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FOURIER TRANSFORM OF THE HEAT KERNEL ON THE
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Abstract. In this paper an explicit formula is given for the Fourier transform of
the "heat” kernel on the Heisenberg group at every point of the dual space, as given
in FOLLAND. By a result of SIEBERT we obtain for each of the above representation a
strongly continuous contraction semigroup. For these semigroups the formula of their
infinitesimal generator is given.
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1. Preliminaries. The Heiseberg group H,, is the simplest noncom-
mutative nilpotent Lie group. Its Laplacian Ay is not elliptic but a result
of Hormander implies that it is hypoelliptic. H,, is of interest in many do-
mains of analysis and geometry: nilpotent Lie group theory, hypoelliptic
second order PDE, probability theory of degenerate diffusion process etc.

The Heisenberg Laplacian generates a convolution semigroup whose
measures are absolutely continuous with respect to the Haar measure. An
explicit formula was derived by HULANICKI [5] using representation theory,
and by GAVEAU [6] using probability theory.

It is known that for a vaguely continuous convolution semigroup on a
locally compact Abelian group the Fourier transform of its measures can be
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written as the exponential of some continuous negative definite function on
the dual group.

Performing a Fourier transform in the non-Abelian case is more difficult
and requires notions of representation theory. For a more extensive intro-
duction in representation theory see FOLLAND [1], ch. 3. By a result of
SIEBERT [2] the Fourier transform of the measures of a vaguely continuous
convolution semigroup on a locally compact group at each representation is
a strongly continuous contraction semigroup.

An explicit formula for the Fourier transform of the convolution semi-
group that Ay generates on H, will be given, together with the infinitesimal
generator of the contraction semigroup obtained.

We recall first some definitions and results from [1].

Definition 1.1. A (unitary) representation of a locally compact
group G is a homomorphism w from G to the multiplicative group of unitary
operators on a Hilbert space H, continuous in the strong operator topology,
that is a map m: G — U(Hz) such that

o m(xy) = m(z)m(y);
o m(a™!) =m*(z) = [r(2)] Y
o x — 7(x)u is continuous from G to Hy for every u € Hy.

A representation 7 is called irreducible if the only subspaces of H that
are invariant for each 7(z), « € G are the trivial ones. Two representations
71 and 72 of G on Hy, and H, respectively are (unitary) equivalent if there
exists an unitary operator T' : Hy, — Hy, such that T'm(z) = ma(z)T for
all x € G

The dual space of a locally compact group G is the space of all classes
of equivalence of irreducible representations of G and will be denoted by
G. Several structures were proposed for the dual space. The one that yield
better results is that of measurable space with the so called Mackey-Borel
structure. If G is a type I group or equivalently, the Mackey-Borel structure
on ( is standard then there is a measurable field of representations over C?,
(pﬂ)m c¢ such that pr € [r]. This way we can identify the points in G with
representations in this measurable field.

Suppose we fix a measurable field of representations as above. Then,
the Fourier transform of a bounded measure p € My(G) is the measurable
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field of operators over G given by:
i) = [ wa)dula).

Consequently the Fourier transform of f € LY(G) is the measurable filed
of operators over G:

f(m) = /G f(@)re)de,

It is easy to verify the following properties of the Fourier transform:

ap + bu(r) = apu(w) + bi (),
i+ (r)

() = o(m)ju(m),
Fr(m) = f(m)”
Lo f(m) = f(m)n(a™Y),  Ruf(r) = n(2)f(r).

Definition 1.2. A family of bounded, positive measures (pit)¢>0 on a lo-
cally compact group G is called a vaguely continuous convolution semigroup
on G if:

1. i (G) <1 forallt >0,

2. g * s = pets for all s,t > 0,

3. py — €0 vaguely as t — 0, where €y is the point-mass at the neutral
element of G.

If we perform the Fourier transform for the measures of a convolution
semigroup on GG we will clearly have a semigroup property for the family of
operators (fiz(m))¢>0 on H for each 7

fig * f1s(T) = figrs(m),  for all s,t > 0.

By [2], Prop. 3.1 we have even more: if we denote by g = I, the
identity operator on H then (f:())s>0 is a strongly continuous semigroup
of operators over H, for every unitary representation 7 of G.

Remark 1.1. If G is a locally compact group then all its irreducible
representations are 1-dimensional and so the representation space can be
chosen C for each such representation. Moreover, each irreducible repre-
sentation can be identified with a continuous homomorphism v : G — T
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which allows the dual space to be organized as a group with pointwise mul-
tiplication. Endowing G with the topology of compact convergence on G,
the dual space becomes a locally compact Abelian group called the dual
group of G.

In particular if G = R™, the dual group R" ~ R" and the Fourier
transform has the classic, well-known formula. For more details on the
Abelian case see BERG and FORST [7].

However, if (¢)¢>0 is a convolution semigroup on a LCA-group G then
another result is available for the Fourier transform of the measures p;, that
is more precise (see [7]):

Theorem 1.1. If (u)i>0 s a (vaguely continuous)convolution semi-
group on a LCA-group G, then there exists a uniquely determined continu-
ous, negative definite function ¢ on the dual group, G such that

fie(y) = exp(—th(y))  fort >0 and v € G.

Conversely, given a continuous, negative definite function ¢ on G, then the
formula above determines a convolution semigroup (p)i>o on G.

As an example, for the brownian semigroup on R":

2
e = (47rt)_2e:np(—@)dx for x € R"
the Fourier transform is ji;(y) = exp(—t||y||?) and the associated negative
definite function is y — ||y||?.

2. The Heisenberg group and the ”heat” kernel. The Heisenberg
group H, is R = R" x R™ x R with the composition law:

(1) (z, &) (2", &) = (x+ 2"+ &t +1' + %(as’f —z¢'))

where z¢ is the usual scalar product in R™. One verifies easily that H,, is
a non-Abelian group, has the unit 1=(0,0,0) and the inverse of an element
X = (z,§t) € Hy is (—z,—&,—t). It is also obvious that H, endowed
with the usual topology on R?"*+! is a locally compact group and the Haar
measure for this group is the Lebesgue measure on R?*+1,
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H,, has a second order differential operator, Ay which unlike the usual
Laplacian is not elliptic; it is a starting point for many research in analysis
and PDE’s. The Heisenberg Laplacian is

n

1

— E 2 =2
where o 1.0 o 1 0
Xi= g0 Tabigr ot Ei= 5 T 2ty

The heat kernel for Ay was first calculated independently by GAVEAU in
[6] and HULANICKI in [5] as an answer to the requirements:

0K,
Os

=ApK;

S%ﬂ&(%&i) = 6(z,&,1)

The Gaveau-Hulanicki result is:

+oo
Koz, €,1) :M /_ el =fa gt )2V ()

where
-

. T
fla,&t,7) = —itr + ([l2]* + [|€]*)  ctghs

o~ ()

In order to compute the Fourier transform of the measures K;(z, £, t)dxd€dt
we need the irreducible representations of H,. They can be deduced using
the ”Mackey machine” - a way of producing irreducible representations for a
group G inducing them from those of a normal subgroup (for details see [1]).
All irreducible representations of the Heisenberg group H,, are equivalent
to one of the following:

and

e 1-dimensional :
M5 Hy — T, myp(x,&,t) = 20750

with b, 8 € R®
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e oo-dimensional:
pn s Hoy — ULARY), [pn(w, &) f](y) = 2™NH+3799) f(y — g)
where h is a non-zero real number.

Because H,, is obviously a type I group, the dual space can be identified
with the measurable field of representations {y, g; pp, }s.8,,. Thus the Fourier

transform of a bounded measure pu € M,(H,) is a measurable field over H,
given by:

e the complex values

itmog) = [ sl (o) = [ O (a6 )
Hy

n

e and the operators on L?(R"):

A dl(y) = / on(—2,—€, )] (y)du(. £, 1)

n

_ / em‘h(—t+%z€+y£)¢(y+x)du(:€,5at)-

n

Remark 2.1. If f € L'(H,,) the complex values f(wbﬁ):

A~

Flmg) = /H Ty 5, — € —1) f (. €. £)dxdlt

_ / e~ 2mi0eH00) [ (4 ¢ {)dudgdt

n

are actually the euclidian Fourier transform of f at the point (b, 3,0).

Proposition 2.1. The Fourier transform of K is given by:

—

B, (my 5) = e (BIE+1812)

and

7 h % mh 2,1 2
[Ks (pn) 9l (y) = (M> : Rn¢(m)g’7(a”$*y\\ +Lle+y12) gy
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Proof. For the representations 7, 3 we have:

~

K (myp) = / e 2B K (1, €, t)daddt
Hy

where dxdfdt is the Haar measure on the Heisenberg group, and we recall
again that it is actually the usual Lebesgue measure on R?"+1. So,

Ry(mys) = /R me /R - (71(/32)>

n
T e 2mibi@i+Bi€)) o~ (@5 S et9h(3) g e it
j=1

One can easily see that we cannot change the order of integration with
respect to the variable ¢ but there’s no problem to perform it with the
variables 7, x,£. We can write then:

TI / =2l 8,6) o~ 9D gy e .
R2

The product under the integral is equal to

n
H (/ 6727rib':p 71287—Sctgh(%)dx / 727ri§j xQéctgh(g)da:)
J

1

n 87 b2 871'2B2
H e — TRl . 6 — ¢ — TR
i 35 ctgh ctgh )

8n2s(lIblI2+11811%)
— 87-(788 Tctgh(T/2) .

T”Ctgh”%

_sn2s(Ib) 2 +1181%)
K (7p.8) 47rs h”T Tetgh(t/2) — drdt.

Changing the variable 7 — 2s7 we obtain:

K 1 i 1 s o L rroo
= — P — Tctgh(sT —_
) =5 [ [ e rdt = o FFo(0)

Thus,
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1 _ar? (bl +1812%) ) )
where g(7) = TG € metgh(sr) — and Fg is the Fourier transform of g.

It is obvious that g(0) = exp(—472s(||b||> + ||8]|*)) and then

f(\(ﬂbﬁ) —4ms(|[blI*+1811%)

To prove the formula for the representations py let ¢ € L2(R"). We
have:

o~

[Ks(pn)ol(y) = / 2mih(—tH 328 H) (o) 4+ 1) K (v, €, t)dzdEdt
Hy,

1 —27riht/ /
= _—_— 25
(dms)r T /Re ¢ o Jo P F D)

e~ mihE(@+2y) o— (=] +1€11%) 55 Sl s dpdedrdt.

Denote by g(T 7) Jan Jpn @y +2)e —mihé(z+2y) o~ (2] +€]1?) g5 ctgh g dxd¢
and change the Varlable 7 +— 2s7. We obtain:

78 2s —2miht itT
[Ks(pn)dl(y) = (477-8)TL+1/R€ 2mih /Re g(2s7)drdt

and we recognize now a Fourier transform and its inverse for the function
g at the point 4whs. Thus,

_ '
Haloelv) = (47r3)n9(47Th8)
h " 27mh
~ \2sh(2rhs) || T ctgh(2mhs) |
B <28h(27rh3)) o (x +y)e tg

' / ¢ ih(a+2y) o= €12 ctgh(2nhs) ge g

h " 2mh
— e —||z||? 5t ctgh(2mhs)
<2sh(27rhs)> Rn oz +yle

n AT mh(z;+2y;)

. ST T mcghCemhe
H 7rhctgh(27rhs)e ’ v

= () fooerw.

‘6_%}1 (ctgh(ZTrhs)||:vH2+tgh(27rhs)||:v+2yH2) dx
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By an obvious change of variable and denoting a = ctgh(2mhs) we have:

7 n/2 wh 2,1 2
[Ks(pn)ol(y) = (28h(§71’h8)> - gb(:z:)e*T(a”x*y” +allzl?) g O

Remark 2.2. As one can easily see we have I/(\S(ph) = I/{\S(p,h) for each
s,h >0

The values of the Fourier transform at the m, g representations reminds
of the classical brownian semigroup. For the values at the representations
pr we state some properties in the next two theorems. The theorems are
proved only for the case n = 1 but they can be verified easily for the general
case.

‘Theorem 2.1. 1. K, (ph) is a bounded, self-adjoint operator on L2(R™);
2. Ba(pn) is positive, < Kx(pn)d, 6 >= | Kz (pn)6|12 and | Ka(pn)]| < 1.

Proof. 1. Continuity follows from the obvious relation

~

[a(@l < llull, Ve My(G) and [r] € G

and from the fact that || K| z1(g,) = 1.
Let now ¢ and v € L?(R™). We have:

< Kulpn)ont >= [ Ralonoly)iiidy
= / Ko(2,€,0)*™ 0y 4 o) g(y)dedgdtdy.
Hyp
Changing the variable y + x — y the above integral is equal to:

/ / K(z, €, 1)eXm (== 328 6 (Vi (y — ) dad€dtdy

- / o(v) /H Ko(,€,8) 27356V 4 (y — o) drdgddy.

=< ¢, K (Ph)1/1 > since K is a real-valued function. Hence, I/(\S(ph) is
self-adjoint.
2. Indeed, using 1. and Theorem 2.2 we have:

< K(pn)o, ¢ >=< Ks(pn) o Kx(pn)o, ¢ >
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=< Ks(pn)¢, K3 (pn)¢ >= K5 (pn)o]* > 0.
This implies on the other hand that

1K (on)ll = 15 (pn) 1%, ¥s >0

and thus R R
IKs(on)ll = 1K 5, (on) ", Vs >0, neN.

Estimating the norm of K (pn) we get:

}E (0] ll wh 1
‘ s(ph> (3/)’ < 47rhs / ‘ a z—y)? 8775(95 y)zdx
1

< ) —mha(z—y)? | ,—7hi(z+y)? 2
— h(4ﬂ'h H¢||L2 <Ae € d.%'

Thus,

| Ks(pn)@ll7z) < h( LA / / Trhelemut e e ddy

«_ M JL \/E
~ 2sh(2mhs) ha \ h’

which shows again the continuity of Ky(pp) and

1
2sh(4mhs)

1K (pn) | <
Letting s tend to oo we obtain
lim || K, (o) = 0.
S§—00
But, for a fixed s > 0 we have
1Kans(pn) | = |1 Ks(on)|*", Vn €N,

so as n — oo the left side of the equality tend to 0 so necessarily

IKs(pn)ll <1, V¥s>0.
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Theorem 2.2. 1. (I/(\s (pn))s>0 is a strongly continuous contraction semi-
group on L?(R™) for every h # 0;
2. The infinitesimal generator of the semigroup (Ks(pn))s>o s

Anf(y) = Af(y) — xR |y f(y),  for f € CR(R™).

Proof. 1. We can use the general formula i * v(7) = D(m)fi(7) to prove
the semigroup relation but instead of that we will give here a direct proof.
It is enough to consider n = 1.

Let ¢ € L*(R). Denoting by a; = ctgh(2whs1) and as = ctgh(2rhss)
we have:

K / —Ttai(z—y)?
K [K 47Th81/ S2 ph 2

_mh
o 2 ar(z+y)?

N 47rh51 Ysh(dmhss) /]R/]R(é(x)

(@1 (=9)+ & () bar =2+ E @0+2)2)

—C/<Z> (22 (az+ L)+ (“1+ﬂ11))-/e_( 2A-22B) 1 1
R

where
1 1
A—a1+f+a2+f

aq a2
B h

\/sh(47rh51)5h(47rh82) '

Thus,
Rl Ros(pol(s) = C [ ofa) e T 0o
where
2
f(x,y)—/e_ (z2A-2zB) 3, / VAT %5 d
R R
2 nh B2
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ut
o]z 2
hA sh(4mwhsy)sh(4mhsy)
1

ch(2mhsy) sh(2mhsi) ch(2mhs2) sh(2mhsz)
sh(2mhs1) + ch(2mhsy) + sh(2mhs2) + ch(2mhsa

B

and using basic properties of hyperbolic sine and cosine functions we get:

2 h
¢ \/:A - \/sh(47rh(51 T s2))

It remains to prove that:

1 1 B?
2 2 _
x (a2+*a2)+y (a1+*a1)—7 —a($ y)

1
2 + a(‘r +y)2a

where a = ctgh(2mh(s1 + s2)). For this we will identify the coefficients so
we need to show that:

12
1 a2 — o 1
for 2%: as+ — — (1 ) T =a+—
az a1+ o taz+ o a

12
1 (a1 —3,) 1
fory*: aj+—— — A =a+-
ai a1+a+a2+£ a
(a1 — 5o)(az — o) 1
and for zy : T =a— -,
a1+a+a2+£ a

things that are easy to verify using again the properties of the hyperbolic
functions sh and ch. Thus we have:

~ A~ h wh 2 wh 1 2
— —ralz—y)® g (z+y)
Ksl[KSQ (ph)¢](y) - \/Sh(47Th(81 + 82)) /RQS('I)e Y € 4 dCC

= [K51+52 ¢] (y)

—

The fact that (Ks(pn))s>o0 is a strongly continuous semigroup follows
easily from the vague convergence of measures K(z, &, t)dzd{dt to the Dirac
measure concentrated at (0,0,0) as s tends to 0.
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2. We need to determine

tim = ([ (on)0l(w) — 6(»))

s—04+ S

pointwise for y € R™ and for suitable functions f € L2(R"). I will give here
a complete calculus only for n = 1. For the general case it is similar. We
therefore have to find out the following limit:

1 h Th 2,1 2
lim =/ —2 S a(@=y)*+ 5 (@+Y)? g —
o0 s ( sh(4mhs) Rgb(:n)e i de = o(y) |

where a = ctgh(2mhs). We can rewrite the above limit changing the variable
x — x + y in the following way:

lig, { <\/ h(47h / (@ +y) — o(z)e (“”"2+3($+2y)2)dm>
S5— v 5
1 h mh 2,1 2
- — St (ax 4+ (24+29)%) 1, —
y)s (\/ sh(4mhs) /Re ’ de 1) } ’

Take the second term of the sum of the limit. The exponent can be written

as:
2a

14a2’

—i—l( +2) ( —1—71) + 2 2—7Th2
ax z a T
Y yl Y

Changing the variable z — x — yH% the limit of the second term becomes:

lim < (o / L
s—0+ § sh(4mhs) R

2 2a
= 1 — —rh 4 1+a — 1 .
sir(r)lJr s (\/ h(4rhs) \/ 1+ a2 Ve )

But a = ctgh(2mhs) so

tgh(4mhs) so the last quantity is equal to

1+2_

1 —nhy?tgh(4mhs)
m = (T 1) = —an?n2y?
5—0+ § ch(4mhs)
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Returning to the first term in the initial limit one can approximate for
appropriate functions, ¢(z +y) — ¢(y) by z¢'(y) + 322¢" (y). Thus we only
need to calculate

1 h 2
i - /" —zwhy*tgh(4mhs) / /
o0t 5 sh(4mhs) ° R(m ()

1 - 1+a x
5wt (y))e ™ R g,

—nhy?tgh(4mhs)

But, clearly, W — ﬁ and e — 1 as s — 04+. We can

separate again the limit and we need to find:

A — Tim ' (y) e~ hetgh(4mhs) (a+y 2y

5)?
14a2 dw
s—0 271‘8\/5 R

and .
B = lim ¢ ( ) xzefﬂhctgh(47rhs)(x+y

s—0 271'8\[

For A, making an obvious change of variable we get:

A = — lim oly) _2 . 1 ) 1 N~
s—0+ 2msy/s 1+ a? \/7h \/m
_#(y) 1 sh2(27rhs) sh(4mhs)

- lim .
Th smot s\/s  ch(4rhs) ch(4mhs)

1+a2 7)? dz.

=0.

For B we proceed in the same way and having in mind what we’ve
already proved for A, we obtain:

9" (y / 2~ mhetgh(dmh

B = I mwhetgh(4mhs)z? d
o0t A/rsn/5 v

— i " (y) sh(4mhs) sh(4mhs) / 2,-a% g,

C s=0+ 4fs\f \/mheh(4hs) 7ThCh (47hs) '

We have then B = ¢”(y) so for n=1 the infinitesimal generator which clearly
depends on h is:

Apoly) = ¢"(y) — 47 B>y (y).

In general, the infinitesimal generator is given by:

Apoly) = Ao(y) — 4R |[y | d(y).
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