ANALELE STIINTIFICE ALE UNIVERSITATII “AL.I. CUZA” DIN IASI (S.N.)
MATEMATICA, Tomul LIII, 2007, .2

A GOULD TYPE INTEGRAL WITH RESPECT TO A
SUBMEASURE

BY

ALINA CRISTIANA GAVRILUT and ALINA PETCU

Abstract. In this paper we introduce a Gould type integral for a bounded, real
valued function with respect to a real submeasure of finite variation. Several natural
properties of the integral are obtained, concerning its behavior with respect to the func-
tion, respectively, to the submeasure. Also, a characterization of the integrability with
respect to a submeasure is proved using the integrability in the sense of GOuLD [7] with
respect to the variation of the submeasure.
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1. Introduction. In [7], GOULD has introduced and studied a special
type of integral for a real valued function with respect to a finitely additive
set function taking values in a Banach space. In [9] and [10], PRECUPANU
and CROITORU generalized his results for additive multimeasures with val-
ues in the family of all nonvoid, compact, convex sets of a Banach space.
Following these two works, GAVRILUT has defined and studied in [3], [4],
[5] and [6] a Gould type integral for a bounded, real valued function with
respect to a multisubmeasure of finite variation.

In this paper we introduce and study a Gould type integral for a bounded,
real valued function with respect to a submeasure of finite variation.

In the following, we shall use the terminology from [9].

Let T be an abstract, nonvoid set, A an algebra of subsets of T', P the
set of all partitions of T' with sets of A and f : T — R a function. If A € A,
we denote by P4 the set of all partitions of A.
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Definition 1.1. If P = {A;},_ 17 and P’ = {B;}._1; are two parti-

i=1,n Jj=1m

tions of T', then P’ is said to be finer than P (denoted by P < P’) if for
every j = 1,m, there exists i; = 1,n so that B; C A;,.

If P={A;},_15 and P’ = {B;},_1; are two partitions of T', by P A P’
we mean the partition {4; N B;}

i=1n"
J=1m

Definition 1.2. A set function m : A — R is said to be absolutely
continuous with respect to another set function v : A — R, denoted by
m < v, if v(A) = 0 implies m(A) = 0, for every A € A.

All over this paper we assume that m : A — R, is a submeasure in
Drewnowski’s sense [2]. Let us also consider the following set functions
associated to m:

m defined by

(1) m(A) = sup{z m(A;)}, for every A € A,
i=1

where the supremum is extended over all finite partitions {A4;} of A,

called the variation of m; and m defined by

i=1,n
(2) m(A) = inf{m(B); A C B, B € A}, for every A C T.

Remark 1.3. m(A) = m(A), for every A € A and m is a finitely
additive set function on A.

Definition 1.4. We say that a property (P) holds m-almost everywhere
if the property (P) is valid on T\ A, where m(A) = 0.

Definition 1.5. A submeasure m : A — R, is said to be of finite
variation if m(T') < oo.

2. The Gould type integral with respect to a submeasure. In
the sequel, without any special assumptions, 7" will be an abstract nonvoid
set, m : A — Ry a submeasure of finite variation and f : 7' — R a real
valued, bounded function.

Definition 2.1. I) f is said to be m-totally-measurable on (T, A,m)
if for every € > 0 there exists a partition P. = {4;} of T such that:

i=0,n
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i) m(Ap) < € and

i) sup |f(t) — f(s)| = osc(f, A;) <e, for every i =1,n.
t,s€A;

IT) f is said to be m— totally-measurable on B € A if the restriction f|p
of f to B is m-totally measurable on (B, Ap, mp), where Ap = {ANB; A €
A} and mp = m|a,.

Remark 2.2. In [7], GOULD has considered for every finitely additive
measure v : A — X, where (X, || ||) is a Banach space, the set function v,
defined by

v(A) =sup{||v(B)||; B € A,B C A}.

It is easy to observe that m(A) = m(A),for every A € A. Consequently,
the m-totally measurability in our sense coincides with the m-totally mea-
surability in the sense of GOULD [7].

If f:T — R is a real valued, bounded function, m : A — R4 a
submeasure of finite variation, P = {Ai}z‘:ﬁ a partition of T" and t; €
A;,i = 1,n are arbitrarily, we denote by

(3) o (P, fym) =) f(t:m(As).

If there is no confusion, we shortly denote it by o(P).
If Be A, let

(4) op(P) = f(s;)m(B;),
j=1
for every partition P = {Bj}j:ﬁ of B and every s; € B;,j =1,k.

Definition 2.3. I) f is said to be m-integrable on T if there exists
I € R such that for every € > 0 there exists a partition P. of T so that
for every partition P = {4;},_17;,with P > P. and every choice of points
t; € A;,i = 1,n, we have

(5) lo(P) —I| <e,

that is, the net (o(P)) pe(p,<) is convergent in R.
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In this case, I is called the integral of f on T with respect to the sub-
measure m, denoted by fT fdm.

IT) f is said to be m-integrable on B € A if the restriction f|p of f to
B is m-integrable on (B, A, mp).

In the following we shall indicate a class of functions which are m-
integrable.

Theorem 2.4. Let m: A — R4 be a submeasure of finite variation and
f:T — R a m-totally measurable function on T. Then [ is m-integrable
on T and, moreover,

(6) /T fdm = /T fdm,

where fT fdm is the integral in the sense of GOULD [7] of f with respect to
the variation m of m.

Proof. Let ¢ > 0 and M = sup,cr | f(t)]-
Because f is m-totally-measurable on T', there exists a partition P! =
{Ao, A}, AL, . . AL} of T such that

() < g7 and sup 11(0) = 1(0)] < g

, for every [ = 1, v.
By the definition of 7n we get that there exists a partition P/ = {Af, Af,
...y A} of T\ Ay such that

(7) ﬁuT\AO)<:§:7n@£g-+§%Z.

r=1
Since A = A’ N (T\Ap), we obtain that A = (J;_,(A/ N A}), hence

m(AY) <>y m(Al N A)), for every r =1, s.
From (7) it follows that

m(T\ Ag) < m(A” N A} + —=—.
T\ < 325 miaf ) + 57
We observe that the family {A; N Aj}, _15 is a partition of T\ Ag. Let
I=1,v

us rewrite it as {A;}, 1.
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Then P. = {Ag, A1,...,A,} is a partition of T and

(o) < g7 TT\AO) < 3 omld) + g

€
and sup )~ £(5)| < g

Now, we observe that f is m-integrable on T'. Indeed, since f is bounded,
then, according to theorem 4.7 from [7] and remark 2.2, we get that f is
m-integrable on T' (in the sense of Gould [7]).

We now prove that f is m-integrable on 7" and the equality (6). Because
f is m-integrable on T', then for every & > 0, there exists a partition P. € P
such that

, for every ¢ = 1, n.

lo(P, f,m) — / fdm| < %, for every P € P, with P > P..
T

We consider the partition P, = P. A P.; let P = {Bj}j:fq be so that

P > P_ and t; € Bj, j = 1,q arbitrarily chosen. We observe that P > P.
and P > P., so,

(9) > ftym(By) — | fdm| < ;.
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Since (4;);_g are pairwise disjoint and P > P, then for every j =
1,q, there exists an unique i; = 0,n so that B; C A;;. Consequently,
m(B; N A;;) = m(Bj). Now, supose that there exists ig = 0,n, ip # ij
so that B; N A;, # @. Then there is a € Bj N A;y; hence, a € Ai]. and
a € A;,, a contradiction. Consequently, B; N A; = (), for every i # i;, hence

m(Bj N A;) =0, for every i # ij. Therefore,

n
m(Bj) = Zm(Bj N A;), for every j =1, ¢;
=0

hence

Because m is a submeasure on A, we have m(A4;) < 22:1 m(A;NB;y), for
every i = 0,n, which implies that 7" m(A4;) =321, Y51 gm(B;NA;) <0
and, consequently,

q

(10) > Ftym(By) = Y f(t)m(B))| <

=1 =1

| o

From (9) and (10), we get that
. € €
1> fym(B) — [ gam <5+ 5 <e.

which means that f is m-integrable on T" and [, fdm = [, fdm.

Remark 2.5. I) If L = inf,er f(t) > 0 and [, fdm = 0, then m(T') = 0.
Indeed, as f is m-integrable on T and [, fdm = 0, then for every € > 0,
there exists P. = {A;};_1;; € P so that | [, fdm — 371" f(t:)m(A;)] < e,
for every t; € A;,i = 1,n. Then

;f(ti)m(Ai) < |/dem - ;f(tz)m(Az) +| /dem| e
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On the other hand, Lm(T) < 7", f(t;)m(4;), so m(T) < %, for every
e > 0; this implies m(7T") = 0, as claimed.
IT) If f =k on T, where k is a real constant, then f is m-integrable on

T and
/dem = /dem: km(T).

We get now the following:

Theorem 2.6. If f = 0 m-almost everywhere, then f is m -totally-
measurable, m-integrable on T and [, fdm = 0.

Proof. We observe that f is m-totally-measurable on T'. Indeed, be-
cause f = 0 m-almost everywhere, there isaset A C T so that f = 0on T\ A
and m(A) = 0. By the definition of m, for every € > 0, there exists B, € A
such that A C B and m(B.;) < €. We consider the partition {B;, cB.}.
Since m(B:) < € and f =0 on ¢Be, then f is m-totally-measurable on T

Further, f is m-integrable on T' from theorem 2.4 and [, fdm = [, fdm.

On the other hand, because T is finitely additive, then, according to
theorem 2.8 [9] for the special case when the multimeasure is real valued,
we obtain that fT fdm = 0. So, f is m-integrable on T" and fT fdm = 0.

Using the definition 2.3 of m-integrability, we easily get:
Theorem 2.7. Suppose that m : A — Ry is a submeasure of finite

variation and f,g: T — R are two m-integrable functions on T.
i) If a € R, then af is m-integrable on T and

(11) /Tafdm—a/dem;

ii) If « € Ry, then f is am-integrable on T' and

(12) | satom) =a [ sam

(13) | /T fim| < sup ()] 7(T):
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iv) f 4+ g is m-integrable on T and

(14) /T(f+g>dm—/dem+/ngm;
v) If f < g on T,then

d dm;
(15) | gim < [ gim:
vi) If f:T — Ry, then [, fdm > 0.

Remark 2.8. We note that, if m(A) = 0, where A € A, then every
function f : T' — R is m-integrable on A and [, fdm = 0. As a consequence,

in theorem 2.7 v) we may replace the condition " f < gon7T” by ”f < g on
T\A, with A € A and m(A) =0".

Further, we prove the additivity with respect to the submeasure:

Theorem 2.9. Let my,my : A — Ry be two submeasures of finite
variation and f : T — R a mi-integrable and mo-integrable function on T.
Then

i) f is m-integrable on T with respect to the submeasure m : A — R4,
m =mq +ms and

(16) [ st me) = [ gami+ [ gim

i) If f: T — Ry and mi(A) < ma(A), for every A € A, then

(17) /demz S/demg-

Proof. i) We easily check that m is a submeasure of finite variation.
Let € > 0 and consider P; A P, € P, where P; and P, are the partitions of
T from the definition of mi-integrability and mo-integrability of f. Then

|/fdm1—U(P,f7m1)‘<€and|/fdm2—U(P,f7m2)‘<E,
T 2 . 2

for every P € P, with P > P, A Ps.
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Let P = {Ci}y_1; € P, P > PLA P and 0y € Cy, k = 1,p be arbitrarily
chosen. Since P > P; and P > P> we get

p

13 FOm(Cr) — ( /T fdmy + /T fdms))

k=1

M= T-

f(9k)m1(Ck)+l;f(9k)m2(Ck)—(/demlJr/demz)\

IN

FOms (€)= [ fFaml + 1Y 1@ma(C) — [ sama
k=1

1

A\
[CTRCIN

+-=¢

which implies that f is m-integrable and [, fd(mi + mg) = [, fdm; +
fT fde

ii) Because f is mj-integrable and mas-integrable on 7', then for every
g > 0, there exists P; € P such that for every P € P, P > Py,

| gami = o(p gom) < 5

and there exists P, € P so that for every P € P, P > Ps,
€
|/ fdmg —a (P, f,ms)| < 5
T

LetPg—Pl/\PQEPaHdPGPP—{Ck}k p >P0,9k60k,k‘—1p
arbitrarily chosen. Since P > Py, P > P5, using the hypothesis, we obtain:

/fdml /fdm2<\/fdm1 Zf Ok )m1(Ck)|

p

p
+Zf Ok )m1(Cr) = > F(Ok)ma(Cr) + > f(Ok)ma(Ch) /fdm2|
k=1 k=1

k=1

<e+ Z{f(&k)[ml(Ck) —ma(Cr)]} < e.
k=1

Hence [} fdmy < [ fdma.
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Remark 2.10. Obviously, all the above results remain valid if we
consider the integrability on a certain set B € A, instead of the entire space
T.

Theorem 2.11. Ifm : A — Ry is a submeasure of finite variation,
f:T — R is m-integrable on T and B € A is an arbitrary set, then f is
m-integrable on B.

Proof. Let € > 0. Since f is m-integrable on T, there exists a partition

P. = {A;} of T so that for every partition P € P, with P > P. and
every t; € A;,i = 1,n, we have

|| gam - Zf A<

i=1,n

Let B € A and PEB = {Bn Ai}izﬁ € Pp. We consider P =
{Ci}i—1p € P, P» = {Bj};_1; € P, so that P, > PP, P, > PP and
we also take uy, € Cy, k = 1,p,s; € Bj,j =1, q arbitrary.

Let Pll = {Cl, Cg, ce ,Cp,Al\B, AQ\B, ey An\B} and P2/ = {Bl, BQ, ey
By, A1\B, A2\B, ..., A,\B}. We observe that P| and P, are partitions of
T and P| > P., P} > P.. Let also a; € A;\B,i = 1,n be arbitrarily.

We have:

k=1 J=1
= > flur)m(Cy) + Y flai)m(A;\B)
k=1 i=1
7(Zf sj)m +Zf ai)m(A;\B))

— o(P)) - o(P}) < |o(P}) - /T fdm| + [o(P) — /T fdm| <c.

Then (05(P))pe(p, <) is a Cauchy net in R, hence it converges in R. The
proof is thus finished.
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In the sequel we prove that, even m is a submeasure, the function I :
A — R, defined by

(18) I(A) = / fdm, for every A € A,
A
is a finitely additive measure on A.

Theorem 2.12. Let m : A — Ry be a submeasure of finite variation
and B,C € A, with BNC = 0. If f is m-integrable on B and C, then f is

m-integrable on BUC, and, moreover,

(19) BUCfdm:/dem—i-/Cfdm.

Proof. Let € > 0. Since f is m—integrable on B and C, we get that
there is a partition P? = {B;} € Pp so that for every P € Pp, with

P > PP, we have

i=1n

£
[ fim—an(P) < 5.
B
and there exists a partition PX = {C;} j=15 € Pc so that for every P € Pc,
with P > PY,
5
| [ gdm = oc(p) < 5.
C
Now, let be the partition PPYC = {Bi1,...B,,C1,..Cy} € Ppuc. If P =

Ar}._7= € Ppuc is such that P > PBYC and s, € A, k € {1,..p} are
k=1,p €
arbitrarily chosen, then

P r P
Do flsm(A) = Y fls)m(B) + Y fsi)m(Ch),
k=1 k=1 k=r+1
where {B.},__ = P; € Pp and P > P? {C}}
Pl > PC.
Consequently,

12 st~ /B fdm + /C fdm)

_ /
T = Pr € Pc and

> flsamich) — ([ sam+ /C fdm)|

k=r+1

=1 flm(B)) +
k=1
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<y f(sr)m(By) /fdm]+|2fsk () /fdm\

k=1 k=r+1

< 54—5325

The proof is thus finished.

Corollary 2.13. If m : A — Ry is a submeasure of finite variation, f
is m-integrable on T, and I : A — R is the function defined by (18), then:

i) I <m;

ii) If m is o-subadditive on A, then I is o-additive on A.

Proof. Let a = sup;cr |f(t)]. f =0, then f=0,s0 I =0on 7. In
what follows, we suppose that o # 0.

i) Consider an arbitrary set A € A, with m(A) = 0. Since f is m-
integrable on A, then, according to theorem 2.7 iii), |[I(A)| = | fA fdm| < «
m(A).

If P={A}, 1y
cause A; C A, for every i = 1,n and m(A) = 0; this implies m(A) =
SUpp ¢ p, {2 ieq M(Ai)} =0, so [I(A)] = 0, and hence I(A) = 0.

ii) Let € > 0. We consider a pairwise disjoint sequence of sets (Ay), C
A, with Uio:1 A € A.

Since m is o-subadditive, then, according to [1] or [8], m is o-additive.

is an arbitrary partition of A, then m(A4;) = 0, be-

: _ £
So, for every € > 0, there exists ng € N such that m(U;,, ., Ax) < —, for
a
every n > ng.
Then, from i) we have

I(UAk)—ZI UAk )+ 1( U Ap) = > I(Ap)]
k=1 k=1

k=n+1
|I U Ak | < Sup|f U Ak < Oé*
k=n+1 k=n+1

for every n > ng. It means that I is o-additive on A, as claimed.

Theorem 2.14. Let m : A — Ry be a submeasure of finite variation,
B,C € A, with BC C and f: T — Ry a m—integrable function on C.
Then

(20) /B fdm < /O fdm.
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Proof. Let ¢ > 0. By the m—integrability of f on B and C there is
Pl = {Bi}i—tm € Pp so that for every P € Pp, with P > P,

£
(1) [ fim = an(p) < 5.
B
and there exists P2 = {C;} j=1g € Pc such that for every P € Pc, with
P> P2
£
(22) | [ gdm = oe(p)] < 5.
c

Let us consider Pl = {By, By, ...B,,C\B}. It is easy to check that ﬁsl €
Pc. Let also P2 A P2 € Pc and pick an arbitrary partition P={Di};_15 5 €

Pe, with P > P! A P2, We note that the family P/ = {Dj N B}y 15 is

also a partition of B andNPE > Pl N
Indeed, since P > P} A P2 and P! A P2 = {By, By,...B,,,C\B} A
{Ci}i—13 = {BiNCj}i17,{Cj\B};_15}, we obtain that P, > Pl
Jj=lyq
Consequently, for P holds (22) and for P. holds (21).
Let ty € Dy, N B,k = 1,p be arbitrarily chosen. Then t; € Dy, for every
k=1p,

p p
]/Cfdm - ;f(tk)m(Dk)] < g and |/dem - ;f(tk)m(Dk nB)| < %

which imply that

/fdm /fdm<y/fdm thk (DN B)|
p
£ FtgmDn B) =3 f(tm Dk+\/fdm thk (Dy)]
k=1 k=1
p
<s+thk (DrNB) =Y f(ty)m(Dy) <,
k=1

for every ¢ > 0. This yields [, fdm < [, fdm, as claimed.
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In what follows, we give a characterization of the m-integrability using
the integrability in the sense of Gould [7] with respect to the variation m
of m.

Theorem 2.15. Let m : A — Ry be a submeasure of finite variation
and f : T — R. Then f is m-integrable on T if and only if f is m-
integrable on T'. Moreover,

(23) /T fdm = /T fdm.

Proof. Let ¢ > 0 and M = sup,cr | f(t)]-

The if part.
By the definition of 7 we get that there exists a partition P. = {A;,..., A4,}
of T such that

(24) m(T) <> m(A;) + ﬁ
=1

Because f is m-integrable on T, there exists a partition ﬁe € P such
that

lo(P) — / fdm| < %, for every P € P, with P > P..
T

Now, we consider the partition P, = P. A P.; let P = {Bj}j:fq be so

that P > P. and t; € Bj, j = 1,q arbitrarily chosen. Since P > ﬁg, we
have

q

(25) 1> sttym(By) - | fam| <3,

Jj=1

But

Jj=1 Jj=1
(26) =) f(t;)(m(B;) — m(B;))|
j=1
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< % + MY m(A) =3 m(B))]
i=1 j=1

> P., as in the proof of theorem 2.4, we have

Since P = {B;}

j=lgq

n
m(Bj) = Zm(Bj N A4;), for every j =1,q.
i=1

Consequently, by (26) we get

Because m is a submeasure on A,

[}

q
U A N B m(Az N BJ)
and then from (27) we obtain

(28) | > Ftym(By) = Y f(t)m(B))| <
j=1

j=1

| M

From (25) and (28), we get that
> feym(By) — [ paml <13 f6)mB;) - 3 f5)m(B)
=1 T =1 =1
d & g
3 S5, - [ gami <5+ -

Consequently, f is T-integrable on T and [, fdm = [ fdm.



366 ALINA CRISTIANA GAVRILUT and ALINA PETCU 16

The only if part.

Because f is m-integrable on T, there exists a partition ]55 € P such
that

lo(P, f,m) — / fdm| < g, for every P € P, with P > P..
T

We consider the partition ﬁg = ﬁg A P, where P. is the same partition

as in (24). Let P = {Bj},_7; be a partition of 7" so that P > P. and
t; € Bj, j = 1,q arbitrarily chosen.

Since P > ]36, we have

q

(29) > faym(s) ~ [ pam < 5.

j=1
Now, as in the if part we obtain

q q

(30) > FEmBy) = Y fE)mBy)| < 5.

j=1 j=1
Consequently, from (29) and (30) we have

q

S f(t)m(By) - /T fam| < IS ftymB;) — S f(t)m(B;)
j=1

j=1

Jj=1

q
Y feym(B) - [ paml < § 45 =
=1 r

which means that f is m-integrable on T'and [, fdm = [, fdm, as claimed.

Theorem 2.16. Let m : A +— Ry be a submeasure of finite variation

and f : T — R a bounded function. Then the following statements are
equivalent:

i) f is m-integrable;
ii) f is m-integrable;
iii) f is m-totally-measurable.

Proof. By theorem 2.15, i) is equivalent to ii).
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Now, we prove that ii) is equivalent to iii). Indeed, according to theorem
4.7 [7] and remark 2.2, we get that f is m-integrable if and only if f is m
-totally-measurable on T'.

Theorem 2.17. Let m : A+— Ry be a submeasure of finite variation
and f : T +— R a m-integrable function on T. Then |f| is m-integrable

and, moreover,
[ raml < [ 151dm.
T T

Proof. According to theorem 2.16, it is sufficient to prove that |f| is
m-totally-measurable on T'.

Let € > 0. Since f is m-integrable on T, then, according to theorem
2.16, it is m-totally-measurable on 7. Hence, there exists a partition P. =
{Ao, A1,..., An} of T such that m(Ag) < e and sup; ;e 4, |f(t) — f(s)] <
g, for every ¢ = 1, n.

Because

sup |[f(O)] = [f(s)[| < sup [f(t) = f(s)| <e, for everyi=1,n,
t,s€EA; t,s€A;

then |f| is m -totally-measurable and hence m-integrable on T
Since — | f| < f < |f|, from theorem 2.7 i) and v) we get that

[ian==[iflan< [gam< [if1am
T T T

T

Consequently, | [ fdm| < [|f|dm.
T T

Theorem 2.18. Let m : A +— Ry be a submeasure of finite variation
and f,g : T — R two m-integrable functions on T. Then the functions
sup(f,g) and inf(f,g) are m-integrable on T.

Proof. According to theorems 2.7 i), iv) and 2.17 we have that f + ¢ ,
f—gand |f — g| are m-integrable on T'. Hence, sup(f, g) = %(f—&—g—|—|f —4q|)
and inf(f,g) = 5(f + g — |f — g|) are m-integrable on 7.
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