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Abstract. In this paper we prove a viability result for a class of nonlinear differential
equations of the type
u'(t) = G(t,u(t)),

where X is a real Banach space, I is a nonempty and open interval, K is a nonempty,
locally closed subset in X and G : I x K — X is of the form G(t,u) = F(t,u,u) with
F continuous, u — F(t,u,v) compact and v — F(¢,u,v) Lipschitz. Two applications to
some nonlinear partial differential equations are included.
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1. Introduction. The goal of this paper is to prove a viability result
referring to a class of nonlinear differential equations of the type

(1.1) u'(t) = G(t,u(t)),

where X is a real Banach space, I is a nonempty and open interval, K is
a nonempty, locally closed subset in X and G : I x K — X is a Lipschitz
quasi-compact function. See Definition 1.1 below. Although essentially an
“ordinary differential” result, our main result, i.e. Theorem 2.1, proves
useful in obtaining the existence of positive solutions to some classes of
partial differential equations as well.
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"Workshop on Viability and Invariance, August 22-25, 2005, Galinesti, Romania.



294 IOAN I. VRABIE 2

We begin by recalling that a subset K in X is locally closed if for each
¢ € K there exists p > 0 such that D(¢,p) N K is closed!. Obviously, each
subset in X which is either open or closed is locally closed. Moreover, each
subset K in X which is closed relative to some open subset D, i.e., for which
there exists a closed subset C C X such that K = C N D, is locally closed
in X (and conversely, whenever X is finite dimensional).

We also recall that K is viable with respect to G if for each (7,&) € Ix K
there exists 7' > 7, such that the equation (1.1) has at least one solution
u:[1,T] — K satisfying u(r) = &.

Definition 1.1. A function G : I x K — X is Lipschitz quasi-compact
if there exists a function F': I x K x K — X such that G(t,u) = F(t,u,u)
for each (t,u) € I x K, with F' continuous on I x K x K and, in addition,
for each T € I and & € K, there exist r >0 and T > 7 with [7,T] C I and
D(&,r) N K closed and such that:

(H1) each sequence (up)n, from D(&,7) N K, has at least one subsequence
(Un,,),, such that (F(t,un,,v)), is fundamental, uniformly for (t,v) €
[7,T] x (D, r)NK), i.e.: for each ¢ > 0 there exists k(c) > 0 such
that, for each k,p > k(g), each (t,v) € [7,T]x (D(&,r)NK), we have

HF(tauﬂk?U) - F(taun;ﬁv)n <e.

(H3) there exists L > 0, such that
||F(t,u,v) - F(t7u7w)|| < LHU - w”
for each t € [1,T] and each u,v,w € D(&,r)NK.

(Hs) the family {u — F(t,u,v); (t,v) € [7,T|x(D(& r)NK)} is uniformly
equicontinuous on D(§,r)N K, i.e.: given € > 0, there exists () > 0
such that

|F(t,u,v) — F(t,u,v)|| <e
for each t € [7,T] and u,u,v € D(&,r) N K with ||u—ul < d(e).

Remark 1.1. The conditions (H;) (H2) and (H3) are satisfied by all
functions G(t,u) = F(t,u,u), F : I x K x K — X, whenever:

tAs usual, D(€, p) denotes the closed ball with center & and radius p.
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(i) F(t,u,v) = f(t,u)+g(t,v), with f: I x K — X compact and locally
uniformly continuous on K and ¢ : I x K — X locally Lipschitz;

(ii)) F(t,u,v) = f(t,u)g(t,v), where f : I x K — R is locally uniformly
continuous on K, and g : I x K — X is locally Lipschitz.

(iii) In particular, if K is locally compact (which happens for instance
whenever X is finite dimensional and K is locally closed) and G is
continuous, then G is Lipschitz quasi-compact.

Moreover, the set of functions satisfying (H;) (Hsz) and (Hs) is a vector
space over R.

Remark 1.2. If X is reflexive and f : I x D — X is weakly-strongly
sequentially continuous, then it is uniformly continuous on bounded subsets
in I x D. Indeed, since [7,T'] x D(&,r) is a weakly compact set in R x X,
the conclusion follows from the well-known Weierstrass Theorem.

The first necessary and sufficient condition for viability goes back to
NacuMo [8] who analyzed the case when K is a closed, or merely locally
closed subset in R"™ and G is continuous. See Remark 1.1 above. Namely,
NAGuMO [8] proved

Theorem 1.1. Let X be finite dimensional and let G : I x K — X be
continuous. Then, a locally closed subset K in X is viable with respect to
G if and only, if for each (1,&) € I x K, we have

1
liml%nf gd(f + 5G(1,€); K) = 0.

It is interesting to notice that Nagumo’s result (or variants of it) has
been rediscovered independently, in the late sixties and early seventies, by
YorkE [14], [15], BoNy [1], CRANDALL [4], MARTIN JR. [7], REDHEF-
FER [9] and HARTMAN [6], among others. YORKE [14] considered subsets
K in R™ which are closed relative to an open subset D in R". But, as we
already pointed out, each locally closed subset is closed relative to some
open subset and conversely, all his results hold true for locally closed sets
as well. CRANDALL [4] considers the case K C D is locally closed and

$Here and thereafter, d(n; K) denotes the distance between the point n € X and the
subset K in X.
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G : I x D — R" is continuous. He shows that a sufficient condition for
K to be viable (forward invariant in his terminology) with respect to G is
(2.1). HARTMAN [6] proves essentially the same result for D open, K closed
relative to D and G : I x D — R™ continuous, and shows, in addition,
that (2.1) is necessary for the viability of K with respect to G. BREZIS 2]
analyzes the case when D is open in an arbitrary Banach space X, K C D
is relatively closed, G locally Lipschitz, and proves that (2.1) with “lim”
instead of “liminf” is necessary and sufficient for K to be local invariant,
“flow invariant’ in his terminology, with respect to GG. For more details on
this subject, we refer the reader to CARJA-VRABIE [3].

2. The main result. Our Theorem 2.1 below extends the main results
in NAGUMO [8], YORKE [14], CRANDALL [4] and HARTMAN [6], as well as
the existence, i.e. viability, part in BREzIS [2]. It extends also the viability
theorem in VRABIE [13].

Theorem 2.1. Let G : I x K — X be a Lipschitz quasi-compact
function. Then K 1is viable with respect to G if and only, if for each
(1,€) € I x K, we have

(2.1) lir?l%nf %d(f +sG(7,€); K) =0.

Now, a few words concerning the existence of global solutions. A func-
tion G : I x K — X is called positively sublinear if there exist a norm || - ||
on X, equivalent with the initial one, a,b € L'(R), and ¢ > 0 such that

1G(& I < a®)[[E]l + b(2)
for each (t,&) € K$(G), where
KL(G) ={(t,&) e I x K5 [[§] > ¢ and [£,G(¢,€)]4 > 0}

We note that here [, 7]+ is the right directional derivative of the norm || -||
calculated at £ in the direction 7, i.e.

1
(&) = lsifg ;(HE + snll = [1€])-

See Definition 3.2.5, p. 95 in Vrabie [10]. Using similar arguments as those
in the proof of Theorem 6.5.2 in CARJA-VRABIE [3], we can prove the global
existence Theorem 2.2 below. It is interesting to notice that in this theorem
there is no need to assume that G is Lipschitz quasi-compact.
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Theorem 2.2. (Global Existence) Let K be a closed set in X and let
G:Ix K — X be a given function such that K is viable with respect to G
and the latter is positively sublinear. Then, each solution of (1.1), starting
from 7 € R, can be continued up to a global one, i.e. defined on [T,supl).

3. Proof of the main result. Necessity. This follows from the simple
result below, in which neither K is assumed to be locally closed, nor G to
be continuous and, in addition, “liminf” is replaced by “lim”.

Theorem 3.1. If K is viable with respect to G : I x K — X, then, for
each (1,€) € I x K, we have

3 1 . J—
151%1 ;d €+ sG(1,€); K) =0.

For the finite-dimensional case see Theorem 3.2.1 in CARJA-VRABIE [3],
but the proof of the general case is exactly the same.
Sufficiency. The first step is concerned with the existence of approximate
solutions. Let (7,&) € I x K be arbitrary and let us choose p > 0, M > 0
and T € I, T > 7, such that D(&, p) N K be closed,

(3.1) [t 2,y <M
for every t € [7,T] and x,y € D(&, p) N K, and
(3.2) (T'—71)(M+1) <p.

The existence of these three numbers is ensured by the fact that K is locally
closed (from where the existence of p > 0), by the continuity of F which
implies its boundedness on [7,7'] x (D(&, p) N K), provided p > 0 is small
enough. So, we deduce the existence of M > 0 satisfying (3.1), and of
T € I, T > 7, sufficiently close to 7, in order to have (3.2). Diminishing
T > 7 and/or p > 0, if necessary, we may assume that F' in Definition 1.1
satisfies (Hg) on [7,T] x (D(&,p) N K).

Lemma 3.1. For each ¢ € (0,1) and p >0, M > 0, T € I, as above,
there exist three functions o : [1,T] — [1,T] nondecreasing, g : [1,T] — X
Riemann integrable and w : [1,T] — X continuous, such that:

(i) t—e<o(t) <t foreachte|[r,T];

(i) |lg(t)|| < e for each t € [T,T];
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(i) u(o(t)) € D(&,p) N K for each t € [1,T]
and u(T) € D(&, p) N K;

(iv) w satisfies

u(t) :§+/ G(s,u(o(s)))ds—i—/ g(s)ds

for each t € [7,T].

The proof of Lemma 3.1 follows exactly the same lines as those in the
proof of sufficiency of both Theorem 3.1.1 in CARJA-VRABIE [3], or of The-
orem 7.7.2, p. 289 in VRABIE [12], of course, with the help of the simple
Proposition 3.1 below.

Proposition 3.1. Assume that, for some £ € K, t — G(t,&) is contin-
uous from the right at 7 € I. Then G satisfies (2.1) at (7,&) if and only

if
1 T+s
liminfd<§—|—/ G(t,{)dt;K) =0.
sl0 S r
For simplicity, in all that follows, we will say that a triple (o,g,u),

satisfying (i), (ii), (ili) and (iv) in Lemma 3.1, is an e-approzimate solution
to the Cauchy problem

o { 0~ Gieut

on the interval [7,T'].

In the second step we will prove the convergence of a suitably chosen
sequence of approximate solutions. First, we state a variant of the well-
known Gronwall’s Lemma whose proof follows exactly the same lines as
those of Lemma 10.2.1, p. 232 in VRABIE [11].

Lemma 3.2. (Gronwall) Let z,k : [7,T) — R4+ be measurable and
m > 0. Let us assume that s — k(s)x(s) is locally integrable on [7,T) and
t

x(t) < m+/ k(s)z(s)ds
for every t € [1,T). Then
:L'(t) < me/: k(s)ds

for every t € [1,T).
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So, let us consider a sequence (g, )nen in (0, 1), decreasing to 0, and let
((on, gn, Un))nen be a sequence of e,-approximate solutions of (3.3) defined
on [7,T]. We will show first that (u,(oy))nen has at least one Cauchy
subsequence in the sup norm. For each n,m € N and s € [7,T' |, we denote
by

fnm(s) = F(s,un(0n(8)), um(om(s)))-
We have

[un(om(t)) = um(om ()| <

on(t) om(t)
/ fan(s)ds — / fmm(s)ds

on(t) om(t)
+ / lgn(s)l| ds + / g (s)]] ds

t t
<[ Manldst [ o)l ds
on(t) om(t)

on(t om(t

) )
lgn(s)] ds + / lgm(s)] ds.

T

+/TT\fn,n(s)_fm7m(S)H d8+/T

Since by (i) and (ii) in Lemma 3.1, we have both ¢t — o,(t) < &, and
llgn(s)|| < €, while, in view of (Hz), we have

1nn(5) = Frm()] < Lllin(@(5)) — i (@m(5))]
for each n,m € N, from the inequality above and (3.1), we deduce
ftn () = )] < (T = 7+ M) (e + )
L / ot ()t (o (5)) | s+ / () — Foum(s) 1 ds.
In view of (3.4) and Gronwall’s Lemma 3.2, we have
1t () — ()]

3.5 .
(3.5) <[@-rsanientent [ Uum() - fum(olds] 0

We shall complete the proof with the following compactness lemma.
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Lemma 3.3. In the hypotheses of Theorem 2.1, for each sequence of
approzimate solutions of (3.3), (0n, gn,Un)n, there exists one subsequence
of (up)n, denoted again by (uy)n, such that, for each € > 0 there exists
k(e) € N such that, for each k,p € N, k,p > k(e) we have

T
/ (s, ur(ok(s)), v(s)) = F(s, up(ap(s)), v(s))[| ds <e,

uniformly for all mappings v : [7,T] — D(&,r) N K rendering the function
s+ F(s,up(on(s)),v(s)) integrable for n € N.

Proof. Lete > 0, let §(¢) > 0 be given by (H3) and let P be a countable,
dense subset in [7,7"| with 7,7 € P. Using (H;) and the Cantor’s Diagonal
Procedure, we find a subsequence of (u, (o)), denoted for simplicity again
by (un(on))n, such that, for each 0 € P, (F(s,un(0,(0)),v))y is fundamen-
tal, for each s € [7,T] and uniformly with respect to v € D(&,r) N K. Let
A7 =1 <ty <-- <tye =T be a partition of [7,T], with ¢; € P for
i=1,2,...m(e) — 1 and

byt < 06
i+1 1> 2(M n 1)7
where () is given by (Hs). So, for the very same € > 0, there exists
k(e) € N such that, for each n,m € N, n,m > k(e), each j = 1,2,...m(¢)
and each (s,v) € [7,T] x (D(§,r) N K), we have

1F (s, tn(0(17)),0) = F (s, tm(0n(17)), 0) | < e

Taking a greater k(e) if necessary, we may assume that for each n € N,
n > k(e), we have
5(e)
en < — .
A(M+1)
Accordingly, in view of (i) and (iii) in Lemma 3.1 and (3.1), we deduce that
for each n € N, n > k(e),

[tn(on(s)) = un(on(t:)]] < (M +1)on(s) — on(t:)]

< (M +1)(|lo(s) = sl +[s = til + [ti — o (ti)]) < é(e)



9 A NAGUMO TYPE VIABILITY THEOREM 301

for each i = 1,...m(e) — 1 and each s € [¢;,t;11]. Accordingly, for each
k,pe N, k,p> k(m,e) =k(e) and each v : [7,T'] — D(§,r) N K rendering
the function s — F(s,up(0,(s)),v(s)) integrable for each n € N, we have

T
/ (s, ur(on(s)), v(s)) = F(s,up(op(s)), v(s))| ds

m(s

tig1
/t 1E' (s, u(ok(s)),v(s)) — F(s,ux(on(ti)),v(s))|l ds

m(e)—1

+ Z /ZZ+1 | F (s, uk(ok(ti),v(s)) — F(s,up(op(ts)), v(s))| ds

m tz+1

+ Z / 1 (s, up(0p(t), v(s)) = F(s, up(op(s)), v(s))| ds

<T-1)e+(T—71)e+(T—71)e=3(T —71)e.
Consequently, the Cauchy condition holds true uniformly for each function
v:[1,T] — D r)NK with s — F(s,u,(0p(s)),v(s)) integrable for each
p € N. The proof is complete. O

Proof. Continued. In view of Lemma 3.3 we may assume with no
loss of generality that for each € > 0 there exists no(¢) € N such that, for
each n,m € N, n,m > ng(e), we have

T
/ ||fn,m(5) _fm,m(S)HdS <e.

Moreover, since lim &, = 0, for the same ¢ > 0, there exists ni(e) such
n—oo

that, for each n,m € N, n,m > ny(e), we have
(T —7+M)(en+em) <e.

So, if n,m € N, n,m > n(e) = max{ng(e),n1(e)}, in view of (3.5), we
conclude

[tn(on(t) = wm(om ()] < 2ee™T7),
which means that (un(on(-)))n is a Cauchy sequence with respect to the
usual sup-norm on C([7,T]; X). Therefore there exists

u(t) = lim wuy,(o,(1))

n—oo
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uniformly for ¢ € [7,7'] which, in view of (i) in Lemma 3.1 and of the
continuity of GG, implies successively

nhl& un(s) = u(s)

and
lim G(s,un(on(s))) = G(s,u(s))

n—oo
uniformly for s € [7,T"]. So, we can pass to the limit for n — oo in (iv) in
Lemma 3.1 to obtain

t
u(t) = 54—/ G(s,u(s))ds

and u(t) € D(§,p) N K for each s € [7,T']. Thus u is a solution of (1.1) on
[7,T] satisfying u(7) = £ and this completes the proof. O

4. Application to a pseudoparabolic equation. Let ) be a
bounded domain in R?, with smooth boundary ¥ and let us consider the
following semilinear pseudoparabolic partial differential equation

up = Aug + f(u, Au) (t,x) € Qr
(4.1) u=0 (t,xz) € ¥p
u(0,x) = n(z) x € €.

Here and thereafter Qr = (0,7) x Q and X7 = (0,T) x ¥. We notice that,
for the specific case f(u, Au) = g(u) — Au, (4.1) describes the flow of a slow
fluid within Q. See for instance GALDI-PADULA-RAJAGOPAL [5].

Theorem 4.1. Let f : Rx R — R be a Lipschitz quasi-compact function
satisfying the growth condition

(4.2) |f (u, )| < a(u)|v] + b(u),
where a,b: R — R are two continuous functions. Assume also that
(4.3) u+ f(u,v) >0

for each uw > 0 and each v < 0. Then, for each n € H*(Q) N HE(Q) with
n—An >0 ae. onQ, there exists T > 0 such that the problem (4.1) has
at least one solution u € C1([0,T]; H*(Q) N H} () satisfying u(t) > 0 and
u(t) — Au(t) > 0 for each t € [0,T] and a.e for x € Q. If, in addition f
is positively sublinear, then each solution of (4.1) can be continued up to a
global one.
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Proof. Clearly (4.1) is equivalent to:

(u—Au)r = f(u,Au) (t,x) € Qr
(4.4) u=20 (t,z) € Xp
u(0,z) = n(z) T €,

Let A: D(A) C L*(Q)) — L?(2) be defined by

D(A) = HY{Q) N H2(Q)
{ Au = Au for each u € D(A),

let J = (I — A)~! and let us denote by u = Jv. Since AJ = J —1I, (4.4) can
be rewritten as an abstract differential equation in the space L%(Q), i.e.

v = G(v)
(45) {vm>:a

where G(v) = F(v,v) and F : L?(Q) x L?(2) — L?() is defined by
F(v,w)(z) = f(Jv, Jw —w)(x))

for each v, w € L?(Q2) and a.e. for z € Q and £ = (I — A)n.

Since the operator J is continuous from L?(2) to H2(Q) N H} (), and,
in our specific case, i.e. n = 3, H?(f) is compactly imbedded in C(Q)
(see (iii) in Theorem 1.5.4, p. 18 in VRABIE [11]), in view of the growth
condition that f satisfies, it follows that F' is well-defined and Lipschitz
quasi-compact.

At this point, let us recall that £ = (I — A)p > 0 a.e. on Q. Let
K ={ve L*Q); v>0ae. onQ}. In view of (4.3), we deduce that F and
K satisfy the tangency condition (2.1). Indeed, to prove that

1
liml%nf ;d({ +sG(&); K) =0,

for each ¢ € K, it suffices to show that, for each £ € R x K and each
s € (0,1), we have

(4.6) € — STE+ s[TE+ f(JE,JE—€)] 2 0

a.e. on {2. But this is certainly the case, because £ > 0 a.e. on (2, along
with the maximum principle for elliptic equations, implies both £ —sJ& > 0
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for each s € (0,1) and J€ — & < 0 a.e. on §). By virtue of (4.3), it follows
that, for each £ € K, J¢ + f(§,J§ — &) > 0 ae. on , and thus (4.6)
holds. So, we are in the hypotheses of Theorem 2.1. Therefore K is viable
with respect to GG, and this implies that there exists at least one solution,
v : [0,T] — L*Q), of (4.5), with v(t) € K for each t € [0,T]. But
u(t) = Ju(t), and consequently u(t) — Au(t) > 0 for each t € [0,T'] and a.e.
on (2. Using again the maximum principle for elliptic equations, we conclude
that u(t) > 0 for each t € [0, 7] and a.e. on Q. Since v € C1([0,T]; L*(Q)),
and u = Jv, with J linear continuous from L?(2) to H?(2) N H} (), we
conclude that w € C1([0,T]; H*(2) N H()) and the proof is complete. [J

5. Application to a nonlinear hyperbolic equation. Next we shall
present another interesting application of Theorem 2.1. We begin with a
corollary of Theorem 2.1 referring to the simplest case when K is open,
corollary which, as far as we know, is new and interesting by itself.

Theorem 5.1. Let D be a nonempty and open subset in X and let
G :IxD — X be a Lipschitz quasi-compact function. Then D is viable
with respect to G.

Proof. Since D is open, the tangency condition (2.1) is automatically
satisfied, and the conclusion follows from Theorem 2.1. O

Let A : D(A) € X — X the generator of a Cy-group of isometries
{S(t); t € R}, let g : X x X — X be a continuous function of the form
g(v) = f(v,v), where f: X x X — X, and let us consider the problem

(5.1) { Z/(S iu;r g(u)

We begin with the following useful simple variant of Lemma 10.4.1, p.
242 in Vrabie [11].

Lemma 5.4. A functionu : [7,T] — X is a C°-solution for the problem
(5.1) if and only if the function v :[7,T] — X, defined by

u(t) = S(—t)u(t)

for each t € [1,T], is a C'-solution of the problem

v =G(t,v)
(5:2) { v(0) =&,
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where G(t,v) = F(t,v,v), F: Rx X x X — X being defined by
F(tv v, ’U)) = S(—t)f(S(t)’U, S(t)w)

for each (t,v,w) € R x X x X.

Proof. First, let us recall that u: [7,T7] — X is a C%-solution of (5.1)
if .
u(t) = S+ [ S 9)f(uls). u(s)) ds

for each ¢t € [7,T']. Consequently we get

S(—tyu(t) = € + / S(=s)f(u(s), u(s)) ds

for t € [7,T]. Let v : [7,T] — X be defined by v(t) = S(—t)u(t) for
t € [1,T]. Obviously it satisfies

v(t) =€+/ S(=s)f(S(s)v(s), S(s)v(s)) ds

for each ¢t € [7,T'], and this achieves the proof. O

Theorem 5.2. Let A: D(A) C X — X be the generator of a Cy-group
of isometries, {S(t); t € R}, and let g : X — X be a Lipschitz quasi-
compact function. Then, for each § € X, there exists T > 0 such that (5.1)
has at least one CV-saturated solution defined on [7,T].

Proof. As g is Lipschitz quasi-compact and the group generated by A
is of isometries, we deduce that the function G, defined in Lemma 5.4, is
Lipschitz quasi-compact too. Since, in our case D = X, which is open, we
are in the hypotheses of Theorem 5.1. The proof is complete. O

We present next a simple application of Theorem 5.2 improving The-
orem 10.4.2, p. 243, in VRABIE [11]. Let Q be a nonempty, bounded and
open subset in R™ whose boundary T is of class C2, let Q7 = (0,T) x Q
and Xp = (0,7) x I". Let A > 0 be defined by

A = inf {HVUH%Q(Q) HICAS H&(Q), HUHL2(9) - 1} ’
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i.e. the first eigenvalue of —A on H~'(Q), and let m > —\. We consider
the nonlinear hyperbolic equation

ug = Au —mu + h(u,u) (t,z) € Qr

u(t,z) =0 (t,z) € Xp
(5:3) u(0,2) = up(x) x €,
u (0, z) = vo(x) x €}

where h : R Xx R — R is a given function. In the specific case when h
does not depend on the “damping” term wu;, this equation is known as the
semilinear Klein-Gordon equation.

Theorem 5.3. Let h: R X R — R be a continuous function for which
there exist c,d > 0 and o € R, and such that

(5-4) h(u, v)| < e(ful® + |v]) +d

for (u,v) € RxR, wherea > 0 ifn =2, anda < n/(n—2) ifn > 3. Assume
further that the family {u — h(u,v); v € R} is uniformly equicontinuous
on R and there exists L > 0 such that

(5.5) |h(u,v) — h(u,w)| < Ljv — w|

for each (v,w) € X x X. Then, for each ug € H} () and each vy € L*(12),
there exists T > 0 such that the problem (5.3) has at least one saturated
solution u satisfying

(i) uwe C([0,T); Hy(Q))
(i) ue € C([0,T); L*(Q2)).
In addition, if T < 400, then

i ([u(s) 1o+ e (5) 120 ) = o

If n =1, the conclusion remains valid without condition (5.4) and assuming
only that the family {u — h(u,v); v € R} is uniformly equicontinuous on
bounded subsets in R.

Proof. First, we observe that (5.3) can be rewritten as a first-order
ordinary differential equation in an infinite-dimensional Hilbert space. Let

H = Hj(Q) x L*(Q)
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which, endowed with the inner product (-,-), defined by

<(u,v),(a,@)>:/ () dx—i—m/ d:c+/Q (2)i(x) dz

for each (u,v),(u,0) € H, is a real Hilbert space. We define the operator
A:D(A)C H— H by

{ D(A) = (H*(Q) N Hg(Q)) x Hp(Q)
A(u,v) = (v, Au —mu) for each (u,v) € D(A).

Furthermore, let us define f : H x H — H by

f((u,v), (u,0))(x) = (0, h(z, u(x), v(x)))

for each (u,v),(uw,v) € H x H and a.e. for x € . At this point, let us
observe that the problem (5.3) can be rewritten under the equivalent form

{Zar

where g(z) = f(z,2), A and f are as above, z(t)(z) = (u(t,x),v(t,x)) a.e.
for (t,x) in (0,7) x Q and £ = (up,vp). In order to prove that A and f
satisfy the general conditions in Theorem 5.4, let us remark first that, by
virtue of Theorem 4.3.6, p. 94 in VRABIE [11], A generates a Cp-group of
isometries.

As concerns f, from (5.4), Theorem 1.5.4, p. 17 and Lemma A.6.1,
p. 313 in VRABIE [11], it follows that it is well-defined and continuous
on H x H. Again from Theorem 1.5.4 loc.cit, we know that H}(Q) is
compactly imbedded in: C(Q) if n = 1, in L4(Q) for each ¢ > 1 if n = 2,
and ¢ < 2n/(n —2) if n > 3. From this remark, the uniform equicontinuity
assumption and (5.5), it follows that f is Lipschitz quasi-compact and thus
we are in the hypotheses of Theorem 5.2. The proof is complete. (]
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