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CERTAIN FINITE INTEGRALS INVOLVING A PRODUCT
OF SOME TRANSCEDENTAL FUNCTIONS

BY

V.B.L. CHAURASIA and PINKY LATA

Abstract. The aim of the present paper is to establish a finite integral involving
the product of generalized Lauricella function and two H-functions of several complex
variables (Srivastava, Panda and Olkha, Chaurasia). By assigning suitable values
to the parameters, the main result can be reduced to G and F functions. Specially, we
are using the series representation of H-function given by Olkha and Chaurasia.
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1. Introduction. The series representation for the H-function of sev-
eral complex variables studied by Olkha and Chaurasia [3] is given as
follows:

(1.1) H[z1, . . . , zr] = H
0,λ′:(u′,v′);...;(u(r)),v(r))

A′,C′:[B′,D′];...;[B(r),D(r)]




[
(a); θ′, . . . , θ(r)]; [b′ : φ′

]
; . . . ;

[
b(r) : φ(r)

]
;

z1, . . . , zr[
(c) : ψ′, . . . , ψ(r)

]
; [d′ : δ′] ; . . . ;

[
d(r) : δ(r)

]
;




=
u(i)∑

mi=1

∞∑

ni=0

Φ1Φ2

∏r
i=1(zi)Ui(−1)

∑r
i=1(ni)

∏r
i=1(δ

(i)
mini!)

,

where

(1.2) Φ1 =

∏λ′
j=1 Γ(1− aj +

∑r
i=1 θ

(i)
j Ui)

∏A′
j=λ′+1 Γ(aj −

∑r
i=1 θ

(i)
j Ui)

∏C′
j=λ′+1 Γ(1− cj +

∑r
i=1 ψ

(i)
j Ui)
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(1.3) Φ2 =

∏u(i)

j=1,j 6=mi
Γ(d(i)

j − δ
(i)
j Ui)

∏v(i)

j=1 Γ(1− b
(i)
j + φ

(i)
j Ui)

∏D(i)

j=u(i)+1 Γ(1− d
(i)
j + δ

(i)
j Ui)

∏B(i)

j=v(i)+1 Γ(b(i)
j − φ

(i)
j Ui)

and

(1.4) Ui =
d

(i)
mi + ni

δ
(i)
mi

, i = 1, . . . , r,

which is valid under the following conditions

(1.5) δ(i)
mi

[d(i)
j + pi] 6= δ

(i)
j [d(i)

mi
+ ni]

for j 6= mi, mi = 1, . . . , u(i); pi, ni = 0, 1, 2 . . . ; zi 6= 0,

(1.6) ∇i =
A′∑

j=1

θ
(i)
j −

C′∑

j=1

ψ
(i)
j +

B(i)∑

j=1

φ
(i)
j −

D(i)∑

j=1

δ
(i)
j < 0, ∀i = 1, . . . , r.

Srivastava and Panda [5] have introduced the multivariable H-function

(1.7)

H[y1, . . . , yR] = H
0,λ:(α′,β′);...;(α(R),β(R))

A,C:[M ′,N ′];...;[M(R),N(R)]


[(g) : γ′, . . . , γ(R)]; [q′ : η′]; . . . ; [q(R) : η(R)];
y1, . . . , yR[

(f); ξ′, . . . , ξ(R)
]
; [p′ : ε′]; . . . ; [p(R); ε(R)];


 .

For the sake of brevity

(1.8) Ti =
A∑

j=1

γ
(i)
j −

C∑

j=1

ξ
(i)
j +

M(i)∑

j=1

η
(i)
j −

N(i)∑

j=1

ε
(i)
j ≤ 0,

(1.9)

Ωi = −
A∑

j=λ+1

γ
(i)
j −

C∑

j=1

ξ
(i)
j +

β(i)∑

j=1

η
(i)
j −

M(i)∑

j=β(i)+1

η
(i)
j

+
α(i)∑

j=1

ε
(i)
j −

N(i)∑

j=α(i)+1

ε
(i)
j > 0,

(1.10) |arg(yi)| < Tiπ

2
, ∀i = 1, . . . , R.



3 A PRODUCT OF SOME TRANSCEDENTAL FUNCTIONS 457

2. The main integral transformation. We derive the following inte-
gral transformation for the multivariable H-function defined by Srivastava
and Panda [4] ([see also [3]).
(2.1)∫ 1

0
xε−1(1− x)βH[y1x

k1 , . . . , yRxkR ]H[z1x
h1 , . . . , zrx

hhr ]F v:P ′;...;P (s);0;0

σ:Q′;...;Q(s);1;1




[(αv) : a′; . . . ; a(s), γ, γ] : [(l′) : ρ′]; . . . ; [(l(s)) : ρ(s)]; [. . .]; [. . .];

[
(βσ) : b′; . . . ; b(s), µ, µ

]
: [(m′) : τ ′] ; . . . ;

[
(m(s)) : τ (s)

]
;


 dx

z′1, . . . , z
′
s,−xt, (1− x)t

[α + 1 : 1] ; [β + 1; 1] ;




=
∞∑

n,nj=0

u(i)∑

mi=1

∏v
j=1(σj)nγj

∏r
i=1(zi)Ui(−1)

∑r
i=1(nj)(−t)nΓ(β + n + 1

∏σ
j=1(βj)nµj

∏r
i=1(δ

(i)
mini!)(α + 1)n(β + 1)nn!

Φ1Φ2

F v:P ′;...;P (s)

σ:Q′;...;Q(s)




[(αv + nγv) : a′; . . . ; a(s)] : [(l′) : ρ′]; . . . ; [(l(s)); ρ(s)];
z′1, . . . , z

′
s[

(βσ + nµσ) : b′; . . . ; b(s)
]

: [(m′) : τ ′]; . . . ;
[
m(s); τ (s)

]
;




H
0,λ+2:(α′,β′);...;(α(R),β(R))

A+2,C+2:[M ′,N ′];...;[M(R),N(R)]
[

[1− ε−∑r
i=1 hiUi; k1, . . . , kR]; [1− ε + α−∑r

i=1 hiUi; k1, . . . , kR];[
(f) : ξ′, . . . , ξ(R)

]
; [−β − n− ε−∑r

i=1 hiUi : k1, . . . , kR] ;

[(g) : γ′, . . . , γ(R)]; [(q′) : η′]; . . . ; [(q(R)) : η(R)];
y1, . . . , yR

[1− ε + α + n−∑r
i=1 hiUi : k1, . . . , kR] ; [(p′) : ε′]; . . . ; [(p(R)) : ε(R)];


 ,

where Re(β) > −1;Re[ε +
∑R

i=1 ki(
p
(i)
j

ε
(i)
j

)] > 0;

j = 1, . . . , α(i); ki > 0;hl > 0;Ti > 0; |arg(yi)| < Tiπ
2 ;

i = 1, . . . , R; l = 1, . . . , r; |t| < 1, where the series on the right hand side
is convergent and is given by (1.8).

3. Proof. In order to prove (2.1), we start with the following result [6]:
(3.1)

F v:P ′;...;P (S);0;0

σ:Q′;...;Q(S);1;1

[
[(αv) : a′; . . . ; a(s), γ, γ] : [(l′) : ρ′]; . . . ; [(l(s); ρ(s)];[
(βσ) : b′; . . . ; b(s), µ, µ

]
: [(m′) : τ ′]; . . . ; [(m(s) : τ (s)];
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[. . .]; [. . .];
z′1, . . . , z

′
s,−xt, (1− x)t

[α + 1 : 1] ; [β + 1; 1];




=
∞∑

n=0

∏v
j=1(αj)nγj

tnP
(α,β)
n (1− 2x)∏σ

j=1(bj)nµj (α + 1)n(β + 1)n

F v:P ′;...;P (s)

σ:Q′;...;Q(s)




[(αv + nγv) : a′; . . . ; a(s)] : [(l′) : ρ′]; . . . ; [(l(s); ρ(s)];
z′1, . . . , z

′
s[

(βσ + nµσ) : b′; . . . ; b(s)
]

: [(m′) : τ ′] ; . . . ; [(m(s)) : τ (s)];




where γia
(i)
j ; i = 1, . . . , v and j = 1, . . . , s;

µib
(i)
j ; i = 1, . . . , σ and j = 1, . . . , s;

ρiτ
(j)
k ; i = 1, . . . , P (j); j = 1, . . . , s; and k = 1, . . . , Q(j) are all real and

positive, (αv) stands for the sequence of parameters α1, . . . , αv; (l(j)) stands
for the sequence of P (j) parameters l

(j)
1 , . . . , l

(j)

p(j) , j = 1, . . . , s, with similar

interpretation for (βσ) and (m(j)), j = 1, . . . , s and F represents the gen-
eralized Lauricella function of s-complex variables z′1, . . . , z

′
s given by Sri-

vastava and Daoust [8]. Now to prove (2.1), we multiply both sides of
(3.1) by xε−1(1− x)βH[y1x

k1 , . . . , yRxkR ]H[z1x
h1 , . . . , zrx

hr ] and integrate
with respect to x from 0 to 1.

Now express the H[z1x
h1 , . . . , zrx

hr ] in series form [3], given by (1.1)
and interchange the order of integrations and summations (which is per-
missible under the stated conditions). The announced formula is obtained
by evaluating the innermost integral with the help of following result [5]:

(3.2)
∫ 1

0
xε(1− x)βH[y1x

k1 , . . . , yRxkR ]Pα,β
n (1− 2x)dx

=
(−1)nΓ(β + n + 1)

n!
H

0,λ+2:(α′,β′);...;(α(R),β(R))

A+2,C+2:[M ′,N ′];...;[M(R),N(R)]

[
[−ε; k1, . . . , kR], [−ε + α : k1, . . . , kR], [(g) : γ′, . . . , γ(R)];[
(f) : ξ′, . . . , ξ(R)

]
; [−β − n− ε− 1 : k1, . . . , kR], [α + n− ε : k1, . . . , kR]

[(q′) : η′]; . . . ; [(q(R)) : η(R)];
y1, . . . , yR

[(p′) : ε′] ; . . . ; [(p(R)) : ε(R)];


 ,
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where

Re(β) > −1;Re[ε +
R∑

i=1

ki(
p
(i)
j

ε
(i)
j

)] > −1; j = 1, . . . , α(i); ki > 0;Ti > 0;

|arg(yi)| < Tiπ
2 , i = 1, . . . , R and Ti is given by (1.8).

4. Particular cases.
(1) Reducing the H-function of several complex variables to the G-

function by putting γ′, . . . , γ(R) = η′, . . . , η(R) = ξ′, . . . , ξ(R) = ε′, . . . , ε(R) =
k1, . . . , kR = ω1, . . . , ωR in (2.1), we get the following result:

(4.1)
∫ 1

0
xε−1(1− x)βH[z1x

h1 , . . . , zrx
hr ]F v:P ′;...;P (s);0;0

σ:Q′;...;Q(s);1;1




[(αv) : a′; . . . ; a(s), γ, γ] : [(l′) : ρ′]; . . . ; [(l(s)) : ρ(s)]; [. . .]; [. . .];

(βσ) : b′; . . . ; b(s), µ, µ] : [(m′) : τ ′]; . . . ;

z′1, . . . , z
′
s,−xt, (1− x)t][

(m(s)); τ (s)
]
; [α + 1 : 1]; [β + 1 : 1];




G
0,λ:(α′,β′);...;(α(R),β(R))

A,C:[M ′,N ′];...;[MR,N(R)]




(g) : (q′); . . . ; (q(R));
y

1/ω1

1 x, . . . , y
1/ωR

R x

(f) : (p′); . . . ; (p(R));


 dx

=
∞∑

n,ni=0

u(j)∑

mi=1

∏v
j=1(αj)nγj

∏r
i=1(zi)Ui(−1)

∑r
i=1(ni)(−t)nΓ(β + n + 1)

∏σ
j=1(βj)nµj

∏r
i=1(δ

(i)
mini!)(α + 1)n(β + 1)nn!

Φ1Φ2

F v:P ′;...;P (s)

σ:Q′;...;Q(s)




[(αv + nγv) : a′; . . . ; a(s)] : [(l′) : ρ′]; . . . ; [(l(s)) : ρ(s)];
z′1, . . . , z

′
s[

(βσ + nµσ) : b′; . . . ; b(s)
]
; [(m′) : τ ′]; . . . ; [(m(s)); τ (s)];




G
0,λ+2:(α′,β′);...;(α(R),β(R))

A+2,C+2:[M ′,N ′]:...;[M(R),N(R)]




[1− ε−∑r
i=1 hiUi], [1− ε + α−∑r

i=1 hiUi], (g); (q′); . . . ; (q(R));
y

1/ω1

1 , . . . , y
1/ωR

R

(f); [−β − n− ε−∑r
i=1 hiUi], [1− ε + α + n−∑r

i=1 hiUi]; (p′); . . . ; (p(R));



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which holds under the same conditions obtainable from (2.1) and ω1, . . . , ωR

> 0.

(2) Reducing the H-function of several complex variables to the gen-
eralized Lauricella function [8] by putting λ = A,α(i) = M (i), N (i) =
N (i) + 1, ∀1, . . . , R in (2.1), we get the following result:

(4.2)
∫ 1

0
xε−1(1− x)βH[z1x

h1 , . . . , zrx
hr ]F v:P ′;...;P (s);0;0

σ:Q′;...;Q(s);1;1




[(αv) : a′; . . . ; a(s), γ, γ] : [(l′) : ρ′]; . . . ; [(l(s)) : ρ(s)]; [. . .]; [. . .]

[
(βσ) : b′; . . . ; b(s), µ, µ

]
: [(m′) : τ ′]; . . . ; [(m(s) : τ (s)];

z′1, . . . , z
′
s,−xt, (1− x)t

[α + 1 : 1] ; [β + 1 : 1];




FA:M ′;...;M(R)

C:N ′;...;N(R)




[1− (g) : γ′, . . . , γ(R)] : [1− (q′) : η′]; . . . ; [1− (q(R)) : η(R)]

[
1− (f) : ξ′, . . . , ξ(R)

]
: [1− (p′) : ε′]; . . . ;

−y1x
k1 , . . . ,−yRxkR[

1− (p(R)) : ε(R)
]
;




=
∞∑

n,ni=0

u(i)∑

mi=1

∏v
j=1(αj)nγj

∏r
i=1(zi)Ui(−1)

∑r
i=1(ni)(−t)nΓ(β + n + 1)

∏σ
j=1(βj)nµj

∏r
i=1(δ

(i)
mini!)(α + 1)n(β + 1)nn!

Φ1Φ2

F v:P ′;...;P (s)

σ:Q′;...;Q(s)




[(αv + nγv) : a′; . . . ; a(s)] : [(l′) : ρ′] : . . . ; [(l(s)) : ρ(s)];
z′1, . . . , z

′
s[

(βσ + nµσ) : b′; . . . ; b(s)
]

: [(m′) : τ ′]; . . . ; [(m(s)); τ (s)];




· Γ(ε−∑r
i=1 hiUi)

Γ(1 + β + ε + n +
∑r

i=1 hiUi)
Γ(ε− α +

∑r
i=1 hiUi)

Γ(ε− α + n +
∑r

i=1 hiUi)

FA+2:M ′;...;M(R)

C+2:N ′;...;N(R)

[
[ε+

∑r
i=1 hiUi; k1, . . . , kR], [ε−α+

∑r
i=1 hiUi; k1, . . . , kR],[

1−(f) : ξ′, . . ., ξ(R)
]
; [1+β+ε+n+

∑r
i=1 hiUi; k1, . . ., kR],

[1− (g) : γ′, . . . , γ(R)]; [1− (q′) : η′]; . . . ; [1− (q(R)) : η(R)]
−1y1, . . . ,−yR

[ε− α− n +
∑r

i=1 hiUi; k1, . . . , kR] ; [1− (p′) : ε′]; . . . ; [1− (p(R)) : ε(R)]



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which is valid under the same conditions as (2.1).
(3) Taking i = 1, 2 in (4.2) then the Lauricella function reduces to the

Kampé de Fériet function [7] and we get the following result:

(4.3)
∫ 1

0
xε−1(1− x)βH[z1x

h1 , . . . , zrx
hr ]F v:P ′;...;P (S);0;0

σ:Q′;...;Q(S);1;1




[(αv) : a′; . . . ; a(s), γ, γ] : [(l′) : ρ′]; . . . ; [(l(s) : ρ(s)];

[
(βσ) : b′; . . . ; b(s), µ, µ

]
: [(m′) : τ ′]; . . . ; [m(s) : τ (s)];

[. . .]; [. . .];
z′1, . . . , z

′
s,−xt, (1− x)t

[α + 1 : 1] ; [β + 1 : 1];




SA:M ′;M ′′
C:N ′;N ′′




[(g) : γ′, γ′′] : [(q′) : η′]; [(q′′) : η′′];
y1x

k1 , y2x
k2

[(f) : ξ′, ξ′′] : [(p′) : ε′]; [(p′′) : ε′′];


 dx

=
∞∑

n,ni=0

u(i)∑

mi=1

∏v
j=1(αj)nγj

∏r
i=1(zi)ui(−1)

∑r
i=1(ni)(−t)nΓ(β + n + 1)

∏σ
j=1(βj)nµj

∏r
i=1(δ

(i)
mini!)(β + 1)nn!

Φ1Φ2

F v:P ′;...;P (s)

σ:Q′;...;Q(s)




[(αv + nγv) : a′; . . . ; a(s)] : [(l′) : ρ′]; . . . ; [(l(s)) : ρ(s)];
z′1, . . . , z

′
s[

(βσ + nµσ) : b′; . . . ; b(s)
]

: [(m′) : τ ′]; . . . ; [(m(s)) : τ (s)];




SA+2:M ′;M ′′
C+2:N ′;N ′′

[
[1− ε−∑r

i=1 hiUi; k1, k2], [1− ε + α−∑r
i=1 hiUi; k1, k2],

[(f) : ξ′, ξ′′] ; [−β − ε− n−∑r
i=1 hiUi; k1, k2],

[(g) : γ′, γ′′]; [(q′) : η′]; [(q′′) : η′′]
y1, y2

[1− ε + σ + n−∑r
i=1 hiUi; k1, k2] ; [(p′) : ε′]; [(p′′) : ε′′]


 ,

which is valid under the same conditions as (2.1).
(4) By taking λ = A = C = 0 in (2.1), we obtain the following result

involving the product of R mutually independent H-functions:

(4.4)
∫ 1

0
xε−1(1− x)βH[z1x

h1 , . . . , zRxhr ]F v:P ′;...;P (s);0;0

σ;Q′;...;Q(s);1;1




[(αv) : a′; . . . ; a(s), γ, γ] : [(l′) : ρ′]; . . . ; [(l(s)) : ρ(s)]; [. . .]; [. . .]

(βσ) : b′; . . . ; b(s), µ, µ] : [(m′) : τ ′]; . . . ; [(m(s)) : τ (s)];
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z′1, . . . , z
′
s,−xt, (1− x)t

[α + 1 : 1] ; [β + 1 : 1]




R∏

i=1

{
Hα(i),β(i)

M(i),N(i)

[
yix

(i)

∣∣∣∣
[(q(i)); η(i)][
(p(i)) : ε(i)

]
]}

dx

=
∞∑

n,ni=0

u(i)∑

mi=1

∏v
j=1(αj)

∏r
i=1(zi)Ui(−1)

∑r
i=1(ni)(−t)nΓ(β + n + 1)

∏σ
j=1(βj)nµj

∏r
i=1(δ

(i)
mini!)(α + 1)n(β + 1)nn!

Φ1Φ2

F v:P ′;...;P (s)

σ:Q′;...;Q(s)




[(αv + nγv) : a′; . . . ; a(s)] : [(l′) : ρ′]; . . . ; [(l(s)) : ρ(s)];
z′1, . . . , z

′
s[

(βσ + nµσ) : b′; . . . ; b(s)
]

: [(m′) : τ ′]; . . . ; [m(s); τ (s)];




H
0,2:(α′,β′);...;(α(R),β(R))

2,2:[M ′,N ′];...;[M(R),N(R)]
[

[1− ε−∑r
i=1 hiUi : k1, . . . , kR]; [1− ε + α−∑r

i=1 hiUi : k1, . . . , kR];
[−β − n− ε−∑r

i=1 hiUi : k1, . . . , kR] ; [1− ε + α + n

[(q′) : η′; . . . ; [(q(R)) : η(R)];
y1, . . . , yR

−∑r
i=1 hiUi; k1, . . . , kR]; [(p′) : ε′] ; . . . ; [(p(R)) : ε(R)];




which holds under the same conditions as (2.1).
(5) By putting z′1 = . . . = z′s = 0 in (2.1), we get the following integral

involving generalized Kampé de Fériet function [7,8]:

(4.5)
∫ 1

0
xε−1(1− x)βH[z1x

h1 , . . . , zrx
hr ]H[y1x

k1 , . . . , yRxkR ]

Sv:0;0
σ:1;1




[(αv) : γ, γ] : [. . .]; [. . .];
−xt, (1− x)t

[(βσ) : µ, µ] : [α + 1 : 1]; [β + 1 : 1];


 dx

=
∞∑

n,ni=0

u(i)∑

mi=1

∏v
j=1(αj)nγj

∏r
i=1(zi)Ui(−1)

∑r
i=1(ni)(−t)nΓ(β + n + 1)

∏σ
j=1(βj)nµj

∏r
i=1(δ

(i)
mini!)(α + 1)n(β + 1)nn!

H
0,λ+2:(α′,β′);...;(α(R),β(R))

A+2,C+2:,[M ′,N ′];...;[M(R),N(R)]
[

[1− ε−∑r
i=1 hiUi; k1, k2]; [1− ε + α−∑r

i=1 hiUi; k1, . . . , kR];[
(f) : ξ′, . . . , ξ(R)

]
; [−β − n− ε−∑r

i=1 hiUi; k1, . . . , kR]; [1− ε + α + n
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[(g) : γ′, . . . , γ(R)]; [(q′) : η′]; . . . ; [(q(R)) : η(R)];
y1, . . . , yR

−∑r
i=1 hiUi : k1, . . . , kR]; [(p′) : ε′]; . . . ; [(p(R)) : ε(R)];


 ,

which holds under the same conditions as (2.1).
(6) If we replace v by v + 2 and take v = σ = 2, α1 = α′, α2 = α′′, α3 =

α + 1, α4 = β + 1 = β2 and choose γi = 1 = µj , where i = 1, . . . , v + 2 and
j = 1, . . . , σ also taking h1 = . . . = hr = 0 in result (4.5), then it reduces
to a known result obtained by Olkha and Chaurasia ([2, eq.(3.2)], when
n1 = . . . = nR = 0).

(7) By taking h1 = . . . = hr = 0 in result (4.5), we get a known result
obtained by Chaurasia and Godika ([1, eq.(3.2)], when n1 = . . . = nR =
0).

(8) When we take h1 = . . . = hr = 0 in result (4.4), then it reduces to
a known result obtained by Chaurasia and Godika ([1, eq.(3.3)], when
n1 = . . . = nR = 0).

(9) If we put r = 1, h1 = . . . = hr = 0 in result (4.4), we get a known
result obtained by Chaurasia and Godika ([1, eq.(3.3)],when n1 = . . . =
nR = 0).
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