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1. Introduction. For any given real Banach space X and any o > 0,
we shall denote by C, = C([—0,0]; X) the Banach space of all continuous
functions from [—o,0] into X and by M, the Banach space

My ={p:[—0,0] = X, p bounded and continuous at the right},

endowed with the norm |¢l|, = sup{||¢(s)||;s € [-0,0]}. For any function
u: [t —0,T] — X and any t € [1,T] we shall denote by u; the function
ut @ [—0,0] — X defined by us(s) = u(t + s), for every s € [—o,0]. Clearly,
if u is continuous then u; € C,, for each t € [1,T].

Let K be a given locally closed subset in X and let X be the following
subset of M, :

K ={p eMs;p(s) € K for every s € [—a,0]}.
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We recall that a subset K C X is locally closed if for each £ € K there exists
r > 0 such that K N B(,r) is closed in X, where, as usual, B(,r) denotes
the closed ball with center £ and radius r.

We consider the following nonlinear functional differential inclusion

(1.1) V' (t) + Av(t) > f(t,v(t),v), t € [a,b),

where A : D(A) C X — 2% is an m-accretive operator with K € D(A) and
f:la,b) x K x X — X is a continuous function, and we are interested in
finding sufficient conditions in order that K be a viable domain for (1.1),
i.e. for each 7 € [a,b) and ¢ € KX N C, there exists at least one solution
v:[r—o0,T] — K of (1.1) satisfying the initial condition

(1.2) vr = .

Definition 1.1. A continuous function v : [T — o, T| — X is a solution
of the problem (1.1) and (1.2) if

i) v(t)=p(t—"7) fort€r—o,71|;

ii) the function g : [1,T] — X, defined by g(t) = f(t,v(t),v¢) for every
t € [r,T), is integrable on [1,T];

iii) v coincides on [T, T] with the mild solution of the problem

{ u'(t) + Au(t) 2 g(t), t € [1,T],
u(r) = ¢(0),

in the sense of Definition 1.7.5, p. 25 in Vrabie [23].

The existence of solutions for functional differential equations governed
or not by linear and nonlinear operators in Banach spaces has been studied
in many papers and monographs (see, for example, [7], [11], [13], [19], [20],
[21] and [24]).

As far as we know, the first viability results for the equation (1.1), in the
case A = 0, were given by LAKSHMIKANTHAM, LEELA and MOAURO [14]
and by LEELA and MOAURO [15]. The case when A = 0, X is a finite
dimensional space and f is an upper semicontinuous multifunction with
convex compact values has been studied by HADDAD [9], [10]. The Haddad’s
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result has been extended by GAviOLI and MALAGUTI [8] to the infinite
dimensional setting. Also, the lower semicontinuous case has been studied
by DONCHEV [5], [6].

The case when A is the infinitesimal generator of Cp-semigroup and
f is a continuous single-valued function has been studied by IACOB and
PAVEL [12] and the corresponding multivalued case, with f a Caratheodory
multifunction with nonconvex values, has been considered by LUPULESCU
and NECULA [17].

In the present study, which is a nonlinear variant of the last mentioned
paper, we shall use a tangency condition introduced by VRABIE [22], ac-
cordingly adapted. Also, the construction method for a sequence of approx-
imate solutions of (1.1), defined on an apriori given interval, is closed to
the methods used by CARJA and VRABIE [3], [4] and by LUPULESCU and
NECULA [16].

2. Preliminaries and the main result. For an easy reference, we
begin by recalling some basic concepts and results concerning m-accretive
operators to be used in the sequel.

Let X be a real Banach space, let A : D(A) € X — 2% be an m-
accretive operator and let us consider the Cauchy problem

(2.1) { u'(t)+ Au(t) 5 f(t), T<t<T,

u(r) =¢;
where f € L'(7,T;X) and & € D(A).

Throughout this paper we shall denote by u(-,7,&, f) : [7,T] — D(A)
the unique mild solution of problem (2.1). We recall that u(-, 7,&, f) is con-
tinuous from [7,T] to X, u(r, 7,&, f) = & and for every f,g € LY(7,T; X)
and every &,m € D(A), we have

(2.2)  ult, 7,6 f) = ult, 7,9l < 1€ —nll + /t 1f (o) = g(o)lldo,

for every t € [, T]. Moreover, for every f € L'(7,T; X) and ¢ € D(A), we
have

Ju(t +h, 7,8 f) —ult, 7,& )l < llu(s +h, 7,8 f) —uls, 7,& [

2.3 t
23 +/ 1f(o +h) — f(o)] do,



322 VASILE LUPULESCU and MIHAI NECULA 4

for every t,s € [7,T — h] with s <t and h > 0. Finally, if 7 <v <t < T
then we have

U(t, T:éaf) = U(t,I/,U(V7T,€, f)?f ‘[ZI,T])‘

We denote by S(t) : D(A) — D(A), t > 0 the semigroup of nonexpansive
mappings generated by —A, i.e. S(t)§ = u(t,0,&,0) for every t > 0 and
¢ € D(A), and we recall that the semigroup {S(¢); t > 0} is compact if
for every t > 0 the operator S(t) is compact, i.e. is continuous and carries
bounded subsets in D(A) into relatively compact subsets in X. We refer the
reader to BARBU [1] and VRABIE [23] for more details on the background
of this theory.

We are now able to introduce the tangency condition that we are going
to use in the sequel.

Definition 2.1. A function f : [a,b) x K x X — X is said to be A-
tangent to K if

(2.4) lip inf 3 d(u(r + h 7. 0(0), £ (7, 0(0), ) K) =0,

for every (7,¢) € [a,b) xK.

Here and thereafter d(z; C') denotes the distance from the point z € X
to the subset C in X.

Remark 2.1. Since f is continuous we have
1

lim

T+h
o h/T 1£(5.&,90) — f(T.6,0)]ds =0

and using
||u(T + h‘a 7—7‘57 f(Taé.: ()0)) - U(T + ha 7_757 f('>§7 SO)H

T+h
< / 1£(5,€,0) — F(7.€.9)]| ds,

we obtain the following equivalent form of (2.4):

lir;}lionf %d(U(T + h, 7,0(0), £+, ¢(0), )); K) =0,

for every (7, ¢) € [a,b) xX.
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We are now ready to state the main result of this paper.

Theorem 2.1. Let X be a real Banach space, A : D(A) C X — 2% an
m-accretive operator with —A the generator of a compact semigroup, K a
nonempty and locally closed subset in D(A) and f :[a,b) x K x X — X a
continuous function. If the function f is A-tangent to K then K is a viable
domain for (1.1).

We shall prove, in the next section, this theorem in two steps: we shall
construct a sequence of approximate solutions of (1.1), defined on an apriori
given interval, and we shall show that this sequence is convergent, on a
subsequence at least, to a solution of (1.1) with values in K. For the former
step we shall use one general principle on ordered sets due to BREZIS and
BROWDER [2], namely:

Theorem 2.2 (Brezis-Browder). Let < be a given preorder on the
nonempty set U and S : U — RU{+o00} be an increasing function. Suppose
that each increasing sequence in U is majorated in U. Then, for each & € U,

there exists £ € W with & < € such that € < & implies S(€) = S(€) ;

and for the latter we shall use the following compactness result due to Baras
(see Theorem 2.3.3, p. 47, in VRABIE [23]):

Theorem 2.3 (Baras). Let X be a real Banach space, A : D(A) C
X — 2% an m-accretive operator such that —A generates a compact semi-
group, let € € D(A) and F an uniformly integrable subset in L'(a,b; X).
Then the set {u(-,a,&, f); f € F} is relatively compact in C([a,b]; X).

Another useful tool in our forthcoming analysis is the modulus of con-
tinuity. Let u be a function defined on the interval J of R with values into
X. For some § > 0, we denote by w(u, Jo,9) the modulus of continuity of
u on the subinterval Jy C J, defined by

w(u, Jo,d) = sup{||u(t) —u(s)|;t,s € Jo, |t — s| < d}.

It is easy to see that w(u,-,d) and w(u, Jo,-) are increasing functions and
that v is uniformly continuous on Jy if and only if lims|o w(u, Jo,d) = 0.

3. Proof of the main result. We begin by fixing an arbitrary initial
date (1,¢) € [a,b) x (KN C,). We denote £ = ¢(0). Since K is locally
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closed and f is continuous, we can choose r > 0, p > 0 and M > 0 such
that K N B(&,r) is closed in X and

(3.1) 1tz )] < M,
for every (t,x,¢) € [1,7 + p] x B(&,r) X By(p,r + 3p), where
B(&,r) ={z € X;|lz — &l <r}

and
By(p,r+3p) = {vb € Mg; ||t — ¢|lo < 7+ 3p}.

We fix T' € (7,7 + p] such that

(3.2) w(p,[-0,0,,T —7)+ BM+2)(T —71) + 0<223_T||S(h)£ =<

This choice is always possible because {S(t);t > 0} is a semigroup of non-
expansive mappings and ¢ € €, implies that lims o w(y, [—0,0],0) = 0.
We emphasize that this choice of r, p, M and T will be kept unmodified
until the end of this proof.
Now, we define our "approximate solution” concept for the problem
(1.1) and (1.2):

Definition 3.1. Let T > 7 be fized as in (3.2) and let € € (0,1) and
v € (1,T] be arbitrary. By an e-approximate solution for the problem (1.1)
and (1.2), defined on the interval [T — o,v] C [T — 0,T], we mean a 4-
tuple (F,,g,v,w) composed by a family of pairwise disjoint intervals F,
= {[tm,Sm),m € 3}, an integrable function g : [T7,v] — X and two mea-
surable functions v,w : [T — o,v] — X such that

(i Umeﬂy[tm78m) =[71,v) and Sy, — tm < & for each m € J,;

)

(i) vy = ¢, wr = ¢ and w(v) = v(v);
)
)

(iii) v([7,v]) is precompact in X;
(iv) g(t) = f(t,v(tm), wy,,) and w(t) = v(ty,) for each m € J, and each
t € [tm,Sm);

(V) [Jv(t) — ut, tm,v(tm), 9)|| < (t — tm)e for each m € J, and each t €
[tmasm);
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(Vi) ||ve — vy, |lo < 3pe, for each m € 3, and each t € [tm, Sm) ;
(vii) v(tm) € KN B, 1) and wy,, € KN By(p,r+ 3p) for each m € J, ;

(viii) v(v) € KN B(& 1) and wy, € XN By(p,r+ 3p).

Before proving the existence of e-approximate solutions, we have to make
some technical remarks concerning their properties. Let us assume in the
sequel that (F,, g, v, w) is an e-approximate solution on [T —o, v] C [T—0,T].

Remark 3.1. For every t,s € [1,v] we have

[v: = vsllo = SUPae(—ag) 0:(@) = vs(a)]
= SUPae[q,) [[0(t + @) —v(s + )| < w(v, [T — o,V [t = s])

<w(v, [T —o,71], |t —s]) +wv,[r,v], |t —s]|).

On the other hand, by (ii) it follows that w(v, [T —0o,7],d) = w(e, [0, 0], ).
Thus

(3:3) [vr = vslle < w(p, [=0,0 [t = s]) + w(v, [, ], |t = s]).

Remark 3.2. From (i) we infer that there exists m € §, such that
tm = 7 and by (v) it follows that

(3.4) lo(t) = u(t, 7,§9)|| < (t —7)e,
for every t € [1,v]. Consequently, we have
[o(t +h) —v@®)]| < 2(v —7)e + [Ju(t + h, 7, &, 9) — u(t, 7, &, 9)]
and so
(3.5) w(v, [r,v],0) <2(v —7)e +w(u(-7,¢, 9), [, 7], 0),

for every § > 0.
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Remark 3.3. By (vii) and (iv) we get ||g(s)|| < M for every s € [r,v]
and therefore

||u(t + h77—7gag) - U(t,T,é,g)H
t
< Julr + b7 €. g) — ulrim,6,9) ] + / lg(s + 1) — g(s)llds
S ||U(T + thagag) - U(T + h775570)|’
lu(r + b, £,0) — €| + 2M (v — 7)
T7+h
< / lg(s)llds + [IS(R)E — €]l + 20 (v — 7)
< Mh+|Sh)E =& +2M(v — 7).
We obtain

w(u( 7, 9), [1,v],0) <2M(v —7) + Mo+ sup [[(S(h)€ <]
0<h<d

Hence

(3.6) w(v,[r,v],d0) <2 —7)e+2M(v—71)+ Mo+ sup |[(S(h)§—¢],
0<h<é
for every § > 0.

Remark 3.4. From (vi) we deduce that
[o(t) = w@)|| = [Jo(t) = v(tm)]| = [[0:(0) = ve,, ()] < vt = v, [l < 3pz,

for every m € J, and every t € [ty,, Sm). For t € [T — o,7] U {v} we have
v(t) = w(t) and therefore it follows that ||v(t) — w(t)|| < 3pe for every
t € [r —o,v]. So, we have

(3.7) v — wtllo < 3pe,

for every t € [1,v].

Remark 3.5. Let g € L'(r,7,X), v € (r,7) and g = g, . Since

[r:v]

u(t, 7,€, g) depends only by the values of g on the interval [r,t], we deduce
that

u('77-7§79> = u(',T,§7§>

|71
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and therefore

w(u(, 7,8, 9),[,v],0) =w(u(- 7§ 9),[,v],6) <w(u(-, ¢ 9),[7,7],0),

for every 6 > 0.

Remark 3.6. Our choice of T' ensure that, if a 4-tuple (F,,g,v,w)
satisfies (i)-(vii) on the interval [r — o,v] with v € (7,T], then we have
v(v) € B(&,r) and wy, € By(p,r + 3p). Indeed, in view of (3.1), (3.2) and
(3.6) we have

vy — @lle = vy — v le Swl(p, [—0,0,v —7) + w(v,[T,v],v —T)

<w(p,[—0,0,v—7)+ (v —T)e+3M(v—7)+ sup |[[S(h)¢—¢|
0<h<T—7

Sw(p, [0, 0L, T —7)+ BM +2)(T—7)+ sup [S(R)§—&[ <,
0<h<T—7

and therefore

o) = &Il = [[vn(0) = @(O)|] < vy — ¢l <7
Further, by (3.7), we get

Jwy = ¢llo < lwy = vullo +[|vw — @] <7+ 3p.

In the next lemma we show how to construct, for every ¢ € (0,1), an
e-approximate solution on [7 — o, T).

Lemma 3.1. Assume that the hypotheses of Theorem 2.1 are satisfied
and let T be fized as in (3.2). Then, for every e € (0, 1), the problem (1.1)
and (1.2) has at least one e-approzimate solution on [T — o,T).

Proof. We denote by Hr the set of all e-approximate solutions (¥, g, v, w)
defined on subintervals [T — o, v] C [T — 0,T] and we prove first that Hr is
a nonempty set.

By using the tangential condition (2.4) we obtain that there exist the
sequences (hy), in Ry with h, | 0 and (py), in X with p, — 0 such that

(38) U(T+hn77—7€7f('7§790))+hnpn €K,
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for every n € N.

We define g : [1,T] — X by g(t) = f(t,&, ¢) for every t € [r,T]. Since
o and g are continuous functions and p, — 0, we can fix ng € N such that
hno € (07T - T]? ”pn()H < ¢ and

W(tp, [_07 0]7 hno) +w(u('77—7€7§)7 [7—7 T]7hno) < PE.

For ng fixed above, we define: vy := 7 + hy,, F,, = {[7, 0]}, 9(t) =G(t) on
[Ta VO],

() = o(t—1) forte[r—o,71),
! B U(t, T, ga g) + (t - T)pno for ¢ € [7—7 VO]?
and
p(t—71) fortelr—o,1),
w(t) =< & for t € [1,1p),
v(vp) for t = 1p.

It is easy to see that (i) — (vi) and (vii) are fulfilled. In view of (3.1),
(3.5), Remark 3.5 and the choice of h,, we have

HUt - UTHU < w(@v [_Ua 0]7t - T) + w(v, [T7 V0]7t - V)
S w(go, [70_7 0]?t - T) +w(u('v7—7£79)7 [Ta VO]at - V) + 2(V0 - 7—)5
< w(p, [=0,0], hng) +w(u(:, 7, €, 9), [T, 10], hng ) + 2p2 < 3pe,

for every t € [1,19] and so (vi) holds too. From (3.8) we get v(1vy) € K,
hence by (i), (i7), (iv) and (vi7) it follows that w(t) € K for every [T — o, 1p]
and therefore w,, € X. By virtue of Remark 3.6 we have v(r) € K N
B(&,r) and w, € XN By(p,r+3p) and so (viii) is also fulfilled. Therefore,
(Fuy, 9, v, w) is an e-approximative solution on [r — o, 1] and thus we have
proved that Hr is a nonempty set.

Next, we shall show that there exists at least one e-approximate solution
of (1.1) and (1.2), defined on the whole interval [ — ¢, T|. For this aim we
shall apply Theorem 2.2 to the set Hy endowed with the following preorder:

(§M17gl7vl)w1) —\< (3‘”2792’1}2’“)2)
if u1 < po, Fuy C Fup and vl(s) = v3(s) for every s € [r,u1]. Here

(Fpys gt 0t wh) and (F,, g%, 02, w?) are two e-approximate solutions de-
fined on [r — o, '] and respectively on [r — o, 11?].
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It is obvious that < is a preorder on Hp. Moreover, let us observe that
if (Fup, 0% vl wh) < (Fuy, 92, 0%, w?) then we have w!(s) = w?(s) for every
t € [r—o,p1] and g'(s) = g3(s) for every t € [r, u1).

Let us define the function 8 : Hp — R by

8((9:117 9,0, 'lU)) =K,

for every e-approximate solution defined on [r — o, u] C [T — 0, T]. It is clear
that § is increasing on Hr.

Let us show now that each increasing sequence ((F,,,97,v7,w?))jen in
Hr is majorated in Hp. First, we set

(3.9) p* = sup{p;;j € N}

and we observe that v* € (7,T.

If pj« = p* for some j* € N then (Sruj*,gj*,vj*,wj*) is obviously a
majorant. If u; < p* for every j € N, we define a majorant as follows.
Let us observe first that for each j € N, ¥, is a family of pairwise disjoint
intervals, so each family ?ﬂj is at most countable and therefore the family
Fup = {[t;n,s%);j € N,m € J;} is also at most countable. Clearly, we
may assume that (4;);en is strictly increasing and convergent to p*. Since
Fy; €Iy, and gy < pjp1 imply then there exists § > 0 such that [p;, p;+
6) € Fpu;iy \ Iy, we infer that in fact the family F, . is even countable and
it can be rewritten in the form ¥, .. = {[tm, sm);m € N}.

We define g*(t) = ¢/ (t),v*(t) = v/ (¢t) and w*(t) = w(t) for every j € N
and t € [r,pu;]. For ¢g*(n*) we may choose any value in X, but this fact
is not valid for v*(u*) and either for w*(u*). We will show how to define
v*(p*) and w*(p*) in order to (F+, g%, v*, w*) € Hr.

It is easy to see that (F,«, g*, v*, w*) satisfies (i), (it), (iv), (vi) and (vii).
Let us prove that v*([r, u*)) is precompact. Since v* coincides with v/ on
[7, pj], we know that the set D; = v*([r, ;]) is precompact, for each j € N.
From (iv) we have that ¢g* € L'(r,pu*; X) and so, for each j € N, the
function wu(-, 15, v* (), g*) is continuous on [, u*]. It follows that the set
Cj = u([pj, p*], pj, v*(1e5), g*) is also precompact in X. Taking into account
that condition (v) is obviously satisfied on |7, u*), we obtain

(3.10) vi([r, 7)) € G U Dj +e(u” — 1) B(0, 1)

for every 7 € N. Let n > 0 be arbitrary fixed. We may choose j* € N such
that e(u* — pj) < n. From the inclusion above we deduce that, for every
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x € v*([r, ") there exists © € Cj+ U Dj« such that ||z — z|| < 7. Since
Cj+ U Dj= is precompact, there exists a finite fainily {1,290, .20, } C X
such that, for every z € Cj» U Dj«, there exists k € {1,2,...,n,} such that
|7 — 27| <7 and hence

|z = agll + [l = z[| < 2n.

Finally, we obtain that v* ([, u*) C U, B(zy, 2n) and therefore v*([r, p*))
is precompact, so (#i7) is checked.

Now we are able to complete the definition of v*. We take any limit
point vg of v*(u;) as j tends to 400 and we set v*(u*) = w*(u*) = vj5. By
the choice of v there exists a subsequence (115, )xen such that liin,ujk =pu*

and lilgnv*(,ujk) = vg. Since

U*(lu’jk) - Ujk(ﬂjk) € KQB(&T)

for every k € N, keeping in mind that the set KNB(&,r) is closed, we obtain
that v*(u*) = v5 € K N B(§,r). From Remark 3.6 we have v};. € Bs(p,7)
and from (3.7) it follows that w}. € X N B, (p,r + 3p) and thus we have
vy« € XK, so (viii) holds. Finally, the condition (v) for ¢ = p* is proven
by fixing any m € N, taking ¢t = p;, with p;, > t,, in (v) written for
(.'}"ujk , g% 07k wI*) and passing to the limit for & tending to +o0o both sides.

Therefore, (F,+, g%, v*, w*) € Hy and since (F+, g%, v*, w*) is clearly a
majorant for ((?Mj,gj,vj,wj))jeN, we have shown that the hypotheses of
Theorem 2.2 are satisfied.

Before using the conclusion of Theorem 2.2, we show that every element
(Fv,9,v,w) € Hy with 8((F,,g,v,w)) < T is majorated in (Hp, <) by
an element (F3,9,v,w) € Hy with 8§((F,,¢9,v,w)) < 8((F,9,v,w)). To
this aim let us consider (¥,,¢g,v,w) an e-approximate solution defined on
[T — o,v] with v € (1,T). Since w,(0) = w(v) = v(rv) € K N B(p,r) and
w, € XN By(p, 7+ 3p), we can apply the tangential condition (2.4) with
(v,wy) instead of (7, ) and we obtain that there exist (hy), in Ry with
hy | 0 and (pp), in X with p, — 0 such that

(3.11) u(v + hp, v, 0(v), f(,0(), wy)) + hnpn € K,
for every n € N. We define g: [1,7] — X by

_ (1), for t € [1,v)
g(t) :{ o) w), for t & (1.
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Since lims|o w(y, [—0,0],6) = 0 and lims|o w(u(-, 7,&,9), [, T],6) = 0 we
can fix n € N such that hy € (0,7 — v], ||ps|| < e and

w(@? [_U’ 0]7 hﬁ) + w(u('777£)§)7 [7—7 T]v hﬁ) < pe.

For n fixed as above, we define: v := 7+ hy € (v,T], F5 = F, U{[v,V]},
g(t) =79(t) on [r,7],

o o(d), fort € [t —o,v)
5O ={ hnu0.5) + =i, on 1 € 07
and w(t), forte[r—o,v)
w(t) = v(v), fortée[y,v)
o(v) fort=rw.

We show now that (F3,9,v,w) € Hp. Let us observe that (F5,9,v,w)
satisfies (7) — (iv) and (vii). Also, it is easy to see that (v) is satisfied for
tm <vandt € [ty,v]. Ift, <v<t<wv+4 then, from (2.2) and (v), we
have

[[0(t) —ult, tm, 0(tm), )|

= ||lu(t,v,v(v),q) + (t — v)pi — u(t, v, w(v, tpm, V(tm), 9), 9)||
<W—tme+ (t—v)e=(t—tm)e

and therefore (v) is fulfilled.
We have to check (vi) only on the subinterval [t,,, sm) = [v,7). Using
(3.3), (3.5), Remark 3.5 and our choice for hj, we have

Hﬂt _E/HU < w(‘ﬁ? [_070]7t - V) +w(/5a [T?mvt - V)

< w(cp, [_U7O]vt - V) +w(u("7—a€>§)7 [T,ﬂ,t - V) + 2(5— 7')5
S w(()ov [_07 0]7 hﬁ) + w(u('77_7§7§)7 [7—7 ﬂ? hﬁ) + 2P5 S 3/)57

for every t € [v, 7).

Finally, from (3.11) we have v(v) € K and thus, by (¢), (i¢) , (iv) and
(vii), it follows that w(t) € K for every t € [t — o,v]. Hence wy € K
and by virtue of Remark 3.6 we conclude that v(v) € K N B({,r) and
wy € KN By(p, 7+ 3p).

Therefore, (¥, 9,0, w) is an e-approximate solution defined on [T — o, 7]
Moreover, by construction, we have that (,,9,v,w) < (F5,9,v,w) and
S((Fv,9,v,w)) =v <v=_8((Fp,q,v,w)).
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Now, let (F,0, g%, v°,w?) be arbitrary fixed in Hr. By Theorem 2.2 we
deduce that there exists a maximal element (F,, g,v,w) € Hp, with

(3:1/079077)07100) % (S:Vag7v7w)7

such that $((F,, g,v,w)) = 8((F3,9,v,w)), for each (F3,q,v,w) € Hp with
(Fu,9,v,w) X (F5,9,0,w).

It follows that S((F,,g,v,w)) = T because, if we assume the contrary,
by the precedent step we know that there exists (F3,¢,v,w) € Hp with
(Fv,9,v,w) < (F5,9,0,w) and such that §((F,, g,v,w)) < 8((Fy,9,v,w)),
that is in contradiction with our choice of (&, g,v,w).

Thus we have proved that there exists at least an e-approximate solution
of (1.1) and (1.2) defined on the whole interval [t — o, T]. O

We are now prepared to complete the proof of Theorem 2.1.

End of proof. For 1 € [a,b), ¢ € KoNCy and T € (1, 7+ p] already fixed, we

apply Lemma 3.1 with &, = 1/n, for each n € N*. Consequently, for each

n € N*, there exists at least an e,-approximative solution (F7., g™, v", w"),
n [7,T]. We denote

‘rf?’ = {[tﬁnﬂs?@)vm € 371}7

for each n € N*.

We have that, for every n € N*, ||g"(s)|| < M on [7,T], and therefore
the set {g"; n € N*} is uniformly integrable in L!(7,T; X). Since the semi-
group generated by —A is compact, by virtue of Theorem 2.3 we conclude
that there exists v € C([7,T]; X) such that, on a subsequence at least, we
have

(3.12) limu(t, 7,£,9") = v(t)
uniformly for ¢ € [, T].
From (3.4) we get

t—T1

lo"(#) = ult, 7 & g™l < ——

for every n € N* and every ¢ € [7,7T] and thus

(3.13) limv"(t) = v(t)

n
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uniformly on [7,T].
Let us define v(t) = ¢(t — 1) for t € [t — o, 7]. Since v"(t) = v(t) for
every t € [T — o,7] and every n € N*, by (3.13) it follows that

(3.14) limvy' = vy

in the norm || - ||,

Next, we shall prove that v(t) € K N B(&,r), for every ¢t € [7,T). Let
t be fixed in [7,7). From (i) we deduce that for each n € N* there exists
My € Jn, such that ¢ € [t} ,sp ). We denote 6, = ty;, ( for the sake of

simplicity) and we have |t — 6,,| < 1/n. From (vi) it follows
[o" =g, | < 3pen,

for every n € N*, and by (3.14) we obtain

(3.15) limvg, = vy
in the norm || - ||, and hence
(3.16) lim v (6,,) = v(t)

in X. Since v"(0,) € KN B(&,r) and K N B(&,r) is closed in X, we infer
that v(t) € KN B(&,r), for every t € [7,T).

In order to complete the proof, it remains to show that v is a solution of
(1.1) and (1.2). To this aim, let us observe first that, for every ¢t € [7,T),
we have

9" (t) = f(t, 0" (0n), wg,)
where 6, is chosen as above. From (3.7) we have [lvy — wy |, < 3pep, for
every n € N*, and by (3.14) we infer that

(3.17) limwy, = vy

n
in the norm || - ||,. Since f is continuous, from (3.16) and (3.17) it follows
that

lim g™ (¢) = f(s, (1), vt),

for every t € [7,T). We define g(t) = f(t,v(t),v:), for every t € [7,T).
Taking into account that ||g"(s)|| < M, by virtue of Lebesgue Dominated
Convergence Theorem we deduce that

(3.18) limg" =g,
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in L1(7,T; X). From (2.2) we have, for every t € [7,T]

t
Ju(t,7,€,9") —u(t,7,£,9)| < / 19" (s) — g(s))ll ds ,
and hence, by (3.18) it follows that
]‘im u(t7 7-7 57 gn) = u(t7 7—7 f’ g)?

for every t € [7,T]. In view of (3.12), we conclude that v(t) = u(t,7,&, g),
ont € [1,T], with g(t) = f(t,v(t),v;). But this means that v is a solution
of (1.1) and (1.2), and this completes the proof. O
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