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Abstract. In this paper we study the existence of variational and semigroupal
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1. Introduction. This paper in concerned with the study of the
existence and uniqueness for the following Hamilton—Jacobi equation
(1.1)

U(t,x) — F(x,Uy(t,z)) — (Ax, Uy (t,2)) = g(z), (t,x) € RT x H

U(O,l’) :@O(x)v $€H,

where H is a Hilbert space with the norm |- | and scalar product (-,-). The
unknown function U is real valued and defined on [0;+00) X H, ¢, g are
given functions on H and U, U, stand for the derivatives with respect to
variables ¢t and z of the function U, respectively.

*The author acknowledges support from the Romanian Ministry of Education and
Research through CEEX program Contract CERES-2-Cex06-11-56/25.07.2006.
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In the following we assume that A is the infinitesimal generator of a
Co—semigroup on H which satisfies ||e|| < M and F is given by

(1.2) F(z,p) = minmax{(f(y,2),p) + h(z,y,2)},
z€Z yey
where Y, Z are two compact sets of a topological space Q and f : Y xXZ — H,
h:HxY xZ — R, g: H— R are bounded and uniformly continuous func-
tions with bound constants My, M, M}, and, moduli of uniform continuity
W, Wg,wp, Tespectively.
We also assume that the max-min condition is fulfilled, i.e.

Qgﬁyﬂﬂ%@4ﬂ+M%%@}

1.3
(13) = maxmin{(f(y, z),p) + h(x,y, z)} for every z,p € H.
yeY zeZ
Given a Banach space (X, ||-]|) denote by BUC(X) the space of bounded

uniformly continuous real valued functions on X endowed with the norm

1f1ls = sup{[f(z)[; = € X}.

By Lip(X) we denote the space of all Lipschitz functions f : X — R.

It is well known that Eq. (1.1) is related to certain differential game
[7,9]. The value of this differential game can be viewed as the generalized
solution of Eq. (1.1).

2. Definition and study of the differential game. Let us intro-
duce the following sets
M(t) ={y: [t,400) — Y; y measurable},

(2.1)
N(t) ={z:[t,+00) — Z; z measurable}.

M (t) and N(t) will be named sets of controls employed by players I and II,
respectively.
Fix t > 0,2 € H and consider the differential equation

2.2) { #(s) = Aw(s) + f(y(s), 2(s)), s =1,
2(t) = a.

where A and f satisfy the conditions from the previous section and y €
M(t),z € N(t).
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Following now [6, 8] we define the strategies of the player I (beginning
at time t) as any mapping

a: N(t)— M(t)
such that for each t < s and z,2 € N(t) we have
2(r) =2(1) ae. t<7<s
implies
alz](t) = alz](1) ae. t <71 <s.
Similarly, any mapping
B: M(t) — N(t)

with the property that for each t < s and y,y € M (t) satisfying y(7) = §(7)
a.e. t <7 < s we have

Blyl(r) = plgl(r) ae t <7 <s,

is named a strategy of player II (beginning at time t).

We denote by I'(t) and A(t) the sets of all strategies beginning at time
t for the player I and player II, respectively.

We associate with Eq. (2.2) the payoff functional

) P = [ )., ()i

where h satisfies the conditions from Section 1, y € M (t),z € N(t), z(t) is
the “mild” solution of Eq. (2.2), and A is a positive parameter.

The goal of player I is to maximize P, and the goal of player II is to
minimize Pj.

Let us define the lower value and the upper value of the differential game
V\ and U,, respectively.

Wi(t,z) = inf Py(y,
A\t ) 55&(%/:%) \(ys Bly))

(23) — i s L[ et o),

BEA() ye M (t)
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where z(+) is the solution of Eq. (2.2) with y(-) and z(:) = Bly]().
(2.4)

Ux(t,z) = su inf P\(afz], 2z
o) = ap By Pelh?)

+oo
= sup in e Mh(x(s), y(s), alz](s), 2(s))ds
N R A CONORE BRI
where z(+) is the solution of Eq. (2.2) with y(-) = a[2](-) and z(-).

Theorem 2.1. (Dynamic programming optimality condition) For each
0<t<t+o and x € H we have

t+o
Ux(t,x) = sup inf {/ e Mh(x(s), afz](s), z(s))ds
(2.5) ael(t) 2eN() U/t
+Ux(t+ 0, 2(t+0))}
and
t+o N
Wi(t,z) = inf sup {/ e Yh(xz(s),y(s), Blyl(s))ds
26) At x) s S U (z(s),y(s), Blyl(s))
+Wa(t+o, z(t+0))}.
Proof. We shall adopt the method from [7, 8] and we shall present the

proof for reader’s convenience.
Let

t+o

= su in e Mh(z(s), alz](s), z(s))ds

I —aeplg’t)zeme{ [ e ntato)alo). 26
+UN(t + 0, z(t+0))}

and fix € > 0.
Then there exists v € I'(t) such that

t+o

Wi(t,z) < inf / e Mh(z(s),v[2](s), z(s))ds

(I TR e OO
+UNt+ o0, 2(t+0))} +e.

Also, for each w € H, there exists 7, € I'(t + o) such that

+oo
: —As
(2.9) UA<t+a,w>sze;Vlgtf+U){ /m e h(x(S),vw[z](S),z(S))dS}+€-
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Let us define now a € T'(t) by

~v[z](s), t<s<t+o
Ya(t+o)2](5), t+o <s,

alel(s) = {

for every z € N(t), where z(-) is the solution of Eq. (2.2) for y = v[z] and
z with the initial condition .
Therefore, using (2.8) and (2.9), we have

W(t,z) < inf : {/tJroo e)‘Sh(:z:(s),a[z](s),z(s))ds} + 2e,

ZEN(¢
and taking supremum over « € I'(t) it results
(2.10) W(t,z) < Ux(t,x) + 2e.

On the other hand, there exists a € I'(¢) such that

+o0o
: —As
(2.11) Ux(t,x) < 1nft) {/t e h(m(s),a[z](s),z(s))ds} +e.

z€N(

Then we have (with « from (2.11))

W(t,z) > inf : {/tHG e h(x(s), al2](s), 2(s))ds + U (t + o, z(t + a))} )

zEN(¢

and there exists z; € N(¢) such that
(2.12)

t+o
W(t,z) > /t e M h(x(s), alz1](s), z1(s))ds + Up(t + o, z(t + o)) —

Now, for each z € N(t + o) we define Z € N(t) by

w1={

and then we define a € I'(t + o) by

s), t<s<t+o
), t+o<s

alz](s) = afZ](s) for s >t + 0.
Therefore

Ur(t+o,a(t+0)) > inf { / = e_’\sh(:n(s),g[z](s),z(s))ds}

zeN(t+o) (Jito
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and there exists zo € N (¢ + o) such that

+oo
(2.13)  Ux(t+o,z(t+0)) > /th e M h(x(s), alz2](s), z2(s))ds — e.

From (2.12) and (2.13), defining z € N(t) by

(s) = z1(s), t<s<t+o
= 22(5)7 t+o<s,

we obtain
+o00
W(t,z) > /t e Mh(x(s), alz](s), z(s))ds — 2.

Using now (2.11) it results
W(t,x) > Ux(t,z) — 3¢ for each ¢ > 0.
This last relation together with (2.10) give us
Ux(t,x) = W(t,x).

For (2.6) the proof is similar.
Let us consider now the infinite horizon problem (for ¢ = 0)

+o00
Ug(l‘) = sup inf {/0 e_)‘s[g(:c(s)) +h(x(s),a[z](s),z(s))]ds}

CEGF() ZGN()

and

+oo
Vy(z) = inf sup {/0 6_“[9(96(8))+h(w(S),y(S),ﬁ[y](S))]dS}

Belo yE€ Mo

where z(+) is the solution of the equation

(2.14) { i(s) = Az(s) + f(al2](s), 2(5)), 5> 0

and

(2.15) { i(5) = Aa(s) + £(4() Ap(). >0
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for UY(-) and V(-), respectively.

Proposition 2.1. U{(-) and V() are bounded and uniformly continu-
ous on H. Moreover, if g and h are Lipschitzian, then UY(-) and V{(-) are
Lipschitzian.

Proof. We shall prove the assertion only for UY(-).

+00 c
UR(2)] < /0 e (lg(@ ()] + [h(x(s), ol2](s), 2(s)))ds < 5, ¥ € H,

where ¢ is a constant which bounds the sum |g| + |h].
Let us prove now that UY(+) is uniformly continuous on H.
Fix x1,292 € H and € > 0. Let a € T'g such that

0 : oo —As
US(a) < inf [ e laals) + hlaa(s)al:)(s) 2(9))ds + ¢

and let z € Ny such that

+oo
U (w2) = /0 e *lg(w2(s)) + hlw2(s), al2)(s), 2(s)))ds — <.

Therefore
+o0
U (a1) < /0 e M[g(x(s)) + h(z(s), al2](s), 2(s))]ds + €.

Here z1(+) is the solution of the problem

and x2(-) is the solution of the problem

{ ta(s) = Axa(s) + f(alz](s), z(s)), s >0

x2(0) = zo.
Then we have

21(s) — 22(s)| < M|zy — x|, ¥s >0, where |let|| < M, ¢t > 0.
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Using these estimations one can easily obtain
+00 N
UR(0) ~ U3(e2) < [ e lg(aa(s)) — gloas)ds
0

+oo
+/ e M h(z1(s), alz](s), 2(s)) — h(za(s), alz](s), z(s))]ds + 2¢
0

1 1
< yeollan = al) + yenllar — zal) + 22,

where wy, wy, are moduli of continuity for g and h, respectively.
On the other hand, let o € I'g such that

+o0
V() < inf { | e ltaate) +h<x2<s>,a[z]<s>,z<s>>1ds} te

2€Ny

Choose now z € Ny such that

+oo
Ux(x1) > /0 e Mg(w1(s)) + hlz1(s), al2](s), 2(s))]ds — e,
where x1(+), z2(+) are the solutions of (2.14) with z1(0) = z; and z2(0) = x2,

respectively.
Now it is easy to see that

+o0
U (1) — Ud(a1) < /0 e (g(wa(s)) — gl (5)))ds

s [ naa(s)ale)(9).2(5) — a5, ale)), ) + 2
< swpller — mal) + yenller — o) + 2.
Therefore
U8 (1) — UR(2)] < g (hon = w]) + nlan — 2, for 1,22 € .

If g and h are Lipschitzian then we easily obtain
1
|U(x1) — Ud()| < X(Lg + Lp)|x1 — xo|, for x1,20 € H

where L, and Lj, are Lipschitz constants for g and h, respectively.
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Let g € BUC(H) (or Lipschitzian) and A > 0. We define (see [2, 3])
(2.16)

+oo
(R*(N)g)(z) = sup inf {/0 6‘“[9(90(8))+h(x(S)aa[Z](S),Z(S))]dS}

CMEFOZEN0
and
(2.17)
+00
(RN = int sup { [ Mlata(e) + ha(s) o(s). Sl |

where z(-) from (2.16) and (2.17) is the solution of the Cauchy problem
(2.14) and (2.15), respectively.

Proposition 2.2. For A > 0 and g € BUC(H) the following assertions
are true:

(i) R*(\)g and R%(\)g belong to BUC(H).

(i) R*(N)g = B*(u)[(n = M R*(A)g + g for 0 <A < pu < +o00,
RYN)g = RYu)[(n = M RI(N)g + g for 0 <A < p < +o00.
Moreover, if g € Lip(H) then R*(\)g and R%(\)g belong to Lip(H).

Proof. The fact that R*(\)g and R%(\)g belong to BUC(H) (or
Lip(H)) results from Proposition 2.1. We shall show the resolvent equality
only for R*()\), the other equality is similarly proved.

From the definition of R*(u)g we have

R (p)[( — M) R*(N)g + g](=)

g {/om e {[g(@(t)) + h(x(t), a[](1), 2(t))]

ac OZEA%
) . oo —\S[ [~ ~ ~I3 5 .
+(=A) sup ;Enjgo/o e lg((s)) + h(E(s), @[Z](s), Z(s))]ds;

5:(3) = Az(s) + f(a[Z](s), 2(s)),Z(0) = x(t)} dt;
#(t) = Ax(t) + f(al2](t). (1)), 2(0) = :c}
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10

Obviously, for each o € 'y, we have

R (p)[(n = AR (N)g + gl ()

+oo
> inf {/O e M g(x(t)) + h(x(t), of2](t), 2(t))]

z€Ny

+o00
+(p—A) inf {/0 e M[g(i(s)) + h(@(s), af2)(s), 2(s))lds;

zZ€ Ny

z(s) = AZ(s) + f(a[Z)(s), 2(s)), 2(0) = w(t)}dt;

z(t) = Az(t) + f(alz](t), 2(t)),z(0) = 33}

We shall prove that for each o € I'g we have

inf {/Om e M g(x(t)) + h(=(t), of2](t), 2(1))]

z€Np

+oo
+(p = A) inf {/O e *[g(@(s)) + h(i(s), al2)(s), Z(s))]ds;

zZ€Np

3(s) = Ai(s) + F(a[Z](s), 2(s)), 2(0) = x(tn}dt;
#(t) = Az(t) + F(al2](1). 2(1)). 2(0) = }
I

> inf {/O+OO e Mg(z(t)) + h(x(t), oz

inf 1), =(0)dr;

z(t) = Az(t) + f(alz](t), 2(t)),z(0) = x}

Let us consider the inequality
(2.18)

“+oo
. )\t .
in { /0 e Mlg(a(t)) + he(t), alz)(0), (0)]dt;

2€Ny

#(t) = Az(t) + f(alz](t), 2(t)), #(0) = fﬂ}
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where (x*,2%), (ZF,Z}) satisfy (2.14) with initial conditions z*(0) = =,
Zf(0) = 2*(t) and they are chosen such that

inf { / " e Htg(a(t) + h(a(e), al](8), 28)]

2€Ny

+o0
(i) inf { | e 0) + ats)alzl o), 2s)ds:

Z€Ng

#(s) = A&(s) + f(al2)(s), 2(s)), 2(0) = x(t)}] d;
(2.19)

(6) = As(t) + £(al:1(0),5(0), (0) = |
+oo

> [T gl (0) + @), 0l ) 2 ()
0

“+oo
SPEY /0 e (g (s)) + (@ (s), alZ)(s), 5 (s)))dsdt — e,

where € > 0 is arbitrarily chosen.
Now, we multiply inequality (2.18) by e~(*~"t and then we integrate it on
[0; +00]. In this way we obtain

+oo
st [ MGl + ot alel). (o)l
i(6) = Ax(t) + F(al:10) (0),2(0) = o}
+oo
B2 L [T gt a) 4 b (1), 00270, 2 (0]t
K 0

N /t” .Y /too e [g(F* (5 — 1))

+h(Z*(s —t),a[z*](s — t), 2" (s — t))]dsdt.

From (2.20) using (2.19) one can easily obtain

inf {/;Oo e Mg(a(t)) + h(x(t), al2](t), =()ldt;

z€Np

#(t) = Az(t) + F(al2](1). 2(1)). 2(0) = x}
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+oo
< inf {/O e M g(x(t)) + h(x(t), al2](t), 2(t)))

z€Np

IS
—~
w
S~—
o
AN
—
Va)
SN—
ISX
—
Va)
SN—
P
IS
\SID

Z€Np

+o00
(=) inf e Mg(E(s)) + A
(2.21) {/0

ﬁ@=Aﬂ$+me®%ﬂ@%ﬂ®=wwﬁﬁ;

(6) = Ax(t) + S(al:J0) 50),2(0) =} +
Taking supremum over all a € T’y it results

(B*(N)g)(x) < B> (w)[(n = MR (Mg + g]().

Now let us demonstrate the opposite inequality.
Obviously, for each 8 € Ay we have

RY () [(e — MR (N)g + g] ()

_ inf wp{A“”aw@@u»+h@@%umﬁmu»

Belo yEMp

+o0 N
+(u—A) inf sup {/0 e lg(@(s)) + h(z(s), 5(s), BlF)(s)lds;

BeAg FEMo

ﬂ@zAﬂ@+ﬂM@,MG»ﬂ®=x@hﬁ;
i@%=Aﬂﬂ+f@@meG»ww)=x}

+o0o
< sup {/0 e Mg(x(t) + hlx(t), y (1), Blyl(¢)

yEMo

+oo
=X JSup {/0 e M[g(a(s)) + h(@(s), 5(s), Bl (s)))ds;

3(s) = A3(s) + £(3(5). B7)()), £(0) = 2(8) dt:
i@%=AMw+f@GLMMGmx®)=x}
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— — inf { /O o e M[(—g) (1)) + (=h)(z(t),y(t), Bly] (1))

yeMo

+o0o
+(p—A) inf {/0 e M[(=9)(@(s)) + (=h)(E(s), 5(s), Bl3)(s))]ds;

yEMo

(s) = AZ(s) + f(4(s), B[7](5)), 2(0) = x(t)}]dt;

#(t) = A(t) + F(y(t). Blyl(1)). 2(0) = m}
)

Now, taking into account the relation (2.21) with (—¢g) and (—h) instead of
g and h, it results

e {/om e [g(x (1)) + h(x(t), y(1), Bly)(1))

yeMo

+oo
+(p = A) sup {/0 e lg(@(s)) + h(z(s),5(s), BlF)(s))lds;

yEMo

s) = A3(s) + (09, H1(6): (0) = (1)
(6) = As(t) + 1(0(5),5D](5)): 2(0) = }

+oo
< sup {/0 e Mg(x(t)) + h(x(t), y (1), Blyl(1)]dt;

yeMo
£(t) = Aa(t) + [(y(1), BIg)(0)), 2(0) = a:} T,

for € arbitrarily chosen.
Taking infimum over all 5 € Ay we obtain

R ) [(n — MR (N)g + gl(z) < (RY(N)g)(x), for every z € H.

We make the remark that if R*(\)g = R%(\)g for every g € BUC(H), then
the proof is finished.
So, we need of the following lemma:

Lemma 2.1. In the hypotheses (1.2),(1.3) we have

R°(\)g = R%(\)g, for every g € BUC(H) and X > 0.
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1
GWALL“ — T

Proof. Let A,z = T

,x € H.

We shall denote by x,,(+) the solution of (2.1) where we consider A,, instead
of A and we shall consider the same differential game with the state z,(-).
First of all we shall prove that R2(\)g and R%(\)g are viscosity solutions
for a certain Hamilton—Jacobi equation. Then using a uniqueness result
of M.G. Crandall and P.L. Lions we shall obtain that RS(\)g = R%(\)g.
Making n — +oo it will result R*(\)g = R4(\)g.

Let us consider the following Hamilton—Jacobi equation

AV (z) — maxmin{(f(y, 2), Va(z)) + (Anzx, Vi (z))
(222) yeY zeZ
+h(z,y,2) +g(z)} =0, x € H; X > 0.

Let

+00
(R3(\g) () = sup inf {jﬁ e M g(wn () + hlza(t), alz](1),

(2.23) o€l Z€No

Ot 6(0) = Ana () + ([0, 20),0(0) = 2 .

We shall prove only that RS (A)g is a viscosity solution for (2.22). To prove
that R%(\)g is also a viscosity solution for (2.22) is quite similar.

Let ¢ € C'(H) and let o € H be a local maximum point for (R%(\)g — ).
We shall prove that

AR (N)g)(w0) — maxmin{(f (5 2), 2 @0)) + (An(z0). 2xz0)

—f—h(:co,y,z) +g(1"0)} <0.

If this is not true, then there exists some 6 > 0 such that

AR, (M) g) (o) — max min{(f(y; ), ¢z(20)) + (An(20), Pa(20))

+h(zo,y,2) + g(x0)} 2 6 > 0.
Equivalently

—A(R;,(M)g)(zo) + max min{(f(y, 2), ¢z(z0)) + (An(z0), Pz (z0))
(224) yeY zeZ

+h(zo,y, 2) + g(xo)} < —0 < 0.
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Let

Az,y,2) = —ME,(AN)g)(x) +{(f(y, 2), pz(2))
+(An(l'), sz(x)) + h(x’ Y, Z) + g(.%')}

Using this notation and max-min condition (1.3) we may write (2.24) as

max min A(x = min max A(z < -0 <0.
yeY 2€Z (w0,,2) = 2€Z yeY (20,9, 2)

Therefore there exists z* € Z such that

A ") < 4.
max (wo,y,2%) <

Since A is uniformly continuous we have

0
An 77*§_7 0
ma (@a(t)y,2%) < =5 <

for 0 < t < o, where ¢ > 0 is small enough and x,(-) is the solution of
(2.14) with A,, instead of A and z,(0) = x¢. Hence, for z(-) = z* and any
a € T’y we have

—AR(AN)g) (@ (t) + (Ann(t), pa(za(t) + (f(al2] (), 2(1)),

(2.25) 9
o (@n(t))) + h(za(t), al2](1), 2(1)) + g(an(t)) < =5

We multiply (2.25) by e=* and integrate from 0 to o to obtain

7 —At( ps 7 —At
A / e N (RS (A\)g) (e (1)) + / M (Anzn (1), o (2 (1))

+(f(alz](t), 2(1)), pu(@n(t)))]dE + /00 e M h(wn(t), al2](1), 2(1))dt

0
/\t < 1 Ao )
+/0 e ))dt ——2)\( —e )

Taking into account (2.14) it results

7 -\t S 7 -t 7
X[ MR N+ A [ Nptaar - [ el o)i
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+ /00 e*)‘t%go(xn(t))dt + /00 e Mh(za(t), af2](t), 2(t))dt

7 —At 0 —Ao
+/0 e )‘g(mn(t))dtg—ﬁ(l—e A7),

Hence
(2.26)

—/\/0 e (R, (Ng) (@n(1) — @(@n(t)]dt + e p(wn(0)) — p(0)

[N hanlt),al2) ), 20) + gl <~ (1= )

Using the fact that zg is a maximum point for R} (\)g — ¢ we obtain

(2.27)  (Ba(N)g)(wo) — ¢(x0) = (B (N)g)(2n(t)) — w(2n(t)), t = 0.

From (2.26) and (2.27) we get

o

A [T NE N9 a0) = plaoldt + €l (o) = ol

" /0” e M h(zna(t), al2](2), 2()) + glza(t))]dt < L,

2)
(€7 = D)(R;,(Ng)(20) — (67 = D) (o) + e (R}, (N)g)(wn(0))
—e (R} (V)g) (o) + e (o) — p(x0)

[ N hanlt),al2)0),20) + gl ()]t < (1= )
Therefore

- (1-7) < (Ry(Ng) (o)

[ e om0, 0lE10,0) + alan )it + RN (o)) |

Taking now infimum for z € Ny we obtain

0 < %(1 — e) < (R3(N)g) (o)
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= inf {jﬁge-Aﬂh<xn<w,044<w,z<w>-%g(anJMdt+—e—AatRz<An»<mn<a>>},

z€Ny

for every a € I'g. Taking now supremum for a € I'g and using Theorem 2.1
it results

0
2\
but o > 0 and so the assumption (2.24) is false.
We shall prove now that R*(\)g is a viscosity supersolution.
Let ¢ € C'(H) and let x9 € H be a local minimum for (RS (\)g — ¢).
If the inequality condition for supersolution is not true in zy then there
exists 6 > 0 such that

= AR5, (N)g)(wo) + ma min {(f(y,2), pz(20))

(1-e29) <0,

(A0, 9a(20)) + h(20,9,2) + 9l0)} = 0 > 0,

i.e.

maxmin Az z)>0>0.
yeyY 267 (w0,9,2) 2

Using the method from [8], we obtain that for each z € Z, there exists
y(z) € Y such that

A(zo,y(2), 2) 2

N D

Using again the uniform continuity of A we get

NGRS NS

A(zo,y(2),u) >

)

for u € V, where V, is a certain open neighborhood of z .
Because Z is compact we can find some distinct points zi,...,2, € Z to
which correspond the points y1, ...y, € Y such that

n
zc|Jv,
=1

and

S

A(zo,yi,u) > — forueV,,.

Let us define now
p:Z—-Y



400 TEODOR HAVARNEANU 18

by
e(2) =yi
if
i—1
zeVu\U Ve, i=1,2,..n.
k=1
Therefore

6
A(zo,p(2),2) > 1 for all z € Z.

But A is uniformly continuous and so we have for each sufficiently small
o>0

(2.28) AMn(s), p(2), 2) =

[l IS~

for all z € Z, 0 < s < o, where z,/(-) is the solution on (2.14) with y(-), z(+)
arbitrarily chosen and z,(0) = xo.
Now we define o € I'y by

for each z € Ny, s > 0.
Using (2.28) we obtain

(2.29) Az (s), alz](s), z(s)) >

for every z € Np.
We multiply (2.27) by e~* and integrate from 0 to o to obtain

7 —At S 7 —At
-\ / e M(RS (N g) (n () dt + / M (Anza(t), r(za (1))

+(f(elz](t), 2(2)), pu(2a(t)))]dt + Ue_”h(fvn(t),a[z](t%Z(t))dt

[e=]

U—t 0 — Ao
+/0 e Mglan(t)dt > (1 — )

Using again (2.14) we get

7 -t ps 7 —At 7 —At
N[ MR W@+ [ et =A [ Vgt
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+ /00 ef)‘t%cp(xn(t))dt + /OU e Mh(xn(t), af2](t), 2(t))dt

+ /OU G_Atg(xn(t))dt > 8)\(1 €—>\U)
Therefore
Y /" e MRS (N)g) (zn(t) — @(x,(1))]dt
0
(2.30) +e M o(wn(0)) — @(w0) + i e Mh(zn(t), al2](t), 2(t))
+g(zn(t))]dt > %(1 — )

Taking into account that z¢ is a minimum point for (R*(\)g — ¢) and using
(2.30) it results after some calculations

(7 = D(R3(N)g) (o) — (e = Dp(ao) + e (R (Ng) (o)
—e ™V (R3(A\)g) (o) + e () — (o)
+ /0 e h(an (1), ol (), 2(0) + glea(®)ldt > (1)

l.e.

(By,(Mg)(wo) — {/00 e [h(wn(t), al2](t), 2(1)) + g(wn(t))dt

+“”<RZ<A>9><xn<a>>} )

for each z € Ny.
Therefore

(R;,(A)g)(xo) — inf {/OU e [h(wa(t), alz](1), 2(1)) + g(wn(t)]dt

2€Ng

+6—Aa<R;<A>g>(wn<a>>} = ‘%

Taking now supremum over all « € I'g and using again Theorem 2.1 we
obtain

(1—e ).

(Ry(\g) (w0) — (B3 (N)g)(x0) < (1 — )
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which is a contradiction. Hence (R2(\)g)(-) and (RZ(\)g)(-) are viscosity
solutions of (2.22).
Calling now Theorem 1 [5] we get

RS (\)g = R%(\)g for every n € N.

We shall prove now that

(2.31) Tim (R (\g)(x) = (R*(\)g) (), for x € H,
(2.32) im (RE(N)g)(@) = (RU(\)g)(2), for = € H,

We prove only (2.31) because (2.32) is proved similarly.
Using the hypotheses on h, g, f and A we have

(R*(N)g) () — (R, (\)g)(=)]
+oo
sup inf /0 Nz (t), ol2)(1), 2(1)) + gl (t))dt

(2.33) aelg 2€No
oo -\t
—sup it [ N a0 ale0,500) + ol 0]
+o0o
< / e M wple(t) — 2 (8)] + wol|2(t) — 2 (O)])]dt
0
1
<5 ( (QJEE?QN x(ﬂwn(t))
( t;l;}; |z ( xn(t))) +¢(T),
where ¢(T) lim ¢(T) =0, and

T—>+oo

T = enty 4

z(t) = etz + / A=) f(alz](s), 2(s))ds, t € [0;T],
0
! Ap(t—s) alz

(1) /0 /ol

1(s), 2(s))ds, t € [0;T].
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Therefore
|2(t) — 2, ()] < |eAta — eAnty]
+/O [ f(al](s), 2(5) — e f(al](5), 2(5))]|ds, ¢ € [0;T).

We shall prove that

t
(2.34) lim / [(e% — en®) f(y, 2)|ds = 0
0

n—-+00

uniformly with respect to (y,2) € Y x Z, t € [0,T].
Taking into account that Af is continuous we obtain

lim |(e?* —e®) f(y, 2)| =0

n—-+o0o

uniformly for s € [0,7] and (y, 2) € Y x Z and therefore (2.34).
Indeed, following [11, Theorem 8.1] we have

(€ = ) f(3,2)] < TM2Af(y,2) = Anf(3,2)], 5 € 0,7

Let us suppose now that there exists € > 0 such that there exists
{(yk, zk) }ken CY X Z such that

(2.35) ]Af(yk, Zk) — Akf(yk, Zk)| 2 e.

Because Af is continuous and Y X Z is compact we may suppose that
(Y z1) = (U, 2), Af (yw, z1) = Af(Y,2).

Moreover,

Jun

K(eF A f (g 21) — f(yhs 1)) = k/k e f(yk, 21)ds

0
= eskAAf(ykv Zk)?

1
where 0 < & < T Therefore making k¥ — 400 in (2.35) we obtain a

contradiction.
In this way it results

(2.36) |2(t) — 2n(t)] < bo(z), t € [0,T],

where ¢, (z) — 0 and 4,(x) is independent of (y,2) € Y x Z.

n—-+o0o
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Now, using (2.33), (2.36) and the fact that ¢(7) is independent of n, one
can easily obtain

lim |(R*(A)g)(x) — (B (AN)g) ()| < (T), for T >0,

n—-+00

; lim (R:(A\)g)(x) = (R*(\)g)(x), for every = € H.

n—-+o0o

So, the proof of Lemma 2.1 is finished.
In the following denote by R(\)g the function R*(\)g = R%(\)g.

3. The semigroup approach of Eq. (1.1) Let A : D(A) C
BUC(H) — BUC(H) be the operator defined by (see [2])

(3.1) AR(1)g = R(1)g — g for each g € BUC(H)
with the domain
D(A) ={¢ = R(l)g; g € BUC(H)}.
Proposition 3.1. The operator A is m—dissipative on BUC(H) x

BUC(H) and
(M —A) "t =R(\) for A > 0.

Proof. From Proposition 2.2 (ii), for 4 =0, 0 < A <1 it results
(3.2) RN)g=R1)[(1-XNRNg+yg], 0<A<1, ge BUC(H).
We have to prove that
(3.3) (M —-A)R\) =1.

But (3.3) is equivalent with
AR(N)g —g=AR(N)g, g€ BUC(H)
and from (3.2) we have

AR(N)g = AR(1)[(1 = N)R(N)g + g
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= R([(1=ANRAN)g+g]—(1-ANR(N)g—g=AR\)g—g.

Therefore
M —-A)P=RN), 0<A<1.

On the other hand, from the definition of R(\)g, taking into account that

+oo
/0 [91(2(5)) + h(a(s), al2](s), =(s))]ds

+oo
—/0 e M[g2(2(s)) + Al (s), af2](s), 2(s))lds

< A7 Ylg1 — gally, for every A >0 and g1,91 € BUC(H),

it results
IR(N)g1 — RN g2lle < A7 Hlgr — g2llo

for every A > 0 and ¢1,¢91 € BUC(H).
Therefore A is m—dissipative (see [1]).
Then, from the resolvent equality it results

(3.4)  ARN)g=AR(u)[(p — A)R(N)g + g] with A € (0,1] and p > 1.
Because (A — A)~! = R(A\), 0 < XA <1, we have
(3.5) g =AR(\)g— AR(N)g, D(A) = {R(N)g; g € BUC(H)}

with 0 < A < 1.
From the relations (3.4), (3.5) and using again the resolvent equality, we
easily obtain

(3.6) AR()[(n=A)R(N)g+g] = pR(1)[(n—AN)R(N)g+g]—(n—A)R(N)g—g.

But (u — A)R(\) + I : BUC(H) — BUC(H) is surjective because the

equation
(3.7) (n=AN-A)g+g=v

has a solution g € BUC(H) for every v € BUC(H).
To prove this fact we use (3.5) to obtain

pR(A)g—g—AR\N)g+g=v
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or

(1l — A)R(N)g = v,
but A is m—dissipative and so the equation (3.7) has a solution ¢ € BUC(H).
Thus we have obtained that
AR(N)g = uR(p)g — g, for every g € BUC(H)
ie.
R(u)g = (uI — A)~, for each p > 0.
Let us define the function

<S@¢@@>=w@w>=sm>mf{[ﬁmdﬁ>

a€ly zENp

(3.8)
+h@@»ﬂ4wx4@mw+waaw@

where z(-) is the solution of (2.14).

Remark 3.1. In the relation (3.8) the infimum may be taken over all
measurable controls z : [0;¢] — Z and the supremum may be taken over all
strategies defined on the set of measurable controls z : [0;¢] — Z.

Proposition 3.2. S(t) maps BUC(H) into itself and
(3.9)  S(t)S(s)po = S(t + s)po, for everyt,s,> 0, and po € BUC(H)

(3.10)
1S(t)po — S(®)@olls < llpo — @oll, for every t > 0,¢0,p0 € BUC(H).

Proof. Relation (3.9) is obtained in the same way as (2.5) and (2.6)
from Theorem 2.1 (Dynamic Programming Principle) and relation (3.10)
results directly from the expression (3.8) of S(t).

In the other words, S(t) is a semigroup of nonlinear contractions on BUC(H).

Proposition 3.3. Let £ = {g € BUC(H)NLip(H); |g(z(t)) — g(z)| <
Cy-t fort e [0;1],z(-) being the solution of (2.14) for oo € T'g and z € Ny}.
Then € = D(A).
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Proof. We shall prove that for g € £
(I —pA)tg— gin BUC(H) as . — 0.
Indeed, for g € £ we have

(I = nA) " g)(x) = (R(u™) (1 9)) (x)

= sup inf {/0+Oo e ht [;g(:c(t)) +h(:c(t),a[z](t),z(t))] dt;

a€l’y zeNo
x(-) verifies (2.14))}.

Then there exists «,, € I'g such that

+o0 1
(I—pA)Lg)(z) < { /0 eh [;gwi(t» + h(wb(t»au[z](t),z(t»} dt;

a:llt() verifies (2.14) with o = au} + u, for every z € Np.

In the same manner, there exists z, € Ny such that

+o0 1
(T A) " g)(a) > { [ e [igczi(t» T h(wiu),a[zﬂ](t),z#(t))] dt;

l‘i() verifies (2.14) with z = Zu} — u, for every o € I'y.

Therefore, there exists o, z, such that
(3.11)

+00 |
/0 ettt [9(zu(t) + h(zpu(t), aplzu](t), 2, (8))] dt — p

+o0 1
<((I=pA)g)(@) < /0 [g(ﬂfu(t)) + (@), aulzu] (t), 2u(2)) | dt

w
+u, where xi() verifies (2.14) with z = z, and a = «ay,.

From (3.11) it results

(1 = u= ' A) ) (@) — g(2)]
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<

+o00 . 1
/ it [(g(:m(t)) — () + h(@u(t), oulz) (1), w))} dt‘ o
0 %

1 ~1; +oo *1t1
</ —e M Cgtdt+/ e M P =2Mdt
0o M 1 1%

“+oo
- / e M Mydt + p= (e — pe™ + p)Cy
0
e 2My + My + =),

for every = € H.
So, we have obtained

1T = pA) " 9) () = g()lls < (1)

with v(u) — 0 as u — 0.

Using the fact that (I—pu~1A)~1g belongs to D(A), it results that f € D(A).
Hence £ C D(A).

Now we shall prove that

(I —pA)tge&for u>0and g€ BUC(H) N Lip(H).

Let >0 and g € BUC(H) N Lip(H).
From Proposition 2.2 we have that (I — pA)~'g belongs to BUC(H) N
Lip(H). For every € > 0 there are a € I'g and 2z € Ny such that

+oo .
(R (u~"g)) (@) — / e g (e (1))
(3.12) 0

+h(xe(t), ez (1), zg(t))]dt‘ <e.

Let z(-) be a solution of (2.14) for some « € I'y and z € Ny.
Using the properties of f we obtain

(3.13) |z(t) — 2-(t)| < 2My-t, fort >0,

where z(-) and x.(-) solves (2.14) for (o, z) and (a, 2-), respectively.
Therefore

(3.14) (R 9)(@(t) — (R (1)) (we(t))] < et for t > 0,
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where c is a positive constant.
Now from Theorem 2.1 we have

R 9)w) = sup ing { Lt a(as)

(3.15) a€To 2€N0

+h<x<s>,a[z]<s>,z<s>>} ds+ 6‘“1t(R(M‘1)(M‘1g))(x(t))}-

From (3.13) and (3.15) it results that for each ¢ > 0 there exists (a., z¢)
such that

’(R(u‘l)(u‘lg))(ﬂc) — e YR (1)) (2 (1))

‘/o e 1 g(xe(s)) + hle(s), 0clz:)(s), 2(s))]|ds < e,

where z.(+) is the solution of (2.14) for & = a and z = z..
Hence
(3.16)

(R (172g)) (@) — e (R (™tg)) (=(1)] < et + e for t > 0.

Using the relations (3.15), (3.16) and making the following calculation, we

get
IR() (1™ g) (@) — (R (1™ 9)) (1))
<R (n7tg) (@) — e HR(Y) (™ g)) (=(1)))]
He ™ RN () (2 (1) — e R (1)) (1))
1

He™ R (07 9)) () = (R~ (1™ 9) (@ (1))]
<c-t+e, fort >0,

where c is a positive constant independent of ¢.

Therefore (I — 1.A)~1g belongs to & for g € BUC(H) N Lip(H).

Since BUC(H) N Lip(H) is dense in BUC(H) (see [2, 10]) and (I — pA)~!
is nonexpansive in BUC(H) we obtain that (I — pA)~lg € € for all g €
BUC(H). It is well known that lim,_o(I — uA)"'g = g in BUC(H), for
all g € D(A).

Taking into account that (I — uA)~lg € € for ¢ € BUC(H) N Lip(H) it
results that D(A) C €.
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Using now the Crandall - Ligget theorem we obtain that for each ¢ € D(A)
and g € BUC(H) the Cauchy problem

dy

—— €A in R
(3.17) g S Tm iy

v(0) = o
has a unique weak solution ¢ : RT — BUC(H) defined by the exponential
formula

W= tim (1-ta) (L4
v O n ng )
The map
T(t) : D(A) — D(A)

defined by

T(t)po = ¢(t), t >0

(where @(+) is given by (3.17)) is a continuous semigroup of nonlinear con-
tractions on D(A).
The main result is contained in the following theorem:

Theorem 3.1. If h,g € BUC(H) NLip(H) then

S(t)po =T (t)po for allt >0 and po € D(A).

Moreover, the operator A is single valued and for all pg € D(A)

(318)  lim L [(S()po) (@) — po(@)] = (Apo)(x) +g(x), forz € H

and the limit in (3.18) is in the strong topology of H.

Proof. First of all we shall prove that S(¢)(D(A)) C D(A).
Indeed, let g € £. Using Dynamic Programming Principle we have for all
0<s<t
(3.19)

(S(t)po)() = sup inf { / lg(a(n)

a€ely 2€Np

+h(z(T), alz](1), z(7))]dT + (S(t)po)(z(t — s)); z(-) verifies (2.14)}
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Let € > 0. Then there exist a. € 'y, z. € Ny such that

/Os[g(xs(T)) + h(2e(7), aclze](7), 2:(7))]d7 + (S(t — 8)p0)(w:(8)) — €

< (St)po)(z) < /Os[g(ws(T)) + h(e(7), aelze](7), 2:(7))]dr
+(S(t = s)po)(2e(s)) + &

Therefore

/05[9(%(7)) + h(xe (1), aclz] (1), 2e(7))]dr + (S(t = s)po) (2(s))

(S(t)p0)(@e(5)) — € < (S(t)po) (&) — (S(t)po) (=(s))
< / 9(@e(r)) + R (7), ez (7). 2e(r))]dr
0

+(S(t = s)eo)(2<(5)) — (S(t)o)(ze(s)) + e
Using the last relation we obtain
(3.20) [(S()po)(x) — (S(t)o)(z<(5))| < es +[[S(s)p0 — wolly + €

for certain positive constant ¢ and s € (0;¢).
Let x(-) be the solution of (2.14). Then we have
(3.21)
[(S(B)po)(z=(s)) = (S() o) ()] < clae(s) — x(s)| < 2Mes, for s > 0.

Using the fact that ¢ € £ and the definition of S(¢)po one can easily obtain
(3.22) IS(s)po — wol| < cs, for s > 0.
From (3.20), (3.21) and (3.22) it results

1S(t)po) (z(5)) = (S(t)po)(z)| < cs for 0 < s <.

Therefore S(t)pg € E.
Using now Proposition 3.3 we obtain the desired result.
Next, we give a nonlinear version of the Chernoff theorem (see [2], [4]).
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Proposition 3.4. Let C' be a closed convex subset of a Banach space
Y and let Ay be a m—dissipative subset of Y x Y. Let {G(t); t > 0} be a
family of nonexpansive mapping from C into itself such that

(3.23) K% <I — AG(pi)_I> - = (I—NAo) 'z

for all z € D(Ag) N C and X > 0. Then

t n
lir_sr_l (G ()) =My fort>0, z € D(Ap) NC,
n—-+o0 n

where e is the semigroup generated by Aj.

We shall apply Proposition 3.4 with C = &, G(p) = S(p) and Ao = Ap+g
for ¢ € D(A). In this case the relation (3.23) becomes

1
(3.24) tiny <1 - AS(pL‘I) 0 = (1= Mo)~ (0 + Ag)

for g € &.

-1
Using the nonexpansivity of (I — AA)~! and (I - )\%) on & =D(A)

we remark that it is sufficient to prove (3.24) for ¢g € €.
We put

-1
©p = <I - AS(pl_I> 0o, ¢ = (I —AA) " (po + Ag).

With these notations we have

P
- AR .
©p /hL/\cpoerJrA (P)vp

(3.25)

Taking into account the definition of S(p) we may write

_ P A ‘ p
PO e
+h(x(t), al2](t), 2(t)ldt + p(x(p)); x(-) verifies (2‘14)}‘

Using the definition of S(p) and the fact that pg € £ we get

(3.27) 15(p)pollLip(ery < PM | gllLip(ery + M llpollLip(r)
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and

(3.28) 15(p)olls < p(llgllo + ) + llwolle,

for some positive constants c.
From (3.25), (3.27) and (3.28) it results

(3.29) lepllLip(ery < MllwollLipry + AM | glLip()

(3.30) lenllo < lleollo + Alllglls + <)

Using now Theorem 2.1 we obtain

o(z) = sup inf {/f‘f‘”mwu» + A" o (a(t))

el 2€No
+h(x(t), alz](t), z(t))]dt + e_A_lpcp(az(p)); x(+) solves (2.14)}.
Therefore there exist a/l) €Ty, z}, € Ny such that
o) — p(x)
< 2o+ 2 ot

(3.31) Fh(p(8), ol (1), 2p(E))]dE + mxp(p))}

_ /0 T N g, (8) + Ao (8))

+h(p(1), aplzp] (), 2p(8)]dE — e Pip(ap(p)) + 20,

where z,(-) solves (2.14) for o = o, and z = z,,.
In the same manner we get

(@) = enle) < L) + -2 [lata o)

(3.32)
— /Op e_Ailt[g(:ip(t)) + )\_1<P0(jp(t))

Fh(Zp(t), dp[Z,] (1), Zp(t))]dt — e_)\_lpg’o@p(ﬁ)) +2p7,
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for some &, € I'y and Z, € Np.
From (3.31) we obtain

o) = o) < | 2into) = 1 [ gttt
P 1
s [ stentenan = [ gtaonar

P
y—1
e (g ()| + 20 < /0

P
/1

)\ - 7)\_1t

Y (lg(@o(@)] + [A(zp(t), cpl2,](2), 2,(£))[)dit

,A—lp

—e lells + 20

=2l — ol + |
p+)\90p Pllb A

p
<),
0

p
)
0

p
)
0

2 o — ol +

p Jlr Ko@) = ler,\‘PO(%(t))' dt

1 e—A‘H

PR U lpo(zp(t))|dt

A _ €_>\_1t
p+A

(Mg + Mh)dt

—A‘lp

—e lplls + 20

A
p+A
1 p p
S/ ctdt+/
p+AJo 0

p

o

0

2 op— ol +

31
e AT

p+A A

lpollpdt

A -1
AT

-1
— e | [lolly + 207

A
p+A
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= a(p) + o — ol

Analogously, using (3.32) we obtain

A
a = ——llep — H.
#(2) =~ p(x) < alp) + —= i — @l Vo €
Therefore ,
PN < 0.
pJMIIsO eplls < alp), p>

a(p)

Since - 0, we get
p—0

lim ¢ — ¢, = 0.
p—0

Applying Proposition 3.4 we have
T(t)oo = tim (S(L)) vo= S
Yo = W n Yo = 0,

for every po € € =D(A), t > 0.
Now we shall prove (3.18).
Let € > 0. Then there exists o, € I'y, such that

O%MM@—W@SAM@WM

+Hh(w2(7), 0c[2](7), 2(7))]dT + po(2 (1) — ¢o(2) + &,

(3.33)

for every z € Ny and z(-) solves (2.14) for a = . and 2(-).
Using now Proposition 2.2 and since ¢g € D(A) there exists f € BUC(H)
such that

mm:mm%[mw»

OfEFO ZGNO

+h(z(7), af2](7), 2(7))]dT 4+ e oo (x(t)) }

Therefore, there exists z. € I'g such that
(3.34)

wawz{[}ﬂﬁv»+mﬁvmmawm%vmmwm%mmam}—a
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for every a € I'y.
Taking € = ¢? and using (3.33) and (3.34) it results

(S(t)p0)() — pol) < /0 o(za(r)dr

" /O (1 — e Mh(za(r), aplze](r), ze(r)dr

+(1 — e Hpo(zp(t) — /0 e fxp(T))dr + 2t%

Dividing now the last relation by ¢ and making ¢ — 0 we obtain

Jim ((SE90)(@) — eol@) < g(e) — F(@) + ().

Similarly we get

Jim S((SE)e0)(@) ~ o(a)) 2 9(a) - (@) + ().

Therefore

Jim ((SE)90)(@) — eole) = polz) — £(a) + (o)

= (R(1)f)(z) — f(z) + g(z) = (A(RQ) [f))(z)
+g(z) = (Apo)(z) + g(x), for every x € H.

Remark 3.1. We may consider the operator A nonlinear, but in this
case the proof for the resolvent equality would be more difficult. So we
should have to work with the Yoshida approximation of A and the evalua-
tions would be more complicated.

We also remark that the function S(t)¢g given by (3.8) is also the vis-
cosity solution of (1.1). Therefore, for the problem (1.1) the variational
solution S(t)pg, the semigroup solution T'(t)¢p and the viscosity solution
coincide.
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helpful discussions.
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