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A link is an embedding of I ;S! in S® or in R3. A famous problem
is the classification of links up to isotopy. This problem has an algebraic
solution through braids. A braid is an embedding of II}"_; I into the cylinder
D? x I, such that the intervals are considered to strictly decrease from the
top to the bottom disc. The end points are considered to be fixed.

The braids form a group, the multiplication being given by putting the
cylinders in top of one another, such that the end points correspond. The
identity element is the braid formed by all the strings going straight from
the point 7 X 1 to ¢ x 0. The braid group B,, is finitely presented given the
number of strings also called the braid index. The standard set of generators
is 01,...,0n-1, 0; being represented in the picture below. Moreover the
braid o, ! is the one in which the crossing of the i-th string is in front of
the the 7 4 1-th.

*This is part of my Ph.D. Thesis I defended at Columbia University in the spring of
2001
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Figure 1: Generator o;

Adding a trivial string one obtains a braid in B,;;. This give us an
embedding B,, — By 1.

A braid can be closed to a link connecting every point ¢ X 0 to 4 x 1
by an arc which go around an axis perpendicular to the cross-section of
the cylinder. The axis is shown in the above picture by the star. A link
obtained in this manner is also called a closed braid.

A theorem of Alexander says that any link in S* (or R?) can be isotoped
into a closed braid. Markov theorem says that the closures of two braids
a, 3 are isotopic if and only if the braids are related by a finite sequence of
the following two moves and their inverses.

(1)ﬁ:7'a'7_1’ Oé,ﬁ,’}/eBn
(2) B = a- o', changing the braid index,n = n 4 1

n

The trouble in the classification problem mentioned above is made by
the mixture of the two moves. To be more precise for each isotopy class of
links there are infinitely many braids which close to a link in such a class.
But there is a braid representative of minimum braid index representing
the link. The problem is that given a braid with a larger that minimum
braid index, representing a link ( up to isotopy), it might be the case that
in order to simplify it ( meaning to decrease the braid index) one should go
up in the tower of braid groups, and then go to a lower index than the one
at the beginning.

Examples of this kind were given by RUDOLPH in [11] for the unlink with
two components, refined by MORTON in [9] to an example for the unknot.

To overcome the difficulty BIRMAN and MENASCO in the paper [4] de-
scribed a new move which doesn’t change the braid index and may be
accomplished only by crossing the braid axis as in Markov move (2), above.
This new move is given in the following:
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Definition 1. T'wo braids f, 82 are said to be related by an ezchange
move, or called exchange related, if 31 = Xo,'Yo, and By = Xo,Yo, !,
where X and Y € B,,.

The move changes the conjugacy class of generic braids for n > 4. Our
goal is to discover a simple and definitive test for verifying whether two
braids which are related by an exchange move are conjugate or not. In [2]
the authors describe an algorithmic solution for the conjugacy problem in
B,,. This gives, of course, a complete answer to our question, however the
algorithm is complicated and one might hope for a simpler solution in our
special situation. The matter turns out, however, to be subtle. All the easy
invariants take an identical value on exchange-equivalent conjugacy classes.

Let me describe briefly the content of the rest of the paper. In Section
1 I give the definition of the Fiedler invariant, which is a class invariant.
I state its properties in Theorem 4 and give a sketch of the proof for the
case of braided knots. Although implicit in Morton’s work [10], T prove
in Proposition 6 that Fiedler’s invariant is a type one invariant. Then
in Section 2 T use Fiedler’s polynomial to detect exchange related braids.
Necessary and sufficient conditions for this are given in Proposition 9. At
the end of the section I give explicit examples (see Examples 12—14).

1. Fiedler’s invariant. FIEDLER in [6] describes in a general set-
ting an isotopy invariant for knots. He considers knots K embedded in an
orientable 3-manifold E which is the total space of a real line bundle over a
surface. I will consider in what follows only braided knots. The knots are
embedded in E= R3 \ {z — azis} and the surface is S= R?\ {0}.

For this particular case we get in fact an invariant of closed braids up
to conjugacy, as described in Fiedler’s paper. Applying this invariant to 3;
and 32, exchange related braided knots, we see that there are a lot of cases
in which it can distinguish when they are not conjugate.

In the sequel I will consider only braids v = Hle af: such that their
closures % are knots. By smoothing I will understand the replacement shown
in the picture below.

Definition 2. The ascending string of a crossing in a given closed braid
4 (counting all the braid strings from 1 to n at the top of each crossing) is:

o if the sign of the crossing o;, is €, = 1 then the ascending string is the
i,-th string after smoothing the crossing;
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Figure 2: Smoothing

o if the sign of the crossing o;, is ¢, = —1 then the ascending string is
the 7,41-th string after smoothing the crossing.

Definition 3. The Fiedler polynomial for any y € B,, is given by:

k
Fﬁ,(:l?) _ Z 6erm(r)—n
r=1

where m(r) is the winding number of the ascending string around the braid
axis, after smoothing the r-th crossing of the braid.

Let 7 : B, — Y, be the homomorphism which assigns to each braid its
associated permutation. Let s; be the transposition (7,7 4+ 1). I will denote
with mx the image of the braid X through =, so, (0;) = 7y, = s;.

Theorem 4 (Fiedler). F4(z) is a conjugacy class invariant of v € B,
where 4 is a knot, and has the following properties:

1. F4(z) is a symmetric Laurent polynomial in x.
2. mazdeg of any monomial in Fs(x) is < (n —2).

3. If vy is conjugate to a positive braid then mazdeg(Fy(x)) is n —2 and
all coefficients are positive

4. F5(1) = w(y) (where w(7y) is the writhe of y).

Proof. The proof for the case of braided knots is easier than the general
case described by Fiedler. One has to see that g —— F B(x) is a well defined
map. More precisely I need to show firstly that

()

aaw/j:ffjﬂ(x) - Fa01+7fj\aj+15(x)

= Famﬂ(a)) with |i — j| > 2

F‘Tﬁ(x) =F

T
aocjo; 3

Fo@a\iﬂ(aj)
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The last two equalities have to be proved because the relations in B,, are
004105 = 05410404541 fOI‘j = m and 040; = 005 for |’l —j| Z 2.
After smoothing the r-th crossing of B\, 7g will break into a product of two
disjoint cycles. Then m(r) is the length of the disjoint cycle which contains
ir, the index of the r-th ascending string. I will denote by Py(z) all the
monomials in the Fiedler polynomial corresponding to the letters in 6, and
also m(o;,) = m(i,).

-1
F — (z) =Py(z) + g2mlos)—n _ p2mloy)=n Ps(x).
Qojo; Joj
I have to show that m(o;) = m(aj_l). When I am smoothing any of these
two crossings the associated permutations are the same: m,s;m3. So the
decompositions into disjoint cycles, when smoothing either o; or aj_l are
1

the same. For o; the ascending string is the 7; string and for o " is also ;

j
viewed at the top of ;. So m(o;) = m(aj_l) and from here I obtain that:

F =, (r) = Pa(e) + Py(z) = F5(x).
In the same way one can prove the last two equalities, as well as the invari-
ance under conjugation. Everything else in the theorem can be proved using
a "skein relation”. The assertion is that the difference of the respective val-
ues of the Fiedler polynomial on the braids ao;3 and aoj_lﬁ is a symmetric
polynomial ( see (1) ). One observation is that the ascending string when

smoothing oj_l is the descending string for the case when smoothing o},

and so m(o; !

;) =n—mo;).

F(G]\g (z) — Fo;j‘\lﬁ(x)

) =Pa(a) + )" £ Py(a) — [Pale) — 2> )™ 4 Py(a)]

— x?m(aj)—n + xn—?m(oj).

The rest of the proof is exactly as in Fiedler’s paper. O

Remark 5. From now on we can think of § as being the conjugacy
class of 8 € B,,. The closure of any braid in  is the same braided knot S.

Using only the Definition 3 one can prove the following:
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Proposition 6. The Fiedler polynomial is an order 1 invariant for
braided knots in R\ {z — axis}.

Proof. This observation is implicit in MORTON’S work [10], using the
well known theorem of BIRMAN and LIN [3]. A direct proof can be given
by a direct calculation.

I use the symbol S; for the ”singular” generator of singular braid monoid
(see [1]). That is an elementary braid in which the strings 7 and i+1 intersect
transversally at a point. Now I need to see that if I consider a singular closed
braid with two singularities S; and S; then the Fiedler polynomial vanishes.
Solving each singularity in the two possible ways one gets:

FASTBEC(‘U) = FA@C(:E)
B FAJi/BU\j_lC(:B) B FAJ;/lafjc(x) + FAO—;TB\%.—lc(x)]'

Now using the ”skein relation” mentioned in the proof of the Theorem
4 T will obtain:

Pa(z) +z20-" L Pp(z) + 220" 4+ Po(x)
—[Pa(z) + 22D L Pp(z) — 2" 20) 4 Po(z)]
—[Pa(z) — 2"~ 2m0) 4 Pp(x) + 22m0)"" 4 Po(x)]

+Py(z) — 2" 20 4 Py(z) — 2" 20) 4 Pe(z) = 0.

O

2. Exchange moves and Fiedler polynomial. In this section all
braids considered are representatives of knots. I will apply Fiedler’s poly-
nomial to exchange related closed braids, ﬁl and ,32 Recall from Definition
1, that such braids look like this: 8; = X0, Yo, and 8y = X0,Y 0, .

I want to discuss in some more details the braids X and Y which form
the two exchange related braids. If X is a word only in letters o1, -+ , 05,9
then X commutes with aﬁfl and 81 = 0,' XYo,, 2 = 0,XY o, ! which are
conjugate braids. Similarly if Y is a word in letters o1, -+ ,0,_9 then Y
commutes with o;'! and both £3;’s are conjugate to XY. T am not interested
in either of these two cases. So I will assume that X,Y contain the letter

+1 . . .
0,,_ in their expression.



7 EXCHANGE MOVES AND FIEDLER POLYNOMIAL 283

Suppose now X = X 10,%’“_ 1 X2 with no other appearance of o,_;, which

means that X, Xy are words in letters oq,...,0,—2. Then 7x = nx,7x,
and both my, and 7, fix the letter n. 75, = mx, 7x, 8, Ty 5, = 8, Tx, TX, Ty 5y,
(because the multiplication of disjoint cycles is commutative).
The last expression is conjugate to mx,mx, 7Ty which cannot be an (n + 1)-
cycle because it fixes the letter n 4 1. Also X = Xlaik_lngaik_"‘l e ailﬁle,
with X; € B,,_1, with no other appearances of ¢,,_; wouldn’t give us by
closure a knot, because the n-string of the braid would close itself to a
component of the link. The same is true for Y. So at least one of the
appearances of 0,1 in X or Y, should be at an odd power.

Consider also the braid 6 = Xo,Y0,. The braids g, 81, B2 are simulta-
neously knots, that means their associated permutations are g = mg, = mg,
= TxS$pTy Sy are (n + 1)—cycles and I have the relation w(X) + w(Y) =n
(mod 2). T want to see when Fg3 (z) = Fj, (z), for 1, B2 exchange related.
I will denote with my(o,) the winding number of the ascending string of
the first o, in the expression of 3, and with ms(c0,) the winding number of
the ascending string for the second one.

Fﬁ(x) — FﬂA (:L') — p2mi(on)—(n+1) + x(n+1)—2m1(an)’
1
F,B(x) — F32 (:c) — p2m2(on)—(n+1) + (n+1)=2ma(on)
@) T30 ~Fp@
— x?mz(an)_(n-i-l) + x(n—f—l)—?mg(an) _ :L:le(gn)—(n'l‘l) . x(n+1)_2m1(0n)_

Because mg = Tx S, Ty Sy is a (n+ 1)-cycle whenever I set s, = 1 one of
its appearances, (smooth one of the o, in the braid) I will get the resulting
permutation to be a product of 2 disjoint cycles. So one of the cycles of
TxTySp has length mq(o,), and one of the cycles of wxs,my has length
ma(op).

The above difference is a symmetric polynomial and depends only of the
permutations wx 7wy s, and wxs,my. Let A = mx and B = s,7mys, then
TXxTy Sy = Asy B, txspmy = ABs,,.

Remark 7. I will restrict my attention to the case when the above

permutations A and B are both cycles, and 1 will study the case when they
multiply to give us a full cycle which is 7g the associated permutation a

braided knot B .

Definition 8. Let [ be the length of one of the cycles of mxwys,.
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So is either [ is mq(oy,) or (n+ 1) — my(oy).

Proposition 9. Let n > 4. If n+1 is odd and | = "T’Lz then FBI = F32
for all pairs of braids B1 and Py related by an exchange move; conversely,
if F31 = FBQ for all pairs of braids 81 and (o related by an exchange mowve

then n+1 and | = "T“

I mentioned the condition n > 4, (so the exchange related braids will
live in Bj at least), because for braid index 3, the exchange move does not
change the conjugacy class of the braids and from the conclusion of the
proposition we see that the values of the Fiedler polynomial are different
for two exchange related braids living in By.

To prove the above result T will study how the permutations A and B
multiplied give a full cycle. Let A = (i1---44), B = (j1, -+ ,J») be both
cycles. Consider AUB ={1,2,--- ,n+ 1}, and ANB = {t1, - ,tm} to be
the union and respectively the intersection of the sets of digits appearing
in A and B. Consider t1,--- ,t, to be written in an increasing order. In
both A and B these digits will appear in different order. Denote by v the
permutation obtained by considering the digits ¢y, --- ,t,, in the order they
appear in A, and similarly vg. Denote also by v p = 1/21 -vp. Let’s see
what these permutations look like calculating a few examples (computations
are done with [7]).

1. (173954286)(12)=(173954)(286),
ANB=(12), va=vp=1id, vap=1id

2. (173954286)(123)=(1 7)(286)(3954)
AﬂB:(123), I/A:(23), vp = id, VA,B:(23)

3. (173954286)(12356)=(175439628)
AﬂB=(12356), I/A=(235), vp = id, VA,B=(253)

4. (1347105811)(6753298)=(129811)(3456710)
ANB=3578), va=(57),vg=03T7), vap=(375)

5. (1347105811)(675329)=(1296710345811)
AﬂB=(357), I/A=(57), I/B=(37), VA,B=(375)

6. (1347105811)(672395)=(195811)(234)(6710)
ANB=357), va=(057),vg=0375), vap=(37)
These computations lead to the following:
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Lemma 10. Let A, B cycles, as above. Then A-B is a full cycle if and
only if |[AN B| is odd and vo g has an even number of inversions.

Proof. For the direct implication suppose first AN B = {t1,--- ,tom}
and v4 p is identity. We have i, =, = jg, .

A-B= (i17"' aZ.k‘lv"' 7ik2m7"' aia) (.717 7jk17"' ajk2m7"' ajb)
=0y sl =15 Tk 41" 9 ko Yka+15 " 3y Jkom s thom+1s " " 7Za)
'(.715"' sJk1—15Jk1s k141" stko—15Jko+15" " 5Tkop—15Jkopm+1s """ a]b)'

If we are changing v4 g with an even permutation, first we will encounter 4,
and this will give us a product of 2 cycles as above which is a contradiction.

Now suppose AN B = {t1, -+ ,tom+1} and sign(va,p) = 1 (mod 2). 1
will consider the case v4 g = (1 2). So in this case we have iy, = t1 = ji,
and ig, = t2 = jg, and for the rest of p’s i, =1, = ji,.

A-B = (i1, ik sikamers  sda) = (F1y s Tkrs " s Jkomars® "+ b)

= (ila"' 7ik1—17jk2+1"' ajk37ik3+la"' 7jk2m7ik2m+l7"' 7Za)
'(Zkla"' s ko —15Jk1+1 """ 7]/62—1)
'(ZkQa"' s Vg —15Jks415 """ 5 thama1—15Jkam 415" 5Jbs J15° " ° a]k1—1)‘

Again if we are changing v4 g with an even permutation we will get the
same kind of decomposition in disjoint cycles for A - B as above.

For the other implication I will consider AN B = {t1,--+ ,tom+1} and
VA, is identity.

A-B= (i1, ik, ihapers sia) - (Gl s Jks s Jhomans 1)
= (lla"' s Ui —1sJk14+1 """ 5 Jkas tho+15" " 5 thomy1—15 Jkama1+15 """ 5 Jbs
Js 5 Tk ki1 5 tko—15Jko+15 """ 5 tkop—15 Jkom+15 """ 77’(1)'

Changing v4 p with an even permutation we get again an (n + 1)-cycle
because in the multiplication we are getting first j; and then at the end
ia- O

With A, B as above, AN B = {t1, - ,tom+1}, and n,n + 1 are not in
this set. Then As,BNABs, = {t1,--- ,tom+1,n} so the cardinal of this set
is even.

Lemma 11. Let A, B as above, such that A - B is a full cycle, then
TXTy Sn and Tx S,y have disjoint cycle decomposition of lengths [,n+1—1
and respectively | —1,n 4+ 2 — .
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Proof. I will consider as in the previous proof only the permutation v
of the intersection set {t1,-- ,to,—1} is the identity and n and n+ 1 are at
the end between 49,1 and i, and respectively between jo,,_1 and j,. By
cyclic permutations of digits we can arrange to have this order in A. So the
above assumption is only for B.

A= (i1, yikyy* 20kgp 19 " sbus- " ,lg) Where i, =n.

B = (j1, " s Jkis " s Tkamo1s" " sJus v 5Jp)  where gy =mn 41
snB:(j17"'7jk17"'ajk2m_1a”'7jv—17j’07n7"'7jb)

Bsy, = (jl,“‘ s Jk1s " s Jkame1s " s Ju—1y Tl Jus 7jb)

AspB = (i1, ik kg 1o vius ia)
NCTIETINS AURTOR AORY NIPTE AP IRPR 5
= (ila"' 7ik1—17jk1+1"' ’jkzvik2+1"" 7/L'k2m—1_17
Fhops 1 41s " s Jo—1sJos T <+ i)
(ks 3 Tky—1s Jhot1 """ 5 Jks> tha 1" > Jkom—15
W1 415" " s Ju—ls Jot s " 5 Jbs J1s """ kg —1)

ABSn — (ila"' 7ik17... 7/L'k2m_17"' 72'1“... 72'(1)
. (jla"' 7jk17"' 7jk‘2m—17”' ajv—17n7jv7"' 7jb)
= (i1,~~~ s Uk —1s Jka+1"" " 5 Jhys Uhot1y " ’ik2m—1_17
Fkamo141s" " s Jo—15 M bug 1, 5 la)
: (iku"' s Uka—15 Jhot+1" " s Jkss> Uka+15 """ 3 Jkom_1+
ikzm_1—|—17"' aiu—17jv7jv+1a"' 7jb7jla"' 7ik1—1)‘

Sometimes the length of the first cycle in the decomposition of As, B will
be [ —1 and the length of the similar cycle in ABs,, will be [. Such an exam-
ple may be obtained as follows: let i,, = i, = n and j, = j, = n+1. Consider
also A = (ikpikz? RRIPE/PEEE 7iu)7 B = (jl,jkwjkza o Jkamets 2 Ju—1,
Jv)-

Then s, B = (jk17jk~z7 T 7jk2m_17 . ajv—lvjva n)v and Bsnz(jknjkza Tty
ijm_1 )yt 7jv—17 n7jv) where Z.kp = jkp'

As,B = (ikmikz?"' aikzm—la"' 77:u) ’ (jkpjkza"' 7jk2m—17"' 7jv—17jv7n)
= (ik1ajk37jk5a” : 7jk2m_17"' 7ik2m_1+la" : 7iu—1)
: (ikwjkujke?"' s Jkam—21 Vkam—o+15 """ > thap_1—15
Tkam—1415" " 5 Jo—1,Ju, M)
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ABs, = (ikuikz"" s Uk i) - (jknjkz?"' s ko1 s Jo—1,1 Jv)
= (ikmjkgvjkm"' 7jk2m_1a"' 7/L'k2m_1—|—17"' aiu—lajv)
“(Gkys Jhas koo " s Tkam—2 tham a1 " " > Gk 1 —15

ijm_H—la"' ajv—lan)'

The same type of decomposition in disjoint cycles will be obtained for
any appropriate A and B, meaning the lengths of the disjoint cycles in
As, B and ABs, will be as in the above cases. O

Proof of Proposition 9: Since [ is either my(oy,) or (n+ 1) — mq(oy,) it
follows from lemma 11 that the difference of the two polynomials will vanish
ifand only if Il =n+2 -1 2l =n+ 2. So from here we get two things:
n must be even and [ = ”TH O

Example 12. An infinite family of pairs of braids in B5 (n = 4) which
are not conjugate and the Fiedler polynomial cannot distinguish them.

Let

B = 0302010Z1030§k+10104 and [y = 0302010403(7%’““0104_1.

They are related by exchange moves for each k, and using the conjugacy
algorithm (see [2]) we see that they are not conjugate. Their associated
permutations are

o, = Ty, = (13425); X =o030001, Y= U30%k+101.

x = (1 23 4), symyss = (1 2 3 5), and from here we get mx7myss =
(13)-(254) and mxsamy = (135)-(24).

In this example mi(0,) =5 —ma(0,) = 3. Sol =22 =8 =3 and
their Fiedler polynomial are equal. Similar examples can be obtained by
multiplying each of the braids with a pure braid. O

Example 13. Two sets of braids in Bs (n = 4) which can be distin-
guished using the Fiedler polynomial.

Let

b1 = 03020104_102010304 and [ = 0302010402010304_1.
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They are related by exchange moves. Their associated permutations are

g =78, = (15342); X =o030001, Y =090103.

mx =(1234), samyss = (1 2 3 5), and from here we get: mxmyss =
(1234)-(12543)=(1542) and wyxsymy =(1234)-(12453)=
(142)-(35).

We have mq(0,) = 4;ma(0,) = 2. In this case [ =4 or ] =1 # 22 = 3.
Moreover the difference Fﬁl(x) —-Fg, (r)=z+z ' —2°—273 #0. So we
may conclude that they are not conjugate. 0

Example 14. Let n be an even number. In this general case there are
families of braids related by exchange moves which are distinguished by the
Fiedler polynomial (if | = "T“)

For i # 1, let
_ —1 . -1 —1 d
B =0n-1""+010, Op_1°"0i}10i0; " 0, _Op an

_ -1 1
fo = 0n—1""+01000p—1"""0i110i0; 1"+ 0, 10,

They are related by exchange moves for each k, Their associated permuta-
tions are:

1. fori=1 ng, =7, =(12---n—1nn+1)
2. fori#1 mg =m3,=(12---i—1n+14---n)

-1

—1
X=op1-rorand Y =0p_1 0441000, - 0,

mx =(12---n), spmys, = (i n+ 1), and from here we get:

x7mysp,=(12--n)-In+1ln)=(12---n—-1)-(nn+1),
TxS$pmy =(12--n)-(Inn+1)=(12--n—1n+1)

and
2. i#1
Txspmy =(12---n)-(in+1n)
=12-i—-1n+1n)-Gi+1---n—1),
TxTysy, =(12---n)-(inn+1)
=(12i—1n)-(Gi+1l-n—1n+1).
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Independent of ¢ we have that mq(o,) =i+ 1 and ma(o,) =n+ 1 —1,
so I = i+ 1, and the above permutations are conjugate if and only if
B2 itlei=1 O

3. Finite type invariants coming from Kauffman bracket. In
his paper [8], KAUFFMAN describes a purely combinatorial way of obtaining
the Jones polynomial. His main construction is a regular isotopy invariant
for links in R? which was called later the Kauffman bracket.

I will do the same construction in the solid torus and the object I'll
obtain is an invariant of conjugacy classes of braids. Let R = Cla™, z],
where ¢ and x are two variables. The T'L,, is the Temperley-Lieb algebra of
index n which is generated by 1,e1,---e,_1 and has the following defining
relations:

e = d-e
€i€ir1e; = €
eie; = eje; if |l — _]‘ >1
Above, the coefficient d = —a® — a~2.
1 2 i i+l n-l1 n

X

Figure 3: Generator e;

The elements of the Temperley-Lieb algebra can be viewed as pictures.
Consider 2n points lying on two parallel horizontal lines in the plane, n
on each line. The elements of the Temperley-Lieb algebra, which are also
called states can be interpreted as a collection of n disjoint arcs connecting
these 2n points.

Figure 3 shows a picture of the algebra generator e;. These generators
can be multiplied by putting one in top of the other to give all the elements
of the algebra. The identity is the set of segments connecting the i-th point
on the top line with the ¢-th point on the bottom line.
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Consider the following map:
(3) ®: B, — CB, —» TL,.

The map (3) is the representation of the braid group on the Temperley-
Lieb algebra, given by:

‘I)(Ui):a_l-ei-l-a-l, (I)(O'i_l):a-ei—ka_l.l.

Let me explain the ”closure” operation. Think the plane in which the
states live as being the sectional plane of a cylinder as in the case of braids.
The closure of a state is the exactly the same as the one for braids, meaning
connect 4-th point on the top line around the axis with the i-th point on
the bottom line. Closing a state give us a set of unoriented curves in the
solid torus (the one winding around the axis considered), some curves being
contractible, some of them winding around the axis.

Let p = # of contractible components and ¢ = # of homotopycally
non-trivial components in the closure of a state.

TL, is a vector space over C with the basis given by the set of states.

Definition 15. Let f : TL, — R f(w) = dPx? for w a state and
extend by linearity to the entire vector space.

+

f o ® associates to each braid a polynomial in a®! and z. One can see

that f(e;) =d-z" 2 and f(1) = 2™

Lemma 16. f : TL, — R is a trace function, in other words, it has
the following three properties for (V) v, w € TL, and for (V) a € Cla™"].

1. flo+w) = f(v) + f(w);
2. flarv)=a- f(v);
3. flo-w) = f(w-wv).

Proof. The first two properties are true because we have defined the
function f as a linear extension. For last property let’s look at two gen-
erators of the Temperley-Lieb algebra, e;,e;. Consider the closure of e;e;,
we can isotope e; through the closure arcs in the top of e;. So the two
closures are isotopic in the solid torus, so they have the same number of
components, which means that f(e;e;) = f(eje;). From here, by the same
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argument we find that f has the third property for every element in the
basis of the Temperley-Lieb algebra. Now since each word is a sum of states
with some coefficients, by linearity we get the property in general. O

For father computations it will be useful to have some formulas for

(ak).

)

Lemma 17. ®(c¥) = pi(a)e; + a*, where

k—1
S (=Dlar24 i k>0
=0

prla) =< 1 if k=0
—k—1
Z (_1)lak+2+4l if k<O.
=0

Proof. Consider k£ > 0. The proof will be by induction. For £k =1 we
have pi(a) = a~' which is exactly what the formula give us. Assume the
formula is true for k. For k 4+ 1 we have to prove that

k

Prri(a) = Z(_l)lak+1—2—4l

1=0

(o7 ™) = (a”"es +a) - (pr(a)ei + ") = (a”'p(a)d + a" ' + apy(a)
= (_a'_3pk((l) + ak—l)ei + ak‘H

The coefficient of e; is pg1(a)

k—1 k-1
_ (_a—3) (_1)lak—2—4l + ak—l — Z(_l)l+1ak—3—2—4l + ak+1—2
k—1

(—1)HH1ghH1=2=40+1) | gh+1-2

k

k
— Z(—l)lak+1_2_4l + ak+1—2 _ Z(—l)lak+1_2_4l.
I=1 =0

The case k < 0 is similar. O

Proposition 18. Let a = €' in ®(B). Then the coefficient of t* in ®(3)
is a finite order invariant of order k.



292 RADU POPESCU 16

Proof. Consider a singular braid with k£ + 1 transverse double points,
and consider its image in the Temperley-Lieb algebra, through the canonical
extension of ® to singular braids.

I will show that all the coefficients of t* up to power k+1 obtained after
we expand a = €', will be equal to zero. Let 8 = X7, Xo7y, - - Xkt 1 Tigy s Xkt25
where X,L(S are braids in B,, and 7; is the standard singular i-th braid gen-
erator (the strings i and i+1 cross transversally in one point).

Q( X175, XoTiy -+ X 1Ty Xby2) =

) ‘ €iq €ig k1 —
Z €iy -+ €ip D( X0t Xoo,) “'Xk+1aik+1 Xkio) =
(4) 5117”’7€ik+1;€il€{i1}
= Z €iy - -+ €0, P(X1) (@ rey; +a1)

€ip5m 7€ik+1 €4 E{:l:].}

o (X)) (0 ey, + ) (Xyp).
In the sum (4) we have 2*! terms of the form

€y - € P(X1) (@1, +a%1) - D(Xpyr)(a” “hreg,, | +a 1) (X )
and expanding each parenthesis we will get for each of them a sum of 25+!
terms, each one of them being like ®(X1)-¢e;, -+ ®(Xg11) €5y, - P(Xp2), Or
with some e; missing. I am interested in the coefficient of each such term. In
fact all the coefficients of any of the terms are equal up to a sign. Such term
is realized 2F*! times. The sign in front of each appearance will be (—1)!
where [ is the number of -1’s in the k& + 1-tuple ¢;,,.. For a given
such [ we have (lerl) ways of choosing [ -1’s out of £+ 1 numbers. As for the

a factor for a given | will be of the form a - (a™!)¥~!, because ®(0; ') =

gy

(ae; +a~1). Putting everything together we get that the coefficient in front
of ®(X1) - €ip " O (Xp41) - Cifgtr P (Xp42) is

k+1
(5) Z <k7 -; 1) (_1)lal . (a—l)k+1—l — (a—l o a)k—H.

=0

Fora=¢ée', wehavea™ ' —a=(1—t+---)—(L+t+---)=—2+---,
and we will have (—a + a=1)FT!1 = (=2¢)¥*1 + ... =, 0, so the coefficients
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of # =0 for all 1 < j < k. Here =5, means truncating the terms of degree
> k+1. Since the coefficient of all states which appear in the decomposition
(4) is up to sign equal with (5) we get the conclusion of the proposition. ]

Definition 19. Consider f o ®(3), and let a = e!. The coefficient of ¥,
a polynomial in x, is denoted by Q 5 (7))

Corollary 20. Q; p(T) is a k —th order invariant.

Proof. Consider the image of the word in (4) after replacing a by e,
through f, We have that Qg w(x) = 0, because all the coefficients up to
order k + 1 are zero. O

Proposition 21. Qg (z) # Fﬁ(x)

Proof. Consider o} € By. Its closure is the right hand trefoil. F— (z) =
1

3. Consider ®(0?) = (a~'e;+a)® = p3(a)e; +a® where p3(a) = a—a 3+a"".
Then fo®(0}) = p3(a)-fo®(e1)+a® fo®(1) = p3(a)-d+a>-22. Let a = €.
Looking only to the terms up to order 2 we will get d =9 —(1+2t)—(1—-2t) =
—2,p3(a) = 1+t—(1—-3t)+ (1 —-7t) =1—3t, a®> =1+ 3t. As a result
fo®(o}) = (1 =3t)-(=2) + (1 +3t)z? = -2+ 2% + 3(2 + 2?)t, and

55, (@) =32+ 22). O

We see that the Q 3k exists for any k, and moreover can be defined for
any braids, not only for braided knots.

I will start the study of this new invariant on exchange related knots
with a discussion on Morton’s braid representative of the unknot appearing
in [9]. A conjugate of it is

8= 02020201_10203_102_102_10102_103

It belongs to B4. To destabilize to the canonical braid representative of
the unknot in e € By, one needs either to stabilize first to Bs, as MORTON
shows in [9], or needs to use exchange moves as in [5]. In fact it is suffi-
cient to use only one exchange move, not two as in [5]. The notations for
this example only, are: the standard generators of the braid group, o; are
replaced with ¢, and o; ! with 1), a twiddle means that the transformation
is conjugation in By, and an arrow with no specification means that we are
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using only the braid relations, the rest being clear.

22212322123 exchange 22212322123 — 22212321213 —
22212312113 — 22212132311 ~ 11222121232 —
21122212123 destabilization 2112221212 ~ 11222121 —
11221217 - 112212 - 112121 ~
1212 — 1121 ~ 12 destabilization e

Now let me consider the exchange related braids:

—1 -1 -1 -1 _-1
B1 = 05 030202020, 0205 0y 0y 01,

Bo = 02_103020202010203_102_102_101_1,
with X = 02_103020202 andY = 0203_102_102_1. First let’s calculate le ,k(x),
and I will start ®(3;).
(B) = ®(X)(aer +a )@(Y)2(a e +a)
(6) = ®(X)e1®(Y)er +a? - ®(X)e ®(Y)
+a7% - ®(X)B(Y)e; + &(X)D(Y).
The computations involve lemma 17 and we will get:
O(X)er®(Yer = (—a P +2a7% —3a7 + 247! —a?) - ezeaey
+(=2a71 4 3a® — 2a” + a'') - egeze; + (—2a73 + 2a — a®) - ese;
+(—a M 4+3a7" - 5a73 + 4a — 2a°) - eze; + (a +2a> —a”) - e;

O(X)e1®(Y) = (a=® — 3a~! + 5a® — 3a” + a'l) - ezezeren

+(@ " =223 +4a+a®—a® —a” —a’) - erezen

+a M —a "+ a73) -ezeze; + (a77 — 2073 + 3a — a®) - ezeres
+a-ejezes + (a7 —a"® +2a7) - ere3

+(@ ™ =3a5+3a7t —a3) - ezea + (a7 —2a75 +2a71) - eges
+(@™® —2a75+2a71) - ezer + (2a® — a7) - erez

+a M —a"+a3)-e3+ (2677 — 5072 + 6a —2a°) -ea +a-e;

S(X)2(Y)ey = (—a M 4+a"—a2+2a+a®—a" —a’) - ezeze;

—+

(X)o

( —q— 11 4 207 — 923 + 2a — a5) s €2€3€]
H(=a P +a? —a? +a7') eres

(=

+(—a 242045 =201 +3a% — 24" + o? ) ese1 +a- e
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P(X)P(Y) = (~a" " +a" —a"? +a) - eze
+(—a M +2a7" - 2073 +2a—a%) eges + (—aB +a? —a P +al) e
+(—a7? +2a7% —2a7! +3a® — 247 + a'') - ez +a.

The image of (6) through f. Let’s start with the images of the states
appearing;:

flesezeres) = f(eres) = d?
f(61€3€2) f(€3€261) f(626163) f(61€263) = d
flesea) = flezes) = f(eaer) = flerea) = 22

f(

e3) = fle2) = fer) =d-2*.
Replacing all these in (6), we get:

fod(B) = f(@X)a1®(Y)er) +a’- f(R(X)e1®(Y))
Lt F@(X)O(Y)er) + F(@(X)D(Y))
= (—aP4+2a7 -2 -0 +3a 2 —at—5a—d®
+2a° +a” +4a° + o't — a'? +a'")
+a P —4a M +9a7 " - 1562 —a 4+ 9a —a®
—11a° + 4a® —a'?) - 2? + a - 2*

and similarly

fo®(B2) = f(‘P(X)61<I>(Y)e1)+a_2-f((1>(X)61<1>(Y))
(

f(@(X)2(Y)er) + f(@(X)2(Y))
= (— B_al—a—ad+d® +a"+2d° +a'l +a?)
+(—2a 3 —a"' —da —a® - 2d%) - 2%+ a- 2.

It is clear, even from the images in the Temperley-Lieb algebra, that
the two braids are different, but we can see that also their images through
f are different. We can look at Q@’k(:n), where 7 = 1,2 and k£ > 0. For
example QE,l(a:) =170 — 1422 4+ z* and Qﬁ;l(x) = 54 — 1022 4 z*.

Consider now in general two braids which are exchange related g, =
Xo, Yo, and By = X onYo, 1. We would be interested to compute the
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difference f o ®(f1) — f o ®(H2). Let’s look first to the difference of the
images of f3; in the T'L,, algebra.

§ = O(X)®(0,)P(Y)®(0n) — (X)P(04)@(Y)P(0, ")
= ®(X) - (ae, +a HRY)®(a te, + a)
—®(X) - (a ey, +a)®(Y)P(ae, +at).

So we can rewrite 0 as:
(7) §=(a*—a™%) [®(X)e, (V) — &(X)B(Y)ey).

Using the power series expansion a = e!, we see that a®> —a™2 =5 4t. In

case we want to look only to QE () — QB; ,(z), we have then to compute
only the free term of f(®(X)e, ®(Y)) — f(2(X)P(Y)en).
Let me investigate the braids in example (12) using these invariants.

Example 22 (Example(12) revisited). The following two sets of
braids in Bs are not conjugate, as we already know, and they cannot be
distinguished either by the Fiedler polynomial, or by QE’I(x), but they can
be distinguished by QEJ(SU)

25+1

_ ~1 j 2j+1 1
,317j = 0302010, 030, .

0104 and ,327j:0’3020’10’40302] 010y

Set X = 030901 and Y = 03037“01.

D(X)es®(Y) — @(X)@(‘Y)ezl ‘

= B(03)®(0201)es® (05" 01) — ®(03)B(0201) (05 o1 ey
=q 2. 63<I>(0201)e4e3<1>(a§]+101) —a 2. 63@(0201)63'@(0?“0
+¢(0201)6463@(0§j+101) — @(0201)63@(0?—'—101)64.

1)€4

The last equality is obtained using the expression for ®(o3) and the
commutativity relations of e4 with e;,es. We can reduce it more because
we are interested in the images through f which are the same for cyclic
permutations of the words. So in the image of f the last difference will
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cancel out. This lead us to the investigation of:
a=2 - ®(0201)e3 (03 T a1) - [ezen — eases)
= a"'pyjri(a) - (ezerezes — ezerezezeqes)
+ (a_3p2j+1(a) +a¥72d + 2a2j) - (degereseq — eseqes)
+apajii(a) - (erezes — erezezeses) + apajri(a) - (eze1eq — ezezeseszen)
+ (a7 'pajy1(a) + a®d + 2a*72) - (derezes — eqe3)
+a’pyjy1(a) - (eseq — ezegeqes) + a® T2 - (degeses — ees)
+a"'paji1(a) - (ezerezes — esereqes)
+a¥* . (desey — e3) + apaj+i(a) - (ezezes — egeqes)
Let’s evaluate the function f for the above states.
flezereses) = f(ezerezeseses) = o
flereseaeqes) = f(eseqeqeser) = da
flezeres) = fleseres) = flezeses) = f(ezeses) = dz

f(ere3) = f(ezezeqses) = d*x; fleseq) = f(eze3) = z?; fle3) = dz?
flesereseq) = f(esejeqes) = x

The difference f(P(X)es®(Y)) — f(P(X)P(Y)es) using the expressions
above becomes:
a*pajii(a) - (2° — d?z) + a2 (dPx — 2%),
The image of § through f, will be:
f(0) = (a® = a7?) - [f(2(X)es®(Y)) — f(R(X)B(Y)es)]
= (a* = a7?) - [(a®pzj41(a) — ¥ T?) - 2 4+ d*(a¥ 2 — @Ppyjii(a)) - 2]

t

and after expanding a = €', we get up to degree 3 in :

f(0) =3 4 (—442® + 16jz) - £.

So we have learned that ka(:p) — Qﬁ;j,k(x) =0if £ = 0,1, and the
first non-zero difference is Qﬁ/l\,j o(T) — Q@’Q(a:) = —16j(2® — 4z). O

Because of the above exampie and similar computations I will make the
following:

Conjecture 23. Q 31 (z) braids will vanish in the same way on exchange
related as the Fiedler’s polynomial does (see Proposition 9).
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