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Abstract. In this paper we introduce a Gould type integral for a bounded, real
valued function with respect to a real submeasure of finite variation. Several natural
properties of the integral are obtained, concerning its behavior with respect to the func-
tion, respectively, to the submeasure. Also, a characterization of the integrability with
respect to a submeasure is proved using the integrability in the sense of Gould [7] with
respect to the variation of the submeasure.
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1. Introduction. In [7], Gould has introduced and studied a special
type of integral for a real valued function with respect to a finitely additive
set function taking values in a Banach space. In [9] and [10], Precupanu
and Croitoru generalized his results for additive multimeasures with val-
ues in the family of all nonvoid, compact, convex sets of a Banach space.
Following these two works, Gavriluţ has defined and studied in [3], [4],
[5] and [6] a Gould type integral for a bounded, real valued function with
respect to a multisubmeasure of finite variation.

In this paper we introduce and study a Gould type integral for a bounded,
real valued function with respect to a submeasure of finite variation.

In the following, we shall use the terminology from [9].
Let T be an abstract, nonvoid set, A an algebra of subsets of T , P the

set of all partitions of T with sets of A and f : T → R a function. If A ∈ A,
we denote by PA the set of all partitions of A.
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Definition 1.1. If P = {Ai}i=1,n and P ′ = {Bj}j=1,m are two parti-
tions of T , then P ′ is said to be finer than P (denoted by P ≤ P ′) if for
every j = 1,m, there exists ij = 1, n so that Bj ⊆ Aij .

If P = {Ai}i=1,n and P ′ = {Bj}j=1,m are two partitions of T , by P ∧P ′

we mean the partition {Ai ∩Bj} i=1,n
j=1,m

.

Definition 1.2. A set function m : A 7→ R is said to be absolutely
continuous with respect to another set function ν : A 7→ R, denoted by
m ¿ ν, if ν(A) = 0 implies m(A) = 0, for every A ∈ A.

All over this paper we assume that m : A 7→ R+ is a submeasure in
Drewnowski’s sense [2]. Let us also consider the following set functions
associated to m:

m defined by

(1) m(A) = sup{
n∑

i=1

m(Ai)}, for every A ∈ A,

where the supremum is extended over all finite partitions {Ai}i=1,n of A,
called the variation of m; and m̃ defined by

(2) m̃(A) = inf{m(B);A ⊆ B, B ∈ A}, for every A ⊆ T.

Remark 1.3. m̃(A) = m(A), for every A ∈ A and m is a finitely
additive set function on A.

Definition 1.4. We say that a property (P ) holds m-almost everywhere
if the property (P ) is valid on T\A, where m̃(A) = 0.

Definition 1.5. A submeasure m : A 7→ R+ is said to be of finite
variation if m(T ) < ∞.

2. The Gould type integral with respect to a submeasure. In
the sequel, without any special assumptions, T will be an abstract nonvoid
set, m : A 7→ R+ a submeasure of finite variation and f : T → R a real
valued, bounded function.

Definition 2.1. I) f is said to be m-totally-measurable on (T,A,m)
if for every ε > 0 there exists a partition Pε = {Ai}i=0,n of T such that:
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



i) m(A0) < ε and
ii) sup

t,s∈Ai

|f(t)− f(s)| = osc(f,Ai) < ε, for every i = 1, n.

II) f is said to be m− totally-measurable on B ∈ A if the restriction f |B
of f to B is m-totally measurable on (B,AB,mB), where AB = {A∩B; A ∈
A} and mB = m|AB

.

Remark 2.2. In [7], Gould has considered for every finitely additive
measure ν : A 7→ X, where (X, || ‖) is a Banach space, the set function ν̃,
defined by

ν̃(A) = sup{‖ν(B)‖; B ∈ A,B ⊂ A}.
It is easy to observe that m̃(A) = m(A),for every A ∈ A. Consequently,

the m-totally measurability in our sense coincides with the m-totally mea-
surability in the sense of Gould [7].

If f : T → R is a real valued, bounded function, m : A 7→ R+ a
submeasure of finite variation, P = {Ai}i=1,n a partition of T and ti ∈
Ai, i = 1, n are arbitrarily, we denote by

(3) σ(P, f,m) =
n∑

i=1

f(ti)m(Ai).

If there is no confusion, we shortly denote it by σ(P ).
If B ∈ A, let

(4) σB(P ) =
k∑

j=1

f(sj)m(Bj),

for every partition P = {Bj}j=1,k of B and every sj ∈ Bj , j = 1, k.

Definition 2.3. I) f is said to be m-integrable on T if there exists
I ∈ R such that for every ε > 0 there exists a partition Pε of T so that
for every partition P = {Ai}i=1,n,with P ≥ Pε and every choice of points
ti ∈ Ai, i = 1, n, we have

(5) |σ(P )− I| < ε,

that is, the net (σ(P ))P∈(P,≤) is convergent in R.
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In this case, I is called the integral of f on T with respect to the sub-
measure m, denoted by

∫
T fdm.

II) f is said to be m-integrable on B ∈ A if the restriction f |B of f to
B is m-integrable on (B,AB,mB).

In the following we shall indicate a class of functions which are m-
integrable.

Theorem 2.4. Let m : A → R+ be a submeasure of finite variation and
f : T → R a m-totally measurable function on T . Then f is m-integrable
on T and, moreover,

(6)
∫

T
f dm =

∫

T
fdm,

where
∫
T fdm is the integral in the sense of Gould [7] of f with respect to

the variation m of m.

Proof. Let ε > 0 and M = supt∈T |f(t)|.
Because f is m-totally-measurable on T , there exists a partition P ′

ε =
{A0, A

′
1, A

′
2, . . . , A

′
v} of T such that

m(A0) <
ε

8M
and sup

t,s∈A′l

|f(t)− f(s)| < ε

8m(T )
, for every l = 1, v.

By the definition of m we get that there exists a partition P ′′
ε = {A′′1, A′′2,

. . . , A′′s} of T\A0 such that

(7) m(T\A0) <
s∑

r=1

m(A′′r) +
ε

8M
.

Since A′′r = A′′r ∩ (T\A0), we obtain that A′′r =
⋃v

l=1(A
′′
r ∩ A′l), hence

m(A′′r) ≤
∑v

l=1 m(A′′r ∩A′l), for every r = 1, s.
From (7) it follows that

m(T\A0) <
s∑

r=1

v∑

l=1

m(A′′r ∩A′l) +
ε

8M
.

We observe that the family {A′′r ∩ A′l}r=1,s
l=1,v

is a partition of T\A0. Let

us rewrite it as {Ai}i=1,n.
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Then Pε = {A0, A1, . . . , An} is a partition of T and

(8)
m(A0) <

ε

8M
,m(T\A0) <

n∑

i=1

m(Ai) +
ε

8M

and sup
t,s∈Ai

|f(t)− f(s)| < ε

8m(T )
, for every i = 1, n.

Now, we observe that f is m-integrable on T . Indeed, since f is bounded,
then, according to theorem 4.7 from [7] and remark 2.2, we get that f is
m-integrable on T (in the sense of Gould [7]).

We now prove that f is m-integrable on T and the equality (6). Because
f is m-integrable on T , then for every ε > 0, there exists a partition P̃ε ∈ P
such that

|σ(P, f, m)−
∫

T
fdm| < ε

2
, for every P ∈ P, with P ≥ P̃ε.

We consider the partition ˜̃
P ε = P̃ε ∧ Pε; let P = {Bj}j=1,q be so that

P ≥ ˜̃
P ε and tj ∈ Bj , j = 1, q arbitrarily chosen. We observe that P ≥ P̃ε

and P ≥ Pε, so,

(9) |
q∑

j=1

f(tj)m(Bj)−
∫

T
fdm| < ε

2
.

Using (8) we get that

|
q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)| = |
q∑

j=1

f(tj)(m(Bj)−m(Bj))|

≤ M

q∑

j=1

[m(Bj)−m(Bj)] = M [m(T )−
q∑

j=1

m(Bj)]

= M [m(T\A0) + m(A0)−
q∑

j=1

m(Bj)]

<
ε

8
+ M [m(T\A0)−

q∑

j=1

m(Bj)] <
ε

8
+

ε

8

+M [
n∑

i=1

m(Ai)−
q∑

j=1

m(Bj)] ≤ ε

4
+ M [

n∑

i=0

m(Ai)−
q∑

j=1

m(Bj)].
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Since (Ai)i=0,n are pairwise disjoint and P ≥ Pε, then for every j =
1, q, there exists an unique ij = 0, n so that Bj ⊆ Aij . Consequently,
m(Bj ∩ Aij ) = m(Bj). Now, supose that there exists i0 = 0, n, i0 6= ij
so that Bj ∩ Ai0 6= ∅. Then there is a ∈ Bj ∩ Ai0 ; hence, a ∈ Aij and
a ∈ Ai0 , a contradiction. Consequently, Bj ∩Ai = ∅, for every i 6= ij , hence
m(Bj ∩Ai) = 0, for every i 6= ij . Therefore,

m(Bj) =
n∑

i=0

m(Bj ∩Ai), for every j = 1, q;

hence

|
q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)|

<
ε

4
+ M [

n∑

i=0

m(Ai)−
q∑

j=1

n∑

i=0

m(Bj∩Ai)].

Because m is a submeasure on A, we have m(Ai) ≤
∑q

j=1 m(Ai∩Bj), for
every i = 0, n, which implies that

∑n
i=0 m(Ai)−

∑q
j=1

∑n
i=0 m(Bj ∩Ai) ≤ 0

and, consequently,

(10) |
q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)| < ε

4
.

From (9) and (10), we get that

|
q∑

j=1

f(tj)m(Bj)−
∫

T
fdm| < ε

2
+

ε

4
< ε,

which means that f is m-integrable on T and
∫
T fdm =

∫
T fdm.

Remark 2.5. I) If L = inft∈T f(t) > 0 and
∫
T fdm = 0, then m(T ) = 0.

Indeed, as f is m-integrable on T and
∫
T fdm = 0, then for every ε > 0,

there exists Pε = {Ai}i=1,n ∈ P so that | ∫T fdm −∑n
i=1 f(ti)m(Ai)| < ε,

for every ti ∈ Ai, i = 1, n. Then

n∑

i=1

f(ti)m(Ai) ≤ |
∫

T
fdm−

n∑

i=1

f(ti)m(Ai)|+ |
∫

T
fdm| < ε.
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On the other hand, Lm(T ) ≤ ∑n
i=1 f(ti)m(Ai), so m(T ) < ε

L , for every
ε > 0; this implies m(T ) = 0, as claimed.

II) If f = k on T , where k is a real constant, then f is m-integrable on
T and ∫

T
fdm =

∫

T
kdm = km(T ).

We get now the following:

Theorem 2.6. If f = 0 m-almost everywhere, then f is m -totally-
measurable, m-integrable on T and

∫
T fdm = 0.

Proof. We observe that f is m-totally-measurable on T . Indeed, be-
cause f = 0 m-almost everywhere, there is a set A ⊂ T so that f = 0 on T\A
and m̃(A) = 0. By the definition of m̃, for every ε > 0, there exists Bε ∈ A
such that A ⊂ Bε and m(Bε) < ε. We consider the partition {Bε, cBε}.
Since m(Bε) < ε and f = 0 on cBε, then f is m-totally-measurable on T .

Further, f is m-integrable on T from theorem 2.4 and
∫
T fdm =

∫
T fdm.

On the other hand, because m is finitely additive, then, according to
theorem 2.8 [9] for the special case when the multimeasure is real valued,
we obtain that

∫
T fdm = 0. So, f is m-integrable on T and

∫
T fdm = 0.

Using the definition 2.3 of m-integrability, we easily get:

Theorem 2.7. Suppose that m : A 7→ R+ is a submeasure of finite
variation and f, g : T 7→ R are two m-integrable functions on T .

i) If α ∈ R, then αf is m-integrable on T and

(11)
∫

T
αfdm = α

∫

T
fdm;

ii) If α ∈ R+, then f is αm-integrable on T and

(12)
∫

T
fd(αm) = α

∫

T
fdm;

iii)

(13) |
∫

T
fdm| ≤ sup

t∈T
|f (t)| m(T );
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iv) f + g is m-integrable on T and

(14)
∫

T
(f + g)dm =

∫

T
fdm +

∫

T
gdm;

v) If f ≤ g on T,then

(15)
∫

T
fdm ≤

∫

T
gdm;

vi) If f : T 7→ R+, then
∫
T fdm ≥ 0.

Remark 2.8. We note that, if m(A) = 0, where A ∈ A, then every
function f : T → R is m-integrable on A and

∫
A fdm = 0. As a consequence,

in theorem 2.7 v) we may replace the condition ”f ≤ g on T” by ”f ≤ g on
T\A, with A ∈ A and m(A) = 0”.

Further, we prove the additivity with respect to the submeasure:

Theorem 2.9. Let m1,m2 : A 7→ R+ be two submeasures of finite
variation and f : T 7→ R a m1-integrable and m2-integrable function on T .
Then

i) f is m-integrable on T with respect to the submeasure m : A 7→ R+,
m = m1 + m2 and

(16)
∫

T
fd(m1 + m2 ) =

∫

T
fdm1 +

∫

T
fdm2 ;

ii) If f : T 7→ R+ and m1(A) ≤ m2(A), for every A ∈ A, then

(17)
∫

T
fdm1 ≤

∫

T
fdm2 .

Proof. i) We easily check that m is a submeasure of finite variation.
Let ε > 0 and consider P1 ∧ P2 ∈ P, where P1 and P2 are the partitions of
T from the definition of m1-integrability and m2-integrability of f . Then

|
∫

T
fdm1 − σ(P, f,m1)| < ε

2
and |

∫

T
fdm2 − σ(P, f,m2)| < ε

2
,

for every P ∈ P, with P ≥ P1 ∧ P2.
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Let P = {Ck}k=1,p ∈ P, P ≥ P1∧P2 and θk ∈ Ck, k = 1, p be arbitrarily
chosen. Since P ≥ P1 and P ≥ P2 we get

|
p∑

k=1

f(θk)m(Ck)− (
∫

T
fdm1 +

∫

T
fdm2)|

= |
p∑

k=1

f(θk)m1(Ck) +
p∑

k=1

f(θk)m2(Ck)− (
∫

T
fdm1 +

∫

T
fdm2)|

≤ |
p∑

k=1

f(θk)m1(Ck)−
∫

T
fdm1|+ |

p∑

k=1

f(θk)m2(Ck)−
∫

T
fdm2|

<
ε

2
+

ε

2
= ε,

which implies that f is m-integrable and
∫
T fd(m1 + m2) =

∫
T fdm1 +∫

T fdm2.

ii) Because f is m1-integrable and m2-integrable on T , then for every
ε > 0, there exists P1 ∈ P such that for every P ∈ P, P ≥ P1,

|
∫

T
fdm1 − σ(P, f, m1)| < ε

2

and there exists P2 ∈ P so that for every P ∈ P, P ≥ P2,

|
∫

T
fdm2 − σ(P, f,m2)| < ε

2
.

Let P0 = P1 ∧ P2 ∈ P and P ∈ P, P = {Ck}k=1,p ≥ P0, θk ∈ Ck, k = 1, p
arbitrarily chosen. Since P ≥ P1, P ≥ P2, using the hypothesis, we obtain:

∫

T
fdm1 −

∫

T
fdm2 ≤ |

∫

T
fdm1 −

p∑

k=1

f(θk)m1(Ck)|

+
p∑

k=1

f(θk)m1(Ck)−
p∑

k=1

f(θk)m2(Ck) + |
p∑

k=1

f(θk)m2(Ck)−
∫

T
fdm2|

< ε +
p∑

k=1

{f(θk)[m1(Ck)−m2(Ck)]} < ε.

Hence
∫
T fdm1 ≤

∫
T fdm2.
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Remark 2.10. Obviously, all the above results remain valid if we
consider the integrability on a certain set B ∈ A, instead of the entire space
T .

Theorem 2.11. If m : A → R+ is a submeasure of finite variation,
f : T → R is m-integrable on T and B ∈ A is an arbitrary set, then f is
m-integrable on B.

Proof. Let ε > 0. Since f is m-integrable on T , there exists a partition
Pε = {Ai}i=1,n of T so that for every partition P ∈ P, with P ≥ Pε and
every ti ∈ Ai, i = 1, n, we have

|
∫

T
fdm−

n∑

i=1

f(ti)m(Ai)| < ε

2
.

Let B ∈ A and PB
ε = {B ∩ Ai}i=1,n ∈ PB. We consider P1 =

{Ck}k=1,p ∈ PB, P2 = {Bj}j=1,q ∈ PB, so that P1 ≥ PB
ε , P2 ≥ PB

ε and
we also take uk ∈ Ck, k = 1, p, sj ∈ Bj , j = 1, q arbitrary.

Let P ′
1 = {C1, C2, . . . , Cp, A1\B, A2\B, . . . , An\B} and P ′

2 = {B1, B2, . . . ,
Bq, A1\B, A2\B, . . . , An\B}. We observe that P ′

1 and P ′
2 are partitions of

T and P ′
1 ≥ Pε, P

′
2 ≥ Pε. Let also ai ∈ Ai\B, i = 1, n be arbitrarily.

We have:

|σB(P1)− σB(P2)| = |
p∑

k=1

f(uk)m(Ck)−
q∑

j=1

f(sj)m(Bj)|

=

∣∣∣∣∣
p∑

k=1

f(uk)m(Ck) +
n∑

i=1

f(ai)m(Ai\B)

−(
q∑

j=1

f(sj)m(Bj) +
n∑

i=1

f(ai)m(Ai\B))

∣∣∣∣∣∣

= |σ(P ′
1)− σ(P ′

2)| ≤ |σ(P ′
1)−

∫

T
fdm|+ |σ(P ′

2)−
∫

T
fdm| < ε.

Then (σB(P ))P∈(P,≤) is a Cauchy net in R, hence it converges in R. The
proof is thus finished.
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In the sequel we prove that, even m is a submeasure, the function I :
A → R, defined by

(18) I(A) =
∫

A
fdm, for every A ∈ A,

is a finitely additive measure on A.

Theorem 2.12. Let m : A → R+ be a submeasure of finite variation
and B,C ∈ A, with B ∩C = ∅. If f is m-integrable on B and C, then f is
m-integrable on B∪C, and, moreover,

(19)
∫

B∪C
fdm =

∫

B
fdm +

∫

C
fdm.

Proof. Let ε > 0. Since f is m−integrable on B and C, we get that
there is a partition PB

ε = {Bi}i=1,n ∈ PB so that for every P ∈ PB, with
P ≥ PB

ε , we have

|
∫

B
fdm− σB(P )| < ε

2
,

and there exists a partition PC
ε = {Cj}j=1,q ∈ PC so that for every P ∈ PC ,

with P ≥ PC
ε ,

|
∫

C
fdm− σC(P )| < ε

2
.

Now, let be the partition PB∪C
ε = {B1,...Bn,C1,...Cq} ∈ PB∪C . If P =

{Ak}k=1,p ∈ PB∪C is such that P ≥ PB∪C
ε and sk ∈ Ak, k ∈ {1, ...p} are

arbitrarily chosen, then
p∑

k=1

f(sk)m(Ak) =
r∑

k=1

f(sk)m(B′
k) +

p∑

k=r+1

f(sk)m(C ′
k),

where {B′
k}k=1,r

= P ′
B ∈ PB and P ′

B ≥ PB
ε , {C ′

k}k=r+1,p
= P ′

C ∈ PC and
P ′

C ≥ PC
ε .

Consequently,

|
p∑

k=1

f(sk)m(Ak)− (
∫

B
fdm +

∫

C
fdm)|

= |
r∑

k=1

f(sk)m(B′
k) +

p∑

k=r+1

f(sk)m(C ′
k)− (

∫

B
fdm +

∫

C
fdm)|
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≤ |
r∑

k=1

f(sk)m(B′
k)−

∫

B
fdm|+ |

p∑

k=r+1

f(sk)m(C ′
k)−

∫

C
fdm|

<
ε

2
+

ε

2
= ε.

The proof is thus finished.

Corollary 2.13. If m : A → R+ is a submeasure of finite variation, f
is m-integrable on T , and I : A → R is the function defined by (18), then:

i) I ¿ m;
ii) If m is σ-subadditive on A, then I is σ-additive on A.

Proof. Let α = supt∈T |f(t)|. If α = 0, then f ≡ 0, so I ≡ 0 on T . In
what follows, we suppose that α 6= 0.

i) Consider an arbitrary set A ∈ A, with m(A) = 0. Since f is m-
integrable on A, then, according to theorem 2.7 iii), |I(A)| = | ∫A fdm| ≤ α
m(A).

If P = {Ai}i=1,n is an arbitrary partition of A, then m(Ai) = 0, be-
cause Ai ⊂ A, for every i = 1, n and m(A) = 0; this implies m(A) =
supP ∈ PA

{∑n
i=1 m(Ai)} = 0, so |I(A)| = 0, and hence I(A) = 0.

ii) Let ε > 0. We consider a pairwise disjoint sequence of sets (Ak)k ⊂
A, with

⋃∞
k=1 Ak ∈ A.

Since m is σ-subadditive, then, according to [1] or [8], m is σ-additive.
So, for every ε > 0, there exists n0 ∈ N such that m(

⋃∞
k=n+1 Ak) <

ε

α
, for

every n ≥ n0.
Then, from i) we have

|I(
∞⋃

k=1

Ak)−
n∑

k=1

I(Ak)| = |I(
∞⋃

k=1

Ak) + I(
∞⋃

k=n+1

Ak)−
n∑

k=1

I(Ak)|

= |I(
∞⋃

k=n+1

Ak)| ≤ sup
t∈T

|f(t)| m(
∞⋃

k=n+1

Ak) < α
ε

α
= ε,

for every n ≥ n0. It means that I is σ-additive on A, as claimed.

Theorem 2.14. Let m : A → R+ be a submeasure of finite variation,
B,C ∈ A, with B ⊆ C and f : T → R+ a m−integrable function on C.
Then

(20)
∫

B
fdm ≤

∫

C
fdm.
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Proof. Let ε > 0. By the m−integrability of f on B and C there is
P 1

ε = {Bi}i=1,n ∈ PB so that for every P ∈ PB, with P ≥ P 1
ε ,

(21) |
∫

B
fdm− σB(P )| < ε

2
,

and there exists P 2
ε = {Cj}j=1,q ∈ PC such that for every P ∈ PC , with

P ≥ P 2
ε ,

(22) |
∫

C
fdm− σC(P )| < ε

2
.

Let us consider P̃ 1
ε = {B1, B2, ...Bn, C\B}. It is easy to check that P̃ 1

ε ∈
PC . Let also P̃ 1

ε ∧P 2
ε ∈ PC and pick an arbitrary partition P = {Dk}k=1,p ∈

PC , with P ≥ P̃ 1
ε ∧ P 2

ε . We note that the family P
′′
ε = {Dk ∩ B}k=1,p is

also a partition of B and P
′′
ε ≥ P 1

ε .
Indeed, since P ≥ P̃ 1

ε ∧ P 2
ε and P̃ 1

ε ∧ P 2
ε = {B1, B2, ...Bn, C\B} ∧

{Cj}j=1,q = {{Bi ∩ Cj}i=1,n
j=1,q

, {Cj\B}j=1,q}, we obtain that P
′′
ε ≥ P 1

ε .

Consequently, for P holds (22) and for P
′′
ε holds (21).

Let tk ∈ Dk ∩B, k = 1, p be arbitrarily chosen. Then tk ∈ Dk, for every
k = 1, p,

|
∫

C
fdm−

p∑

k=1

f(tk)m(Dk)| < ε

2
and |

∫

B
fdm−

p∑

k=1

f(tk)m(Dk ∩B)| < ε

2
,

which imply that

∫

B
fdm−

∫

C
fdm ≤ |

∫

B
fdm−

p∑

k=1

f(tk)m(Dk ∩B)|

+
p∑

k=1

f(tk)m(Dk ∩B)−
p∑

k=1

f(tk)m(Dk) + |
∫

C
fdm−

p∑

k=1

f(tk)m(Dk)|

< ε +
p∑

k=1

f(tk)m(Dk ∩B)−
p∑

k=1

f(tk)m(Dk) ≤ ε,

for every ε > 0. This yields
∫
B fdm ≤ ∫

C fdm, as claimed.
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In what follows, we give a characterization of the m-integrability using
the integrability in the sense of Gould [7] with respect to the variation m
of m.

Theorem 2.15. Let m : A → R+ be a submeasure of finite variation
and f : T → R. Then f is m-integrable on T if and only if f is m-
integrable on T . Moreover,

(23)
∫

T
f dm =

∫

T
fdm.

Proof. Let ε > 0 and M = supt∈T |f(t)|.
The if part.

By the definition of m we get that there exists a partition Pε = {A1, . . . , An}
of T such that

(24) m(T ) <

n∑

i=1

m(Ai) +
ε

2M
.

Because f is m-integrable on T , there exists a partition P̃ε ∈ P such
that

|σ(P )−
∫

T
fdm| < ε

2
, for every P ∈ P, with P ≥ P̃ε.

Now, we consider the partition ˜̃
P ε = P̃ε ∧ Pε; let P = {Bj}j=1,q be so

that P ≥ ˜̃
P ε and tj ∈ Bj , j = 1, q arbitrarily chosen. Since P ≥ P̃ε, we

have

(25) |
q∑

j=1

f(tj)m(Bj)−
∫

T
fdm| < ε

2
.

But

(26)

|
q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)|

= |
q∑

j=1

f(tj)(m(Bj)−m(Bj))|

≤ M

q∑

j=1

[m(Bj)−m(Bj)] = M [m(T )−
q∑

j=1

m(Bj)]
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<
ε

2
+ M [

n∑

i=1

m(Ai)−
q∑

j=1

m(Bj)].

Since P = {Bj}j=1,q ≥ Pε, as in the proof of theorem 2.4, we have

m(Bj) =
n∑

i=1

m(Bj ∩Ai), for every j = 1, q.

Consequently, by (26) we get

(27)

|
q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)|

<
ε

2
+ M [

n∑

i=1

m(Ai)−
q∑

j=1

n∑

i=1

m(Bj ∩ Ai)]

=
ε

2
+ M{

n∑

i=1

[m(Ai)−
q∑

j=1

m(Bj ∩ Ai)]}.

Because m is a submeasure on A,

m(Ai) = m(
q⋃

j=1

(Ai ∩Bj)) ≤
q∑

j=1

m(Ai ∩Bj)

and then from (27) we obtain

(28) |
q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)| < ε

2
.

From (25) and (28), we get that

|
q∑

j=1

f(tj)m(Bj)−
∫

T
fdm| ≤ |

q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)|

+|
q∑

j=1

f(tj)m(Bj)−
∫

T
fdm| < ε

2
+

ε

2
= ε.

Consequently, f is m-integrable on T and
∫
T fdm =

∫
T fdm.
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The only if part.
Because f is m-integrable on T , there exists a partition P̃ε ∈ P such

that

|σ(P, f, m)−
∫

T
fdm| < ε

2
, for every P ∈ P, with P ≥ P̃ε.

We consider the partition ˜̃
P ε = P̃ε ∧ Pε, where Pε is the same partition

as in (24). Let P = {Bj}j=1,q be a partition of T so that P ≥ ˜̃
P ε and

tj ∈ Bj , j = 1, q arbitrarily chosen.
Since P ≥ P̃ε, we have

(29) |
q∑

j=1

f(tj)m(Bj)−
∫

T
fdm| < ε

2
.

Now, as in the if part we obtain

(30) |
q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)| < ε

2
.

Consequently, from (29) and (30) we have

|
q∑

j=1

f(tj)m(Bj)−
∫

T
fdm| ≤ |

q∑

j=1

f(tj)m(Bj)−
q∑

j=1

f(tj)m(Bj)|

+|
q∑

j=1

f(tj)m(Bj)−
∫

T
fdm| < ε

2
+

ε

2
= ε,

which means that f is m-integrable on T and
∫
T fdm =

∫
T fdm, as claimed.

Theorem 2.16. Let m : A 7→ R+ be a submeasure of finite variation
and f : T 7→ R a bounded function. Then the following statements are
equivalent:

i) f is m-integrable;
ii) f is m-integrable;
iii) f is m-totally-measurable.

Proof. By theorem 2.15, i) is equivalent to ii).
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Now, we prove that ii) is equivalent to iii). Indeed, according to theorem
4.7 [7] and remark 2.2, we get that f is m-integrable if and only if f is m
-totally-measurable on T .

Theorem 2.17. Let m : A 7→ R+ be a submeasure of finite variation
and f : T 7→ R a m-integrable function on T . Then |f | is m-integrable
and, moreover,

|
∫

T

fdm| ≤
∫

T

|f | dm.

Proof. According to theorem 2.16, it is sufficient to prove that |f | is
m-totally-measurable on T .

Let ε > 0. Since f is m-integrable on T , then, according to theorem
2.16, it is m-totally-measurable on T . Hence, there exists a partition Pε =
{A0, A1, . . . , An} of T such that m(A0) < ε and supt,s∈Ai

|f(t) − f(s)| <
ε, for every i = 1, n.

Because

sup
t,s∈Ai

| |f(t)| − |f(s)| | ≤ sup
t,s∈Ai

|f(t)− f(s)| < ε, for every i = 1, n,

then |f | is m -totally-measurable and hence m-integrable on T .
Since − |f | ≤ f ≤ |f |, from theorem 2.7 i) and v) we get that

∫

T

(− |f |) dm = −
∫

T

|f | dm ≤
∫

T

fdm ≤
∫

T

|f | dm.

Consequently, |∫
T

fdm| ≤ ∫
T

|f | dm.

Theorem 2.18. Let m : A 7→ R+ be a submeasure of finite variation
and f, g : T 7→ R two m-integrable functions on T . Then the functions
sup(f, g) and inf(f, g) are m-integrable on T .

Proof. According to theorems 2.7 i), iv) and 2.17 we have that f + g ,
f−g and |f − g| are m-integrable on T . Hence, sup(f, g) = 1

2(f+g+|f − g|)
and inf(f, g) = 1

2(f + g − |f − g|) are m-integrable on T .
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2. Drewnowski, L. – Topological rings of sets, continuous set functions, Integration,

I, II, Bull. Acad. Polon. Sci. Sér. Math. Astron. Phys. 20 (1972), 269-276, 277-286.
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7. Gould, G. G. – Integration over vector-valued measures, Proc. London. Math. Soc.

15, 1965, 193-205.

8. Halmos, P. – Measure Theory, D. Van Nostrand Company Inc., New-York, 1950.

9. Precupanu, A.; Croitoru, A. – A Gould type integral with respect to a multimea-
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