z) + g(φX, Z)g(φW,Y )) = 0.

By means of Lemma 3.5, (4.14) yields

(4.15)

g(R(W,X)Y,Z) + 2g(R(W,X)Y,Z) + 2g((∇W φ)X, (∇Y φ)Z)

+2g(HW,X)g(HY, Z)−g(R(W,Z)X, Y )−g((∇W φ)Z, (∇Xφ)Y )

−g(HW,Z)g(HX, Y )+g(R(X, Z)W,Y )+g((∇Xφ)Z, (∇W φ)Y )

+g(HX,Z)g(HW,Y ) + η(W )η(Y )g(HX,HZ)

+η(X)η(Z)g(HW,HY )− η(Y )η(X)g(HW,HZ)

−η(W )η(Z)g(HX,HY ) + Kp(g(W,Y )g(X,Z)

−g(X,Y )g(W,Z)− η(W )η(Y )g(X, Z)

−η(X)η(Z)g(W,Y ) + η(X)η(Y )g(W,Z) + η(W )η(Z)g(X, Y ))

+2Kp(g(φW,X)g(φY,Z)− g(φW,Z)g(φX, Y )

−g(φX,W )g(φY, Z) + g(φX, Z)g(φW, Y )) = 0,

from which, by the first Bianchi identity,
(4.16)

4 g(R(W,X)Y, Z) = g((∇W φ)Z, (∇Xφ)Y )− g((∇W φ)Y, (∇Xφ)Z)

−2g((∇W φ)X, (∇Y φ)Z) + g(HW,Z)g(HX,Y )− g(HW,Y )g(HX,Z)
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−2g(HW,X)g(HY,Z)−η(W )η(Y )g(HX, HZ)+η(W )η(Z)g(HX,HY )

+η(X)η(Y )g(HW,HZ)−η(X)η(Z)g(HW,HY )+Kp {g(X, Y )g(Z, W )

−g(Z,X)g(Y, W )+η(Z)η(X)g(Y,W )−η(Y )η(X)g(Z, W )

+η(Y )η(W )g(Z,X)− η(Z)η(W )g(Y, X) + g(φY,X)g(φZ, W )

− g(φZ, X)g(φY, W )− 2g(φZ, Y )g(φX, W )} ,

which implies our result. ¤

From (4.16), the Ricci curvature Ric and the scalar curvature S on M
are as follows:

(4.17)
Ric(X,Y ) = −3

4Tr (∇Xφ)(∇Y φ) + 3
4g((∇Xξ), (∇Y ξ))

+η(X)η(Y ) |∇ξ|2 + (n+1)
2 Kp(g(X, Y )− η(X)η(Y ))

(4.18) S =
3
4
|∇φ|2 + |∇ξ|2 + n(n + 1)K.

If K ≥ 0, by (4.17), g(φX, φY ) = g(X, Y ) − η(X)η(Y ) and the skew-
symmetry of ∇φ, it follows that Ric(X, X) ≥ 0 for any vector field X, so
that, from Bochner’s theorem [6], we have the following theorem.

Theorem 4.2. On a compact nearly cosymplectic manifold M of point-
wise constant φ-sectional curvature K ≥ 0, a harmonic vector field X in
M has a vanishing covariant derivative.

From (4.18) we can see that

Theorem 4.3. Let M be a nearly cosymplectic manifold of pointwise
constant φ-sectional curvature K, then the scalar curvature on M is

S ≥ n(n + 1 )K .

Equality fold if and only if M is cosymplectic.

Remark 4.1. Theorem 4.1 is a generalization of Theorem 1 in [2], and
(4.18) and Theorem 4.3 give a generalization of Theorem 2.1 and Corollary
2.1 in [3].
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Remark 4.2. If M is a cosymplectic manifold of pointwise constant
φ-sectional curvature K, it follows that ∇φ = 0 and ∇ξ = 0, so that, the
curvature tensor has the following form (see [4]):

4 g(R(W,X)Y,Z) = K {g(X, Y )g(Z, W )− g(Z, X)g(Y, W )

+η(Z)η(X)g(Y, W )− η(Y )η(X)g(Z,W )

+η(Y )η(W )g(Z, X)− η(Z)η(W )g(Y,X)

+g(φY,X)g(φZ, W )− g(φZ,X)g(φY, W )− 2g(φZ, Y )g(φX,W )} .
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