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Abstract. We introduce the concept of category Vitali Sets in a metric space which
is motivated by a paper of ORLANDO and obtain various properties of such sets. In
addition, we obtain some topological consequences
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1. Introduction. ORLANDO [5] proved an analogue of the classical
Vitali covering theorem [2], p 262 with respect to Baire category of sets.
In fact, a strengthened version of the Vitali covering theorem in R™ (n-
dimensional Euclidean space) is now available: every Vitali cover of any set
E C R" has a pairwise disjoint subfamily W such that E\|Jy . V is a
nowhere dense set in R" having Lebesgue measure zero.

The motivation of the paper arises from Proposition 1[5] where the un-
covered portion of a given set in a metric space with certain assumption is
small in the sense of Baire category for each maximal pairwise disjoint sub-
family selected from a given Vitali cover of the set. It is observed that the
conclusion of Proposition 1[5] helps to generate a type of a set which provide
several interesting and unforeseen conclusions. We introduce in this paper
the term ”category Vitali set” in a metric space and observe that there are
sets which are category Vitali sets as well as sets which are not. We derive
several properties of such sets with the help of open and closed sets, defined
suitably in the metric space. Some properties of a topological space, that
arises in consequence of study of category Vitali sets, are presented.
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The results of the paper have no connection with those of [1], [3] and
[4] where in [3] and [4] measure-theoretic approach are dominant.

2. Definitions and examples. Let (X,d) be a metric space which
will be written simply as X when there is no confusion. Let £ denote the
family of all closed balls in X with positive radius. If £ C X, then a non
empty family v from L is called a Vitali cover of E if for each x € E and
each € > 0, there exists a ball V' € v such that € V and diam (V) < e.

The following proposition and theorem are proved in [5].

Proposition A. Let the metric space X satisfy the following assump-
tion: B = int(B) for every closed ball B of X. Then given any Vitali cover
v of any set E C X, we have that

E\JV

Vew

is a nowhere dense set in X for each maximal pairwise disjoint family W C
.

Here and in future, the existence of a maximal pairwise disjoint subfam-
ily is guaranteed by Zorn’s lemma.

Theorem A. In an arbitrary metric space (X, d), every Vitali cover v of
aset E C X contains a pairwise disjoint subfamily W such that E\ Jy ¢y V
s a nowhere dense set in X.

We introduce the definition of a category Vitali set as follows:

Definition 1. A set P C X is said to be a category Vitali Set (in short,
c-Vitali set), if given any Vitali cover v of P, P\ Uy ¢y V' is a set of the first
category for each maximal pairwise disjoint subfamily W C v.

We may note that from Theorem A and Definition 1, it does not follow
that every subset of X is a c-Vitali set.

We shall, in general, not assume that X is complete or separable. We
may note that the completeness of X implies that X is of second category
and separability of X gives that the family W in Proposition A or Theorem
A or Definition 1 is countable.

Further, for subsets A and B of X we shall write A — B for A\B. Sets
A, B etc. are non-void subsets of X, unless otherwise stated, int(A) means
the interior of the set A, A denotes the closure of A and ¢ denotes the void
set.
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Example 1. A set of the first category is a c-Vitali set.

Example 2. If the condition B = int(B) of Proposition A is satisfied
for every closed ball B in X, then every subset of X is a c-Vitali set.

The assumption B = int(B) of Proposition A holds automatically for
every closed ball B of R”, the n-dimensional Euclidean space. So

Example 3. Every subset of R" is a c-Vitali set.
Through the following example, which is patterned after Example of [5],
we show the existence of a set which is not a c-Vitali set.

Example 4. Let Y = Y; UYs, where Y] = {(0,y) € R2:0 <y < 1}
and Y2 = {(1,y) € R?:0 <y <1 and y is rational }.

Let a distance function d be defined on Y as follows: d(a,b) = 2 if
a,b € Ys, a # b and otherwise d(a, b) is the Euclidean distance. Then (Y, d)
is a complete metric space (see [6], Theorem 9.3.3, p 179) and so is of second
category.

Let £ = Y7 and v be the family of all closed balls of Y. Then v is a
Vitali cover of E. The subcollection W of v with center at a point of Y5 and
having radius 1 is clearly a maximal pairwise disjoint (countable) subfamily
of v. Now FE is an open subset of Y and so is of second category and the
set B — Uy V, obtained from E by removing a countable set, is also of
second category. Thus E is not a c-Vitali set.

3. Open and closed sets. In this section, we introduce the notion of
a category accumulation point of a set and in terms of this idea, closed and
open sets in X.

Definition 2. A point a € X is called a category accumulation point
(in short, c-accumulation point) of a set A if for every sequence {F,} from
L with diameters tending to zero and a € int(F},) for each n, there exists
a subsequence {F, } such that AN F),, is a set of the second category for
each k.

Definition 3. The collection of all c-accumulation points of A is called
the category derived set of A and is denoted by D(A).
The proof of the following lemma is omitted.

Lemma 1. Let {A: « € A} be a family of subsets of X where A is an
index set. Then
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(Z) D(ma Aa) C ﬂa D(Aa) and

(i) D(UnN:1 An) = UnN:1 D(Ar)
where A1, Ao, ..., AN belong to the family.

In the usual way, we now write the definition of closed and open sets in
X with the help of category derived set.

Definition 4. A set F is closed if D(F') C F. A set G isopenif X — G
is closed.

Lemma 2. X and the void set ¢ are closed and open sets.

Theorem 1. The family of all open sets of X forms a topology.

The proof follows from lemmas 1 and 2. This topology will be denoted
by T.. Thus (X,T:) is a topological space. The following theorem gives a
characterisation of open sets.

Theorem 2. A subset G is open if and only if for every x € G, there
exists a sequence {Fy} from L with diameters tending to zero and x €
int(Fy), k =1,2,..., such that Fy, — (G N Fy) is a set of the first category
i X for each k.

Proof. Suppose that G is open and let x € G. There exists a sequence
{F}} from £ with diameters tending to zero such that x € int(Fy) and
F;N(X —@G) is a set of the first category for k = 1,2,.... But F;N(X—-G) =
Fi, — (G N Fy) and so this part is finished.

Conversely, suppose that the condition of the theorem holds. Since
(X —G)NF,=F,—GNFy, (X — G) N Fy, is of first category for each k.

So, = cannot be a c-accumulation point of X — G. Because z € G
is arbitrary, D(X — G) C X — G and G becomes open. This proves the
theorem. O

Theorem 3. If for a set A, D(A) — A is of first category, then D(A) is

closed.

Proof. We show that B = X —D(A) is open. For this, let &« € B. There
exists {F} from £ with diameters tending to zero such that a € int(Fy)
and AN Fj, is of first category for each k. Since F, N D(A) C [F,N(D(A) —
A)| U [F N A], it follows that Fi, N D(A) is a first category subset for each
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k. But F, N D(A) = (X — B)N F, = F, — (BN F) and so it follows from
Theorem 2, that B is open. This proves the theorem. O

4. c-Vitali sets. Throughout this section, we assume that X is sepa-
rable.

Theorem 4. A — D(A) is a c-Vitali set if and only if A— D(A) is a
set of the first category.

Proof. If A — D(A) is of first category, then A — D(A) is a c-Vitali
set by Example 1. Conversely, suppose that A — D(A) is a c-Vitali set and
let « € A— D(A). There exists a sequence {F;(a)} from £ with diameters
tending to zero such that a € int(F;(«)) and AN Fj(«) is of first category
for each i. We consider the collection

v=[{F()},i=12...;acA— D(A)

which is clearly a Vitali cover of A— D(A). Let {F,,} be a maximal pairwise
disjoint sequence from v such that [A — D(A)] — ,, F is a set of the first
category. Since

A= D(4) C (A= D(4) - JFJUJF.) N Al

n n

the proof of the theorem is complete. O
The following corollaries follows from Theorem 4.

Corollary 1. Let A be a c-Vitali set. If D(A) = ¢, then A is a set of
the first category.

Corollary 2. If A is of second category and A — D(A) is a c-Vitali
set, then except a first category subset of A, all the points of A are c-
accumulation points of A.

Theorem 5. If A — D(A) is a c-Vitali set, AN D(A) = B and BN
D(X — A) = p, then B is open.

Proof. Let o € B. There exists {Fj} from £ with diameters tending to
zero, o € int(Fy) and F, N (X — A) is a first category set for k =1,2,....
Now

Fy, = (Fr N B) = [F. N (A= D(A))] U [Fp 0 (X — A)],
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so F, — (Fx N B) is a set of the first category, because A — D(A) is of first
category by Theorem 4. The theorem now follows from Theorem 2.

Theorem 6. Let A be a c-Vitali set with AN D(B) = ¢ for some set
B. Then AN B is a set of the first category.

Proof. Let a € A. There exists { F;(«)} from £ with diameters tending
to zero such that « € int(Fy(a)) and Fi(«) N B is a set of the first category
fork=1,2,....

The collection [{Fi(o)}, k=1,2,....;a € A] is clearly a Vitali cover of
A.

So, there exists a maximal countable pairwise disjoint subcollection { F}, }
such that A — [ Jo2; F, is of first category. Now

AnNB C [(ANnB) G }u[(GFn)mB]
= [(A- UF )N BJU G

c [A- DFn]U[D(anB
n=1

Both the sets in the brackets in the right hand side are of first category
and so the theorem is proved. O

Corollary 3. Let A be a c-Vitali set. If AND(A) = ¢, then A is a set
of the first category.

In other words, if A is a c-Vitali set such that no point of A is a c-
accumulation point of A, then A is of first category.

Theorem 7. Let X be complete. Then A — D(A) is a c-Vitali set if
and only if A can be expressed as A = G U H where G is of first category,
HCDH) and GNH = ¢.

Proof. Suppose first that the condition of the theorem holds. Then by
Lemma 1

A-D(A) = A-D(GUH) = A—[D(G)UD(H)| = A—D(H) ¢ A—H = G.
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Thus A — D(A) is of first category and thus a c-Vitali set by Theorem 4.
Conversely, suppose that A — D(A) is a c-Vitali set. Let G = A— D(A)
and H = AN D(A). By Theorem 4, G is of first category. If a« € H,
then given an arbitrary sequence {F,} from X with diameters tending to
zero, a € int(F,) for each n, there exists a subsequence {F), } such that
AN F,, is of second category for each k. For each k, we observe that
ANF,, = (GNEF,,)U(HNF,,) and so HNF,, is of second category. This
shows that a € D(H) and the theorem is proved. O

Theorem 8. A c-Vitali set E is closed and discrete (i.e. END(E) = )
if and only if E is of first category.

Proof. If F is of first category, then from definition, D(F) = ¢ and so
FE is closed and discrete. Conversely, suppose that F is closed and discrete.
Since E is closed, D(E) C E and EN D(E) = ¢ implies D(E) = ¢. So, by
Theorem 4, E = E — D(F) is of first category. This proves the theorem. ]

Theorem 9. Suppose that E and E — D(E) be c-Vitali sets. If D(E)
is of first category, then D(E) is a void set.

Proof. We have £ = [E — D(E)]U[EN D(E)] and thus by Theorem 4,
E is of first category. By Theorem 8, E is closed and discrete. Thus D(F)
is void. O

5. Countable intersection property in category and c-Vitali
sets. In this section, we show that the following idea of countable inter-
section property in category has some connection with c-Vitali sets. We
introduce the following definitions.

Definition 5. Let U be a non-void family of subsets of X, the com-
plement of each of which with respect to X is a closed ball. The fam-
ily U is called a complementary Vitali class if for U € U and for every
x € X — U, there exists a sequence {U,} from U such that x € X — U, for
each n =1,2,..., with diameters of X — U, tending to zero.

Definition 6. Let U be a complementary Vitali class in X and (2, Uy
be a set of the second category for every maximal sequence {U,}, U, €
U,n = 1,2,... with pairwise disjoint complements. Then X is said to
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have the countable intersection property in category if (¢, U is of second
category.

Theorem 10. Let X be complete and separable. If X — A is a c-Vitali
set for every first category subset A, then X has the countable intersection
property in category.

Proof. Suppose that X — A is a c-Vitali set for every set A of the first
category. Let U be a complementary Vitali class satisfying the condition
of Definition 6. We show that (¢, U = I (say) is a set of the second
category.

If possible, let I be of the first category. For U € U, let V = X — U,
then (X — V), i.e. X —UV =V} (say) is of first category. We consider
the collection v = [V : X — V € U] which is clearly a cover of X — Vj.
We verify that v is a Vitali cover of X — V. Let x € V' for some V. Then
x € X —U for some U € U. Choose ¢ > 0 arbitrary. Then from the
definition of the complementary Vitali class, there exists an U. € U such
that z € X — U, = V. (say) and diam (VZ) < e. So, v is a Vitali cover
of X —Vp. Since X — Vjy is a c-Vitali set, there exists a maximal pairwise
disjoint sequence {V,,} from v such that (X — Vp) — U2, V;, is a set of the
first category. Since

X Uracix v - Jviuw,

n=1 n=1
it follows that
X-JVu=E-V)=(UnUn=X -V, €U
n=1 n=1 n=1

is a set of the first category. Clearly {U,} is a maximal sequence with
pairwise disjoint complements. This implies a contradiction. Hence (¢, U
is a set of the second category and X has the countable intersection property
in category. This proves the theorem. U

Note 1. Example 3 and Theorem 10 show that R" has the countable
intersection property in category.

6. Topological consequences. In this section, we are interested to
find several properties of the topological space (X, T.) considered in Section
3.
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Definition 7. If A C X, then AU D(A) is the closure of A and is
denoted by cl(A).

Note 2. A is closed if and only if A = cl(A).
Lemma 3. cl(A) is closed, provided D(A) — A is of first category.
Proof. We have by Lemma 1 and Theorem 3
Dicl(A)] = D(A)UDID(A)] = D(A) C cl(A)
and thus cl(A) is closed. O

Theorem 11. If for a subset A, D(A) — A is a set of the first category,
then cl(A) = N[F : F D A; F is closed].

Proof. Let A stand for the right hand expression. Since (X,T¢) is a
topological space, it is clear that A is closed and so by Note 2

cl(A) C cl(A) = A.

Now A C cl(A) and from lemma 3, cl(A) is closed. So A C cl(A). Thus
A = cl(A) and the theorem is proved. O

Note 3. From Theorem 11, it follows that cl(A) coincides with the
closure of A in the topological space (X, Tc), provided D(A) — A is a set of
the first category.

Theorem 12. If X is complete, then (X, Tc) is not separable, provided
X is not a finite set.

Proof. Suppose that (X, Tc) is separable. So, there exists a countable
subset, say A such that cly.(A) = X where clr.(A) is the closure of A
in (X,Tc). Because A is a set of the first category, D(A) = ¢ and so by
Theorem 11, cl(A) = X, ie. X = cl(A) = AUD(A) = A. But X is of
second category. This contradiction proves the theorem. O
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