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Abstract. We consider a reaction-diffusion system of the form

u'(t) = Au(t) + F(u(t),v(t)), t>0
v'(t) = Bu(t) + G(u(t),v(t)), t>0
u(0) =¢, v(0)=mn,

where X and Y are real Banach spaces, K is a nonempty and locally closed subset in
XxY,A:D(A)C X — X,B:D(B) CY — Y are the generators of two Co-semigroups,
{Sa(t): X — X;t >0} and {Sg(t) : Y — Y; t > 0} respectively, F: K — X, G: K —
Y are continuous such that A+ F and/or B+ G are locally of 3-compact type. We prove
some necessary and sufficient conditions in order that for each (£,7n) € K, problem above
has at least one mild solution (u,v) : [0,T] — K.
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1. Introduction. In this paper we are concerned with some viability
results referring to a class of semilinear reaction-diffusion systems. Namely,
let (X,]-|lx)and (Y,]| - ||ly) be real Banach spaces, A: D(A) C X — X
and B : D(B) CY — Y the infinitesimal generators of two Cp-semigroups,
{S4(t) : X — X;t >0} and {Sp(t) : Y — Y;t > 0} respectively, K a
nonempty and locally closed subset in X x Y, and F: X —- X, G: K=Y

*This work was supported by CNCSIS Grant A 1159/2007
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two given functions. We consider a reaction-diffusion system of the form:

(1.1) V'(t) = Bou(t) + G(u(t),v(t)), t
u(0) =¢, v(0)=n

where £ € X, n € Y. We are interested in finding necessary and sufficient
conditions in order that I be a viable set for (1.1), i.e. for each (¢,n) € K
there exists 7" > 0 such that (1.1) has at least one mild solution (u,v) :
[0,T] — K ie.

u(t) = Sa(t)€ —l—/o Sa(t —s)F(u(s),v(s))ds

(1.9 t
o(t) :SB(t)nJr/O St — $)G(uls), v(s)) ds

for each t € [0,T].

2. Preliminaries. We assume that the reader is familiar with
the basic concepts and results concerning infinitesimal generators of Cjy-
semigroups and mild solutions for Cauchy problems in Banach spaces and
we refer to VRABIE [11] for details.

For easy reference we begin by recalling some basic concepts and results
concerning the Hausdorff measure of necompactness and uniqueness func-
tions . In the sequel (X, | -||) will always be a Banach space. For £ € X and
p > 0, D(&, p) denotes the closed ball in X of radius p centered in § and
dist(&, K') denotes the distance from £ € X to the set K C X. Let B(Y') be
the family of all bounded subsets of Y C X.

Definition 2.1. The function 3 : B(X) — Ry, defined by

n(e)
B(B) = inf{ & > 0; 3wy, 2, ...7p() € X, BC | D(2i,¢)
=1

is called the Hausdorff measure of necompactness on X.

Remark 2.1. We have §(B) = 0 if and only if B is relatively compact
set. So, if X is finite dimensional 8 = 0, because in this case the class of
relatively compact subsets of X coincides with B(X).
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Lemma 2.1. Let Z be a subspace in X, let B € B(X) and let

n(e)
ﬁz(B) =inf ¢ € > 0; 3z, 22, e Tne) € Z, BC U D(xi,s)
i=1

Then for each B € B(Z) we have
B(B) < Bz(B) < 26(B).
See AKHMEROV et al. [1], Theorem 1.1.7, p. 4 and MONCH [8].

Lemma 2.2. Let X be a separable Banach space and {F,,;m € N} a
subset in L' (1, T; X ) for which there exists | € L'(7,T;R*") such that

[Em(s)|l < 1(s)
for each m € N and a.e. for s € [1,T]. Then the mapping

s — B({Fn(s);m € N})

is integrable on [1,T], and, for each t € [1,T], we have

ﬁ({/:Fm@ds;meN}) S/Ttﬂ({Fm(S);meN})ds.

See MONCH [8].

Remark 2.2. If X is not separable, we may proceed as follows. Let
{F,,;;m € N} be a subset in L!(7,T; X ) for which there exists | € L!(r, T;
R4) such that ||, (s)|| < i(s), for each m € N and a.e. for s € [7,T]. In
view of Theorem 1.1.3, p. 3 and Remark 1.1.2, p. 4 in VRABIE [11], there
exists a separable and closed subspace Z of X such that F,, € L'(1,T;Z)
for m =1,2,.... Let us observe that the restriction of the mapping 8z to
B(Z) coincides with the Hausdorff measure of noncompactness on Z. Then,
from Lemma 2.2, it follows that the function s — Bz ({Fn(s);m € N}) is
integrable on [r,T'] and we have

8z ({/:Fm@)ds;meN}) < [&({Fm(s);meN})ds,

for each t € [1,T].
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Remark 2.3. Let (uy), be a bounded sequence in X such that
lilinﬂ({un;n >k})=0.

Then {un,;n € N} is relatively compact.
See CARJA-NECULA-VRABIE [4].

Definition 2.2. A function w : Ry — R4 which is continuous, nonde-
creasing and the only solution of the Cauchy problem

(1) = w(x(t))
z(0) = 0.

is x = 0 is called a uniqueness function.

Remark 2.4. If w: Ry — R, is a uniqueness function, then, for each
k > 0, kw is a uniqueness function too.

Lemma 2.3. Let w: Ry — Ry be a uniqueness function and let (i)
be strictly decreasing to 0. Let (x)r be a bounded sequence of measurable
functions, from [0,T1] to Ry, such that

m®§w+AMu®M&

for k =1,2,... and for each t € [0,T1]. Then there exists T € (0,T1] such
that limy, zx(t) = 0 uniformly for t € [0,T'].

For details see CARJA-NECULA-VRABIE [4].
In the following we recall some viability results concerning the Cauchy
problem:

2.1) ?ﬂﬂZAMﬂ+ﬂM0Lt20

u(0) = ¢,

where A : D(A) C X — X is the infinitesimal generator of Cp-semigroup
{S(t) : X — X;t > 0}, K is a nonempty subset in X and f: K — X is
a given function. We recall that the subset K C X is locally closed if for
each £ € K there exists p > 0 such that D(&, p) N K is closed. Each subset
in X which is either open or closed is locally closed. Moreover, each subset
K in X which is closed relative to some open subset D, i.e. for which there
exists a closed subset C' C X such that K = C' N D, is locally closed in X.
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Definition 2.3. The set K C X is viable with respect to A + f if for
each ¢ € K, there exists T > 0 such that the Cauchy problem (2.1) has at
least one mild solution w : [0,7'] — K.

Theorem 2.1. Let X be a Banach space, A : D(A) C X — X the
infinitesimal generator of a Cy-semigroup, {S(t) : X — X; t > 0}, K a
nonempty subset in X and f : K — X a continuous function. If K is viable
with respect to A+ f then, for each & € K, we have:

(2.2) I %dist (S(h)E + hf(€): K) = 0.

For the proof see CARJA-NECULA-VRABIE [4].

Remark 2.5. Under the general hypotheses of Theorem 2.1, if K is
viable with respect to A + f then, for each £ € K, we have

(2.3) £(&) € TR(9),

where

1
TaE) = {neX; n%ionf - dist (S(h)E + hn; K) = 0}

denotes the set of all A-tangent elements to K in €. We notice that if A =0,
then T4(£) is the contingent cone at ¢ € K in the sense BOULIGAND [2].
Except for the case when either A = 0 or £ is an interior point of K, ‘Tf} )
is not a cone.

This concept, for A = 0, was introduced by Nacumo [9]. For the
semilinear equation we mention the works of PAVEL [10], CARJA-VRABIE
[6] and the references therein. To handle into a unitary frame, the sufficient
conditions in order that the set K is viable with respect A+ f, we introduce:

Definition 2.4. Let A: D(A) C X — X be the infinitesimal generator
of a Cy-semigroup {S(t) : X — X; t > 0} and f : K — X be a given
continuous function. We say that A + f is locally of 5-compact type if, for
each £ € K, there exist p > 0, a continuous function ¢ : Ry — Ry and a
uniqueness function w : Ry — R, such that

BS#)f(C)) < Lt)w(B(C))
for each t > 0 and C C D(&,p) N K.
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Definition 2.5. Let X be a Banach space and let K C X. A function
f: K — X is called locally 3-compact if it is continuous and, for each £ € K,
there exist p > 0, and a uniqueness function w : Ry — Ry such that

B(f(C)) < w(B(C))

for each C C D(§,p) N K. A function f : K — X is called B-compact if it

is continuous and the condition from above is satisfied for each C' € B(K).

Remark 2.6. If f is locally 8-compact and A generates a Cy-semigroup
(case in which there exist M > 1 and a > 0 such that [|S(t)||zx) < Me™
for each ¢t > 0) then A+ f is locally of 3-compact type. Indeed, in Definition
2.4 we may take £(t) = Me* for t > 0, while w is given by Definition 2.5.
If f is B-compact and A generates a Cy-semigroup then A + f is locally
of B-compact type. We recall that a function f : K — X is called locally
compact if it is continuous and, for each £ € K, there exists p > 0, such that
f(D(&, p) N K) is relatively compact in X. Each locally compact function is
locally (B-compact.

Definition 2.6. Let X be a Banach space and let K C X. A function
f: K — X is called locally Lipschitz if for each £ € K, there exists p > 0
and L = L¢ > 0 such that

1/ (w) = F(0)|| < Lllu — o
for each u,v € D(&,p) N K.

Remark 2.7. If f is locally Lipschitz function, then A + f is locally of
[B-compact type. Since G(C) = 0 if and only if C is relatively compact, then,
if K is locally compact, A + f is locally of S-compact type, too. Finally,
it follows that whenever f is merely continuous and A generates a compact
semigroup, A + f is locally of G-compact type.

We present now some necessary and sufficient conditions in order that
the set K be viable with respect to A 4+ f. These conditions improve the
main result in PAVEL [10].

Theorem 2.2. Let X be a Banach space, A : D(A) C X — X the
infinitesimal generator of a Cy-semigroup {S(t) : X — X;t > 0}, K a
nonempty and locally closed subset in X and f : K — X such that A+ f
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18 locally of B-compact type. Then K is viable with respect to A+ f if and
only if for each € € K, the next tangency condition is satisfied:

P Dy
(2.4) hrfILlilOnf ﬁdlSt (S(h)¢+hf(§); K)=0.

For proof see BURLICA-ROSU [3]. The necessity of Theorem 2.2 is a
consequence of Theorem 2.1, while the sufficiency is essentially based on
construction of an e-approximate mild solution for the Cauchy problem
(2.1), i.e. a 4-uple (0,0, g,u) given by lemma below.

Lemma 2.4. Let X be a Banach space, A : D(A) C X — X the
infinitesimal generator of a Cy-semigroup, {S(t) : X — X;t >0}, K a
nonempty and locally closed subset in X and f : K — X a continuous
function satisfying the condition (2.4). Let & € K be arbitrary and let r > 0
be such that D(§,r) N K is closed. Then, there exist p € (0,7] and T > 0
such that, for each ¢ € (0,1), there exist o : [0,T'] — [0,T] nondecreasing,
0:{(t,s);0<s<t<T}—[0,T] measurable, g : [0, T] — X Riemann
integrable and u : [0,T] — X continuous such that:

(i) s—e<o(s) <s foreach s € [0,T];

(i)

(iii)

(iv) 0(t,s) <t for each 0 < s <t <T andtw 0(t,s) is nonexpansive on
(s,T];

(v) u(t) = SE+ [3 S(t — ) f(u(o(s))) ds + [ S(O(t,5))g(s) ds
for each te[0,T];

u(o(s)) € D(&, p) N K for each s € [0,T] and u(T) € D(&,p) N K;

llg(s)|| < e for each s € [0,T];

(vi) |lu(t) —u(o(t)) || < e for each t € [0,T].

See Lemma 9.3.1 in CARJA-NECULA-VRABIE [4].
Several important instances where the tangency condition (2.4) is nec-
essary and sufficient for viability are indicated in the remark below.

Remark 2.8. Using Theorem 2.2 and Remark 2.6, we get that K is
viable with respect to A + f if and only if for each £ € K, the condition
(2.4) is satisfied in the next situations:
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(i) A: D(A) € X — X is the infinitesimal generator of a Cy-semigroup,
{S(t) : X — X; t > 0}, K is a nonempty and locally closed subset
in X and f: K — X is a locally #-compact function;

(ii) A: D(A) € X — X is the infinitesimal generator of a Cy-semigroup,
{S(t) : X — X; t > 0}, K is a nonempty and locally closed subset
in X and f: K — X is a locally compact function;

(iii) A: D(A) € X — X is the infinitesimal generator of a compact Cp-
semigroup, {S(t) : X — X; t > 0}, K is a nonempty and locally
closed subset in X and f : K — X is a continuous function;

(iv) A: D(A) C X — X is the infinitesimal generator of a Cp-semigroup,
{S(t) : X — X; t >0}, K is a nonempty and locally compact subset
in X and f: K — X is a continuous function;

(v) A: D(A) C X — X is the infinitesimal generator of a Cy-semigroup,
{S(t) : X — X; t >0}, K is a nonempty and locally closed subset in
X and f: K — X is a locally Lipschitz function.

3. The main results. In this section we state the main necessary and
sufficient conditions for viability in the case of reaction diffusion systems
of the form (1.1). Let (X,| - |x) and (Y, - ||y) two real Banach spaces,
KCXxY, F:K— X, G:K—Y,and £ € X, n € Y. We assume that the
operators A: D(A) C X — X and B: D(B) CY — Y are the generators
of two Cp-semigroups.

Definition 3.1. The set K is viable with respect to (A + F, B + G) if
for each (£,7n) € K there exists 7" > 0 such that (1.1) has at least one mild
solution (u,v):[0,T] — K i.e. (u,v) satisfy (1.2) for each t € [0,T'].

Remark 3.1. The system (1.1) can be written as a semilinear equation
in a product space. Let X = X x Y endowed with the norm || - ||, defined
by [|(z,y)llx = [lz]lx + [[ylly, for each (z,y) € X'. Let A= (A, B) : D(A) C
X — X be defined by A(z,y) = (Ax, By) for each (z,y) € D(A) and let
F: K — X, F(z) = (F(2),G(z2)) for each z = (z,y) € K. Hence, the
system (1.1) can be written as

(3.1)

—_—
N\
—~
~~
S~—
Il
I
~—~
~
N—r
-
2
I
—
~
S~—
N—r
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where ¢ = (£, 7). In the hypotheses above, A is the infinitesimal generator
of a Cp-semigroup { S(t) : X — X;t > 0}, given by

S()(&,m) = (Sa(t)§, Sp(t)n)

for each t > 0 and (§,n) € X. It readily follows that K is viable with respect
to (A + F, B + ) in sense of Definition 3.1 if and only if K is viable with
respect to A+ F in sense of Definition 2.3, which means that for each ¢ € IC,
there exists T' > 0 such that the problem (3.1) has at least one mild solution
z:[0,T] — K.

Definition 3.2. We say that (A + F, B + G) is locally of B-compact
type if F, G are continuous functions and for each { = (§,n) € K, there
exist p > 0, a continuous function [ : R4 — R4 and a uniqueness function
w: Ry — R4 such that for each set C' C Dxyy (¢, p)NK and for each ¢ > 0,
we have

Bxxy ((Sa(t)F(C),Sp(t)G(C))) <l(t)w(Bxxy(C)).

Remark 3.2. It is obvious that (A + F, B + G) is locally of f— com-
pact type if and only if A + F is locally of 3— compact type in sense of
Definition 2.4.

We denote by
[IxC={ueX; ey, (u,v) € C},
IIyC={veY; JueclX, (uv)eC}

Definition 3.3. Let £ € X x Y and let A and F as above. We say
that

(i) A+ F is locally of Bx—compact type if F' is continuous and, for each
¢ = (&,n) € K, there exist p > 0, a continuous function [ : Ry — R
and a uniqueness function w : Ry — R, such that, for each subset
C C Dxxy(¢,p) N K and for each t > 0, we have

Bx (Sa()F(C)) < I(H)w(Bx (x (C)));

(ii) A+ F is Y —uniformly locally of Bx—compact type if F is continuous
and, for each ( = (&,n) € K, there exist p > 0, a continuous function
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l: Ry — Ry and a uniqueness function w : R. — R, such that, for
each subset C' C Dx vy (¢, p) N K, with IIy C relatively compact, and
for each t > 0, we have

Bx (Sa(t)F(C)) < l(t)w(Bxxy (C)).

Remark 3.3. If A+ F is Y —uniformly locally of 5—compact type, then
for each subset C' C Dy (¢, p) N K, with IIy C relatively compact, and for
each t > 0, we have Bx(Sa(t)F(C)) < l(t)w(Bx(II1xC)). Indeed, for each
bounded subset C' C X x Y, we have Sxxy(C) < x(I1xC) + By (IIy C).

Let us introduce the hypotheses which we will be in effect in the sequel.

(H)) A: D(A)C X - X, B: D(B) CY — Y are the generators of two
Co-semigroups, {Sa(t) : X — X;t >0} and {Sp(t): Y —Y;t >0}
respectively;

Hy) K C X xY is nonempty and locally closed;

Hs) (A+ F, B+ G) is locally of Bxxy-compact type;

Hy) A+ F is Y —uniformly locally of Sx—compact type;

Hg) {Sp(t) : Y —Y,t > 0} is compact;

Hy

(Hz)
(Hs)
(Ha)
(Hs) B+ G is locally of Sy — compact type;
(Hs)
(H7) G: K — Y is continuous;

(Hs)

Hg) F': X xY — X is continuous and globally Lipschitz with respect to

its first argument.

A main viability result is Theorem 3.1, which is an immediate conse-
quence of Theorem 2.2 and we refer to BURLICA-ROSU [3].

Theorem 3.1. Assume that (Hy), (H2), (Hs) are satisfied. The nec-
essary and sufficient condition in order that K be viable with respect to
(A+ F, B+ G) is that, for every (§,n) € K

N o
(32) hI]Illllonf EdlSt((u(haga 77)7 U(h7£7 77))7IC) - Oa
where

53) {u(h,g,n) = Sa(R)E + RF(€,1)

v(h,§,m) = Sp(h)n + hG(E,n).
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Another important viability results are Theorem 3.2, Theorem 3.3 and
Theorem 3.4, whose proofs will be delivered in Section 4.

Theorem 3.2. Assume that (H1), (H2), (Hy), (Hg) and (H7) are sat-
isfied. The necessary and sufficient condition in order that K be viable with
respect to (A+ F, B+ G), is that, for all (§,n) € K, the tangency condition
(3.2) is satisfied.

Theorem 3.3. Assume that (Hy), (H2), (Hy) and (Hs) are satisfied.
The necessary and sufficient condition in order that K be viable with respect
to (A+ F,B + G), is that, for all ({,n) € K, the tangency condition (3.2)
18 satisfied.

Theorem 3.4. Assume that (Hy), (Hs), (Hg), (H7) and (Hs) are sat-
isfied. The necessary and sufficient condition in order that KC be viable with
respect to (A+F, B+QG), is that, for every (£,m) € K, the tangency condition
(3.2) is satisfied.

We conclude this section with a nonautonomous variant of Theorem 3.4.

Theorem 3.5. Assume that X andY are Banach spaces and (Hy), (Hg)
are satisfied. Let K C R x X x Y be a nonempty and locally closed set,
F:RxX XY — X and G: K — Y be continuous. Let us assume that F is
globally Lipschitz with respect to its second argument. Then a necessary and
sufficient condition in order that KC be viable with respect to (A+ F, B+ G)
is that
(3.4)

limn nf %dist (T + R, Sa(h)§ + hE(1,&,m), Sp(h)n + hG(7,€,1)); K) =0
for each (1,€&,1m) € K.

4. Proofs of Theorem 3.2, Theorem 3.3 and Theorem 3.4. In
view of Remark 3.1, Theorem 3.2 can be reformulated as:

Theorem 4.1. Assume that (Hy), (Hs), (Hy), (Hg) and (Hy) are sat-
isfied. The necessary and sufficient condition in order that IC be viable with
respect to A+ F is that, for every ( € K the tangency condition

(4.1) sy it %dist(S(h)C +RFC):K) =0,

18 satisfied.
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The necessity follows from Theorem 8.1.1 in CARJA-NECULA-VRABIE
[4].
Proof. Sufficiency. We will use Lemma 2.4 to obtain a sequence of
e, — approximate solutions to the Cauchy problem (3.1). Let ( = (¢,7n) € K
and r > 0 such that Dy (¢,r) N K be closed. Let us choose p € (0,7], N >
0, M > 1 and a > 0 such that ||F(z)||lx < N, for every z € Dx(¢,p) N K
and [|S(t)|| zxy < Me®, for every t > 0. Since t — S(t)¢ is continuous in
t = 0 and S(0)¢ = ¢, we may find a sufficiently small T > 0 such that
supyefo,r] IS¢ — Cllx + TMe*T(N +1) < p. As A+ F is Y-uniformly
locally of Bx-compact type, diminishing p > 0 and T > 0, if necessary, it
follows that there exist a continuous function ! : Ry — R and a uniqueness
function w : Ry — R4 such that, for each subset C' C Dy((, p) N K, with
IIy C' relatively compact, and for each t > 0, we have

(4.2) Bx (Sa(t)F(C)) < I(t)w(Bxxy (C)).

Let (en)n | 0 be a sequence in (0,1) and let ((oy, On, Gn, 2n))n be a sequence
of e,—approximate solution defined on [0, 7" | whose existence is ensured by
Lemma 2.4. From (v)’ we have

(4.3) zp(t) =S(t)¢ +/O S(t — 5)F(zn(on(s)))ds —i—/o S(0n(t,35))Gn(s)ds,
for each n € N and ¢ € [0,T], where

{%(s) = (GX(5),GY (s))
S(60(t,5))Gn(s) = (Sa(Ba(t, $))GX (), SE(Bu(t, $))GY (5)),

foreachneNand 0<s<t<T.
This means that z, = (uy,v,) satisfies z,(0,(t)) € Dx(¢,p) N K, for
n=1,2,... and each t € [0,T], where (uy,v,) satisfies

un(t) = SA(t)§+/O SA(t—s)F(zn(an(s)))ds—l-/o S4(0n(t,5)GX(5)ds
v (t) = SB(t)n—i—/o SB(t—s)G(zn(an(s)))ds+/0 Sp(On(t,s))GY (s)ds,

for each n € N and ¢t € [0,T']. Since {G(2zn(on(-)));n € N} is uniformly
bounded on [0,T], [|GY(s)| < en for n € N* and the Cyo—semigroup

fThroughout this section, reference to (i)—(vi) are to the items in Lemma 2.4.
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{Sp(t) : Y — Y;t > 0} is compact, from Theorem 8.4.2 in VRABIE [11],
it follows that {v,; n =1,2,...} is relatively compact in C([0,T];Y ). So,
for each t € [0,T], {vn(on(t)); n=1,2,...} is relatively compact in Y. Let
us prove that {u,; n =1,2,...} is relatively compact in C([0,T']; X ).

We consider first the case when X is a separable space. We know that

{HX{ (un(on(t)), va(on(t)))in = k } = {un(on(t));n > k }
Iy { (un(on(t)), va(on(t)))in = k } = {vn(on(t));n = k }

and A + F' is Y —uniformly locally of f—compact type. So, from (4.2) and
Remark 3.3, we get

Bx ({Sa(t = s)F(un(on(s)), vnlon(s)));n = k})
(4.4)

< Ut = s)w(Bx ({un(on(s) );n = k})),

foreach k=1,2,...and 0 <s<t<T.
From (4.4) and Lemma 2.2, we deduce that

t

Bx {un(t);n >k} ) < Bx ({/0 Sa(t — s)F(zp(on(s)))ds;n > k})

+0x ({/Ot S4(0n(t,$)GX(s)ds,n > k})
S /Ot Bx({Sa(t — s)F(zn(on(s)));n = k})ds

+ [ BeUSalb(t. )G (s)im = Kp)as

< /0 1(t — $)w(Bx {tun(on(s));n > k}))ds + MTe ey,

< [ 100 = 9B (funs)n 2 1 + {un(on(s) — ()i = k) s
+MT€aT€k

< [ e (axQus)in = 1)+ Bx ({un(ra(s) = (o) > k) ds
+MTe ey,

where m = supyco1!(t). Hence

Bx ({un(t)in > k} ) < /0 mew (Bx ({un(s):n > k) + 24) ds + MTe Tz,
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for each k =1,2,... and ¢t € [0,T'].
Set () = Bx({un(t);n > k}) + e and v, = (MTe + 1)y, for
k=1,2,..., and wy = mw. Thus, we deduce that

20() <+ / wo(wi(s))ds,

for k=1,2,...and t € [0,T].

From Remark 2.4, wg is a uniqueness function, so, by Lemma 2.3, di-
minishing T, if necessary, we have limy x(t) = 0, uniformly for ¢t € [0,T],
which means that limy Sx ({un(t);n > k}) = 0, uniformly for ¢t € [0,T].
From Remark 2.3, it follows that for each ¢ € [0,T'], {u,(t);n =1,2,...}
is relatively compact in X. But, for each ¢t € [0,T],{v,(t);n = 1,2,...} is
relatively compact in Y, so, for each t € [0,T'], {z,(t);n =1,2,...} is rela-
tively compact in X'. Since (F(zy)), is bounded, it is uniformly integrable,
so, by Theorem 8.4.1 in VRABIE [11], there exists z € C([0,T']; X) such
that, on a subsequence at least,

lim ( an(t) — /O e s)gn(s)ds> — ),

uniformly for ¢ € [0,7]. But, by (iii),

t
lim /0 S(On(t, 5))Gn(s)ds = 0,

uniformly for ¢ € [0,T'], so lim,, 2, (t) = z(t), uniformly for ¢t € [0,7"]. Using
(ii) and (vi), we deduce that z(t) € K for each t € [0,7'] and, passing to
the limit in (4.3), we get

z(t) = S(t)¢ +/O St —s)F(2(s))ds

for each ¢ € [0,7T]. This completes the proof if X is separable.
If X is not separable, in view of Remark 2.2, there exists a separable
and closed subspace Z of X such that

Sa(t)§, Sa(r)F(un(on(s)), vn(on(s))), Sa(On(r, 3))95((3) €Z
for n = 1,2,... and a.e. for t,r,s € [0,7]. Using Lemma 2.1 and the
monotonicity of w, we have
Bz(Sa(t)F(C)) < 26x(Sa(t)F(C)) < 20(t)w(Bx (ILxC))
< 2)w(Bz(11xC)),
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for each ¢ > 0 and for each set C C Dx((,p) NK N (Z x Y) with IIyC

relatively compact. Since the restriction of 5z to B(Z) is the Hausdorff

measure of noncompactness on Z, we repeat now the arguments in the

separable case with Ox replaced by 8z and w replaced by 2w. This completes

the proof. O
In view of Remark 3.1, Theorem 3.3 can be reformulated as

Theorem 4.2. Assume that (Hy), (H2), (Hy) and (Hs) are satisfied.
The necessary and sufficient condition in order that K be viable with respect
to A+ Fis that, for every ¢ € K the tangency condition (4.1) is satisfied.

We focus our attention on the sufficiency because the necessity of this
result follows from Theorem 8.1.1 in CARJA-NECULA-VRABIE [4].

Proof. Sufficiency. We will prove that there exists at least one sequence
(€n)n | 0 for which the corresponding sequence ((0y, 0, Gn, 2n) )n Of (€n)n—
approximate solutions, has the property that (z,), is uniformly convergent
on [0,7] to a function z : [0,7] — K which is a mild solution for the
Cauchy problem (3.1). Let ¢ = (¢,n) € K be arbitrary and let » > 0, p €
(0,7], N >0, M > 1, a > 0and T > 0 as in proof of Theorem 4.1.
Since A+ F' is Y-uniformly locally of Gx-compact type and B+ G is locally
of fy-compact type, diminishing p > 0 and T" > 0, if necessary, and using
Remark 3.3 we conclude that there exist a continuous function ! : Ry — Ry
and a uniqueness function w : Ry — Ry such that

(4.5) Ox (Sa()F(C)) < U(t)w(Bx (IxC))

for each subset C' C Dx (¢, p) N K, with IIyC relatively compact, and for
each t > 0, and

(4.6) By (Sp(t)G(C)) < I(t)w(By (ITyC))

for each subset C' C Dy ((,p) N K and for each ¢t > 0. Let (g,,)n | 0 be a
sequence in (0, 1) and let ((oy, On, Gn, 2n))n Of (€n)n— approximate solutions
defined on [0, 7] whose existence is ensured by the Lemma 2.4. From (v),
we have

(4.7) zp(t) = S(t)¢ —I—/O S(t — s)F(zn(on(s)))ds +/0 S(0,(t,5))Gn(s)ds,
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for each n € N* and ¢ € [0,T], where
{%(s) = (GX(5).GY (5))
S(0n(t,5))Gn(s) = (Sa(On(t, 5))G (5), SB(On(t, 5))Gx (5)),

for each n € N* and 0 < s < t <T. This means that z, = (u,,v,) satisfies

un(t) = SA(t)§+/O SA(t—s)F(zn(an(s)))ds—l-/o S4(0n(t,5)GX(5)ds
v (t) = SB(t)n—i—/o SB(t—s)G(zn(an(s)))ds+/0 Sp(0n(t,s))GY (s)ds,

for each n € N* and ¢ € [0,T']. We prove that the set {v,(t);n > k} is
relatively compact in Y, for k =1,2,.... We consider first the case when Y
is a separable space. From Lemma 2.2 we get

By ({on(t)in > K} ) < By ({ / " S5(t - )G (en(on())dsin > k}>
+ﬁyt<{/ot Su(0n(t, 5))GY ()ds,n > k})

< / By ({SB(t = )G (un(n(s)), va(0a(s)))in = k})ds

-/ oy ({550t )Y (s)in > k})ds.

Since Iy { (un(on(t)), vn(on(t)));n > k } = {vp(on(t));n > k }, from
(4.6) we get

s By ({SB(t = 5)G(un(0n(5)), valon(s)));n = k})
4.8
<t — s)w(By ({oalon())in > K}).
As||GY (s)|ly < en,forn =1,2,...and ||Sp(t)||y < Me™ for each t > 0,
from (4.8) we deduce

t
By ({on(t)in 2 k}) < /0 U(t = s)w(By ({vn(on(s));n = k}))ds
+MTe ey,
< /0 mw (By ({on(s)in = k}) + By ({vn(on(s)) — vn(s)in = k})) ds
+MTe ey,
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where m = supyco1(t). Thus,

By {vn(t);n >k} ) < /Ot mw (By ({vn(s);n > k}) +ep) ds + MTe ¢y,

for each k =1,2,... and t € [0,T'].

Set yi(t) = By {vn(t);n > k}) + e and v, = (MTe + 1)ey, for k =
1,2,..., and wyp = mw. Hence, we deduce that y(t) < v, + fg wo(yk(s))ds,
fork=1,2,...and t € [0,T]. By Remark 2.4, and Lemma 2.3, diminishing
T > 0, if necessary, we have limy, yi () = 0 uniformly for ¢ € [0,7T], which
means that limg By ({v,(t);n > k}) = 0 uniformly for ¢ € [0,T']. Now, using
Remark 2.3, we get that for each t € [0, T'], {v,(t); n = 1,2, ...} is relatively
compact in Y.

If Y is not separable, in view of Remark 2.2, there exists a separable
and closed subspace W of Y such that

Spt)n, Sp(r)G(un(on(s))), vn(on(s)), Sp(On(r, 8))95(8) ew

forn=1,2,... and a.e. for ¢,7,s € [0,T']. In view of (4.6), Lemma 2.1 and
of the monotonicity of w, we get

Bw (Sp(t)G(C)) < 2By(Sp(t)G(C)) < 21(t)w(By (Iy C))
< 2w (bw (IlyC))

for each t > 0 and each C' C Dx((,p) N KN (X x W). We repeat now the

arguments in the separable case with Oy replaced by Gy and w replaced by

2w and we obtain that for each ¢t € [0,T], {v,(t); n =1,2,...} is relatively

compact in Y. From now on the proof follows the very same lines as those of

the proof of Theorem 3.2, with the help of (4.5) (in case when X is separable

and then without this restriction). O
We pass now to the proof of the sufficiency of the Theorem 3.4.

Proof. As in the previous theorems, we will use Lemma 2.4 to produce
a sequence of e,-approximate solutions to the Cauchy problem (3.1). Let
¢=(&n) ek, let pe (0,r], N>0, M >1anda >0 as in proof of The-
orem 4.1. Let (g,,)n | 0 be a sequence in (0,1) and let ((oy, O, Gn, 2n))n of
(en)n— approximate solutions defined on [0,7"] whose existence is ensured
by the Lemma 2.4. Then

z2n(t) = S(t)¢ + /0 S(t — 8)F(zn(on(s)))ds +/0 S(0,(t,5))Gn(s)ds
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for each n € N and ¢ € [0,T'], which means that (u,,v,) satisfies
(4.9)

un(t) = SA(t)§+/O SA(t—s)F(zn(an(s)))ds—l-/O S4(0n(t,5)GX(5)ds

vn(t) = SB(t)n—i—/O SB(t—s)G(zn(an(s)))d8+/0 Sp(0n(t,s))GY (s)ds,

where G, (t) = (GX(t),GY (t)) for each n = 1,2,... and t € [0,T]. Since the
Co-semigroup {Sg(t) : Y — Y; t > 0} is compact, the family {G(zp(on(")));
n € N} is uniformly bounded on [0,7'] so uniformly integrable subset in
LY0,T;Y) and ||GY (s)|ly < en, from Theorem 8.4.2 in VRABIE [11] it
follows that {v,; n = 1,2,...} is relatively compact in C([0,7];Y). Since
lim,, 0y, (t) = t uniformly for ¢ € [0,7] it follows that there exists v €
C([0,T];Y) such that, on a subsequence at least, lim, v,(t) = v(t) and
lim,, vy, (0, (t)) = v(t) uniformly for t € [0,T'].

At this point let us consider the problem:

(4.10)

—N—
:\
—
N
I
o
I
=
S~—
+
g
I
—~
N
\.@
=
=
~
\Y
(@)

where v € C([0,T'];Y) is as above. Since A is the infinitesimal generator of
a Cyp-semigroup and F' is continuous on X X Y and globally Lipschitz with
respect to its first argument, it follows that there exists an unique mild
solution w : [0,T] — X, i.e.

(4.11) u(t) = Sa(t)€ + /0 Sa(t— s)F(u(s),v(s))ds

for each t € [0,T]. We will prove next that lim,, u, () = u(t) uniformly for
t € [0,T]. Indeed, we have

(4.12)  lun(on(®) = u(®)llx < llun(on(t)) —un(t)[[x + l[un(t) — u(t)|x-

From (4.9) and (4.11), it follows that

[[un(t) — ()] x S/O 1Sa(Balt, )Lex) G ()]l xds

+/0 1Sa(t = 8))lx [ (un(on(s)), valon(s))) — F(u(s), v(s))l xds
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for each t € [0,T']. Using (iii), (vi) and the Lipschitz’s condition for F, from
(4.12) we obtain

funlon(®) — u(®)lx < Me e,
(1.13) ”/HFu n(on(5))) ~ F(u(s), v(s))lLxds
+LMeaT/ Hun(dn(s)) —U( )des.
0

for each t € [0,7T"]. On the other hand, &, | 0, v,(0y(s)) — v(s) uniformly
for s € [0,T] and F is continuous. So, for each £ > 0 there exists ng = no(e)
such that, for each n € N, n > ng and for each ¢t € [0,T] we have:

MeTe, + MeaT/O | E(u(s),vn(on(s))) — F(u(s),v(s))|xds < e.

In view of (4.13) and the last inequality, we deduce

\WA%@M—UQWXSE+LM¢TAIMM%@D—u@Nx%

forallm € N, n > ngandt € [0,T]. Gronwall’s Lemma implies ||u,, (o, (t))—
u(t)||x < eeXMTe™ for each n € N, n > ng and each ¢ € [0, T]. Therefore
lim,, up, (0p,(t)) = u(t) uniformly for ¢ € [0,7]. Taking into account (i) we
deduce that lim,, u,(t) = w(t) uniformly for ¢t € [0,7"]. Thanks to (ii), we
deduce that (u(t),v(t)) € K for each ¢t € [0,7] and thus, passing to the
limit for n — oo in (4.9) we deduce that (u,v) is a mild solution of (1.1).
The proof is complete. U

5. An example for a predator-pray system. Let Q@ C R" n =
1,2,..., be a bounded domain with C? boundary I', let « > 0, b > 0,
p>0,¢g>0,let f:RxR — Ry and g: R xR — R_ be two continuous
functions and let us consider the following general predator-pray system

w(t, ) = alAu —pu(t,x) + f(u(t,x),v(t,x)) (t,2) € Qroo
ve(t, x) = bAv + qu(t, z) + g(u(t, z),v(t,z)) (t,z) € Qroo
u(t,x) =v(t,z) =0 (t,x) € X7 o0,
u(r,z) =&(x), v(r,z)=n(x) x e

(5.1)

I
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Whel”@OST<T§OO,QT7T:(TT)XQ Y17 = (1,T) xT', A is the usual

Laplace operator, i.e. Au=>"" 8 2 and &,n € L3(Q).

Let fN: RxR—Ry and g: R x R — R_ be two continuous functions
such that

(5.2) {f(U, v) < f(u, v)
g(u7 U) > g(u, U)

for each (u,v) € R x R. Let us consider also the comparison predator-pray
system

w(t, z) = alu — pu(t,z) + f(u(t,z),v(t,z)) (t,z) € Q0,00
(5.3) ve(t, x) = bAv + qu(t,x) + g(u(t, z),v(t,z)) (t,x) € Qoo

u(t,z) =v(t,x) =0 (t,x) € Xo,00,

u(0,2) = up(z), v(0,z) = vo(x) x €€,

where ug,v9 € L3(2), up(x) > 0,v9(x) > 0 a.e. for x € Q. Let (u,0) :
Ry x Q@ — Ry x Ry be a mild solution of (5.3).

Using the viability result of Theorem 3.5, we obtain a sufficient condi-
tions in order that, for each (£,71) € L2(2) x L?(f2), with

(54) {o < €(@) < lr)
n(x) > (7, 2)

a.e. for x € Q, the predator-pray system (5.1) has at least one solution
(u,v) : Ry x Q@ — Ry x Ry, such that, for each ¢t € [1,00), we have

5.5) {0<M ) < u(t, )
(t,2) > 0(t,x)

a.e. for z € Q.
Let K C R x L?(92) x L?(Q2) be defined by

(5.6) K ={(t,u,v) € Ry x L*(Q) x L*(Q); (u,v)satisty (5.7) below} .

57 {o<m)<a@m
(z) > 0(t, )

a.e. for ¢ € Q.
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Theorem 5.1. Let Q C R", n = 1,2,..., be a bounded domain with
C? boundary I', a > 0,0 > 0 and let f : RxR — Ry, g: RxR —
R, f:RxR —- Ry, g:RxR — R_ be continuous such that (5.2)
are satisfy. Assume that f is globally Lipschitz with respect to its first
argument and for each (up,v0) € R x R, u = f(u,v0) and v + g(ug, )
are nondecreasing, u +— g(u,vo) and v — f(uo,v) are nonincreasing and
there exist the constants ¢; >0, i =1,...,5 such that |f(u,v)| < c1|u| + c2,
and |g(u,v)| < eslu| + calv] + ¢5 for each (u,v) € R x R. Let (ug,vp) €
L2(Q) x L*(Q) with ug(z) > 0 and vo(x) > 0 a.e. for x € Q and let (u,v) :
R, — L2() x L*(Q) be a global mild solution of (5.3) with u(t,z) > 0
for each t > 0 and a.e. for x € Q. Let K be defined by (5.6). Then, for
each (1,€,m) € K, the problem (5.1) has at least one global mild solution
(u,v) : [1,00) — L2(Q) x L*(Q) satisfying for each 7 < < T :

(i) w,v € C([r, T]; I2(Q) 0 T2(6, T; H2()) 0 W6, T; HY(9)
(13) for each t € [T,00), (t,u(t),v(t)) € K.

The proof of this result follows by similar arguments from the Theorem
3.1 in BURLICA-ROSU [3], obviously using Theorem 3.5. We remark that
for a = 0 the first equation in (5.1) is degenerate.

For a systematic approach of various comparison results see LADDE et
al. [7].

REFERENCES

1. AxaMEROV, R.R.; KAMENSKII, M.I.; PoTaPov, A.S.; RODKINA, A.E.; SADOVSKII,
B.N. - Measure of Noncompactness and Condensing Operators, Operator Theory:
Advances and Applications Vol. 55, Birkhduser Verlang, Basel Boston Berlin, 1992.

2. BOULIGAND, H. — Sur les surfaces dépourvues de points hyperlimités, Ann. Soc. Polon.
Math., 9(1930), 32-41.

3. BURLICA, M.; Rosu, D. — A Viability Result for Semilinear Reaction-Diffusion Sys-
tems, Proceedings of the International Conference on Applied Analysis and Differen-
tial Equations, Tagi, Romania, 4-9 September, (2006), 31-44.

4. CARrJA, O.; NECULA, M.; VRABIE, L.I.— Viability, Invariance and Applications,
North-Holland Mathematics Studies, 207, 2007.

5. CARJA, O.; VRABIE, L.I. — Some new viability results for semilinear differential in-
clusions, NoDEA Nonlinear Differential Equations Appl., 4(1997), 401-424.



382 MONICA BURLICA and DANIELA ROSU 22

6. CARJA, O.; VRABIE, L.I. — Differential equations on closed sets, Handbook of differ-

ential equations: ordinary differential equations, Vol. 11, Elsevier B. V., Amsterdam,
2005, 147-238.

7. LADDE, G.S.; LAKSHMIKANTHAM, V.; VATSALA, A.S. — Monotone Iterative Tech-
niques for Nonlinear Differential Equations, Monographs, Advanced Texts and Sur-
veys in Pure and Applied Mathematics, 27, Pitman 1985.

8. MONCH, H. — Boundary value problems for nonlinear ordinary differential equations
of second order in Banach spaces, Nonlinear Anal. T.M.A., 4(1980), 985-999.

9. Nagumo, M. — Uber die Lage der Integralkurven gewdnlicher Differentialgleichungen,
Proc. Phys. Math. Soc. Japan, 24(1942), 551-559.

10. PaveL, N.H. — Invariant sets for a class of semi-linear equations of evolution, Non-
linear Anal., 1(1977), 187-196.

11. VRABIE, I.I. — Cy-Semigroups and Applications, North-Holland Math. Stud., 191,

2003.

Received: 14.1X.2007 Department of Mathematics,

?Gh.Asachi” University,

lasi,

ROMANIA

monicaburlica@yahoo.com
rosudanielal00@yahoo.com



