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Abstract. In this paper an explicit formula is given for the Fourier transform of
the ”heat” kernel on the Heisenberg group at every point of the dual space, as given
in Folland. By a result of Siebert we obtain for each of the above representation a
strongly continuous contraction semigroup. For these semigroups the formula of their
infinitesimal generator is given.
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1. Preliminaries. The Heiseberg group Hn is the simplest noncom-
mutative nilpotent Lie group. Its Laplacian ∆H is not elliptic but a result
of Hörmander implies that it is hypoelliptic. Hn is of interest in many do-
mains of analysis and geometry: nilpotent Lie group theory, hypoelliptic
second order PDE, probability theory of degenerate diffusion process etc.

The Heisenberg Laplacian generates a convolution semigroup whose
measures are absolutely continuous with respect to the Haar measure. An
explicit formula was derived by Hulanicki [5] using representation theory,
and by Gaveau [6] using probability theory.

It is known that for a vaguely continuous convolution semigroup on a
locally compact Abelian group the Fourier transform of its measures can be
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written as the exponential of some continuous negative definite function on
the dual group.

Performing a Fourier transform in the non-Abelian case is more difficult
and requires notions of representation theory. For a more extensive intro-
duction in representation theory see Folland [1], ch. 3. By a result of
Siebert [2] the Fourier transform of the measures of a vaguely continuous
convolution semigroup on a locally compact group at each representation is
a strongly continuous contraction semigroup.

An explicit formula for the Fourier transform of the convolution semi-
group that ∆H generates on Hn will be given, together with the infinitesimal
generator of the contraction semigroup obtained.

We recall first some definitions and results from [1].

Definition 1.1. A (unitary) representation of a locally compact
group G is a homomorphism π from G to the multiplicative group of unitary
operators on a Hilbert space Hπ continuous in the strong operator topology,
that is a map π : G → U(Hπ) such that

• π(xy) = π(x)π(y);

• π(x−1) = π∗(x) = [π(x)]−1;

• x 7→ π(x)u is continuous from G to Hπ for every u ∈ Hπ.

A representation π is called irreducible if the only subspaces of Hπ that
are invariant for each π(x), x ∈ G are the trivial ones. Two representations
π1 and π2 of G on Hπ1 and Hπ2 respectively are (unitary) equivalent if there
exists an unitary operator T : Hπ1 → Hπ2 such that Tπ1(x) = π2(x)T for
all x ∈ G

The dual space of a locally compact group G is the space of all classes
of equivalence of irreducible representations of G and will be denoted by
Ĝ. Several structures were proposed for the dual space. The one that yield
better results is that of measurable space with the so called Mackey-Borel
structure. If G is a type I group or equivalently, the Mackey-Borel structure
on G is standard then there is a measurable field of representations over Ĝ,
(ρπ)[π]∈Ĝ such that ρπ ∈ [π]. This way we can identify the points in Ĝ with
representations in this measurable field.

Suppose we fix a measurable field of representations as above. Then,
the Fourier transform of a bounded measure µ ∈ Mb(G) is the measurable
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field of operators over Ĝ given by:

µ̂(π) =
∫

G
π(x−1)dµ(x).

Consequently the Fourier transform of f ∈ L1(G) is the measurable filed
of operators over Ĝ:

f̂(π) =
∫

G
f(x)π(x−1)dx.

It is easy to verify the following properties of the Fourier transform:

̂aµ + bν(π) = aµ̂(π) + bν̂(π),

µ̂ ∗ ν(π) = ν̂(π)µ̂(π),

f̂∗(π) = f̂(π)∗

L̂xf(π) = f̂(π)π(x−1), R̂xf(π) = π(x)f̂(π).

Definition 1.2. A family of bounded, positive measures (µt)t>0 on a lo-
cally compact group G is called a vaguely continuous convolution semigroup
on G if:

1. µt(G) ≤ 1 for all t > 0,
2. µt ∗ µs = µt+s for all s, t > 0,
3. µt → ε0 vaguely as t → 0, where ε0 is the point-mass at the neutral

element of G.

If we perform the Fourier transform for the measures of a convolution
semigroup on G we will clearly have a semigroup property for the family of
operators (µ̂t(π))t>0 on Hπ for each π:

µ̂t ∗ µs(π) = µ̂t+s(π), for all s, t > 0.

By [2], Prop. 3.1 we have even more: if we denote by µ̂0 = I, the
identity operator on Hπ then (µ̂t(π))t≥0 is a strongly continuous semigroup
of operators over Hπ for every unitary representation π of G.

Remark 1.1. If G is a locally compact group then all its irreducible
representations are 1-dimensional and so the representation space can be
chosen C for each such representation. Moreover, each irreducible repre-
sentation can be identified with a continuous homomorphism γ : G → T
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which allows the dual space to be organized as a group with pointwise mul-
tiplication. Endowing Ĝ with the topology of compact convergence on G,
the dual space becomes a locally compact Abelian group called the dual
group of G.

In particular if G = Rn, the dual group R̂n ' Rn and the Fourier
transform has the classic, well-known formula. For more details on the
Abelian case see Berg and Forst [7].

However, if (µt)t>0 is a convolution semigroup on a LCA-group G then
another result is available for the Fourier transform of the measures µt, that
is more precise (see [7]):

Theorem 1.1. If (µt)t>0 is a (vaguely continuous)convolution semi-
group on a LCA-group G, then there exists a uniquely determined continu-
ous, negative definite function ψ on the dual group, Ĝ such that

µ̂t(γ) = exp(−tψ(γ)) for t > 0 and γ ∈ Ĝ.

Conversely, given a continuous, negative definite function ψ on Ĝ, then the
formula above determines a convolution semigroup (µt)t>0 on G.

As an example, for the brownian semigroup on Rn:

µt = (4πt)−
n
2 exp(−‖x‖

2

4t
)dx for x ∈ Rn

the Fourier transform is µ̂t(y) = exp(−t‖y‖2) and the associated negative
definite function is y 7→ ‖y‖2.

2. The Heisenberg group and the ”heat” kernel. The Heisenberg
group Hn is R2n+1 = Rn × Rn × R with the composition law:

(1) (x, ξ, t)(x′, ξ′, t′) =
(
x + x′, ξ + ξ′, t + t′ +

1
2
(x′ξ − xξ′)

)

where xξ is the usual scalar product in Rn. One verifies easily that Hn is
a non-Abelian group, has the unit 1=(0,0,0) and the inverse of an element
X = (x, ξ, t) ∈ Hn is (−x,−ξ,−t). It is also obvious that Hn endowed
with the usual topology on R2n+1 is a locally compact group and the Haar
measure for this group is the Lebesgue measure on R2n+1.
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Hn has a second order differential operator, ∆H which unlike the usual
Laplacian is not elliptic; it is a starting point for many research in analysis
and PDE’s. The Heisenberg Laplacian is

∆H =
1
2

n∑

i=1

(X2
i + Ξ2

i )

where
Xi =

∂

∂xi
+

1
2
ξi

∂

∂t
and Ξi =

∂

∂ξi
− 1

2
xi

∂

∂t

The heat kernel for ∆H was first calculated independently by Gaveau in
[6] and Hulanicki in [5] as an answer to the requirements:





∂Ks

∂s
= ∆HKs

lim
s→0+

Ks(x, ξ, t) = δ(x, ξ, t)
.

The Gaveau-Hulanicki result is:

Ks(x, ξ, t) =
1

(4πs)n+1

∫ +∞

−∞
exp(−f(x, ξ, t, τ)/2s)V (τ)dτ

where
f(x, ξ, t, τ) = −itτ + (‖x‖2 + ‖ξ‖2)

τ

4
ctgh

τ

2
and

V (τ) =
(

τ/2
sh τ

2

)n

.

In order to compute the Fourier transform of the measures Ks(x, ξ, t)dxdξdt
we need the irreducible representations of Hn. They can be deduced using
the ”Mackey machine” - a way of producing irreducible representations for a
group G inducing them from those of a normal subgroup (for details see [1]).
All irreducible representations of the Heisenberg group Hn are equivalent
to one of the following:

• 1-dimensional :

πb,β : Hn → T, πb,β(x, ξ, t) = e2πi(bx+βξ)

with b, β ∈ Rn
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• ∞-dimensional:

ρh : Hn → U(L2(Rn)), [ρh(x, ξ, t)f ](y) = e2πih(t+ 1
2
xξ−yξ)f(y − x)

where h is a non-zero real number.

Because Hn is obviously a type I group, the dual space can be identified
with the measurable field of representations {πb,β; ρh}b,β,h. Thus the Fourier
transform of a bounded measure µ ∈ Mb(Hn) is a measurable field over Ĥn

given by:

• the complex values

µ̂(πb,β) =
∫

Hn

πb,β(−x,−ξ,−t)dµ(x, ξ, t) =
∫

Hn

e−2πi(bx+βξ)dµ(x, ξ, t)

• and the operators on L2(Rn):

[µ̂(ρh)φ](y) =
∫

Hn

[ρh(−x,−ξ,−t)φ](y)dµ(x, ξ, t)

=
∫

Hn

e2πih(−t+ 1
2
xξ+yξ)φ(y + x)dµ(x, ξ, t).

Remark 2.1. If f ∈ L1(Hn) the complex values f̂(πb,β):

f̂(πb,β) =
∫

Hn

πb,β(−x,−ξ,−t)f(x, ξ, t)dxdξdt

=
∫

Hn

e−2πi(bx+βξ)f(x, ξ, t)dxdξdt

are actually the euclidian Fourier transform of f at the point (b, β, 0).

Proposition 2.1. The Fourier transform of Ks is given by:

K̂s(πb,β) = e−4π2(‖b‖2+‖β‖2)

and

[K̂s(ρh)φ](y) =
(

h

sh(4πhs)

)n
2

·
∫

Rn

φ(x)e−
πh
2

(a‖x−y‖2+ 1
a
‖x+y‖2)dx.
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Proof. For the representations πb,β we have:

K̂s(πb,β) =
∫

Hn

e−2πi(bx+βξ)Ks(x, ξ, t)dxdξdt

where dxdξdt is the Haar measure on the Heisenberg group, and we recall
again that it is actually the usual Lebesgue measure on R2n+1. So,

K̂s(πb,β) =
∫

R2n+1

(4πs)−n−1

∫

R
ei tτ

2s

(
τ/2

sh(τ/2)

)n

·

·
n∏

j=1

e−2πi(bjxj+βjξj)e−(x2
j+ξ2

j ) τ
8s

ctgh( τ
2
)dτdxdξdt.

One can easily see that we cannot change the order of integration with
respect to the variable t but there’s no problem to perform it with the
variables τ, x, ξ. We can write then:

K̂s(πb,β) =
1

(4πs)n+1

∫

R

∫

R
ei tτ

2s ·
(

τ/2
sh(τ/2)

)n

·

·
n∏

j=1

∫

R2

e−2πi(bjxj+βjξj)e−(x2
j+ξ2

j ) τ
8s

ctgh( τ
2
)dxjdξjdτdt.

The product under the integral is equal to

n∏

j=1

(∫

R
e−2πibjxe−x2 τ

8s
ctgh( τ

2
)dx ·

∫

R
e−2πiξjxe−x2 τ

8s
ctgh( τ

2
)dx

)

=
n∏

j=1

(√
π

τ
8sctgh( τ

2 )
e
− 8π2b2j s

τctgh(τ/2) ·
√

π
τ
8sctgh( τ

2 )
e
− 8π2β2

j s

τctgh(τ/2)

)

=
(8πs)n

τnctghn τ
2

e
− 8π2s(‖b‖2+‖β‖2)

τctgh(τ/2) .

Thus,

K̂s(πb,β) =
1

4πs

∫

R

∫

R
ei tτ

2s
1

chn τ
2

e
− 8π2s(‖b‖2+‖β‖2)

τctgh(τ/2) dτdt.

Changing the variable τ 7→ 2sτ we obtain:

K̂s(πb,β) =
1
2π

∫

R

∫

R
eitτ 1

chn(sτ)
· e−

4π2(b2+β2)
τctgh(sτ) dτdt =

1
2π
FFg(0)
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where g(τ) = 1
chn(sτ) · e

− 4π2(‖b‖2+‖β‖2)
τctgh(sτ) and Fg is the Fourier transform of g.

It is obvious that g(0) = exp(−4π2s(‖b‖2 + ‖β‖2)) and then

K̂s(πb,β) = e−4π2s(‖b‖2+‖β‖2).

To prove the formula for the representations ρh let φ ∈ L2(Rn). We
have:

[K̂s(ρh)φ](y) =
∫

Hn

e2πih(−t+ 1
2
xξ+yξ)φ(y + x)Ks(x, ξ, t)dxdξdt

=
1

(4πs)n+1

∫

R
e−2πiht

∫

R
ei tτ

2s V (τ)
∫

Rn

∫

Rn

φ(y + x) ·

·e−πihξ(x+2y)e−(‖x‖2+‖ξ‖2) τ
8s

ctgh τ
2 dxdξdτdt.

Denote by g(τ) = V (τ)
∫
Rn

∫
Rn φ(y+x)e−πihξ(x+2y)e−(‖x‖2+‖ξ‖2) τ

8s
ctgh τ

2 dxdξ
and change the variable τ 7→ 2sτ . We obtain:

[K̂s(ρh)φ](y) =
2s

(4πs)n+1

∫

R
e−2πiht

∫

R
eitτg(2sτ)dτdt

and we recognize now a Fourier transform and its inverse for the function
g at the point 4πhs. Thus,

[K̂s(ρh)φ](y) =
1

(4πs)n
g(4πhs)

=
(

h

2sh(2πhs)

)n ∫

Rn

φ(x + y)e−‖x‖
2 πh

2
ctgh(2πhs) ·

·
∫

Rn

e−πihξ(x+2y)e−‖ξ‖
2 πh

2
ctgh(2πhs)dξdx

=
(

h

2sh(2πhs)

)n ∫

Rn

φ(x + y)e−‖x‖
2 πh

2
ctgh(2πhs) ·

·
n∏

j=1

√
2π

πhctgh(2πhs)
e
−πh(xj+2yj)

2ctgh(2πhs) dx

=
(

h

2sh(2πhs)

)n/2 ∫

Rn

φ(x + y) ·

·e−πh
2 (ctgh(2πhs)‖x‖2+tgh(2πhs)‖x+2y‖2)dx.
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By an obvious change of variable and denoting a = ctgh(2πhs) we have:

[K̂s(ρh)φ](y) =
(

h

2sh(2πhs)

)n/2 ∫

Rn

φ(x)e−
πh
2 (a‖x−y‖2+ 1

a
‖x+y‖2)dx. ¤

Remark 2.2. As one can easily see we have K̂s(ρh) = K̂s(ρ−h) for each
s, h > 0

The values of the Fourier transform at the πb,β representations reminds
of the classical brownian semigroup. For the values at the representations
ρh we state some properties in the next two theorems. The theorems are
proved only for the case n = 1 but they can be verified easily for the general
case.

Theorem 2.1. 1. K̂s(ρh) is a bounded, self-adjoint operator on L2(Rn);
2. K̂s(ρh) is positive, < K̂s(ρh)φ, φ >= ‖K̂ s

2
(ρh)φ‖2 and ‖K̂s(ρh)‖ < 1.

Proof. 1. Continuity follows from the obvious relation

‖µ̂(π)‖ ≤ ‖µ‖, ∀ µ ∈ Mb(G) and [π] ∈ Ĝ

and from the fact that ‖Ks‖L1(Hn) = 1.
Let now φ and ψ ∈ L2(Rn). We have:

< K̂s(ρh)φ, ψ >=
∫

K̂s(ρh)φ(y)ψ(y)dy

=
∫ ∫

Hn

Ks(x, ξ, t)e2πih(−t+ 1
2
xξ+yξ)φ(y + x)ψ(y)dxdξdtdy.

Changing the variable y + x 7→ y the above integral is equal to:
∫ ∫

Hn

Ks(x, ξ, t)e2πih(−t− 1
2
xξ+yξ)φ(y)ψ(y − x)dxdξdtdy

=
∫

φ(y)
∫

Hn

Ks(x, ξ, t)e2πih(t+ 1
2
xξ−yξ)ψ(y − x)dxdξdtdy.

=< φ, K̂s(ρh)ψ > since Ks is a real-valued function. Hence, K̂s(ρh) is
self-adjoint.

2. Indeed, using 1. and Theorem 2.2 we have:

< K̂s(ρh)φ, φ >=< K̂ s
2
(ρh) ◦ K̂ s

2
(ρh)φ, φ >
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=< K̂ s
2
(ρh)φ, K̂ s

2
(ρh)φ >= ‖K̂ s

2
(ρh)φ‖2 ≥ 0.

This implies on the other hand that

‖K̂s(ρh)‖ = ‖K̂ s
2
(ρh)‖2, ∀s > 0

and thus
‖K̂s(ρh)‖ = ‖K̂ s

2n
(ρh)‖2n

, ∀s > 0, n ∈ N.

Estimating the norm of K̂s(ρh) we get:

|K̂s(ρh)φ(y)| ≤
√

h

sh(4πhs)

∫

R
|φ(x)| · e−πh

2
a(x−y)2 · e−πh

2
1
a
(x+y)2dx

≤
√

h

sh(4πhs)
‖φ‖L2(R) ·

(∫

R
e−πha(x−y)2 · e−πh 1

a
(x+y)2dx

) 1
2

.

Thus,

‖K̂s(ρh)φ‖2
L2(R) ≤

h

sh(4πhs)
‖φ‖2

L2(R)

∫

R

∫

R
e−πha(x−y)2 · e−πh 1

a
(x+y)2dxdy

≤ h

2sh(2πhs)
·
√

1
ha

·
√

a

h
,

which shows again the continuity of K̂s(ρh) and

‖K̂s(ρh)‖ ≤ 1√
2sh(4πhs)

.

Letting s tend to ∞ we obtain

lim
s→∞ ‖K̂s(ρh)‖ = 0.

But, for a fixed s > 0 we have

‖K̂2ns(ρh)‖ = ‖K̂s(ρh)‖2n
, ∀n ∈ N,

so as n →∞ the left side of the equality tend to 0 so necessarily

‖K̂s(ρh)‖ < 1, ∀s > 0.

¤
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Theorem 2.2. 1. (K̂s(ρh))s≥0 is a strongly continuous contraction semi-
group on L2(Rn) for every h 6= 0;
2. The infinitesimal generator of the semigroup (K̂s(ρh))s≥0 is

Ahf(y) = ∆f(y)− 4π2h2‖y‖2f(y), for f ∈ C∞
c (Rn).

Proof. 1. We can use the general formula µ̂ ∗ ν(π) = ν̂(π)µ̂(π) to prove
the semigroup relation but instead of that we will give here a direct proof.
It is enough to consider n = 1.

Let φ ∈ L2(R). Denoting by a1 = ctgh(2πhs1) and a2 = ctgh(2πhs2)
we have:

K̂s1 [K̂s2(ρh)φ](y) =

√
h

sh(4πhs1)

∫

R
[K̂s2(ρh)φ](z)e−

πh
2

a1(z−y)2 ·

·e−
πh
2

1
a1

(z+y)2
dz =

h√
sh(4πhs1)sh(4πhs2)

∫

R

∫

R
φ(x) ·

·e−
πh
2

(a1(z−y)2+ 1
a1

(z+y)2+a2(x−z)2+ 1
a2

(x+z)2)
dxdz

= C

∫

R
φ(x) · e

−πh
2

(x2(a2+ 1
a2

)+y2(a1+ 1
a1

)) ·
∫

R
e−

πh
2

(z2A−2zB)dzdx

where
A = a1 +

1
a1

+ a2 +
1
a2

,

B = y(a1 − 1
a1

) + x(a2 − 1
a2

) ,

C =
h√

sh(4πhs1)sh(4πhs2)
.

Thus,

K̂s1 [K̂s2(ρh)φ](y) = C

∫

R
φ(x) · e

−πh
2

(x2(a2+ 1
a2

)+y2(a1+ 1
a1

)) · f(x, y)dx

where

f(x, y) =
∫

R
e−

πh
2

(z2A−2zB)dz =
∫

R
e
−πh

2
(z
√

A− B√
A

)2 · eπh
2
·B2

A dz

f(x, y) =

√
2

hA
· eπh

2
·B2

A
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But

C ·
√

2
hA

=

√
2h

sh(4πhs1)sh(4πhs2)
·

· 1√
ch(2πhs1)
sh(2πhs1) + sh(2πhs1)

ch(2πhs1) + ch(2πhs2)
sh(2πhs2) + sh(2πhs2)

ch(2πhs2

and using basic properties of hyperbolic sine and cosine functions we get:

C ·
√

2
hA

=

√
h

sh(4πh(s1 + s2))
.

It remains to prove that:

x2(a2 +
1
a2

) + y2(a1 +
1
a1

)− B2

A
= a(x− y)2 +

1
a
(x + y)2,

where a = ctgh(2πh(s1 + s2)). For this we will identify the coefficients so
we need to show that:

for x2 : a2 +
1
a2
− (a2 − 1

a2
)2

a1 + 1
a1

+ a2 + 1
a2

= a +
1
a

for y2 : a1 +
1
a1
− (a1 − 1

a1
)2

a1 + 1
a1

+ a2 + 1
a2

= a +
1
a

and for xy :
(a1 − 1

a1
)(a2 − 1

a2
)

a1 + 1
a1

+ a2 + 1
a2

= a− 1
a
,

things that are easy to verify using again the properties of the hyperbolic
functions sh and ch. Thus we have:

K̂s1 [K̂s2(ρh)φ](y) =

√
h

sh(4πh(s1 + s2))

∫

R
φ(x)e−

πh
2

a(x−y)2 ·e−πh
2
· 1
a
(x+y)2dx

= [K̂s1+s2φ](y).

The fact that (K̂s(ρh))s≥0 is a strongly continuous semigroup follows
easily from the vague convergence of measures Ks(x, ξ, t)dxdξdt to the Dirac
measure concentrated at (0, 0, 0) as s tends to 0.



13 FOURIER TRANSFORM OF THE HEAT KERNEL 441

2. We need to determine

lim
s→0+

1
s

(
[K̂s(ρh)φ](y)− φ(y)

)

pointwise for y ∈ Rn and for suitable functions f ∈ L2(Rn). I will give here
a complete calculus only for n = 1. For the general case it is similar. We
therefore have to find out the following limit:

lim
s→0+

1
s

(√
h

sh(4πhs)

∫

R
φ(x)e−

πh
2

(a(x−y)2+ 1
a
(x+y))2dx− φ(y)

)
,

where a = ctgh(2πhs). We can rewrite the above limit changing the variable
x 7→ x + y in the following way:

lim
s→0+

{
1
s

(√
h

sh(4πhs)

∫

R
(φ(x + y)− φ(x))e−

πh
2

(ax2+ 1
a
(x+2y)2)dx

)

+φ(y)
1
s

(√
h

sh(4πhs)

∫

R
e−

πh
2

(ax2+ 1
a
(x+2y)2)dx− 1

)}
.

Take the second term of the sum of the limit. The exponent can be written
as:

ax2 +
1
a
(x + 2y)2 = (a +

1
a
)
(

x + y
2

1 + a2

)2

− πhy2 2a

1 + a2
.

Changing the variable x 7→ x−y 2
1+a2 the limit of the second term becomes:

lim
s→0+

1
s

(√
h

sh(4πhs)
· e−πhy2 2a

1+a2

∫

R
e−πh 1+a2

2a
x2

dx− 1

)

= lim
s→0+

1
s

(√
h

sh(4πhs)
·
√

1
πh

√
2a

1 + a2
· √π · e−πhy2 2a

1+a2 − 1

)
.

But a = ctgh(2πhs) so 2a
1+a2 = tgh(4πhs) so the last quantity is equal to

lim
s→0+

1
s

(
e−πhy2tgh(4πhs)

√
ch(4πhs)

− 1

)
= −4π2h2y2.
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Returning to the first term in the initial limit one can approximate for
appropriate functions, φ(x + y)− φ(y) by xφ′(y) + 1

2x2φ′′(y). Thus we only
need to calculate

lim
s→0+

1
s

√
h

sh(4πhs)
e−πhy2tgh(4πhs)

∫

R
(xφ′(y)

+
1
2
x2φ′′(y))e−πh 1+a2

2a
(x+y· 2

1+a2 )2
dx.

But, clearly, hs
sh(4πhs) → 1

4π and e−πhy2tgh(4πhs) → 1 as s → 0+. We can
separate again the limit and we need to find:

A = lim
s→0

φ′(y)
2πs

√
s

∫

R
xe
−πhctgh(4πhs)(x+y 2

1+a2 )2
dx

and

B = lim
s→0

φ′′(y)
2πs

√
s

∫

R
x2e

−πhctgh(4πhs)(x+y 2
1+a2 )2

dx.

For A, making an obvious change of variable we get:

A = − lim
s→0+

φ′(y)
2πs

√
s

2
1 + a2

· 1√
πh

· 1√
ctgh(4πhs)

· √π

= −φ′(y)
πh

lim
s→0+

1
s
√

s
· sh2(2πhs)

ch(4πhs)
·
√

sh(4πhs)
ch(4πhs)

= 0.

For B we proceed in the same way and having in mind what we’ve
already proved for A, we obtain:

B = lim
s→0+

φ′′(y)
4
√

πs
√

s

∫
x2e−πhctgh(4πhs)x2

dx

= lim
s→0+

φ′′(y)
4
√

πs
√

s
·

√
sh(4πhs)√

πhch(4πhs)
· sh(4πhs)
πhch(4πhs)

∫
x2e−x2

dx.

We have then B = φ′′(y) so for n=1 the infinitesimal generator which clearly
depends on h is:

Ahφ(y) = φ′′(y)− 4π2h2y2φ(y).

In general, the infinitesimal generator is given by:

Ahφ(y) = ∆φ(y)− 4π2h2‖y‖2φ(y).

¤
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