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Abstract. In an earlier paper, starting from Crouzeix (1977) characterisation of
convex functions by quasiconvexity property of all ”dual perturbations”, we introduced
a new class of functions, considering only the ”dual perturbations” in a given subset
M C X*. In this paper we are mainly concerned to characterize this special type of convex
functions using its subdifferential and to study of a new type of monotone mappings
related to a subset of the dual.
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1. Introductions. In all the sequel, X denotes a real linear normed
space and X* its topological dual. The symbol (-,-) will be used for the
usual pairing between X and X*, while ( -, - ) will be used for the associated
bilinear functional, i.e. (x,z*) = z*(x), for all x € X, z* € X*.

If M is a nonempty subset of X*, a function f: X — RU {400} is M-
convex if for each x* € M the level sets

(1) L(f,a,x%) ={z € X/f(x) < a+ (27, 2)}

are convex for every a € R.
We denote

C(M) — the class of all M — convex functions.

It is easily to show that if M = X* then C(M) is just the class of
convex functions (see [12], Proposition 9, Chapter I), and if 0 € M then
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every M —convex function is quasiconvex. Also, it is obviously that C(M)
contains the class of all convex functions for every M C X*.
Now, we remind some properties of this functions (see [2], [3], [4]).
Firstly, we characterized this functions using only its values on line
segments, establishing the following characteristic inequality:

(2) fOr+ (1 =Ny < f(y) + A _inf (z%2—-y),

T*EMa,y

for every x,y € X, and X € [0, 1], where
(3) My =A{z" € M/ (z",x —y) > f(x) — f(y)}.

Remark 1. f: X — RU{+o0o} is a M- convex function if and only if
for every z,v € X, the associated function F', defined by

(4) F(t) = f(z +tv), t €R,
is M, —convex, where
(5) M, = {{(z",v) /¥ € M}.

An important property of the convex functions is that every local mini-
mum is a global one. This property, however, holds for more general families
of functions (for instance, the family of semistrict quasiconvex functions, see
[8]). In this line we consider the sets M C X* which satisfy the following

property
(P) for every z € X\{0}, exists {x) }neny € M such that (x;,z) \, 0.

Remark 2. It is easily to prove that if 0 € int(M), then the set M
has the property (P). In [3] we proved that if M C X* has the property
(P), then every M- convex function is a semistrictly quasiconvex function,
thus every locally extreme point from dom f is a minimum global point.
Moreover, the set of points at which f attains its global minimum is a
convex set.

Concerning the continuity of this type of functions we remind the defi-
nition of the radial upper convex function and a continuity theorem, proved
in [3].
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Definition 3. We say that the function f : X — R U {+o0} is ra-
dial upper convex if for every x € X, there exists ¢, > 0 such that for
every v € X with ||v|| = 1, the function F(t) = f(x + tv) is (—o0, —&;) U
(€3, +00)—convez.

Theorem 4 ([3]). Let f: X — RU {400} be a radial upper convex
function. If f is bounded from above in a neighborhood of one point xg €
int(dom f), then f is continuous on int(dom f).

2. Differentiable M-convex functions. Firstly, let us recall the
definitions of the following subdifferentials:

Definition 5. Given the proper function f : X — R U {400}, the
Fenchel subdifferential of such a function is the (generally multivalued) map-
ping Of : X = X* defined by
6)  oFnf(x) = {a* € X*/(z*,v) < f(x +v) — f(x),Yv € X}, x € X.

Definition 6. The upper Dini subdifferential of f : X — R U {400} at
x € X in the direction v € X is defined by

(1) 0P fow) = {o* € X*/ (", 0) < limsup? L) = (@)

2

N0 t
and the upper Dini subdifferential of f at x € X is defined by
(®) 0P f(x) = 007 f(av).

ve

Definition 7. We say that a function f: X — RU {400} is Gateaux
differentiable in x € X if there exists x* € X* such that

t—0 t
Usualy, the functional x*, called the gradient of f at z, is denoted by V f(z).
Definition 8. The Clarke-Rockafellar subdifferential of f : X — RU
{+00} at x € X is defined by

B f(x) ={a" e X*| (z*,v) < fl(x,v),Yv e X},

, for everyv € X.

where

/ t N _ /
fT(l“,U)ZSUp limsup  inf [+ 1) f(a:)
e>0 /g V'ES(ve) t
f@)—f(z)
t\.0
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The definitions and related properties of this subdifferentials can be
found, for instance, in [5], [7], [9], [17], [18] and their references.

In the following, 9 stands for the following abstract notion of subdiffer-
ential:

Definition 9. We call subdifferential, denoted by 0, any operator which
associates a subset Of(x) of X* to any lower semicontinuous f : X —
RU {400}, and any x € X, and satisfies the following properties:

(D1) 0f(z) = {z* € X* | (a*,y — z) < f(y) — f(z),Vy € X}, whenever
f is conver.

(D2) 0 € 0f(x), whenever x € domf is a local minimum of f.

(D3) O(f + g)(x) C f(x) + 0g(x), whenever g is a real-valued convex
continuous function which is 0— differentiable at x.

Definition 10. The function g is called O0—differentiable at x if dg(x)
and O(—g)(x) are nonempty. When 0g(x) # & we say that the function g
is 0—subdifferentiable at x.

This abstract subdifferential allows one to recover, by a unique defini-
tion, a large class of subdifferentials. Among this class we can mention the
Clarke-Rockafellar subdifferential 9¢, the lower and upper Dini subdiffer-
entials 0P~ and P, the lower Hadamard subdifferential 9, the Fréchet
subdifferential & the Lipschitz smooth subdifferential -°.

In this paper we will consider the class of subdifferentials which satisfy
(D1)-(D3) and one of the following inclusions:

8 c 9Pt or o c 9°F,

This assumption is not really restrictive, since the Clarke-Rockafellar and
the upper Dini subdifferentials are the biggest (in the sense of inclusion)
among the classical subdifferentials. In particular, we have

ot c of c ot~ c 9",
o= coP~ colt.

Definition 11 ([7]). A norm ||-|| on X is said to be 0—smooth if all
the (real-valued, convex, continuous) functions of the following form are
0-subdifferentiable:

(1) d[2a,b] (7) = mingpgp) |7 — c||?, where [a,b] is a closed segment in X,

(1) Do(z) = 32, pn ||z — vp P, where 3, pt = 1, i, > 0 and vy, con-
verges in X.
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We say that a Banach space admits a d-smooth renorm if it admits an
equivalent norm which is d-smooth.
In [5], AUSSEL proved that the property

(Qs) exists z* € df(x) such thatt (x*,y — ) > 0 imply
f(z) < f(y), for every z € [z,y],

is necessary and sufficient for characterization of lower semicontinuous qua-
siconvex functions on Banach spaces which admits a 0-smooth renorm.
Moreover, if the function is radially continuous then property (Qs) can
be replaced with

(Q) exists x* € df(x) such thatt (z*,y —x) > 0 imply f(x) < f(y).

Remark 12. For quasiconvexity, the characterization with property
(@) is more useful because it is more easy to verify.

Now we present some result concerning to characterization of M —convex
functions with their subdifferentials.

Theorem 13. Let X be a Banach space with a 0-smooth renorm, and
let f: X — RU{+o0} be a lower semicontinuous M—convex function.
Then

10 *a - < inf *7 - )
(10) (", y w>_x36i51(My’x)<xoy )

for every x,y € X, and x* € 9f(x).

Proof. If we suppose by a contradiction that (10) do not hold, then
we can find z,y € X, 2* € 0f(x) and xj € int(M,,) such that f — xf is
quasiconvex,

(11) <w*,y—x> > <$S,y—$>
and
(12) (o, y —x) > f(y) — f(a).

Since 0 satisfy property (D3), then o* — x§ € O(f — «)(«) and considering
that f — z is quasiconvex, from (Q) with z = y and (11), we obtain that
(f —z3) (x) < (f — =) (y), which is not possible. O
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Remark 14. Using the characterization of a quasiconvex function with
the property (Q), we can prov that under the additional assumption that f
is radially continuous, the reverse implication of above theorem is also true.

Now we consider the case when the set M is open.

Theorem 15. Let X be a Banach space with a 0— smooth renorm, and
let f: X — RU{+o00} be a lower semicontinuous M —convex function.

If M is open, then the following assertions are equivalent:

(i) f is M—convez;

(73) for every xz,y € X and x* € 9f(x) we have

13 *y—x) < inf T A
( ) <.Z' 'Y l’) _msé%y,r <x07y .%'>

Proof. Since M is an open set then for every z,y € X,

14 inf (z5,y—x) = inf 5, Y — T).

(14) xgeMy,z< 0y~ @) x;;emt(My,x)< 0y~ )

In this case the implication (i) = (i7) following from Theorem 13. For
reverse implication we start with zj from M and we want to prove that
f — af is quasiconvex. If we suppose that f — x(j is not quasiconvex for
some zj; € M, then there exist x,y € X and z € (z,y) such that (f —
x$)(z) > max {(f — zf)(z), (f — z§)(y)} . Without loose our generality, we
can suppose that x # y, therefore we can find 7% € X* such that

(15) (T y—z)=—1.

Since M is an open set, then there exists € > 0 such that z§j+ex* € M and
(f—zi—ez*)(2) > max {(f — z§ — z*)(z), (f — 2y —ex*)(y)} . Considering
now the approximate mean value inequality from [7] for f — zfj — eT*, we
find z € [z, z) and a sequence z,, — z, ) € O(f — x§ — €T*)(xy,) such that

(xy,,d — xp) > 0,for every n € N and for every d € [z,y].
From (13) and (14) we obtain that
(f = 23) () < (f — 25)(d) + € (@, d — ), for every d € [z,3].

Since f is lower semicontinuous, from (15), tacking into account that = €
[x, 2), passing to limit in above relation, we obtain that

(16) (f —2p)(z) < min (f —z)(d) -4,

dez,y]
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where § = 5““2:2‘” > 0.
Similarly, we can find y € (z,y] such that
(17) (f = 28)(y) < min (f —25)(d).

de€|z,z]

From (16) and (17) we obtain a contradiction, therefore f — zf is quasicon-
vex. for every z§ from M, and the proof is complete. O

Example 16. Let be f : R — R, defined by
—x, z <0,
t) =
1) {1+x, z > 0.
This function is not radially continuous, but it is (—1,1)—convex.

In the sequel we consider & = DT and we take X a normed space
without any restriction.

Theorem 17. Let M be a subset of X* and let f: X — RU{+o0} be
a M —convez function. Then

18 *y—z)< inf Sy —
( ) <1’ Y $> — wéér}wy,m <.Z'0,y (L’>

for every z,y € X, and x* € OPF f(x,y —z) .
Proof. We take z,y € X and z* € 0P f(x,y — z). Thus we have :
fla+itly—x))— fz)

(z*,y —z) < limsup

) 3
e/ (=05 ) = 1)
N0 t

Since f is M —convex we obtain that

f)+t it (a'y—a)- f()

Y,z

(z*,y—z) < limsup
NG t

= inf (z%,y—zx).
ot (z*,y — )

i.e. (18) is fulfilled. O
Generally, the reverse implication is not true, but in the following theo-
rem we shall show that this becomes true for lower semicontinuous functions.
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Theorem 18. Let M be a subset of X* and let f : X — RU {400} be
a lower semicontinuous function. Then f is M —convex if and only if

19 fy—z) < inf (zhy—
(19) (=", y x>—x5é%4y,z<f”0y )

for every x,y € X and z* € OPT f(z,y — z).

Proof. The ”if” part was proved in Theorem 17. For the reverse impli-
cation we must show that f — x{ is quasiconvex for every x € M.

We suppose, by contradiction, that there exists xf; € M such that f —xj
is not quasiconvex, namely exists z,y € X and z € (x,y) such that (f —
x$)(z) >max{(f — z{)(x), (f —x{)(y)}. Since f is lower semicontinuous,
without losing our generality, we can suppose that y is a minimum point
for the function f — xf on [z,y].

If we take the function F' : [0,1] — R U {400} defined by F(t) =
(f —zf)(x+t(z—x)), then F is also lower semicontinuous and F'(0) < F(1).
Since F' is lower semicontinuous then there exists ¢ € [0,1) such that

F —F
lim sup (c+?) (<)

s 2 F (1)~ F(0),

or equivalently, there exists zop = = + ¢(z — x) € [z, z) such that

I (f = 25) (20 + t(z — @) = (f — x)(20)
im sup .

t\0
> (f —x0)(2) — (f — 25) (2).

By a simple calculation, considering ¢ := t£—2we obtain

lim Supf(Zo +t(y — 20)) — f(20) — (x5, t(y — 20))
N0 t
> (f —20)(2) = (f — xp) (),

which yields

i Supf(Zo +t(y — 20)) — f(20) — (@, t(y — 20))

> (33372/ - Z()> .
£\.0 13

On the other hand, by virtute of the definition of upper Dini subdifferential,
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there exists T* € P f(20)(y — 20) such that (T*,y — z0) > (x8,y — 20) .
Taking into account the inequality (19) we obtain that z{ ¢ M, .,, namely
(f —x5)(y) > (f — x§)(20), which contradicts our assumption. O

The problem which appears is to see certain conditions under which
(19) is fulfilled only for elements from AP* f(z). This requires additional
conditions either for the function f or for the set M. Starting with an
earlier result of AUSSEL [5], established for quasiconvex functions, we can
prove that if a function is radial continuous then in the Theorem 18 we can
consider only elements from 9PF f(z). By Theorem 4, the same things is
true if the function f is radial upper convex.

Proposition 19. Let M be a nonempty subset of X* and let f : X —
R U {+o0} be a lower semicontinuous M—convex function. Then for every
x* € OPF f(x) Nint(M) we have:

(20) fy) = f(2) =2 (@ y —x), for everyy € X

Proof. Since z* € int(M), if we suppose that f(y)— f(z) < (z*,y — ),
for some y € X, then infxcny, , (25, y — x) < (z*,y — ), which contradict
Theorem 17. U

Remark 20. We find again an important property of the Fenchel sub-
differential from the convex case, but here this property are not fulfilled for
every pair (z,z*) of the subdifferential.

Corollary 21. Let M be an open nonempty set and let f: X — RU
{+00} be a lower semicontinuous M—convex function. If R(OP¥f) C M,
then f is convex.

Proof. As is well known, to prove that f is convex is enough to show
that 0P f is monotone [9].
Let (x,2%),(y,y*) € Gr(0P* f). From above proposition, we obtain that

(x*y—a) < fly) — f(x)
and
(Y, x—y) < f(x) — f(y),

therefore
(" —y*y —x) >0,

which prove that 9P* f is monotone. (]
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It is well known that for differentiable functions, if in a point its differ-
ential is 0, then the point is not necessarily a locally extreme point as in
the case of convex functions.

Now we are interested to find sets M C X* such that every M —convex
function has the property that its extreme points are the same as the points
for which 0 belongs to the subdifferential in these points.

The original definition of pseudoconvexity due to MANGASARIAN [14]
for differentiable functions was extended by many authors (see [15]) in the
following way.

A function f is said to be pseudoconvex if for any x € X there exist
x* € OP* f(z) such that

(21) (2", y — ) > 0 implies f(z) < f(y).

As in the differentiable case, every pseudoconvex function f satisfies the
following fundamental properties [5]:
i) every local minimizer of f is a global minimizer;
ii) if 0 € 9P+ f(z) then z is a globally minimum point for f.

Theorem 22. If M C X* has the property (P), then every lower semi-
continuous M —convex function is pseudoconvex.

Proof. Let f € C(M) be a lower semicontinuous function and x,y € X
such that f(z) > f(y). Since M has the property (P), then

inf (zf,y—2) <O0.
mSGMy,x< 0y~ )

Thus, taking into account Theorem 18, we have

(", y —x) < x*glvf[ (x5, — x) < 0, for every z* € OPT f(x)
0 Y,z

which proves that f is a pseudoconvex function. O

Definition 23. We say that a function f is stable with respect to prop-
erty (S) related to the set M C X* if

x — f(x) 4+ (2", ) has the property (S) for every z* € M.

We consider now the following properties:

(C1) all lower level sets are convex;

(C2) each local minimum is a global minimum;
(C3) each stationary point is a global minimizer.
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Theorem 24. Let M C X*be a convex set with property (P) and f :
X — RU{+o0}. If f is M —convex then f is stable with respect to properties
(C1),(C2) and (C3) related to the set M.

Proof. Since the set %M has the property (P), from Remark 2, to
prove the theorem is enough to show that for every x(j € %M , the function
f—xfis %M—convex. Ifa* € %M then xj+2* € M because M is convex,
therefore (f — zj) —z* is quasiconvex. O

If in above theorem we take M = S*(0;¢), for € > 0, we obtain (on the
other way) the stability property from s—quasiconvex function established
by PHU and AN in [16].

We specify that a function f : D € X — R U {+oo} is called s-
quasiconvex if there exists o > 0 such that

f(wo) — f(z1) f(zx) = f(z1)

<é
lzo — 21| lzx — 21|

< ¢ implies <
for 0] < o, xg,x1 € D, z)y = (1 — N)xo + Axq and X € [0, 1].

The authors show that this functions can be characterized as follows a
function f is s-quasiconvex if and only if there exists € > 0 such that f—z*
is quasiconvex, for every x* with the property ||z*|| < e.

Remark 25. The relation (22) can be obtained (on the other way) from
Theorem 17, taking M a ball with the center in the origin. In fact, as we
see in the relation (22), the class of s-quasiconvex functions are the same
with the class of M-convex functions, with 0 € [(M).

Remark 26. In finite dimensional spaces if M C X*is a convex set
with property (P) then every M —convex function is s—quasiconvex. This
is not true if the spaces is infinite dimensional, as we see if we take X = {!,
M = {ane, | where a, € (—2,1), n € N, {e;};en~—canonical bases in

I'} and the functions defined by

sup (¢*, ),z # 0
-1, z = 0.

3. M —monotone mappings. Having as starting point the subdiffer-
entials of M-convex function, in [4] we introduce a new type of monotonicity,
associated to a subset of the dual.
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For an operator A : X = X*, we denote
D(A) ={z € X/Az # 0}, the domain of A,

R(A) = U Az, the range of A,
zeX
Gr(A) ={(z,2") € X x X*/x € D(A),z* € Az}, the graph of A,
A7le* = {z € X/z* € Az}, =¥ € X*.

Recall that the operator A is called monotone if the following condition
is fulfilled:

(22) (x* —y*,z —y) > 0 for every two couples (z,z"), (y,y") € Gr(A).
When

(23) (y*,y —x) < 0 imply that (z*,y —z) <0
for every two couples (z,z%), (y,y*) € Gr(A),

the operator A is called quasimonotone, and when (y*,y — z) < 0 imply that
(x*,y — ) < 0 for every two couples (z,z*), (y,y*) € Gr(A), the operator
A is called pseudomonotone.

Let M be a nonempty subset of X* .

Definition 27. We say that the operator A : X = X* is M —monotone
if
24 ¥y —1x) < inf Thy — T
(24) @oy—a) < int (g =)
for every (z,z*), (y,y*) € Gr(A), where
My a(y*) = {ag € M/ (y* — x5,y — x) <0}

Throughout this paper, for a given nonempty subset M C X*, we will
denote by

M(M), the class of all M — monotone operators.

Remark 28. Ifinf.cprr () (x5, y —x) = (y*,y — x) for every z,y €
X and y* € X* (for example if M = X*), then (24) becomes to (22), thus
every M —monotone operator is monotone. If inf,»cpz () (x§,y —z) <0
for every z,y € X and y* € X*(for example if 0 € M), then (24) becomes
o (24), thus every M —monotone operator is quasimonotone.
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For the beginning, we recall some property of this operators proved in

Proposition 29. Let A be an operator between X and X*.

i) If A e M(M), then for every z* € X*, A—x* € M(M — z*);

i) A € M(M), if and only if A—z* is quasimonotone, for every x* € M,

’LZZ) ]f M, C Mg, then M(Mg) - M(Ml);

iv) M(M) = M(Mw*), where M is the adherence of M with respect
to w*—topology;

v) If x* € int (M), then A — x* is pseudomonotone;

vi) If A € M(M), then for each A > 0, NA € M(AM).

Remark 30. From (i7) and Remark 28, tacking M = X*, we obtain
the characterization of monotone mappings gives by AUSSEL, CORVELLEC
si LASSONDE [6].

Concerning to the relations between M (M;) and M (Ms) for two non-
empty sets My, Ms C X™, we have:

Proposition 31. Let M1, Ms C X* be two nonempty sets. If
(25) My, C Moy, for every v € X,
then M(Ma) C M(My).

Proof. If My, C My, for every v € X, then for each x,y € X and
y* € X* we have My (y*) D M, (y*), and so by (24) we obtain that
M(My) € M(My). O

Is obvious that if
My, C My, and Ms, C My, for every v € X,

then M(M;) = M(Ms). Obviously, a sufficient condition for (25) is M; C
M, , but this is not necessary, as we see if we take in R? the sets M; =
{x € R?/||z| = 1} and My = {x € R?/||z| = 2}.

Theorem 32 ([4]). Let My C X* be an open nonempty set. If & #
M, C My, then M(My) = M(Ms) if and only if

(26) for every x* € Mo, and x € X\ {0}, there exists a sequence
(Tp)neny € My such that (z, — ™, x) \, 0.

n
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Corollary 33. Every quasimonotone mapping is M —monotone if and
only if M = {0}.

M(M) is the class of monotone operators if and only if the set M satisfy
the following property:

for every a € R, and x € X\ {0},
exists a sequence (x)) C M such that (x},z) — «.

(27)
neN

It is easily to prove that if M C X* has the property (P), then

inf zh,y —x) <0
ety 70 >

and by (24) we obtain that every M —monotone operator is pseudomono-
tone.
In [4] we proved that if the set M has the property

(D)  for every two points x,y of M exists z € M between z and y,

then for every M —monotone operator A : X = X* we have that A?]&/[ is
monotone. Considering M = X*, we obtained the well known result that
A~1 is monotone whenever:

A is monotone .

Now we present the relationship between the M —convexity of a function
and the M —monotonicity of its subdifferential.

Theorem 34. Let M C X* be a nonempty subset of X* and f : X —
RU{+o0} be a lower semicontinuous function. Then f is M —convez if and
only if OP* f is M —monotone.

Proof. To prove the ”if” part we start with two pairs (z*, ), (y*,y)
from OP* f. Since z* € 9P+ f(z), we have:

<‘T*ayil‘> < | inf <$8,y7$>

THEMy o
Considering (24), is enough to prove that

(28) Mym&(y*) C My,
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If we suppose that (28) is not true, then there exists x§ € My .(y*)\My 2.
Therefore x5 € M, but

(29) (y" — x5,y —x) <0
and
(30) (x0:x —y) > f(z) — f(y).

From (30) it follows that x5 € M,,, and tacking into account that y* €
oP* f(y), we obtain

(31) (y*,x—y)é *inf <y37$_y>§ (%,x—y),.
Yo EMz,y

which by 29 is not possible. Conversely, if we suppose that 9P+ f is M-
monotone and f is not M-convex, then there exists zj; € M such that
oPtf —x(, is quasimonotone and f — z is not quasiconvex, which is also
not possible. O

In the following, we characterize the M —monotonicity with the aid of
the generalized Jacobian.

Let F:C — X*, C CX.
We recall that the generalized Jacobian of F' at x € S (in the sense of
Clarke [11]) is the set :

OF (x) = conv {limVF(xi)/a:i — x, F' — differentiable at :17@} ,

where ” conv” denotes the convex hull and DF(x) is the usual Jacobian of
F at z. Elements of 0F(z) are called subgradients.

In preparation of the next result on nonmonotone maps, we recall the
following notation from [13]:

Dy F(z;u) = sup{(u,Au) /A € OF(x)}
D_F(z;u) = inf{{u, Au) /A € OF(x)}

where z € C, u € X.

Remark 35. If F' is locally Lipschitz then 0F(z) is a nonempty and a
compact set. Moreover, x — Dy F(z;u) is upper semicontinuous.



346 MARIUS APETRII 16

In [13] ScHAIBLE and DiNH THE Luc have given in the case of locally
Lipschitz function, a characterization of quasimonotone operators, as we
see in the next theorem.

Theorem 36 ([13]). The map F is quasimonotone on S if and only if
the following conditions hold for every x € S, u € R™:

(2) (u, (z)) =0 implies DL F(z;u) >0 ;

(i) (u, F(z)) =0, 0 € {{u,Au) : A € F(z)} and {u, F(z + tu)) > 0
for some t < 0 imply the existence of t > 0 such that (u, F(z + tu)) > 0 for
all t € [0;1].

We are interested in finding such sets M for witch M —convex functions
can be characterized using i) and ii) rewritten in a simple way.

Theorem 37. Let M be an open subset of X* and let F : C — X* be
a locally Lipschitz function on the open and convex set C C X. Then F is
M —monotone on C if and only if for every x € C and u € X the following
property holds:

(32) (u, F(x)) € {{u,z*) /x* € M} implies D_F(x;u) > 0.

Proof. For the "only part”, we suppose that exists x € C' and u € X
such that (u, F(z)) € {(u,z*) /z* € M} and D_F(z;u) < 0. From this,
we obtain that there exist 2* € M with (u, F(x)) = (u,2z*) and a sequence
tn \\ 0, such that (u, F'(z + tpu) —2*) < 0 for every n € N. Tacking n € N
with x + t,u € C, then since M is a open set, we find zj € X* such that
¥+ x5 € M and

(33) (u, F(x + tyu) — x*) < (u,zy) < 0.

Now, tacking into account that F' is M —monotone, then F' — x* — x{j is
quasimonotone. But

(& + by — @, F(z) — * — 2) = to (u, F(z) — %) — tn (t,25) > 0
and from (33)we obtain that

(x +thu —z, F(x + thu) — 2™ — x5)

=t, ((u, F(z + thu) —z*) — (u, zp)) <0,

which is not possible because is a contradiction with the quasimonotonicity
property of F' — 2* — x. This mean that if x € C' and v € X such that
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(u, F(x)) € {{u,x*) Jx* € M}, then D_F(x;u) > 0. In above calculations
we considered that u # 0. (The case u = 0 is obviously.)

Conversely, we assume that (32) holds and we want to prove that F'
is M — monotone. Let z* be an arbitrary element of M. We want to
show that for F' — z* the property i) and ii) from Theorem 36 are ful-
filled. If (u, F(z) — 2*) = 0 then (u, F(x)) € {(u,z*) /=* € M}, from where
D_F(z;u) > 0. Therefore Dy F(x;u) > 0 ie. Di(F — 2*)(z;u) > 0,
and i) is proved. To prove ii) we start with z € C' and u € X such that
(u, F(z) —2*) = 0,0 € {(u, Az) /A € O(F — z*)(2)}, (u, F(z 4 tu) — z*) >
0 for ¢ < 0. If we suppose by a contradiction that ii) not holds, then for
every t > 0 there exists ¢ € (0,t) such that (u, F(z + tu) — 2*) < 0 which
means that there exists a sequence ¢, \, 0 with

(u, F(z +tyu) — ") <0, for every n € N.

Using the mean theorem we find a sequence ,, \, 0 such that D_(F)(x +
tou;u) < 0, for every n € N.

Since the set M is open and F' is locally Lipschitz, we can find a neigh-
borhood V of z such that

(u, F(y)) € {{u,z*) /J=* € M}, for every y € V.

Tacking now n € N sufficiently large then z+%,u € V, therefore D_(F)(x +
tou;u) > 0 and we obtain a contradiction. Hence, the proof is completed.[]

Remark 38. When M = X™* we refind a well known result concerning
the monotone case: all the gradients are positive semidefinite.

In [1] AN introduced the s-quasimonotone operators and study in the
differentiable case the stability to the property:

(P1) vT F(x) = 0 implies v! Jp(z)v > 0;

(P2) vTF(x) = vTJp(z)v =0, t < 0 such that vT F(z 4+ t'v) > 0,
then there exists £ > 0 such that v F(z + tv) > 0 for every t € [0;7];

(P3) vI'F(z) = v Jp(z)v = 0, then there exists £ > 0 such that
v F(x +tv) > 0 for every t € [0;7];

(P4) there exists 0 > 0 such that

uT

Tl < ¢ implies v Jr(z)v > 0.
u

u e R",

We denote by Jp(x) the Jacobian matrix evaluated at x.
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We remind the definition from [1] of s-quasimonotone operators:
The map F : D C R™ — R"is said to be s-quasimonotone if there exists
or > 0 such that

(21 — !EO)T

(931 - ﬂﬁo)T
|21 — o]

lz1 = ol

for |5‘ < of, xg,x1 € D.

For gradient maps, s-quasimonotonicity is related to s-quasiconvexity
[16]. In the differentiable case, AN [1] prove that s-quasimonotone mappings
are stable with respect to property (P1) — (P4) (i.e. this properties are
maintained if the map is perturbed by an element with sufficiently small
norm).

Theorem 39 ([1]). A map F is s-quasimonotone if and only if there
exists € > 0 such that F + a is pseudomonotone for all a € R™ satisfying
l|la]| < e.

In [4] we established the following theorem:

Theorem 40 ([4]). F : D C R* — R", n > 2 is s-quasimonotone if
and only if there exists r > 0 such that F' is Fr(S*(0;r))—monotone.

In nondifferentiable case, the properties (P1) — (P4) becomes:

(P'1) (u, F(x)) = 0 implies D_F(z;u) > 0;

(P'2) (u,F(z)) =0, 0 € {{u, Au) : A € OF ()} and (u, F(z + tu))
> 0 for some £ < 0, then there exists £ > 0 such that (u, F(x + tu)) > 0 for
every t € [O;ﬂ;

(P'3) (u, F(z)) = 0, 0 € {{u,Au) : A € OF (z)} then there exists
t > 0 such that (u, F(z + tu)) > 0 for every t € [0;1];

(P'4) there exists M C X* such that (u, F(z)) € {{u,z*) | z* €
M} imply D_F(z;u) > 0.

Theorem 41. Let M be a open convex set from X* and let F' : C —
X* be a locally Lipschitz map defined on the open set C C X. If F is
M —monotone on C, then F is stable with respect to (P'1), (P'2), (P'3)
and (P'4) related to M.

Proof. Is enough to prove that F is stable with respect to (P'4). For
this, we start with zj from M. If (u, (F — z§)(2)) € {{u,z*) | 2* € 1M}
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then (u, F(z)) € {(u,2* +z}) | 2* € $M}. Since M is a convex set we
obtain that (u, F(x)) € {(u,z*) | * € M} and considering Theorem 37 we
obtain that D_F'(z;u) > 0, therefore D_ (F —z{)(x; ) > 0. This ended the
proof because x(, was arbitrary from %M . O

If in above theorem we take M = S*(0;¢), for £ > 0, we obtain the
stability property for continuous differentiable s—quasimonotone operators
defined on R™, earlier established by AN in [1].
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