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1. Introduction. In recent years, considerable attention has been
paid to the development of qualitative theory of difference equations, par-
ticularly, to the stability problems.

MEDINA and PINTO [8]-[11] extended the notion of exponential stability
to a variety of reasonable systems called h-systems. The new concept,
called h-stability, permits to obtain an uniform treatment for the concept of
stability to difference equations. They have obtained results about stability
which were, at least, weaker that those given by exponential stability and
uniform Lipschitz stability under some perturbations.

In this paper, we shall investigate certain stability properties of some
perturbed Volterra difference equations in connection with the h-stability
of a linear Volterra difference equation by combining the method of the
resolvent matrix solution of the linear equation and the theory of difference
equations. The method of the matrix resolvent has been used in [2], [6], [7],
[9], interesting results being obtained.

2. Preliminaries. We adopt the following notations in this paper:
N(ng) = {ng,np + 1,...}, where ng €N, N,,,(ng) = {nog,no + 1,...,n9 + m},
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q
m € N; R? the ¢-dimensional real Euclidean space with norm |z| = ) |z,
1
x = (21,22,...,24) € RY. For a ¢ x ¢ matrix A = (a;;), define its norm |A|
n

by |A| = max 3 |agl.
J =1
Let A (n) and K (n,s) be ¢ x ¢ nonsingular matrices whose elements are
real functions defined on N (ng), respectively, N (ng) x N (ng) and Au (n) =
u(n+1)—u(n).
In the sequel we are interested in different relations between the solutions
of the unperturbed linear Volterra difference equation

n—1
(2.1) Az (n)=A(n)x(n)+ Z K (n,s)xz(s),

s=no

and the solutions of its perturbed Volterra type equations

n—1 n—1
(22)  Ay()=Am)yn)+ Y Kns)y(s)+ Y g(nsy(s),
n—1
(2.3) Ay(n)=A(n)y(n)+ Y K(n,8)y(s)
n—1
+ > gs,y(s)+ f(ny(n),

s=ng

where x (n),y (n) € R%, f(n,y) and g (n,s,y) are real g-vector functions
defined on N (ng) x D, respectively, for n > s > ng and y € D, where
D={yeR?: |yl < H<oo}. Let x (n) =z (n,ng,zo) be a solution of Eq.
(2.1) with x (ng, no, xo) = xo and, respectively, y (n) = y (n,no,yo) a solu-
tion of Egs. (2.2) or (2.3) with y (no,n0,%0) = yo. We will assume that the
above solutions are unique and, in addition, that f (n,0) = g(n,s,0) = 0,
n >8> ng.

We now recall some definitions of stability of the zero solution which
will be used in the sequel.

Definition 2.1. The solution x = 0 of Eq, (2.1) is said to be:
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a) stable (S) if, for every ¢ > 0 and ng € N = N (1), there exists
d(g,mo) > 0 such that, |xg| < § and n€ N(ngy) imply |x(n,ng, xo)| < &;

b) wuniformly stable (US) if it is stable and the above 0 is independent of
noy

c) asymptotically stable (AS) if it is stable and, for any nyg € N, there
exists dg (ng) > 0 such that |zo| < & implies |x (n,ng,x0)| — 0 as
n — oo (i. e., it is attractive (Att));

d) exponentially stable (ES) if there exists 0 < p < 1 and for every a > 0
and ng € N there exists § (o, ng) > 0 such thatn € N (ng) and |zg| < ¢
imply |z (n, no, wo)| < afzo| p"~";

e) uniformly Lipschitz stable (ULS) if there exist M > 1 and § > 0 such
that |z (n,no, xo)| < M |zo| whenever |xg| < 6 and n € N (ng).

Definition 2.2. The solution v =0 if Eq. (2.1) is said to be:

a) h-stable (hS) if ¢ > 1, § > 0 exist as well as a positive and bounded
function h : N (ng) — R such that |z (n,ng, z0)| < ch (n) h=1 (ng) |zo,
forn € N (ng) and |zo| < 9;

b) globally h-stable (GhS) if |z (n,no, x0)| < ch (n) h=1 (ng) |zo| holds for
n € N (ng) and every xog € D, where D C RY is a region which
includes the origin (h=" (n) = 1/h(n)).

The notions of stability given in Definition 2.2 include several types of
known stabilities as (US), (ES) and (ULS).

The resolvent matrix R (n,s) of (2.1) ([9, Theorem 2.1]) is defined as
the unique solution of the matrix difference equation

n—1
(24) AR(n, ) =-R(n,l+1)A(0)— > R(n,s+1)K(s,]), n>1l,
s=Il+1

with R (n,n) = I, the identity matrix.
Using the resolvent matrix R (n,l) the following variation of constant
formula can be given.
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Lemma 2.1. ([2; Lemma 2.2]) The unique solution y (n,ng,yo) of Eq.
(2.2) is given by

n—1 -1
(25) Yy (na no, yO) =R (TL, ’I’Lo) Yo + Z R (n’ I+ 1) Z g (l7 $Y (S)) .
l=no s$=no

In view to develop relationships between the (hS) of z =0 to Eq. (2.1)
and different kind of stability to y = 0 of Eq. (2.2) or (2.3), we need of
a discrete inegality of Volterra type which is a generalization of the well-
known Bellman-Bihari inequality.

Lemma 2.2. ([3; Lemma 2.1]) Let there exist functions u(n), v(n),
h(n,s) and w (p) such that:

a) u(n), v(n), h(n,s) are nonnegative for n > s > ng;

b) w(p) is positive, continuous and nondecreasing for p > 0;

¢) for any n € N (ng) the inequality

n—1 l
u(n) <et+ Y <v(l)W(U(l))+ > h(hS)W(U(S))) :

l=ng S$=no

holds, where ¢ > u(ng) is a positive constant. Then, for any n € N (ng)
one obtains

n—1 l
(2.6) Q(u(n) <Q)+ ) (v 0+ h(lvs)> ;

where Q (z) = WCZ), z>0.

Some interesting particular cases are given in [10; Remark 2.1]. The
following results will be also used in the sequel.

Lemma 2.3. ([4; Lemma 2.2]) Let h(n) be a positive function defined
for n € N (ng). Assume there exists a positive constant L such that form
n € N (ng), the inequality

(2.7) i h(n)h ™t (s) <L

s=no

holds.
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Then, h(n) — 0 as n — co.

Lemma 2.4. ([9; Theorem 7]) The solution z =0 of Eq. (2.1) is (hS)
if and only if, there exists a constant ¢ > 1 and a positive bounded function
h: N (ng) — R such that |R (n,ng)| < ch (n)h™' (ng), n € N (ng), where
R (n,ng) is the resolvent matriz of Eq. (2.1).

3. Main results. In this section we shall examine the relationships
between the (hS) of z = 0 to Eq. (2.1) and those of (S) or (AS) of y =0 to

Eq. (2.2) or (2.3).
With respect to the function g (n, s, y) we make the following hypothesis
(HL): |g(n,s,9)| < b(n,s)w(lyl), n = s > no, |yl < H, where b(n,s) is
a positive function for n > s > np, and w(p) is a continuous and
nondecreasing function for p > 0 with Q (0+) = —oc.

Theorem 3.1. Assume that © =0 of Eq. (2.1) is (hS) and hypothesis
(H1) holds. If, in addition,

l
(3.1) Rt (I+1) Y b(ls) €l (no),

s=ng

then, y = 0 of Eq. (2.2) is stable.

Proof. Firstly, we note that from the definition of (hS) there exists a
positive constant T" such that h (n) < T, n € N (ng). Then, using (2.5), the
hypothesis (H1), (3.1) and Lemma 2.4 one obtains

-1

ly ()\<!R(nno)\lyoH+Z\Rnl+1|2\glsy())\

l=no S=no
n—1 l
< Th (no) lyol + T 3 A7 1+1) 3 b1 s)w (ly ()
l=ng $=no

forn € N (ng). From here, applying Lemma 2.2 in particular case v (n) = 0,
we get |y (n)] < ¢ (Jyo|) for n € N (ng), where

¢ (lyol) = Q71 | Q(cTh™ (no) o) —i—cTZh (1+1) Zbls

l=ng S$=no

< Q7 (Q(¢Th™ (no) lyo|) + 1),
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00 l
with ¢y =T Y, b1 (1+1) Y b(l,s) < .
l=ng s=ng
From Q (0+) = —o0, we can choose |yo| small enough such that

Q (cTh™ (n9) |yol) + c1 € dom Q™! = (=00, (0)) .

On the other hand, if we take 6 (¢,n0) = ¢ th (ng) T71Q7 1 (Q(e) — c1), it
follows that |y (n)| = |y (n, no,y0)| < € for |yo| < d (€,np), i. e., the stability
of y =0 of Eq. (2.2). This completes the proof. O

If, in the proof of Theorem 3.1 we shall use the result of Fubini type [1;
Lemma 2]

n—1 n—1 n—1
(3.2) Z (n,1+1) Zbls Z Z (n,s+1)b(s,l),
l=ngo s=ng l=ng s=I+1

then we can give

Corollary 3.1. Assume that x =0 of Eq. (2.1) is (hS) and (H1) holds.
If, in addition,

(3.3) Zh (s +1)b(s,1) €1y (ng),

then, y = 0 of Eq. (2.2) is stable.

Proof. In this case one obtains

ly (n)| < cTh™" (no +cTZ<Zh (s+1)b Sl)>w(|y(l)|)7

l=ng \s=l

and therefore, by Lemma 2.2,

)] < T o)l exp (ecnT), 1= 30 3 h (54 1)b(s.).
l=ng s=I
From here, it follows the stability of y = 0 of Eq. (2.2). O

Although, in general, y = 0 of Eq. (2.2) is not (hS) or (GhS), it is when
w(p) = p®, a > 0. More precisely, we have
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Corollary 3.2. Assume that x =0 of Eq. (2.1) is (hS) and hypothesis
(H1) holds with w(p) = p®, a > 1. If, in addition

00 l
(3.4) DOATHI41) Y A (s)b(l,s) = 1 < o0,

l=n0 S=no

then, y =0 of Eq. (2.2) is also (hS).
Proof. Indeed, since o > 1, we have
h™ () |y (n)] < eh™ (no) [yol
n—1 l
e Y DI+ 1) D R (s)b(l,s) [h (s) |y (s)]]
l=no s$=no

and, in this case, Q : (0,00) — (—00,0), Q(2) = 217/ (1 —a) and Q! :
(—00,0) — (0,00), Q71 (w) = [(1 — @) w] Y@ Y. Again, by Lemma 2.2,
one obtains

(3.5) ly (n)] < h(n)e(lyol)

for |yo| small enough, where

¢amo—ch1@mﬂmrﬁ—wa—1wmdzlmwmdf‘l

n—1 l
DRI+ 1) > b (s)b(l, )

l=ng s=ng

)

:| —1/(a—1)

for n € N (ng). If we denote u (n) = ch™ (ng) lyo|, y =a —1>0, 3(n) =
¢S R (s +1) 2 A ()b(Ls), then o (lyol) = ull — 7476 ()] V7 <

l=ng S=ng

u (1 —yuYeer) ™YY with yeeyu? < 1 for |yo| small enough. For a constant

: —1 Al
0< M <1, from 1 —cciu? > M one obtains |yo| < ¢ h(ng) ( ) =

ccq
§. Thus, by (3.5), one get |y (n)| < dh(n)h=! (no) |yo|, » € N (ng), d =
cM~1 >1,1i. e., the (hS) of y = 0. O

Corollary 3.3. Assume that x =0 of Eq. (2.1) is (hS), the hypothesis
(H1) occurs with w(p) = p®, 0 < a < 1, and condition (3.4) is satisfied.
Then, y =0 of Eq. (2.2) is (GhS).
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Proof. We note that if 0 < a < 1 then Q : [0,00) — [0,00), Q2(2) =
2172/ (1 — ) and Q71 1 0,00) — [0,00), Q7! (w) = [(1 — a)w]/17. By
Lemma 2.2 we obtain

h=t(n) |y (n)] <ch™ (no) lyol [1+ (1—a) (ch™" (no) |yo)* CCJ o

< ch™ (no) [y [1 + cer (1 — )] 3% < ch™ (ng) |yo| exp (ce1)
for n € N (no), if |yo| < ¢71h (ng). Thus, we have
ly (n)] < dh(n)h™* (no) |lyo|, n € N(ng), d=cexpl(cer)>1,

for every yo € D = {y € R% |y| < ¢ lep}, where 0 < ¢ < h(ng). When
a =1 then © : (0,00) — (—00,00), Q(z) = Inz and Q7! : (—00,00) —
(0,00), Q71 (w) = e¥ and therefore

©(|yo]) = exp [ln (ch_l(no) \yol) —i—ccl] :dh_l(no) lyo|, d=cexp (cci)>1.

From (3.5) one obtains again |y (n)| < dh (n) h=! (no) |yol, d > 1, for every

Yo, Yol < H.
Hence y = 0 of Eq. (2.2) is (GhS). O

Remark 3.1. By similar arguments previously made it follows that,
in particular case when x = 0 of Eq. (2.1) is (ULS), (H1) holds and

l
> b(l,s) €l1(ng), the zero solution of (2.2) is (US).

s=ng

We are now going to establish a connection between the (hS) of x =0
to Eq. (2.1) and the (AS) of y = 0 to Eq. (2.2).

Theorem 3.2. Assume that =0 of Eq. (2.1) is (hS), the hypothesis
(H1) holds and the function h(n) from the definition of (hS) is such that
h(n) — 0 as n — oo and satisfies the boundedness condition

(3.5) h(n)h™(s) <M < oo, ng<s<n.

Moreover, we assume that

00 l

(3.6) SN b(ls) <K < (eM)!,

l=ng $=no
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and
(3.7) lim Z b(m,s) =0 forall neN(n).
s=ng

occur. Then, y =0 of Eq. (2.2) is (AS).

Proof. To prove the stability of y = 0 of Eq. (2.2) we follow the same
way as in the proof of Theorem 3.1. Taking into account our hypothesis
one obtains

n—1 1
ly ()] < M Jyo| +eM Y Y b(ns)w(ly(s)l), ne N (n),

l=ng s=ng

from where, by Lemma 2.2 |y (n)| < Q71 (Q (cM |yo|) + cMK) ,n € N (ng).
Reasoning as in the final of the proof of Theorem 3.1, it follows the proposed
goal.

Further, taking ¢ = 1 it follows the existence of 0 < §yp = 0 (1,n9) < 1
such that ng € N and |yo| < do imply

(3.8) ly (n)| = ly (n,m0,y0)| < min (H,1).

In the sequel, we consider that solution with |yo| < dp and assume there
exists yp and y (n) = y (n,ng, yo) such that

(3.9) lim sup |y (n)| =v =w™* (u) > 0.
n—oo

Since cM K < 1, there exists a constant 6 such that cMK < 6 < 1. By
(3.9), there exists ny € N (ng) such that

(3.10) ly(n)] <w ' (uo™") forall neN(n).

From (3.7) there exists m; € N (n;) such that

(3.11) i b(m,s) < (0 —cMK)u/20w (1) cM

s=no
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for all m € N (m;). Then we have

mi1—1 -1
ly(n)| < ch(n) (A" (no)do+ > A7 (I+1) Y b(ls)w(ly(s)])
l=no

s=ng

n—1 ni—1
ted hm)hT (I+1) Y bls)w(ly(s))

l=m s=nyg
-1 -1
+e Y hmh I+ Y bIs)w(y(s)).
l=m s=n1

By (3.5) and (3.11) we obtain

n—1 ni—1
¢ hmETHI+1) Y b(ls)w(ly(s)))

l=m1 S=no

cM (0 —cKM) pw (1)

(0 —cMK)p
20cMw (1) N 20
and by (3.6)
n—1 -1
¢ D hm b (1+1) Y bls)w(ly(s))
l=m1 s=n1
<cMKw (w_l (#9_1)) = CMQKM
These yield
mi1—1 -1
ly ()| < ch(n) [A (no)do+ D A (I+1) Y b(ls)w(ly(s))
l=ng

s=ng

0+cMK
L O+ eME)p

20

Since h(n) — 0 as n — oo, one obtains p < w < p which is

impossible. Consequently, lim sup|y(n)| = 0, i.e., y = 0 of Eq. (2.2) is
n—oo

(Att), hence (AS). The proof is now complete.

0
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Remark 3.2. Notice that there exist functions h(n) possessing the

n—1
asked properties. Thus, if we take h(n) = ][] «(s), and therefore
s=0

no—1
h=Y(ng) = [] a=!(s), where a(s) is a positive function for s € N, then
s=0

n—1

the condition of (hS) becomes |z (n,ng, zo)| < c|xo| [[ a(s). Such a type
s=ng

of behavior to solutions was widely used in the theory of stability because of

it assures the existence of a Liapunov function possessing some properties
[12].

If0 < a(s) =p <1, s € N(ng), we have h(n) = p" = e\,
A > 0,1 e, |x(n,ng,zo)| < clro|y™ ™, what means the (ES) of z =
0. Obviously, (3.5) is satisfied and h(n) — 0 as n — oo. More gen-
eral, h(n) = p®™ where a(n) > 0 and a(n) — oo as n — oo. Then,
|z (n, no, 20)| < ¢lag|p®™—0) 0 < p < 1. When a(s) = (s+1)"
one obtains h(n) = 1/n!; when a(s) = 1 for s = 0,1,...,n — 2 and
a(n—1)=1/n we have h (n) =1/n.

Further, let us suppose that z = 0 of Eq. (2.1) is (hS) with h(n) =

n—1 n—1
[T @(s). Then, by Lemma 2.4, we have |R (n,no)| < ¢ [[ a(s), ¢ > 1,
s=0 s=ng

for n € N (ng). With respect to the positive function «a (s), s € N (ng), we
make the assumption that for all n € N (ng),

n n—1 n
(3.12) Y D as)=> hm)h (1) <K
l=ng s=I l=ng

n
According to Lemma 2.3, it follows that lim [] a(s) = 0. We are now

n—00 ¢_no

able to formulate:

Corollary 3.4. Assume that x = 0 of Eq. (2.1) is (hS) with h(n) as
above, the hypothesis (H1) holds with w(p) = p and b(n,s) satisfies (3.7)
and

(3.13) sup { Z b(n,s):neN (no)} < (cK)7t.

s=no

Then, y =0 of Eq. (2.2) is (AS).
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Because of the proof follows the same way as that from [5; Theorem 4.1]
it will be omitted. Notice that when x = 0 of Eq. (2.1) is (EAS), i. e,
h(n) = p", 0 < p < 1, condition (3.12) occurs with K = (1 —p)~'. More
exactly, we have:

Corollary 3.5. Assume that x =0 of Eq. (2.1) is (ES), the hypothesis
(H1) holds with w (p) = p and b(n,s) satisfies

(3.14) sup{Zb(n,s):neN(no)} <~

s=ng

with v < —c"tInp. Then, y =0 of Eq. (2.2) is also (ES).

Proof. If we put x(n) = sup{ly(s)|: s =ng,no+1,...,n}, then we
have

n—1 l
p " ly(n)| < p~"z2(n) < clzolp O+ [Z b(hS)] p~'z(l), n € N(ng).

l=ng Ls=ngo

From here, one obtains
ly(n)| <clao| 0 e 0= || e PO ] "0 neN (no)

where ¢ = e"Pter < 1, O
If in Theorem 3.2 one replace the two conditions regarding h (n) by more

restrictive (2.7), then we can formulate the following result:

Theorem 3.3. Assume that x = 0 of Eq. (2.1) is (hS) and that (H1)
and (2.7) occur. In addition, assume that

l

(3.14) Rt (I4+1) ) b(l,s) €l (no) .

s=no

Then, y =0 of Eq. (2.2) is (AS).

Proof. From the definition of (hS), and from Lemma 2.3, there exists
T > 0 such that h(n) < T, n € N (ng). By (3.1) there exists a constant
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o0 l
K > 0suchthat S>> 71 (I+1) 3 b(l,s) < K. Reasoning as in the proofs
l=ng s=ng
of previous theorems one obtains

n—1 l
ly(n)| <eTh™" (no) lyo| + Ty b (1 +1) Y b(l,s)w(ly ()]), ne€N(no),

l=ng S=no
from where, by Lemma 2.2,
(3.15) ly(n)] < Q1 (Q(cTh™ (no) lyol) + KT), mn €N (no).

From (3.15), by the same argument from the proof of Theorem 3.1, it follows
the stability of y = 0 of Eq. (2.2). From its stability, taking ¢ = 1, there
exists a dp = 0 (1,m0) > 0 such that |yo| < dp implies |y (n)| < 1,n € N (nog).
Thus we get

ni—1 -1
(3.16) |y (n)] <ch(n) [B (ng)do+ > A (1+1) ) b(ls)w(l)
l=ng s$=ng

n—1 -1
+eh(n) Y R I+1)> b(ls)w (1),

l=n1 S$=no

where ny € N (ng), ng < n1 < n, is large enough such that

00 l
ShTHI+1) Y b(ls) <eT
l=n1 S$=nNo
Thus, using (3.16), we get lim |y (n)| = 0 if |yo| < do, because of h (n) — 0

as n — oo and € > 0 is arbitrary. This completes the proof. O

Remark 3.3. Notice that for h(n) = p”, 0 < p < 1, both conditions

1
(2.7) and (3.5) occur, but for h(n) = - only (3.5) is satisfied. Finally,
when h (n) = 1 condition (3.5) occurs but h(n) /4 0 as n — oo.

Remark 3.4. The above results can be extended to the Eq. (2.3) if
as regard to the functions f (n,y) and g (n,s,y) one among the following
hypotheses occurs:
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(H2): there exist positive functions a (n) and b (n, s) defined for n > s > ng

such that for |y| < H:

a) [f (n,y)l <am)w([yl), [g(n,s,y)| <b(n,s)w(lyl);
b) |f (n,y)| < a(n) [yl |g(n,s,y)| < b(n,s)ly", a>0;
o) |f (ny)l < an), lg(n s, y)| <b(n,s)w(|y]).
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