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S-NUMBERS AND INTERPOLATION*
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Abstract. We establish some estimates for Gelfand and Kolmogorov numbers of the
interpolation operator in the multidimensional case. We also analyse the interpolation
property of operator ideals defined by Gelfand and Kolmogorov numbers.
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1. Introduction. The estimates for Gelfand and Kolmogorov numbers
of interpolation operator in the case of Banach couple have been pointed
out by PIETSCH ([3]) and TEIXEIRA ([5]). These numbers are important
examples of the so-called s-numbers (cf. [1], [2] and [3]).

In this paper we establish some estimates for Gelfand numbers (¢, (7')),,>,
and Kolmogorov numbers (d,, (T')),~, of interpolation operator 7" in the
case of Sparr methods for N + 1-tuples of Banach spaces. We consider the
case when one of the N + 1-tuples is reduced to a single Banach space. In
the case of Gelfand numbers we can extend the result to the general case
when in both sides we have N + 1-tuples A and B if dim (A (Z)) < 0.

We also consider the operator ideals generated by Gelfand and Kol-
mogorov numbers and analyse the interpolation property for these ideals.

2. Notation and preliminaries. If A and B are Banach spaces, we
denote by L (A, B) the space of all bounded linear operators between A and
B with the usual norm. For every T € L (A, B)
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a) The n-th Gelfand number ¢, (T') of T is defined to be

cn (T) = inf {||T JJQH : codim (M) < n},

where M is a closed linear subspace of A and the map J AA4 : M — A is the
canonical injection.
b) The n-th Kolmogorov number d,, (T') of T is defined to be

dn (T) = inf {||QF T|| : dim M < n},

where M is a linear subspace of B and Q¥, : B — B/M stands for the
canonical surjection.
It is easily seen that

IT|| =1 (T)>ca(T)>...>0

and
|IT|| =di(T)>da(T) > ... > 0.

Let £ denote the class of all linear and bounded operators between
arbitrary Banach spaces and let the classical ideals I,, 0 < p < oo. The
class of operators T belonging to £ for which (¢, (T)),, € I, or (d, (T)),, €
l, form an operator ideal (see [3]) and we shall denote it by G, or K,
respectively.

In literature there are many interpolation methods for N + 1 - tuples of
Banach spaces. Here we shall analyze Sparrs’s methods [4]. We begin by
reviewing Sparr constructions. If ¢ = (¢,...,tx) and 5 = (s1,..., sy) are N
- tuple of positive numbers, we set

ts = (tlsl, ...,tNSN); ﬁ‘ =11...tn,

F oy, M _dn din

Lrmo g oy Uty

Let A = (Ay, ..., Ay) be a Banach N +1 -tuple, that is to say, a family of
N + 1 Banach spaces A;,i = 0,..., N all of them continuously embedded in
a common linear Hausdorff topological vector space. For ¢ = (1, ...,tn) > 0
we put:

|t

N N
K(t,a; A) = inf{||aoll 4, + D tillaill 4, :a = ai, a; € A;}
=1 =0
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for each a € Ag+ ... + Ay := > (A) and

I ) = s (ol 1 il
foralla € AgN...N Ay :=A(4). B
Given two Banach N + 1-tuples A = (Ao, ...An), B = (B, ..., Bn) we

write T' € L (A, B) or T : A — B, meaning that T is a linear operator from
> (A4) into >° (B) whose restriction to each A; defines a bounded operator
from A; into B; (i =0, ..., N). For each T € L (A, B) we consider the norm:

Tlxg = (14, 5, ) -

75 = max, (1T,

If one of the N + 1- tuples A or B reduces to a single Banach space, i.e.
if Ag = A1 =...=Any = Aor By = By = ... = By = B, then we write
TeLl (A,E) or, respectively, T € L (Z, B) .

Let A be an intermediate Banach space with respect to A = (A, ...An),
that is, A (Z) — A= > (Z) (with continous embeddings). We say that
A is of class K (g,ﬁ), where 0 = (61, ...,0xn) € (0, 1)N, Zf\il 0; < 1 if there
is a constant C' such that
(2.1)

: 1=, 0 01 . On
|T)|ap <C|T: Ay — B||'"==%|T: Ay — B|"" ...|IT: Ay — B]|

for every operator T € L (X, B) and all Banach spaces B.

The space A is said to be of class J (9, Z) if there is a constant C such
that
(2.2)

1Tl pa < CIT = B — Aol ™==1% |7 B — A" . |T: B — Ay|*

for every operator T' € L (B ,Z) and all Banach spaces B.
An important example of space of class K (5, Z) is the real interpolation
space Agp « (or Sparr’s KC- space). We remind that for 1 < p < oo and

N
0=(01,...0x) € (0, 1), > 0 <1
I=1

the space Ag i consists of all a € > (Z) which have a finite norm:

o= ([ () §)

lallz,
+

S =
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On the other hand, the real interpolation space ng ; (or Sparr’s J-

space) is an important example of space of class J (9, Z) . We remind that
for 1 <p < oo and

N
0= (01,...0n) € (0, 1)V, > 0 <1,
I=1

the space ng ; consists of all a € ) (Z) which can represented in the
form:

(2.3) a= /R u (1) Cit (convergence in Z (4))

n
+

where u : R%. — A (A) (strongly measurable) and satisfies

(2.4) (/R ({ﬂ—?,](f,u () ;A))pcit>fl’ < 0.

The norm in AE% g 18

e, = </R (177" 7 (5.0 (2); 0))” f)

+

n
+

where the infimum is taken over all representations w (f) of a satisfying
(2.3) and (2.4). -
For every T € L (A, B) we have

N

0.

(2.5) 1T 5 <]]M7°
3=0

0,p,K>20,p,K

where M; = |T| 4, p and 6 =1— 37, 6;.
Similar result we have in the case of J-spaces.
3. Estimates for Gelfand numbers

Theorem 3.1. Let B = (By,..., By) be a Banach N + 1-tuple, A
a Banach space and suppose that B is a Banach space of class J (9,?)
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with constant C, for some 0 = (61,...,0n) € (0, 1)N, Zf\il 0; < 1. If
TeLl (A,E) then, for alln; € N (i = 0,...N) we have

(3'1) Cno+...4nN—N (TA,B) <C Cno (T0)90 «Cny (TN)GN
where T; =T : A— B;, 1=0,..N and@ozl—Zf\Ll@i.

Proof. Given e > 0 we can choose subspaces M; of A with codim (M;) <
n; such that||TJg : M; — Bil| < (14¢)cn, (T;), (i=0,...,N).

Put M := MpN...NMy. Then codim (M) < ng+...+ny —N. It follows
from HTJ]\“} M — BZH < HTJ]\“}Z_ :M; — BZH and the estimation (2.2) that

Cnototnn—nN (Tap) < ||TJ4r: M — B

< C||TJfy s M — Bo| " || Ty s M — By ||
< C||TJfy, s Mo — Bo||™ ... | TJik, - My — By||™
< C(146)eny (To) ..cny (Tn)™ .

Since ¢ is an arbitrary positive number we obtain (3.1). O

Corollary 3.2. Let § = (6y,....0x) € (0, )Y, N 0, <1 and1<p<
oo. For any Banach N + 1-tuple B = (By, ..., BN), any Banach space A
and any operator T € L (A, B), we have

(32)  Cngroiny-N (T A ng) <C eng (T)" .ccny, (T)™

To extend the result to the general case when in both sides we have
N + 1-tuples A and B we need that dim (A (Z)) < oo and the following
result

Lemma 3.3. Let A = (Ay,...,An) be a Banach N + 1-tuple, and
C a finite-dimensional subspace of A (Z) Then, there exists in (Z) a

topological complement B with respect to C' such that for every p € [1, o0],
and every 0 = (61, ...,0x5) € (0, 1), SN 6, < 1, we have

(3.3) (AoN B,... ANN By, ;= 45, ,NB.
Moreover, the norm of the inclusion map

I:4;,,NB— (ANB,..,ANNB), ;
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satisfies

(3.4) 1] < n2 +1, n=dim (C).

Proof. On the spaces AgN B,...,Ay N B and Z@p"] N B are given the
topologies of Ay, ..., Ay and Z@p, s respectively. Since C'is finite-dimensional,
there exists a closed linear subspace B of > (A4) such that ) (A) = B&C.
Since A;NB — B and A;NB — A;, (i=0,..., N), we obtain by interpola-
tion (Ao N B,.., AN N B)g,, ; = B and (49N B, ..., Ay N B)g,, ; — A
respectively.

So, it then follows that (49 N B, ..., Ay N B)g, ; = ZE,p,J N B.

Now, we prove the reverse inclusion. Since C' is a finite-dimensional
subspace of A;, then there is a projection Q; € L (A;, A;) on C such that
1Qilla; 4, < n%, (1t =0,..,N), n = dim(C) (see [5] p. 386). Now we
consider @ : 3 (A) — 3 (A) defined by Qa = Qoag + ... + Qnan, where
ap + ... + ay is any representation of a in ) (Z) . It is not hard to show
that, @ is well defined, Q € £ (Z, Z), Q is a projection on C' and satisfies

)

1@l a,.a, €2 (i =0, N), Q] <2, n=dim (C).
Now, the map P = I — (@ is a projection on B and belongs to
L((Ag,.... An),(AgN B, ..., AN N B)).

By the interpolation property we obtain a map

Pg,p : A§7P’J — (AO N B, 7AN M B)gyp"]

such that

i
0

1— J\L 07; 0 6 1
35 [P S IPISSE 1P g o NPy < 01

Since the restriction of Pg,p to Zg,n ;N B is the identity map I, we have

Aap’J NB— (A() N .B7 ,AN N B)ap’J

and, by (3.5) the norm of I satisfies (3.4). O

Theorem 3.4. Let A = (Ag,...,Ay) and B = (By, ..., BN) be two
Banach N + 1 -tuples and let A = ngpj , B = Egpj for some 8 =
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(61,...,0n) € (0,1), Zf\il 0; <1 and some p € [1,00). Suppose that A(A)
is finite-dimensional. If T € L(A, B) then we have

(3.6) Cnototnn—N(Tag) < [dim(AA))])Y2eny (To)®...on (Tn)?Y
where T; =T : A; — Bi,i=0,..,N and 6 =1 — SN 6;.
Proof. Given € > 0 we can choose subspaces M; of A; with
codimpy, (M;) < n;
such that

(3.7) (

Tid3i,

< en (T), (i =0,...,N)

We may assume that M; # {0}, for, if M; = {0}, =0,..., N then c,,(T;) =
II7;|| and the theorem the follows from the interpolation property. Put
M = MyN...N My. Denote M® the set M, when given the A; topology
and by Mg,p the same set when endowed with the Z@p? 7 topology Then, by
(3.3) Mg, and (MO ...,M(N))gyp", are topologically isomorphic with the
norm of inclusion map 1,1 : Mg’p — (M(O), v M(N))@p’J satisfying:

(3.8) ]| < (dim(M))"/? < [dim(A(A))]'/

Denote by S the restriction of T to M) 4 ...+ M ™). Then, by interpolation
property, we obtain a bounded linear map Sgp : (M(O), ...,M(N))f —

0.p,J
B ;. Since M — M;(i =0, ..., N), it follows from (3.8) and (3.7) that

7p7
(3.9)
00 0N
A A A
|Tamasly, || < ||,/ 170 < 010 | Tao.o Ty | | Taw Tt |

< [dim(AA))]2[(1 + €)eng (To)] P [(1 + €)eny (Tn)]

But ¢g+..4ny-—N(TaB) < HTABJ]\‘L}[Hand A(A) is dense in ng"]. Then,
since € is an arbitrary positive number, (3.6) follows from (3.9) and the
theorem is proved. O

The following result is an easy consequence of Theorem 3.1 and Holder’s
inequality

Theorem 3.5. Let B = (B, ..., BN), be a Banach N +1 -tuple, A a Ba-
nach space and let B = Egp ; for some 6 = (61, ...,0n) € (0,1)V Zf\il 0; <
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1 and some 1 < p < co. If T € L(A,B) is such that Tap, € Gp,, (i =
0,...N) with 1 < pg,...,pn < 00, then Ty p € G with

1 1-SN 6 06 0
f:@—%—l—i—...—i——]\[.
p Po y4! PN

4. Estimates for Kolmogorov numbers

Theorem 4.1. Let A = (Ay,...,Ax) be a Banach N + 1-tuple, B
a Banach space and suppose that A is a Banach space of class K (G,A)

with constant C, for some 0 = (61,...,05) € (0,1)V, Zf\il 0; < 1. IfT €
L (Z, B) then, for alln; € N (i =0,...,N) we have

(4.1) dngtoinn N (Ta,B) < C dpg (To)% ...dyy (Tn)?N
where T; =T : A; - B, i=0,..N and 6 =1— SN 6;.

Proof. Given € > 0 we can choose subspaces M; of B with dim (M;) <
n; such that

(4.2) QYT < 1 +¢e)dn, (T;), (i=0,...,N).

Put M := My + ... + My. Then dim (M) < ng + ... + ny — N.
Since M; — M it follows that HQ%TZH < HQﬁszH , (1=0,..,N).
Now, by the estimate (2.1) and (4.2) we obtain

IN

ot ny-n (Tap) < QT <C|QETo|™ .. |QFTN|™
CllQFTo||™ .. | @5 T | ™

< C(L48)dny (T0)? ..cdpy (Tn) .

IN

Since ¢ is an arbitrary positive number we obtain (4.1). O

Corollary 4.2. Let § = (01,...,0n) € (0, Y, Zf\il fi<landl<p<

oo. For any Banach N + 1-tuple A = (Ao, ..., AN), any Banach space B and
any operator T € L (Z, B), we have

sty N (T A — B) < C dny (T0)" ...y (Tw)?™ .
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The following result is an easy consequence of Theorem 4.1 and Holder’s
inequality.

Theorem 4.3. Let A ZiAo,-'-,AN) be a Banach N + 1-tuple, B
a Banach space and let A = A - for some § = (01,....0n8) € (0,1)7,
Zﬁil 0; <1 and some 1l < p <oo. IfT € L (Z, B) is such that Ta, p €
Ky, (1=0,..,N) with 1 < pg,...,pN < 00, then Ty p € K, with

1 1-SN 9 0 0
p Po b1 PN
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