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1. Introduction. This paper in concerned with the study of the
existence and uniqueness for the following Hamilton–Jacobi equation
(1.1)




Ut(t, x)− F (x,Ux(t, x))− (Ax,Ux(t, x)) = g(x), (t, x) ∈ R+ ×H

U(0, x) = ϕ0(x), x ∈ H,

where H is a Hilbert space with the norm | · | and scalar product (·, ·). The
unknown function U is real valued and defined on [0; +∞) × H, ϕ0, g are
given functions on H and Ut, Ux stand for the derivatives with respect to
variables t and x of the function U , respectively.

∗The author acknowledges support from the Romanian Ministry of Education and
Research through CEEX program Contract CERES-2-Cex06-11-56/25.07.2006.
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In the following we assume that A is the infinitesimal generator of a
C0−semigroup on H which satisfies ‖eAt‖ ≤ M and F is given by

(1.2) F (x, p) = min
z∈Z

max
y∈Y

{(f(y, z), p) + h(x, y, z)},

where Y, Z are two compact sets of a topological space Ω and f : Y ×Z → H,
h : H×Y ×Z → R, g : H → R are bounded and uniformly continuous func-
tions with bound constants Mf ,Mg,Mh and, moduli of uniform continuity
ωf , ωg, ωh, respectively.

We also assume that the max-min condition is fulfilled, i.e.

(1.3)
min
z∈Z

max
y∈Y

{(f(y, z), p) + h(x, y, z)}

= max
y∈Y

min
z∈Z

{(f(y, z), p) + h(x, y, z)} for every x, p ∈ H.

Given a Banach space (X, ‖·‖) denote by BUC(X) the space of bounded
uniformly continuous real valued functions on X endowed with the norm

‖f‖b = sup{|f(x)|; x ∈ X}.
By Lip(X) we denote the space of all Lipschitz functions f : X → R.

It is well known that Eq. (1.1) is related to certain differential game
[7,9]. The value of this differential game can be viewed as the generalized
solution of Eq. (1.1).

2. Definition and study of the differential game. Let us intro-
duce the following sets

(2.1)
M(t) = {y : [t, +∞) → Y ; y measurable},
N(t) = {z : [t,+∞) → Z; z measurable}.

M(t) and N(t) will be named sets of controls employed by players I and II,
respectively.

Fix t ≥ 0, x ∈ H and consider the differential equation

(2.2)

{
ẋ(s) = Ax(s) + f(y(s), z(s)), s ≥ t,

x(t) = x,

where A and f satisfy the conditions from the previous section and y ∈
M(t), z ∈ N(t).
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Following now [6, 8] we define the strategies of the player I (beginning
at time t) as any mapping

α : N(t) → M(t)

such that for each t ≤ s and z, ẑ ∈ N(t) we have

z(τ) = ẑ(τ) a.e. t ≤ τ ≤ s

implies
α[z](τ) = α[ẑ](τ) a.e. t ≤ τ ≤ s.

Similarly, any mapping
β : M(t) → N(t)

with the property that for each t ≤ s and y, ŷ ∈ M(t) satisfying y(τ) = ŷ(τ)
a.e. t ≤ τ ≤ s we have

β[y](τ) = β[ŷ](τ) a.e. t ≤ τ ≤ s,

is named a strategy of player II (beginning at time t).
We denote by Γ(t) and ∆(t) the sets of all strategies beginning at time

t for the player I and player II, respectively.
We associate with Eq. (2.2) the payoff functional

(Pλ) Pλ(y, z) =
∫ +∞

t
e−λsh(x(s), y(s), z(s))ds,

where h satisfies the conditions from Section 1, y ∈ M(t), z ∈ N(t), x(t) is
the “mild” solution of Eq. (2.2), and λ is a positive parameter.

The goal of player I is to maximize Pλ and the goal of player II is to
minimize Pλ.

Let us define the lower value and the upper value of the differential game
Vλ and Uλ, respectively.

(2.3)

Vλ(t, x) = inf
β∈∆(t)

sup
y∈M(t)

Pλ(y, β[y])

= inf
β∈∆(t)

sup
y∈M(t)

{∫ +∞

t
e−λsh(x(s), y(s), β[y](s))ds

}
,
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where x(·) is the solution of Eq. (2.2) with y(·) and z(·) = β[y](·).
(2.4)

Uλ(t, x) = sup
α∈Γ(t)

inf
z∈N(t)

Pλ(α[z], z)

= sup
α∈Γ(t)

inf
z∈N(t)

{∫ +∞

t
e−λsh(x(s), y(s), α[z](s), z(s))ds

}
,

where x(·) is the solution of Eq. (2.2) with y(·) = α[z](·) and z(·).

Theorem 2.1. (Dynamic programming optimality condition) For each
0 ≤ t < t + σ and x ∈ H we have

(2.5)
Uλ(t, x) = sup

α∈Γ(t)
inf

z∈N(t)

{∫ t+σ

t
e−λsh(x(s), α[z](s), z(s))ds

+Uλ(t + σ, x(t + σ))}
and

(2.6)
Vλ(t, x) = inf

β∈∆(t)
sup

y∈M(t)

{∫ t+σ

t
e−λsh(x(s), y(s), β[y](s))ds

+Vλ(t + σ, x(t + σ))} .

Proof. We shall adopt the method from [7, 8] and we shall present the
proof for reader’s convenience.

Let

(2.7)
W (t, x) = sup

α∈Γ(t)
inf

z∈N(t)

{∫ t+σ

t
e−λsh(x(s), α[z](s), z(s))ds

+Uλ(t + σ, x(t + σ))}
and fix ε > 0.

Then there exists γ ∈ Γ(t) such that

(2.8)
W (t, x) ≤ inf

z∈N(t)

{∫ t+σ

t
e−λsh(x(s), γ[z](s), z(s))ds

+Uλ(t + σ, x(t + σ))}+ ε.

Also, for each w ∈ H, there exists γw ∈ Γ(t + σ) such that

(2.9) Uλ(t + σ,w) ≤ inf
z∈N(t+σ)

{∫ +∞

t+σ
e−λsh(x(s), γw[z](s), z(s))ds

}
+ ε.
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Let us define now α ∈ Γ(t) by

α[z](s) =
{

γ[z](s), t ≤ s ≤ t + σ
γx(t+σ)[z](s), t + σ < s,

for every z ∈ N(t), where x(·) is the solution of Eq. (2.2) for y = γ[z] and
z with the initial condition x.

Therefore, using (2.8) and (2.9), we have

W (t, x) ≤ inf
z∈N(t)

{∫ +∞

t
e−λsh(x(s), α[z](s), z(s))ds

}
+ 2ε,

and taking supremum over α ∈ Γ(t) it results

(2.10) W (t, x) ≤ Uλ(t, x) + 2ε.

On the other hand, there exists α ∈ Γ(t) such that

(2.11) Uλ(t, x) ≤ inf
z∈N(t)

{∫ +∞

t
e−λsh(x(s), α[z](s), z(s))ds

}
+ ε.

Then we have (with α from (2.11))

W (t, x) ≥ inf
z∈N(t)

{∫ t+σ

t
e−λsh(x(s), α[z](s), z(s))ds + Uλ(t + σ, x(t + σ))

}
,

and there exists z1 ∈ N(t) such that
(2.12)

W (t, x) ≥
∫ t+σ

t
e−λsh(x(s), α[z1](s), z1(s))ds + Uλ(t + σ, x(t + σ))− ε.

Now, for each z ∈ N(t + σ) we define z̃ ∈ N(t) by

z̃(s) =
{

z1(s), t ≤ s < t + σ
z(s), t + σ ≤ s

and then we define α
˜
∈ Γ(t + σ) by

α
˜
[z](s) = α[z̃](s) for s ≥ t + σ.

Therefore

Uλ(t + σ, x(t + σ)) ≥ inf
z∈N(t+σ)

{∫ +∞

t+σ
e−λsh(x(s), α

˜
[z](s), z(s))ds

}
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and there exists z2 ∈ N(t + σ) such that

(2.13) Uλ(t + σ, x(t + σ)) ≥
∫ +∞

t+σ
e−λsh(x(s), α

˜
[z2](s), z2(s))ds− ε.

From (2.12) and (2.13), defining z ∈ N(t) by

z(s) =
{

z1(s), t ≤ s < t + σ
z2(s), t + σ ≤ s,

we obtain

W (t, x) ≥
∫ +∞

t
e−λsh(x(s), α[z](s), z(s))ds− 2ε.

Using now (2.11) it results

W (t, x) ≥ Uλ(t, x)− 3ε for each ε > 0.

This last relation together with (2.10) give us

Uλ(t, x) = W (t, x).

For (2.6) the proof is similar.
Let us consider now the infinite horizon problem (for t = 0)

U0
λ(x) ≡ sup

α∈Γ0

inf
z∈N0

{∫ +∞

0
e−λs[g(x(s)) + h(x(s), α[z](s), z(s))]ds

}

and

V 0
λ (x) ≡ inf

β∈∆0

sup
y∈M0

{∫ +∞

0
e−λs[g(x(s)) + h(x(s), y(s), β[y](s))]ds

}

where x(·) is the solution of the equation

(2.14)
{

ẋ(s) = Ax(s) + f(α[z](s), z(s)), s > 0
x(0) = x

and

(2.15)
{

ẋ(s) = Ax(s) + f(y(s), β[y](s)), s > 0
x(0) = x,
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for U0
λ(·) and V 0

λ (·), respectively.

Proposition 2.1. U0
λ(·) and V 0

λ (·) are bounded and uniformly continu-
ous on H. Moreover, if g and h are Lipschitzian, then U0

λ(·) and V 0
λ (·) are

Lipschitzian.

Proof. We shall prove the assertion only for U0
λ(·).

|U0
λ(x)| ≤

∫ +∞

0
e−λs(|g(x(s))|+ |h(x(s), α[z](s), z(s))|)ds ≤ c

λ
, ∀x ∈ H,

where c is a constant which bounds the sum |g|+ |h|.
Let us prove now that U0

λ(·) is uniformly continuous on H.
Fix x1, x2 ∈ H and ε > 0. Let α ∈ Γ0 such that

U0
λ(x1) ≤ inf

z∈N0

∫ +∞

0
e−λs[g(x2(s)) + h(x2(s), α[z](s), z(s))]ds + ε

and let z ∈ N0 such that

U0
λ(x2) ≥

∫ +∞

0
e−λs[g(x2(s)) + h(x2(s), α[z](s), z(s))]ds− ε.

Therefore

U0
λ(x1) ≤

∫ +∞

0
e−λs[g(x(s)) + h(x(s), α[z](s), z(s))]ds + ε.

Here x1(·) is the solution of the problem
{

ẋ1(s) = Ax1(s) + f(α[z](s), z(s)), s > 0
x1(0) = x1,

and x2(·) is the solution of the problem
{

ẋ2(s) = Ax2(s) + f(α[z](s), z(s)), s > 0
x2(0) = x2.

Then we have

|x1(s)− x2(s)| ≤ M |x1 − x2|, ∀s ≥ 0, where ‖eAt‖ ≤ M, t ≥ 0.
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Using these estimations one can easily obtain

U0
λ(x1)− U0

λ(x2) ≤
∫ +∞

0
e−λs[g(x1(s))− g(x2(s))]ds

+
∫ +∞

0
e−λs[h(x1(s), α[z](s), z(s))− h(x2(s), α[z](s), z(s))]ds + 2ε

≤ 1
λ

ωg(|x1 − x2|) +
1
λ

ωh(|x1 − x2|) + 2ε,

where ωg, ωh are moduli of continuity for g and h, respectively.
On the other hand, let α ∈ Γ0 such that

U0
λ(x2) ≤ inf

z∈N0

{∫ +∞

0
e−λs[g(x2(s)) + h(x2(s), α[z](s), z(s))]ds

}
+ ε.

Choose now z ∈ N0 such that

U0
λ(x1) ≥

∫ +∞

0
e−λs[g(x1(s)) + h(x1(s), α[z](s), z(s))]ds− ε,

where x1(·), x2(·) are the solutions of (2.14) with x1(0) = x1 and x2(0) = x2,
respectively.
Now it is easy to see that

U0
λ(x2)− U0

λ(x1) ≤
∫ +∞

0
e−λs[g(x2(s))− g(x1(s))]ds

+
∫ +∞

0
e−λs[h(x2(s), α[z](s), z(s))− h(x1(s), α[z](s), z(s))]ds + 2ε

≤ 1
λ

ωg(|x1 − x2|) +
1
λ

ωh(|x1 − x2|) + 2ε.

Therefore

|U0
λ(x1)− U0

λ(x2)| ≤ 1
λ

[ωg(|x1 − x2|) + ωh(|x1 − x2|)], for x1, x2 ∈ H.

If g and h are Lipschitzian then we easily obtain

|U0
λ(x1)− U0

λ(x2)| ≤ 1
λ

(Lg + Lh)|x1 − x2|, for x1, x2 ∈ H

where Lg and Lh are Lipschitz constants for g and h, respectively.
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Let g ∈ BUC(H) (or Lipschitzian) and λ > 0. We define (see [2, 3])
(2.16)

(Rs(λ)g)(x) ≡ sup
α∈Γ0

inf
z∈N0

{∫ +∞

0
e−λs[g(x(s)) + h(x(s), α[z](s), z(s))]ds

}

and
(2.17)

(Rd(λ)g)(x) ≡ inf
β∈∆0

sup
y∈M0

{∫ +∞

0
e−λs[g(x(s)) + h(x(s), y(s), β[y](s))]ds

}
,

where x(·) from (2.16) and (2.17) is the solution of the Cauchy problem
(2.14) and (2.15), respectively.

Proposition 2.2. For λ > 0 and g ∈ BUC(H) the following assertions
are true:

(i) Rs(λ)g and Rd(λ)g belong to BUC(H).
(ii) Rs(λ)g = Rs(µ)[(µ− λ)Rs(λ)g + g] for 0 < λ ≤ µ < +∞,
Rd(λ)g = Rd(µ)[(µ− λ)Rd(λ)g + g] for 0 < λ ≤ µ < +∞.
Moreover, if g ∈ Lip(H) then Rs(λ)g and Rd(λ)g belong to Lip(H).

Proof. The fact that Rs(λ)g and Rd(λ)g belong to BUC(H) (or
Lip(H)) results from Proposition 2.1. We shall show the resolvent equality
only for Rs(λ), the other equality is similarly proved.

From the definition of Rs(µ)g we have

Rs(µ)[(µ− λ)Rs(λ)g + g](x)

= sup
α∈Γ0

inf
z∈N0

{∫ +∞

0
e−µt {[g(x(t)) + h(x(t), α[z](t), z(t))]

+(µ− λ) sup
α̃∈Γ0

inf
z̃∈N0

∫ +∞

0
e−λs[g(x̃(s)) + h(x̃(s), α̃[z̃](s), z̃(s))]ds;

˙̃x(s) = Ax̃(s) + f(α̃[z̃](s), z̃(s)), x̃(0) = x(t)
}

dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}
.
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Obviously, for each α ∈ Γ0, we have

Rs(µ)[(µ− λ)Rs(λ)g + g](x)

≥ inf
z∈N0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), α[z](t), z(t))]

+(µ− λ) inf
z̃∈N0

{∫ +∞

0
e−λs[g(x̃(s)) + h(x̃(s), α[z̃](s), z̃(s))]ds;

˙̃x(s) = Ax̃(s) + f(α[z̃](s), z̃(s)), x̃(0) = x(t)
}

dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}
.

We shall prove that for each α ∈ Γ0 we have

inf
z∈N0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), α[z](t), z(t))]

+(µ− λ) inf
z̃∈N0

{∫ +∞

0
e−λs[g(x̃(s)) + h(x̃(s), α[z̃](s), z̃(s))]ds;

˙̃x(s) = Ax̃(s) + f(α[z̃](s), z̃(s)), x̃(0) = x(t)]
}

dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}

≥ inf
z∈N0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), α[z](t), z(t))]dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}
.

Let us consider the inequality
(2.18)

inf
z∈N0

{∫ +∞

0
e−λt[g(x(t)) + h(x(t), α[z](t), z(t))]dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}

≤
∫ t

0
e−λs[g(x∗(s)) + h(x∗(s), α[z∗](s), z∗(s))]ds

+
∫ +∞

t
e−λs[g(x̃∗(s− t)) + h(x̃∗(s− t), α[z̃∗](s− t), z̃∗(s− t))]ds,
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where (x∗, z∗), (x̃∗t , z̃∗t ) satisfy (2.14) with initial conditions x∗(0) = x,
x̃∗t (0) = x∗(t) and they are chosen such that

(2.19)

inf
z∈N0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), α[z](t), z(t))]

+(µ− λ) inf
z̃∈N0

{∫ +∞

0
e−λs[g(x̃(s)) + h(x̃(s), α[z̃](s), z̃(s))]ds;

˙̃x(s) = Ax̃(s) + f(α[z̃](s), z̃(s)), x̃(0) = x(t)
}]

dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}

≥
∫ +∞

0
e−µt[g(x∗(t)) + h(x∗(t), α[z∗](t), z∗(t))]dt

+(µ− λ)
∫ +∞

0
e−λs[g(x̃∗t (s)) + h(x̃∗t (s), α[z̃∗t ](s), z̃∗t (s))]dsdt− ε,

where ε > 0 is arbitrarily chosen.
Now, we multiply inequality (2.18) by e−(µ−λ)t and then we integrate it on
[0;+∞]. In this way we obtain

(2.20)

1
µ− λ

inf
z∈N0

{∫ +∞

0
e−λt[g(x(t)) + h(x(t), α[z](t), z(t))]dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}

≤ 1
µ− λ

∫ +∞

0
e−µt[g(x∗(t)) + h(x∗(t), α[z∗](t), z∗(t))]dt

+
∫ ∞

t
e−(µ−λ)t

∫ ∞

t
e−λs[g(x̃∗(s− t))

+h(x̃∗(s− t), α[z̃∗](s− t), z̃∗(s− t))]dsdt.

From (2.20) using (2.19) one can easily obtain

inf
z∈N0

{∫ +∞

0
e−λt[g(x(t)) + h(x(t), α[z](t), z(t))]dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}
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(2.21)

≤ inf
z∈N0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), α[z](t), z(t)))

+(µ− λ) inf
z̃∈N0

{∫ +∞

0
e−λs[g(x̃(s)) + h(x̃(s), α[z̃](s), z̃(s))]ds;

˙̃x(s) = Ax̃(s) + f(α[z̃](s), z̃(s)), x̃(0) = x(t)
}

]dt;

ẋ(t) = Ax(t) + f(α[z](t), z(t)), x(0) = x

}
+ ε

Taking supremum over all α ∈ Γ0 it results

(Rs(λ)g)(x) ≤ Rs(µ)[(µ− λ)Rs(λ)g + g](x).

Now let us demonstrate the opposite inequality.
Obviously, for each β ∈ ∆0 we have

Rd(µ)[(µ− λ)Rd(λ)g + g](x)

= inf
β∈∆0

sup
y∈M0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), y(t), β[y](t))

+(µ− λ) inf
β̃∈∆0

sup
ỹ∈M0

{∫ +∞

0
e−λs[g(x̃(s)) + h(x̃(s), ỹ(s), β̃[ỹ](s))]ds;

˙̃x(s) = Ax̃(s) + f(ỹ(s), β̃[ỹ](s)), x̃(0) = x(t)
}

]dt;

ẋ(t) = Ax(t) + f(y(t), β[y](t)), x(0) = x

}

≤ sup
y∈M0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), y(t), β[y](t))

+(µ− λ) sup
ỹ∈M0

{∫ +∞

0
e−λs[g(x̃(s)) + h(x̃(s), ỹ(s), β[ỹ](s))]ds;

˙̃x(s) = Ax̃(s) + f(ỹ(s), β[ỹ](s)), x̃(0) = x(t)
}
]dt;

ẋ(t) = Ax(t) + f(y(t), β[y](t)), x(0) = x

}
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= − inf
y∈M0

{∫ +∞

0
e−λs[(−g)(x(t)) + (−h)(x(t), y(t), β[y](t))

+(µ− λ) inf
ỹ∈M0

{∫ +∞

0
e−λs[(−g)(x̃(s)) + (−h)(x̃(s), ỹ(s), β[ỹ](s))]ds;

˙̃x(s) = Ax̃(s) + f(ỹ(s), β[ỹ](s)), x̃(0) = x(t)
}

]dt;

ẋ(t) = Ax(t) + f(y(t), β[y](t)), x(0) = x

}
.

Now, taking into account the relation (2.21) with (−g) and (−h) instead of
g and h, it results

sup
y∈M0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), y(t), β[y](t))

+(µ− λ) sup
ỹ∈M0

{∫ +∞

0
e−λs[g(x̃(s)) + h(x̃(s), ỹ(s), β[ỹ](s))]ds;

˙̃x(s) = Ax̃(s) + f(ỹ(s), β[ỹ](s)), x̃(0) = x(t)
}

]dt;

ẋ(t) = Ax(t) + f(y(s), β[y](s)), x(0) = x

}

≤ sup
y∈M0

{∫ +∞

0
e−µt[g(x(t)) + h(x(t), y(t), β[y](t))]dt;

ẋ(t) = Ax(t) + f(y(t), β[y](t)), x(0) = x

}
+ ε,

for ε arbitrarily chosen.
Taking infimum over all β ∈ ∆0 we obtain

Rd(µ)[(µ− λ)Rd(λ)g + g](x) ≤ (Rd(λ)g)(x), for every x ∈ H.

We make the remark that if Rs(λ)g = Rd(λ)g for every g ∈ BUC(H), then
the proof is finished.

So, we need of the following lemma:

Lemma 2.1. In the hypotheses (1.2), (1.3) we have

Rs(λ)g = Rd(λ)g, for every g ∈ BUC(H) and λ > 0.
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Proof. Let Anx =
e

1
n

Ax− x
1
n

, x ∈ H.

We shall denote by xn(·) the solution of (2.1) where we consider An instead
of A and we shall consider the same differential game with the state xn(·).
First of all we shall prove that Rs

n(λ)g and Rd
n(λ)g are viscosity solutions

for a certain Hamilton–Jacobi equation. Then using a uniqueness result
of M.G. Crandall and P.L. Lions we shall obtain that Rs

n(λ)g = Rd
n(λ)g.

Making n → +∞ it will result Rs(λ)g = Rd(λ)g.
Let us consider the following Hamilton–Jacobi equation

(2.22)
λV (x)−max

y∈Y
min
z∈Z

{(f(y, z), Vx(x)) + (Anx, Vx(x))

+h(x, y, z) + g(x)} = 0, x ∈ H;λ > 0.

Let

(2.23)
(Rs

n(λ)g)(x) = sup
α∈Γ0

inf
z∈N0

{∫ +∞

0
e−λt[g(xn(t)) + h(xn(t), α[z](t),

z(t))]dt; ẋ(t) = Anx(t) + f(α[z](t), z(t)), x(0) = x

}
.

We shall prove only that Rs
n(λ)g is a viscosity solution for (2.22). To prove

that Rd
n(λ)g is also a viscosity solution for (2.22) is quite similar.

Let ϕ ∈ C1(H) and let x0 ∈ H be a local maximum point for (Rs
n(λ)g−ϕ).

We shall prove that

λ(Rs
n(λ)g)(x0)−max

y∈Y
min
z∈Z

{(f(y, z), ϕx(x0)) + (An(x0), ϕx(x0))

+h(x0, y, z) + g(x0)} ≤ 0.

If this is not true, then there exists some θ > 0 such that

λ(Rs
n(λ)g)(x0)−max

y∈Y
min
z∈Z

{(f(y, z), ϕx(x0)) + (An(x0), ϕx(x0))

+h(x0, y, z) + g(x0)} ≥ θ > 0.

Equivalently

(2.24)
−λ(Rs

n(λ)g)(x0) + max
y∈Y

min
z∈Z

{(f(y, z), ϕx(x0)) + (An(x0), ϕx(x0))

+h(x0, y, z) + g(x0)} ≤ −θ < 0.
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Let

Λ(x, y, z) = −λ(Rs
n(λ)g)(x) + {(f(y, z), ϕx(x))

+(An(x), ϕx(x)) + h(x, y, z) + g(x)}.

Using this notation and max-min condition (1.3) we may write (2.24) as

max
y∈Y

min
z∈Z

Λ(x0, y, z) = min
z∈Z

max
y∈Y

Λ(x0, y, z) ≤ −θ < 0.

Therefore there exists z∗ ∈ Z such that

max
y∈Y

Λ(x0, y, z∗) ≤ −θ.

Since Λ is uniformly continuous we have

max
y∈Y

Λ(xn(t), y, z∗) ≤ −θ

2
< 0

for 0 ≤ t ≤ σ, where σ > 0 is small enough and xn(·) is the solution of
(2.14) with An instead of A and xn(0) = x0. Hence, for z(·) ≡ z∗ and any
α ∈ Γ0 we have

(2.25)
−λ(Rs

n(λ)g)(xn(t)) + (Anxn(t), ϕx(xn(t)) + (f(α[z](t), z(t)),

ϕx(xn(t))) + h(xn(t), α[z](t), z(t)) + g(xn(t)) ≤ −θ

2
.

We multiply (2.25) by e−λt and integrate from 0 to σ to obtain

−λ

∫ σ

0
e−λt(Rs

n(λ)g)(xn(t))dt +
∫ σ

0
e−λt[(Anxn(t), ϕx(xn(t))

+(f(α[z](t), z(t)), ϕx(xn(t)))]dt +
∫ σ

0
e−λth(xn(t), α[z](t), z(t))dt

+
∫ σ

0
e−λtg(xn(t))dt ≤ − θ

2λ
(1− e−λσ).

Taking into account (2.14) it results

−λ

∫ σ

0
e−λt(Rs

n(λ)g)(xn(t))dt + λ

∫ σ

0
e−λtϕ(xn(t))dt− λ

∫ σ

0
ϕ(xn(t))dt
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+
∫ σ

0
e−λt d

dt
ϕ(xn(t))dt +

∫ σ

0
e−λth(xn(t), α[z](t), z(t))dt

+
∫ σ

0
e−λtg(xn(t))dt ≤ − θ

2λ
(1− e−λσ).

Hence
(2.26)

−λ

∫ σ

0
e−λt[(Rs

n(λ)g)(xn(t))− ϕ(xn(t))]dt + e−λσϕ(xn(σ))− ϕ(x0)

+
∫ σ

0
e−λt[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt ≤ − θ

2λ
(1− e−λσ).

Using the fact that x0 is a maximum point for Rs
n(λ)g − ϕ we obtain

(2.27) (Rs
n(λ)g)(x0)− ϕ(x0) ≥ (Rs

n(λ)g)(xn(t))− ϕ(xn(t)), t ≥ 0.

From (2.26) and (2.27) we get

−λ

∫ σ

0
e−λt[(Rs

n(λ)g)(x0)− ϕ(x0)]dt + e−λσϕ(xn(σ))− ϕ(x0)

+
∫ σ

0
e−λt[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt ≤ − θ

2λ
(1− e−λσ),

i.e.

(e−λσ − 1)(Rs
n(λ)g)(x0)− (e−λσ − 1)ϕ(x0) + e−λσ(Rs

n(λ)g)(xn(σ))

−e−λσ(Rs
n(λ)g)(x0) + e−λσϕ(x0)− ϕ(x0)

+
∫ σ

0
e−λt[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt ≤ − θ

2λ
(1− e−λσ).

Therefore
θ

2λ
(1− e−λσ) ≤ (Rs

n(λ)g)(x0)

−
{∫ σ

0
e−λt[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt + e−λσ(Rs

n(λ)g)(xn(σ))
}

.

Taking now infimum for z ∈ N0 we obtain

0 <
θ

2λ
(1− e−λσ) ≤ (Rs

n(λ)g)(x0)
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− inf
z∈N0

{∫ σ

0
e−λt[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt + e−λσ(Rs

n(λ)g)(xn(σ))
}

,

for every α ∈ Γ0. Taking now supremum for α ∈ Γ0 and using Theorem 2.1
it results

θ

2λ
(1− e−λσ) ≤ 0,

but σ > 0 and so the assumption (2.24) is false.
We shall prove now that Rs(λ)g is a viscosity supersolution.
Let ϕ ∈ C1(H) and let x0 ∈ H be a local minimum for (Rs

n(λ)g − ϕ).
If the inequality condition for supersolution is not true in x0 then there
exists θ > 0 such that

−λ(Rs
n(λ)g)(x0) + max

y∈Y
min
z∈Z

{(f(y, z), ϕx(x0))

+(Anx0, ϕx(x0)) + h(x0, y, z) + g(x0)} ≥ θ > 0,

i.e.
max
y∈Y

min
z∈Z

Λ(x0, y, z) ≥ θ > 0.

Using the method from [8], we obtain that for each z ∈ Z, there exists
y(z) ∈ Y such that

Λ(x0, y(z), z) ≥ θ

2
.

Using again the uniform continuity of Λ we get

Λ(x0, y(z), u) ≥ θ

4
,

for u ∈ Vz where Vz is a certain open neighborhood of z .
Because Z is compact we can find some distinct points z1, ..., zn ∈ Z to
which correspond the points y1, ...yn ∈ Y such that

Z ⊂
n⋃

i=1

Vzi

and
Λ(x0, yi, u) ≥ θ

4
for u ∈ Vzi .

Let us define now
ϕ : Z → Y



400 TEODOR HAVÂRNEANU 18

by
ϕ(z) = yi

if

z ∈ Vzi \
i−1⋃

k=1

Vzk
, i = 1, 2, ..., n.

Therefore
Λ(x0, ϕ(z), z) ≥ θ

4
for all z ∈ Z.

But Λ is uniformly continuous and so we have for each sufficiently small
σ > 0

(2.28) Λ(xn(s), ϕ(z), z) ≥ θ

8

for all z ∈ Z, 0 ≤ s ≤ σ, where xn(·) is the solution on (2.14) with y(·), z(·)
arbitrarily chosen and xn(0) = x0.
Now we define α ∈ Γ0 by

α[z](s) = ϕ(z(s))

for each z ∈ N0, s ≥ 0.
Using (2.28) we obtain

(2.29) Λ(xn(s), α[z](s), z(s)) ≥ θ

8
, 0 ≤ s ≤ σ,

for every z ∈ N0.
We multiply (2.27) by e−λt and integrate from 0 to σ to obtain

−λ

∫ σ

0
e−λt[(Rs

n(λ)g)(xn(t))dt +
∫ σ

0
e−λt[(Anxn(t), ϕx(xn(t)))

+(f(α[z](t), z(t)), ϕx(xn(t)))]dt +
∫ σ

0
e−λth(xn(t), α[z](t), z(t))dt

+
∫ σ

0
e−λtg(xn(t))dt ≥ θ

2λ
(1− e−λσ).

Using again (2.14) we get

−λ

∫ σ

0
e−λt(Rs

n(λ)g)(xn(t))dt+λ

∫ σ

0
e−λtϕ(xn(t))dt−λ

∫ σ

0
e−λtϕ(xn(t))dt
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+
∫ σ

0
e−λt d

dt
ϕ(xn(t))dt +

∫ σ

0
e−λth(xn(t), α[z](t), z(t))dt

+
∫ σ

0
e−λtg(xn(t))dt ≥ θ

8λ
(1− e−λσ).

Therefore

(2.30)

−λ

∫ σ

0
e−λt[(Rs

n(λ)g)(xn(t))− ϕ(xn(t))]dt

+e−λσϕ(xn(σ))− ϕ(x0) +
∫ σ

0
e−λt[h(xn(t), α[z](t), z(t))

+g(xn(t))]dt ≥ θ

8λ
(1− e−λσ).

Taking into account that x0 is a minimum point for (Rs(λ)g−ϕ) and using
(2.30) it results after some calculations

(e−λσ − 1)(Rs
n(λ)g)(x0)− (e−λσ − 1)ϕ(x0) + e−λσ(Rs

n(λ)g)(xn(σ))

−e−λσ(Rs
n(λ)g)(x0) + e−λσϕ(x0)− ϕ(x0)

+
∫ σ

0
e−λσ[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt ≥ θ

8λ
(1− e−λσ),

i.e.

(Rs
n(λ)g)(x0)−

{∫ σ

0
e−λσ[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt

+e−λσ(Rs
n(λ)g)(xn(σ))

}
≤ θ

8λ
(1− e−λσ),

for each z ∈ N0.
Therefore

(Rs
n(λ)g)(x0)− inf

z∈N0

{∫ σ

0
e−λσ[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt

+e−λσ(Rs
n(λ)g)(xn(σ))

}
≤ − θ

8λ
(1− e−λσ).

Taking now supremum over all α ∈ Γ0 and using again Theorem 2.1 we
obtain

(Rs
n(λ)g)(x0)− (Rs

n(λ)g)(x0) ≤ − θ

8λ
(1− e−λσ)
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which is a contradiction. Hence (Rs
n(λ)g)(·) and (Rd

n(λ)g)(·) are viscosity
solutions of (2.22).
Calling now Theorem 1 [5] we get

Rs
n(λ)g = Rd

n(λ)g for every n ∈ N.

We shall prove now that

(2.31) lim
n→+∞(Rs

n(λ)g)(x) = (Rs(λ)g)(x), for x ∈ H,

(2.32) lim
n→+∞(Rd

n(λ)g)(x) = (Rd(λ)g)(x), for x ∈ H,

We prove only (2.31) because (2.32) is proved similarly.
Using the hypotheses on h, g, f and A we have

(2.33)

|(Rs(λ)g)(x)− (Rs
n(λ)g)(x)|

=
∣∣∣∣ sup
α∈Γ0

inf
z∈N0

∫ +∞

0
e−λt[h(x(t), α[z](t), z(t)) + g(x(t))]dt

− sup
α∈Γ0

inf
z∈N0

∫ +∞

0
e−λt[h(xn(t), α[z](t), z(t)) + g(xn(t))]dt

∣∣∣∣

≤
∫ +∞

0
e−λt[ωh|x(t)− xn(t)|+ ωg(|x(t)− xn(t)|)]dt

≤ 1
λ


ωh


 sup

t∈[0;T ]
α∈Γ0,z∈N0

|x(t)− xn(t)|



+ωg


 sup

t∈[0;T ]
α∈Γ0,z∈N0

|x(t)− xn(t)|




 + c(T ),

where c(T ) ≥ 0, lim
T→+∞

c(T ) = 0, and

x(t) = eAtx +
∫ t

0
eA(t−s)f(α[z](s), z(s))ds, t ∈ [0;T ],

xn(t) = eAntx +
∫ t

0
eAn(t−s)f(α[z](s), z(s))ds, t ∈ [0;T ].
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Therefore
|x(t)− xn(t)| ≤ |eAtx− eAntx|

+
∫ t

0
|[eA(t−s)f(α[z](s), z(s))− eAn(t−s)f(α[z](s), z(s))]|ds, t ∈ [0;T ].

We shall prove that

(2.34) lim
n→+∞

∫ t

0
|(eAs − eAns)f(y, z)|ds = 0

uniformly with respect to (y, z) ∈ Y × Z, t ∈ [0, T ].
Taking into account that Af is continuous we obtain

lim
n→+∞ |(e

As − eAns)f(y, z)| = 0

uniformly for s ∈ [0, T ] and (y, z) ∈ Y × Z and therefore (2.34).
Indeed, following [11, Theorem 8.1] we have

|(esA − esAn)f(y, z)| ≤ TM2|Af(y, z)−Anf(y, z)|, s ∈ [0, T ].

Let us suppose now that there exists ε > 0 such that there exists
{(yk, zk)}k∈N ⊆ Y × Z such that

(2.35) |Af(yk, zk)−Akf(yk, zk)| ≥ ε.

Because Af is continuous and Y × Z is compact we may suppose that
(yk, zk) → (y, z), Af(yk, zk) → Af(y, z).
Moreover,

k(e
1
k
Af(yk, zk)− f(yk, zk)) = k

∫ 1
k

0
esAf(yk, zk)ds

= eξkAAf(yk, zk),

where 0 < ξk <
1
k
. Therefore making k → +∞ in (2.35) we obtain a

contradiction.
In this way it results

(2.36) |x(t)− xn(t)| ≤ `n(x), t ∈ [0, T ],

where `n(x) −→
n→+∞ 0 and `n(x) is independent of (y, z) ∈ Y × Z.
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Now, using (2.33), (2.36) and the fact that c(T ) is independent of n, one
can easily obtain

lim
n→+∞ |(R

s(λ)g)(x)− (Rs
n(λ)g)(x)| ≤ c(T ), for T > 0,

i.e.
lim

n→+∞(Rs
n(λ)g)(x) = (Rs(λ)g)(x), for every x ∈ H.

So, the proof of Lemma 2.1 is finished.
In the following denote by R(λ)g the function Rs(λ)g = Rd(λ)g.

3. The semigroup approach of Eq. (1.1) Let A : D(A) ⊂
BUC(H) → BUC(H) be the operator defined by (see [2])

(3.1) AR(1)g = R(1)g − g for each g ∈ BUC(H)

with the domain

D(A) = {ϕ = R(1)g; g ∈ BUC(H)}.

Proposition 3.1. The operator A is m−dissipative on BUC(H) ×
BUC(H) and

(λI −A)−1 = R(λ) for λ > 0.

Proof. From Proposition 2.2 (ii), for µ = 0, 0 < λ ≤ 1 it results

(3.2) R(λ)g = R(1)[(1− λ)R(λ)g + g], 0 < λ ≤ 1, g ∈ BUC(H).

We have to prove that

(3.3) (λI −A)R(λ) = I.

But (3.3) is equivalent with

λR(λ)g − g = AR(λ)g, g ∈ BUC(H)

and from (3.2) we have

AR(λ)g = AR(1)[(1− λ)R(λ)g + g]
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= R(1)[(1− λ)R(λ)g + g]− (1− λ)R(λ)g − g = λR(λ)g − g.

Therefore
(λI −A)−1 = R(λ), 0 < λ ≤ 1.

On the other hand, from the definition of R(λ)g, taking into account that
∣∣∣∣
∫ +∞

0
[g1(x(s)) + h(x(s), α[z](s), z(s))]ds

−
∫ +∞

0
e−λs[g2(x(s)) + h(x(s), α[z](s), z(s))]ds

∣∣∣∣

≤ λ−1‖g1 − g2‖b, for every λ > 0 and g1, g1 ∈ BUC(H),

it results
‖R(λ)g1 −R(λ)g2‖b ≤ λ−1‖g1 − g2‖b

for every λ > 0 and g1, g1 ∈ BUC(H).
Therefore A is m−dissipative (see [1]).
Then, from the resolvent equality it results

(3.4) AR(λ)g = AR(µ)[(µ− λ)R(λ)g + g] with λ ∈ (0, 1] and µ > 1.

Because (λI −A)−1 = R(λ), 0 < λ ≤ 1, we have

(3.5) g = λR(λ)g −AR(λ)g, D(A) = {R(λ)g; g ∈ BUC(H)}

with 0 < λ ≤ 1.
From the relations (3.4), (3.5) and using again the resolvent equality, we
easily obtain

(3.6) AR(µ)[(µ−λ)R(λ)g+g] = µR(µ)[(µ−λ)R(λ)g+g]−(µ−λ)R(λ)g−g.

But (µ − λ)R(λ) + I : BUC(H) → BUC(H) is surjective because the
equation

(3.7) (µ− λ)(λI −A)−1g + g = v

has a solution g ∈ BUC(H) for every v ∈ BUC(H).
To prove this fact we use (3.5) to obtain

µR(λ)g − g −AR(λ)g + g = v
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or
(µI −A)R(λ)g = v,

butA is m−dissipative and so the equation (3.7) has a solution g ∈ BUC(H).
Thus we have obtained that

AR(λ)g = µR(µ)g − g, for every g ∈ BUC(H)

i.e.
R(µ)g = (µI −A)−1, for each µ > 0.

Let us define the function

(3.8)
(S(t)ϕ0)(x) = ϕ(t, x) = sup

α∈Γ0

inf
z∈N0

{∫ t

0
[g(x(s))

+h(x(s), α[z](s), z(s))]ds + ϕ0(x(t))
}

where x(·) is the solution of (2.14).

Remark 3.1. In the relation (3.8) the infimum may be taken over all
measurable controls z : [0; t] → Z and the supremum may be taken over all
strategies defined on the set of measurable controls z : [0; t] → Z.

Proposition 3.2. S(t) maps BUC(H) into itself and

(3.9) S(t)S(s)ϕ0 = S(t + s)ϕ0, for every t, s,≥ 0, and ϕ0 ∈ BUC(H)

(3.10)
‖S(t)ϕ0 − S(t)ϕ̃0‖b ≤ ‖ϕ0 − ϕ̃0‖b, for every t ≥ 0, ϕ0, ϕ̃0 ∈ BUC(H).

Proof. Relation (3.9) is obtained in the same way as (2.5) and (2.6)
from Theorem 2.1 (Dynamic Programming Principle) and relation (3.10)
results directly from the expression (3.8) of S(t).
In the other words, S(t) is a semigroup of nonlinear contractions on BUC(H).

Proposition 3.3. Let E = {g ∈ BUC(H) ∩ Lip(H); |g(x(t))− g(x)| ≤
Cg · t for t ∈ [0; 1], x(·) being the solution of (2.14) for α ∈ Γ0 and z ∈ N0}.
Then E = D(A).
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Proof. We shall prove that for g ∈ E

(I − µA)−1g → g in BUC(H) as µ → 0.

Indeed, for g ∈ E we have

((I − µA)−1g)(x) = (R(µ−1)(µ−1g))(x)

= sup
α∈Γ0

inf
z∈N0

{∫ +∞

0
e−µ−1t

[
1
µ

g(x(t)) + h(x(t), α[z](t), z(t))
]

dt;

x(·) verifies (2.14))
}

.

Then there exists αµ ∈ Γ0 such that

((I−µA)−1g)(x) ≤
{∫ +∞

0
e−µ−1t

[
1
µ

g(x1
µ(t)) + h(x1

µ(t), αµ[z](t), z(t))
]

dt;

x1
µ(·) verifies (2.14) with α = αµ

}
+ µ, for every z ∈ N0.

In the same manner, there exists zµ ∈ N0 such that

((I−µA)−1g)(x) ≥
{∫ +∞

0
e−µ−1t

[
1
µ

g(x2
µ(t)) + h(x2

µ(t), α[zµ](t), zµ(t))
]

dt;

x2
µ(·) verifies (2.14) with z = zµ

}
− µ, for every α ∈ Γ0.

Therefore, there exists αµ, zµ such that
(3.11) ∫ +∞

0
e−µ−1t [g(xµ(t)) + h(xµ(t), αµ[zµ](t), zµ(t))] dt− µ

≤ ((I − µA)−1g)(x) ≤
∫ +∞

0

[
1
µ

g(xµ(t)) + h(xµ(t), αµ[zµ](t), zµ(t))
]

dt

+µ, where x1
µ(·) verifies (2.14) with z = zµ and α = αµ.

From (3.11) it results

|((I − µ−1A)−1g)(x)− g(x)|
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≤
∣∣∣∣
∫ +∞

0
e−µ−1t

[
1
µ

(g(xµ(t))− g(x)) + h(xµ(t), αµ[zµ](t), zµ(t))
]

dt

∣∣∣∣ + µ

≤
∫ 1

0

1
µ

e−µ−1tCgtdt +
∫ +∞

1
e−µ−1t 1

µ
2Mgdt

+
∫ +∞

0
e−µ−1tMhdt + µ = (e−µ−1 − µe−µ−1

+ µ)Cg

+e−µ−1
2Mg + µMh + µ = γ(µ),

for every x ∈ H.
So, we have obtained

‖((I − µA)−1g)(·)− g(·)‖b ≤ γ(µ)

with γ(µ) → 0 as µ → 0.
Using the fact that (I−µ−1A)−1g belongs to D(A), it results that f ∈ D(A).
Hence E ⊂ D(A).
Now we shall prove that

(I − µA)−1g ∈ E for µ > 0 and g ∈ BUC(H) ∩ Lip(H).

Let µ > 0 and g ∈ BUC(H) ∩ Lip(H).
From Proposition 2.2 we have that (I − µA)−1g belongs to BUC(H) ∩
Lip(H). For every ε > 0 there are αε ∈ Γ0 and zε ∈ N0 such that

(3.12)

∣∣∣∣(R(µ−1)(µ−1g))(x)−
∫ +∞

0
e−µ−1t[g(xε(t))

+h(xε(t), αε[zε](t), zε(t))]dt

∣∣∣∣ ≤ ε.

Let x(·) be a solution of (2.14) for some α ∈ Γ0 and z ∈ N0.
Using the properties of f we obtain

(3.13) |x(t)− xε(t)| ≤ 2Mf · t, for t ≥ 0,

where x(·) and xε(·) solves (2.14) for (α, z) and (αε, zε), respectively.
Therefore

(3.14) |(R(µ−1)(µ−1g))(x(t))− (R(µ−1)(µ−1g))(xε(t))| ≤ ct for t ≥ 0,
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where c is a positive constant.
Now from Theorem 2.1 we have

(3.15)
R(µ−1)(µ−1g))(x) = sup

α∈Γ0

inf
z∈N0

{∫ t

0
e−µ−1s

[
1
µ

g(x(s))

+h(x(s), α[z](s), z(s))
]
ds + e−µ−1t(R(µ−1)(µ−1g))(x(t))

}
.

From (3.13) and (3.15) it results that for each ε > 0 there exists (αε, zε)
such that

∣∣∣∣(R(µ−1)(µ−1g))(x)− e−µ−1t(R(µ−1)(µ−1g))(xε(t))

−
∫ t

0
e−µ−1s[µ−1g(xε(s)) + h(xε(s), αε[zε](s), zε(s))]

∣∣∣∣ds ≤ ε,

where xε(·) is the solution of (2.14) for α = αε and z = zε.
Hence
(3.16)
|(R(µ−1)(µ−1g))(x)− e−µ−1t(R(µ−1)(µ−1g))(xε(t))| ≤ ct + ε for t ≥ 0.

Using the relations (3.15), (3.16) and making the following calculation, we
get

|R(µ−1)(µ−1g)(x)− (R(µ−1)(µ−1g))(x(t))|
≤ |R(µ−1)(µ−1g)(x)− e−µ−1t(R(µ−1)(µ−1g))(xε(t))|

+|e−µ−1t(R(µ−1)(µ−1g))(xε(t))− e−µ−1t(R(µ−1)(µ−1g))(x(t))|
+|e−µ−1t(R(µ−1)(µ−1g))(x(t))− (R(µ−1)(µ−1g))(x(t))|

≤ c · t + ε, for t > 0,

where c is a positive constant independent of ε.
Therefore (I − µA)−1g belongs to E for g ∈ BUC(H) ∩ Lip(H).
Since BUC(H)∩ Lip(H) is dense in BUC(H) (see [2, 10]) and (I − µA)−1

is nonexpansive in BUC(H) we obtain that (I − µA)−1g ∈ E for all g ∈
BUC(H). It is well known that limµ→0(I − µA)−1g = g in BUC(H), for
all g ∈ D(A).
Taking into account that (I − µA)−1g ∈ E for g ∈ BUC(H) ∩ Lip(H) it
results that D(A) ⊂ E .
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Using now the Crandall - Ligget theorem we obtain that for each ϕ0 ∈ D(A)
and g ∈ BUC(H) the Cauchy problem

(3.17)





dϕ

dt
∈ Aϕ + g in R+

ϕ(0) = ϕ0

has a unique weak solution ϕ : R+ → BUC(H) defined by the exponential
formula

ϕ(t) = lim
n→+∞

(
I − t

n
A

)−n (
t

n
g + ϕ0

)
.

The map
T (t) : D(A) → D(A)

defined by
T (t)ϕ0 = ϕ(t), t ≥ 0

(where ϕ(·) is given by (3.17)) is a continuous semigroup of nonlinear con-
tractions on D(A).

The main result is contained in the following theorem:

Theorem 3.1. If h, g ∈ BUC(H) ∩ Lip(H) then

S(t)ϕ0 = T (t)ϕ0 for all t ≥ 0 and ϕ0 ∈ D(A).

Moreover, the operator A is single valued and for all ϕ0 ∈ D(A)

(3.18) lim
1
t
[(S(t)ϕ0)(x)− ϕ0(x)] = (Aϕ0)(x) + g(x), for x ∈ H

and the limit in (3.18) is in the strong topology of H.

Proof. First of all we shall prove that S(t)(D(A)) ⊆ D(A).
Indeed, let ϕ0 ∈ E . Using Dynamic Programming Principle we have for all
0 ≤ s ≤ t
(3.19)

(S(t)ϕ0)(x) = sup
α∈Γ0

inf
z∈N0

{∫ s

0
[g(x(τ))

+h(x(τ), α[z](τ), z(τ))]dτ + (S(t)ϕ0)(x(t− s));x(·) verifies (2.14)
}
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Let ε > 0. Then there exist αε ∈ Γ0, zε ∈ N0 such that
∫ s

0
[g(xε(τ)) + h(xε(τ), αε[zε](τ), zε(τ))]dτ + (S(t− s)ϕ0)(xε(s))− ε

≤ (S(t)ϕ0)(x) ≤
∫ s

0
[g(xε(τ)) + h(xε(τ), αε[zε](τ), zε(τ))]dτ

+(S(t− s)ϕ0)(xε(s)) + ε.

Therefore
∫ s

0
[g(xε(τ)) + h(xε(τ), αε[zε](τ), zε(τ))]dτ + (S(t− s)ϕ0)(xε(s))

−(S(t)ϕ0)(xε(s))− ε ≤ (S(t)ϕ0)(x)− (S(t)ϕ0)(xε(s))

≤
∫ s

0
[g(xε(τ)) + h(xε(τ), αε[zε](τ), zε(τ))]dτ

+(S(t− s)ϕ0)(xε(s))− (S(t)ϕ0)(xε(s)) + ε.

Using the last relation we obtain

(3.20) |(S(t)ϕ0)(x)− (S(t)ϕ0)(xε(s))| ≤ cs + ‖S(s)ϕ0 − ϕ0‖b + ε

for certain positive constant c and s ∈ (0; t).
Let x(·) be the solution of (2.14). Then we have
(3.21)
|(S(t)ϕ0)(xε(s))− (S(t)ϕ0)(x)| ≤ c|xε(s)− x(s)| ≤ 2Mfcs, for s ≥ 0.

Using the fact that ϕ0 ∈ E and the definition of S(t)ϕ0 one can easily obtain

(3.22) ‖S(s)ϕ0 − ϕ0‖ ≤ cs, for s ≥ 0.

From (3.20), (3.21) and (3.22) it results

|S(t)ϕ0)(x(s))− (S(t)ϕ0)(x)| ≤ cs for 0 ≤ s ≤ t.

Therefore S(t)ϕ0 ∈ E .
Using now Proposition 3.3 we obtain the desired result.
Next, we give a nonlinear version of the Chernoff theorem (see [2], [4]).
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Proposition 3.4. Let C be a closed convex subset of a Banach space
Y and let A0 be a m−dissipative subset of Y × Y . Let {G(t); t ≥ 0} be a
family of nonexpansive mapping from C into itself such that

(3.23) lim
ρ↘0

(
I − λ

G(ρ)− I

ρ

)−1

x = (I − λA0)−1x

for all x ∈ D(A0) ∩ C and λ > 0. Then

lim
n→+∞

(
G

(
t

n

))n

= eA0tx, for t ≥ 0, x ∈ D(A0) ∩ C,

where eA0t is the semigroup generated by A0.
We shall apply Proposition 3.4 with C = E , G(ρ) = S(ρ) and A′ϕ = Aϕ+g
for ϕ ∈ D(A). In this case the relation (3.23) becomes

(3.24) lim
ρ↘0

(
I − λ

S(ρ)− I

ρ

)−1

ϕ0 = (I − λA0)−1(ϕ0 + λg)

for ϕ0 ∈ E .

Using the nonexpansivity of (I−λA)−1 and
(
I − λS(ρ)−I

ρ

)−1
on E = D(A)

we remark that it is sufficient to prove (3.24) for ϕ0 ∈ E .
We put

ϕρ =
(

I − λ
S(ρ)− I

ρ

)−1

ϕ0, ϕ = (I − λA)−1(ϕ0 + λg).

With these notations we have

(3.25) ϕρ =
ρ

ρ + λ
ϕ0 +

λ

ρ + λ
S(ρ)ϕρ.

Taking into account the definition of S(ρ) we may write

(3.26)
ϕρ(x) =

ρ

ρ + λ
ϕ0(x) +

λ

ρ + λ
sup
α∈Γ0

inf
z∈N0

{∫ ρ

0
[g(x(t))

+h(x(t), α[z](t), z(t))]dt + ϕρ(x(ρ)); x(·) verifies (2.14)
}

.

Using the definition of S(ρ) and the fact that ϕ0 ∈ E we get

(3.27) ‖S(ρ)ϕ0‖Lip(H) ≤ ρM‖g‖Lip(H) + M‖ϕ0‖Lip(H)



31 A SEMIGROUP APPROACH TO HAMILTON-JACOBI EQUATIONS 413

and

(3.28) ‖S(ρ)ϕ0‖b ≤ ρ(‖g‖b + c) + ‖ϕ0‖b,

for some positive constants c.
From (3.25), (3.27) and (3.28) it results

(3.29) ‖ϕρ‖Lip(H) ≤ M‖ϕ0‖Lip(H) + λM‖g‖Lip(H),

(3.30) ‖ϕρ‖b ≤ ‖ϕ0‖b + λ(‖g‖b + c).

Using now Theorem 2.1 we obtain

ϕ(x) = sup
α∈Γ0

inf
z∈N0

{∫ ρ

0
e−λ−1t[g(x(t)) + λ−1ϕ0(x(t))

+h(x(t), α[z](t), z(t))]dt + e−λ−1ρϕ(x(ρ)); x(·) solves (2.14)
}

.

Therefore there exist α1
ρ ∈ Γ0, z1

ρ ∈ N0 such that

(3.31)

ϕρ(x)− ϕ(x)

≤ ρ

ρ + λ
ϕ0(x) +

λ

ρ + λ

{∫ ρ

0
[g(xρ(t))

+h(xρ(t), αρ[zρ](t), zρ(t))]dt + ϕρ(xρ(ρ))
}

−
∫ ρ

0
e−λ−1t[g(xρ(t)) + λ−1ϕ0(xρ(t))

+h(xρ(t), αρ[zρ](t), zρ(t))]dt− e−λ−1ρϕ(xρ(ρ)) + 2ρ2,

where xρ(·) solves (2.14) for α = αρ and z = zρ.
In the same manner we get

(3.32)

ϕ(x)− ϕρ(x) ≤ ρ

ρ + λ
ϕ0(x) +

λ

ρ + λ

{∫ ρ

0
[g(x̃ρ(t))

+h(x̃ρ(t), α̃ρ[z̃ρ](t), z̃ρ(t))]dt + ϕρ(x̃(ρ))
}

−
∫ ρ

0
e−λ−1t[g(x̃ρ(t)) + λ−1ϕ0(x̃ρ(t))

+h(x̃ρ(t), α̃ρ[z̃ρ](t), z̃ρ(t))]dt− e−λ−1ρϕ0(x̃ρ(ρ)) + 2ρ2,
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for some α̃ρ ∈ Γ0 and z̃ρ ∈ N0.
From (3.31) we obtain

ϕρ(x)− ϕ(x) ≤
∣∣∣∣

ρ

ρ + λ
ϕ0(x)− 1

λ

∫ ρ

0
e−λ−1tϕ0(xρ(t))dt

∣∣∣∣

+
∣∣∣∣

λ

ρ + λ

∫ ρ

0
g(xρ(t))dt−

∫ ρ

0
e−λ−1tg(xρ(t))dt

∣∣∣∣

+
∣∣∣∣

λ

ρ + λ

∫ ρ

0
h(xρ(t), αρ[zρ](t), zρ(t))dt

−
∫ ρ

0
e−λ−1th(xρ(t), αρ[zρ](t), zρ(t))dt

∣∣∣∣ +
∣∣∣∣

λ

ρ + λ
ϕρ(xρ(ρ))

−e−λ−1ρϕ(xρ(ρ))
∣∣∣ + 2ρ2 ≤

∫ ρ

0

∣∣∣∣
1

ρ + λ
ϕ0(x)− 1

λ
e−λ−1tϕ0(xρ(t))

∣∣∣∣ dt

+
∫ ρ

0

∣∣∣∣
λ

ρ + λ
− e−λ−1t

∣∣∣∣ (|g(xρ(t))|+ |h(xρ(t), αρ[zρ](t), zρ(t))|)dt

+
λ

ρ + λ
‖ϕρ − ϕ‖b +

∣∣∣∣
λ

ρ + λ
− e−λ−1ρ

∣∣∣∣ ‖ϕ‖b + 2ρ2

≤
∫ ρ

0

∣∣∣∣
1

ρ + λ
ϕ0(x)− 1

ρ + λ
ϕ0(xρ(t))

∣∣∣∣ dt

+
∫ ρ

0

∣∣∣∣∣
1

ρ + λ
− e−λ−1t

λ

∣∣∣∣∣ |ϕ0(xρ(t))|dt

+
∫ ρ

0

∣∣∣∣
λ

ρ + λ
− e−λ−1t

∣∣∣∣ (Mg + Mh)dt

+
λ

ρ + λ
‖ϕρ − ϕ‖b +

∣∣∣∣
λ

ρ + λ
− e−λ−1ρ

∣∣∣∣ ‖ϕ‖b + 2ρ2

≤ 1
ρ + λ

∫ ρ

0
ctdt +

∫ ρ

0

∣∣∣∣∣
1

ρ + λ
− e−λ−1t

λ

∣∣∣∣∣ ‖ϕ0‖bdt

+
∫ ρ

0

∣∣∣∣
λ

ρ + λ
− e−λ−1t

∣∣∣∣ (Mg + Mh)dt

+
λ

ρ + λ
‖ϕρ − ϕ‖b +

∣∣∣∣
λ

ρ + λ
− e−λ−1ρ

∣∣∣∣ ‖ϕ0‖b + 2ρ2
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= a(ρ) +
λ

ρ + λ
‖ϕρ − ϕ‖b.

Analogously, using (3.32) we obtain

ϕ(x)− ϕρ(x) ≤ a(ρ) +
λ

ρ + λ
‖ϕρ − ϕ‖b, ∀x ∈ H.

Therefore
ρ

ρ + λ
‖ϕ− ϕρ‖b ≤ a(ρ), ρ > 0.

Since a(ρ)
ρ −→

ρ→0
0, we get

lim
ρ→0

‖ϕ− ϕρ‖b = 0.

Applying Proposition 3.4 we have

T (t)ϕ0 = lim
n→+∞

(
S

(
t

n

))n

ϕ0 = S(t)ϕ0,

for every ϕ0 ∈ E = D(A), t ≥ 0.
Now we shall prove (3.18).
Let ε > 0. Then there exists αε ∈ Γ0, such that

(3.33)
(S(t)ϕ0)(x)− ϕ0(x) ≤

∫ t

0
[g(x1

ε(τ))

+h(x1
ε(τ), αε[z](τ), z(τ))]dτ + ϕ0(x1

ε(t))− ϕ0(x) + ε,

for every z ∈ N0 and x1
ε(·) solves (2.14) for α = αε and z(·).

Using now Proposition 2.2 and since ϕ0 ∈ D(A) there exists f ∈ BUC(H)
such that

ϕ0(x) = sup
α∈Γ0

inf
z∈N0

{∫ t

0
[f(x(τ))

+h(x(τ), α[z](τ), z(τ))]dτ + e−tϕ0(x(t))
}

.

Therefore, there exists zε ∈ Γ0 such that
(3.34)

ϕ0(x) ≥
{∫ t

0
[f(x2

ε(τ)) + h(x2
ε(τ), α[zε](τ), zε(τ))]dτ + e−tϕ0(x2

ε(t))
}
− ε,
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for every α ∈ Γ0.
Taking ε = t2 and using (3.33) and (3.34) it results

(S(t)ϕ0)(x)− ϕ0(x) ≤
∫ t

0
g(xt2(τ))dτ

+
∫ t

0
(1− e−τ )h(xt2(τ), αt2 [zt2 ](τ), zt2(τ))dτ

+(1− e−t)ϕ0(xt2(t))−
∫ t

0
e−tf(xt2(τ))dτ + 2t2.

Dividing now the last relation by t and making t → 0 we obtain

lim
t→0+

1
t
((S(t)ϕ0)(x)− ϕ0(x)) ≤ g(x)− f(x) + ϕ0(x).

Similarly we get

lim
t→0+

1
t
((S(t)ϕ0)(x)− ϕ0(x)) ≥ g(x)− f(x) + ϕ0(x).

Therefore

lim
t→0+

1
t
((S(t)ϕ0)(x)− ϕ0(x)) = ϕ0(x)− f(x) + g(x)

= (R(1)f)(x)− f(x) + g(x) = (A(R(1)f))(x)

+g(x) = (Aϕ0)(x) + g(x), for every x ∈ H.

Remark 3.1. We may consider the operator A nonlinear, but in this
case the proof for the resolvent equality would be more difficult. So we
should have to work with the Yoshida approximation of A and the evalua-
tions would be more complicated.

We also remark that the function S(t)ϕ0 given by (3.8) is also the vis-
cosity solution of (1.1). Therefore, for the problem (1.1) the variational
solution S(t)ϕ0, the semigroup solution T (t)ϕ0 and the viscosity solution
coincide.
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