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Abstract. The internal zero-stabilization of the nonnegative solution to a nonlin-
ear age-dependent population model with diffusion is investigated in this paper. It is
provided here a necessary condition and a sufficient condition for the nonnegative zero-
stabilizability in terms of the value of the principal eigenvalue to a certain elliptic operator.
This principal eigenvalue is related to the rate of the convergence of the solution.
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1. Introduction and setting of the problem. In this paper
we are concerned in the large time behaviour of population dynamics with
age-dependence and spatial diffusion.

Let Q ¢ RN, N > 2, be a bounded domain and w CC Q be a nonempty
open subset, both with smooth enough boundaries 92 and dw, respectively,
and such that Q\w is a domain.

Our starting point is the following system

yt + ya + u( )y kAy+ @Y (t,z))y =0, (a,t,z)€Q,
fo (a,t,z)da, (t,x) € (0,400) x Q
(1.1) O t x) fo y(a,t,z)da, (t,x) € (0,400) x Q2
gg(a t,z) = o, (a,t,z) € %,
y(a,0,z) = yo(a,x), (a,z) € (0,A) x Q,

*This research was supported by the grant ID 381/2007
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which models the dynamics of an age-structured population over the habitat
Q.

Here Q = (0,A) x (0,400) x Q, ¥ = (0,4) x (0,400) x 02, where
A € (0,+00) represents the maximal age for the population species, and
k € (0,+00) is the diffusivity constant of the population.

y(a,t,x) is the population density of age a € [0, 4] at time ¢ € [0, 4+00) in
the location € Q and by yo(a, ) we have denoted the initial distribution
of densities.

The third equation in (1.1) describes the birth process and it is known
as the renewal equation; here y(0,t,x) gives the density of the newborn
population at time ¢ in the location z, and [ is the fertility rate which
depends in this case only on age a. Therefore §(a)y(a,t,z) stands for the
density of newborns at time ¢, with parents of age a in the location z.

We have prescribed homogeneous Neumann conditions on the boundary
01}, corresponding to the case of isolated populations.

The model includes a logistic term ®(Y (¢, 2)) which represents an ad-
ditional mortality rate due to the overpopulation, depending on the total
population density Y (¢, x).

For basic results concerning (1.1) we refer to the monographs [4] and [9)].

Throughout this paper we consider the following standing assumptions,
except for the cases when we shall specify otherwise.

Al) e L>*(0,4), B(a) >0 a.e. ac (0,A4);
A2) pe L} ([0,4)), u(a) >0 ae. a € (0, A);
A3) yo € L>®((0,A4) x Q), yo(a,z) > 0 a.e. (a,z) € (0,A4) x Q;

A4) ¢ : [0,400) — [0,400) is an increasing continuously differentiable
function which satisfies ®(0) = 0 and lim, 4, ®(r) = +oc0.

The last condition is natural because of the biological meaning of the func-
tion ®.
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The main goal of this paper is the study of the following control problem:

(Yt + o + n(a)y — kAy + (Y (t,2))y
m(x)u(a,t,x), (a,t,x) € Q,
Y(t,z) = / y(a,t,z)da, (t,x) € (0,400) x Q,
1.2
2 O,t,x / B(a)y(a,t, z)da (t,z) € (0,400) x Q,
81/ (a t,r) = (a,t,x) € X,
y(a707x) = yO(avx)7 (Cb,ﬂf) S (O,A) X Q,

where u(a,t,x) is a control function (which depends on a, t and z) and
m(x) is the characteristic function of the subset w, meaning

1 if
(1.3) mz) =4 LTED
0, ifze\w.

Namely, we are looking for the answer to the the following question:
“Is there any controlu € L7S ([0, A] x [0, 400) x @) such that the solution
to (1.2) satisfies

(1.4) y(a,t,x) >0, a.e. (a,t,x) € Q,
and
(1.5) thm y(t) =0 in L((0,A4) x Q)?”

Definition. If the answer to the above mentioned question is affirmative
for any yo satisfying A3, then we say that the system (1.2) is nonnegatively
zero-stabilizable, and the property is called nonnegative zero-stabilizability.

This is in fact null stabilizability under state constraints. In this case it
is also desirable to find a feedback control u that realizes (1.4) and (1.5).

In the case ® = 0, it has been proved in [1] that there is a deep rela-
tionship between the nonnegative zero-stabilizability of (1.2) and the value
of the principal eigenvalue of the following problem:

—kAp=XAp, inQ\w,
(1.6) ¢ =0, on Jw,

op
%—0 Ol’laQ.
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In [8] some large time behaviour results for a nonlinear age-dependent sys-
tem with spatial diffusion have been obtained.

The large time behaviour of age-dependent logistic population models
(without diffusion) has been investigated in [6].

For stabilizability results for parabolic equations we refer to [2] and [3].
For basic results concerning the elliptic and parabolic equations in L* frame,
we refer to [5].

The next results and notations will be needed in our paper. Considering
the linear model

yt+ya+,u y kAy—O (a7t7$)6Q7
y(0,t, ) / B(a)y(a,t,z)da (t,x) € (0,+00) x Q,
(1.7)
8y<a t .fL') (a,t,l') € 2,
Ly(a,0,2) = yo(a,x), (a,z) € (0,A4) x £,

we shall denote by

(@) = exp <— /0 " () ds)

and by o the root of the characteristic equation

1_/ B(a)m(a) exp(—aa) da.

Then, denoting by A; the principal eigenvalue for the operator —kA on €,
subject to Neumann boundary conditions, the large-time behaviour of the
solution to (1.7) depends on o* and A; in the following way:

L If o < Ay, then [ly(+ ¢, )| 2(0,4)x0) — 0 as t — +o0;
2. If o > Aq, then [[y(-,2,-)[|L2((0,4)xq) — +00 as t — +00;

3. If a* = Ay, then [ly(-,t,-) — c(yo)m(a)llz2((0,4)x0) — 0 as t — +o0,
where ¢(yo) € RT.

For details see [7] for the system without diffusion and [8] for the system
with diffusion.

The paper is organized as follows.

In Section 2 the notion of a separable solution to the problem (1.1) is
introduced and the asymptotic behaviour of such a solution is investigated.

In Section 3 the main result of our paper, concerning the nonnegative
zero-stabilizability of the solution to (1.2), is stated.
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2. Separable solutions. Let us recall first a result that would be
helpful in what will follow. Considering the linear age-structured system

hi(a,t) + ha(a,t) —i—,u,( Yh(a,t) =0, (a,t) € (0,4) x (0,+00),
(2.1) h(0,t) / B(a)h(a,t)da, t € (0,+00),

h(a,0) = ho(a), ac(0,4),
with hg € L>(0, A), ho(a) > 0 a.e. in (0, A), the solution h is given by (see
[4], Chapter 2 for details)
(2.2) h(a,t) = exp{a*(t — a)}bo(t — a) exp{— / s)ds},

for almost any (a,t) € (0, A) x (0, 4+00), a < t, where limy_, by(t) = by > 0,
and o is the root of the characteristic equation introduced in the first
section.

Then, for any nontrivial datum hg, the asymptotic behaviour of A is
given by:

Jim [[A(#)l| 20,0 =0, if a” <0;

—00

Jim [[h()l| 1 (0.4) = +00, if o >0;
Jim (|2 (t) = B2z 0,0y =0, if @ =0.

where h° is a stationary solution to (2.1)1_o

Remark 1. If hg is a trivial datum, then
i [[5(0)] < 0.4) = 0.

Next notice that the problem (1.1) can be written in an equivalent form

as:
(Yt + o + n(a)y — kAy + (Y (t,2))y
—afy+a*y =0, (a,t,x) € Q,
A
Y(t,x) = / y(t,a,x)da, (t,x) € (0,400) x £,
2.3
23 O,t,x / Bla)y(a,t,z)d (t,x) € (0,400) x Q,
ay (CL 13 .Z') (CL,t,.Z') € 2,
y(a> O,l’) = yO(aa':U)a (a,iﬁ) S (O,A) x Q.




422 OANA CARMEN TARNICERIU 6

Let us consider the ”separable” problem, i.e. we consider the initial data as
yo(a, z) = ho(a)go(z), (a,z) € (0,4) x Q,

with go € L>®(Q), go(z) > 0 a.e. in Q, and we look for a solution to the
system in the following form

y(a,t,x) = h(a,t)g(t,z), (a,t,x) € Q,
where h satisfies
hi + hq +u a)h +a*h =0, (a,t) € (0,A) x (0,+00)
(2.4) h(0, 1) / 8(a da, te(0,+00),
h(a,0) = ho(a ac(0,4),

and g is the solution to the following system:

—kAg+ ®(H(t)g)g —a*g =0, (t,x)€ (0,+00) x £,
A
H(t) = / h(a,t)da, t € (0,400),
(2.5) 99 0
a(t,x) =0, (t,z) € (0,+00) x 09,
g((),a:) = 90($)7 z € Q.

It is easy to verify that y(a,t,z) = h(a,t)g(t,x) is a solution to (2.3). Let
us prove that the solution h to (2.4), and the solution g to (2.5) satisfy:

(2.6) Jdim[|A(t) Bl (0.0 = O,

where £ is a stationary solution to (2.4)1—_2, respectively
(2.7) thm 19(t) = gll L (0,4) = 0,
—00

where, g is a stationary solution to (2.5)1 3. Actually the solution to (2.4)
can be written as

h(a,t) = e “h(a,t), (a,t) € (0,A) x (0,40c0),

where & is the solution to (2.1). Then, by (2.2), we obtain that h satisfies
(2.6), where

h(a) = exp{—a*a} exp{— / s)ds}by, Va € (0,A),
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which is obviously a stationary solution to (2.4);_3. The set of all steady
states to (2.4);1_9 is a linear space of dimension one.
Therefore, it remains to analyze the large time behaviour of (2.5). Due
to (2.6), we obtain
lim H(t) = Hy,

t—o00

where Hy = fOA h(a)da > 0. Equivalently, we get that for any § > 0, there
exists ts > 0, such that, for any t > t4:

Hy— 0 < H(t) < Hy + 6.
Due to the assumption A4, we have that
®((Ho-0)g(t,2)) < B(H(D)g(t,)) < ®((Ho+8)g(t,x)), Vt > 15, ae. x € .

Let us consider now the following problem:

It — kAl + ®(Cl)l — a*l =0, (t,x) € (ts5,+00) x Q
2 ta) =0, (t.) € (t5, +oc) x 09
Uts, ) = g(ts5,2), z €,

and denote by g' and g? the corresponding solutions to C' := Hy — & and
C := Hg+ 0 respectively. Then, by the comparison principle we obtain that
g(t.x) < gt,x) <g'(t,z), VE>t;, ae xze€.
Now let #p > 0 be a small enough constant and #; > 0 a large enough
constant, such that
0o < g(ts,x) <01, ae. x€,

and let ' and [? the solutions to the following problems, respectively:

I~ kAL + ®((Hy — )N — ' =0, (t,2) € (ts, +00) x
ll

g—y(t, z) =0, (t,x) € (ts, +00) x 00

I ts,x) = 61, zeqQ,

and

12— kAP + ®((Hy+ 0)H)I? —a*2=0, (t,z)€ (ts,+00) x
12

gy(t, x) =0, (t,z) € (t5, +00) x O

lQ(tg,l‘) :907 T €
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Applying once again the comparison principle, we get that

(2.8) 1(t,z) < g*(t,x) < g(t,x) < g*(t,x) <1t x), Vt > t5, a.e. x € Q.
The solutions [' and [? do not depend explicitly on x; actually they satisfy:
29) {(11)’ +O((Hy— )N —a*ll =0,  te (ts,+00)

Lts) = b1,
and
210) {(12)' +((Ho+ 6)2) 2 —a*2=0, tE€ (ts,+00)
I?(ts) = 6o,
respectively.
In the case a* < 0, we obtain
(2.11) dim P(f)=0, j=T2

and consequently
tlim y(t) =0, in L>((0,A) x Q).
— 00
Therefore it remains to analyze only the case o* > 0.
Actually, in this case, the solutions I, I? satisfy
1

. 7 I * .

with C' := Hy — ¢ and C := Hy + 9, respectively. Then, using (2.12) and
making ¢ — 400 in (2.8), we get that
1

1
27 6(1)71(06*) < tll)rgo essinfg(t,z) < tllglo esssup g(t,x) < oo 5@*1(04*),
and making § — 0 we obtain
1
g(t) = —d Ha*) in L>®(Q).
Hy

Therefore we have obtained that
tlim y(t)=9 in L=((0,A) x Q),
where " )
ila,5) = exp{-a’a}boexp{~ [ u(s)ds) 187 (a”)
0

is a stationary solution to (2.3)1_a.
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3. The nonnegative zero-stabilizability of (1.2). In the following,
we shall denote by Ay the first eigenvalue of (1.6). We are ready now to
state the main result of the paper:

Theorem 1. If system (1.2) is nonnegatively zero-stabilizable, then
Ay > a*. Moreover, if Y > o, then system (1.2) is nonnegatively zero-
stabilizable, and for v > 0 large enough, u := —~vyy is a control which stabi-
lizes the system.

Proof. In order to prove the second assertion, let us notice first that,
due to the nonnegativity of ®, we obtain that the solution y to (1.2) satisfies:

(3.1) 0 <vy(a,t,z) < z(a,t,z), ae. (a,t,x)€ Q,

where z is the solution to the following problem:

2t + zq + pla)z — kAz = m(z)u(a, t,z), (a,t,x) € Q,
2(0,t, ) / B(a)z(a,t, ) da, (t,x) € (0,+00) x Q,
(3.2)
8V (a,t,a:) =0, (a,t,z) € 3,
Z(a707x) = ZO(CL?x)? ((I, ZL‘) € (07‘4) x .

For this case (the case ® = 0 that we reminded in the first section), the
stabilization of the system to zero has been proved in [1].

Namely, it has been proved that for Ay > o, the system (3.2) is nonnega-
tively zero-stabilizable, and more, that for v > 0 large enough, u := —vz is
a control which stabilizes to zero the solution. Therefore, due to (3.1), we
obtain that the same conclusion holds also for (1.2).

We shall prove now the first assertion. Knowing that the system (1.2) is
nonnegatively zero-stabilizable and using the definition of the stabilizability
of the system, we get that, for every yo € L>((0,A) x ), the solution to
(1.2) satisfies (1.4) and (1.5). In particular, for

yo(a,z) = ho(a)go(x), (a,z) € (0,A) x Q,

(with hg € L*(0,A), ho(a) > 0 a.e in (0, A)), the same conclusion holds.
Now, since y > 0 on [0, 4) x [0,+00) X Jw, we obtain via a comparison
principle (see [4] ) that

(3.3) yla,t,z) >7y(a,t,x), a.e. (a,t,x)€[0,A)x[0,+00)x (2\w),
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where 7 is the solution to

(3.4)
Yy + Yo + @)y — kAy
+®(Y(t,z))y =0, (a,t,x) € (0,A) x (0,400) x (2

A

Y(t,x) = / y(a,t, z)da, (t,z) € (0,400) x (2\ W),
/ Bla)y(a,t,z)da, (t,x) € (0,400) x (2\ ),

8y(a t,r) = (a,t,x) € X

@(a,t,l’) = 07 (ayt; 1‘) S (O,A) X (0, —|-OO) X 0w,

y(a,0,x) = ho(a)go(z), (a,x) € (0,4) x (Q\ ©).

Then there exists a unique separable solution to (3.4) given by

(3.5)  w(a,t,x) = hia,t)g(t,x), (a,t,x) € (0,A) x (0,+00) x (Q\ @),

where h is the solution for the system

hi(a,t) + ha(a,t) + u(a)h(a, t) =0, (a,t) € (0,A) x (0, +00),

(3.6) h(0,t) = B(a)h(a,t)da, t € (0,400),
h(a,0) = ho(a), a€ (0,A),

and g satisfies

9:(t,z) — kAg(t, z)
+‘I>(fi( )g(t,x))g(t,x) =0, (t,z) € (0,400) x (2\ ©),
57) gfg(t) = /0 h(a,t)da, t € (0,400)
a(t,x) =0, (t,z) € (0,400) x 01,
g(t,x) =0, (t,z) € (0,+00) X Jw,
9(0,z) = go(z), x e Q\w.

Having in mind the asymptotic behaviour of h and of § , respectively, in

@)

the second section, we get that, for the case a* < 0 the solution y goes to
zero without any control, therefore we shall consider in what follows only
the case a® > 0. We shall prove that, in this case, \Y > «a*. Due to the
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nonnegative zero-stabilizability and to (2.2), it follows that g(t) — 0 in
L>*(Q2\ @) as t — +oo. Since ® is a continuous differentiable function, and
H(t) — Hy, as t — 400, we get that

O(H(t)g(t)) — ®(0) =0 in L*(Q\w) as t— +oo,
or, equivalently, for any € > 0, there exists t. > 0 such that
—e<P(H(t)g(t,z)) <e, ae ze€Q\w, Vt>t..

Then, applying the comparison principle for parabolic equations, we
obtain that:

g(t,x) > f(t,x), Vt>t.,, ae z€\,

where f is the solution to the next problem:

Jg(t, z)—kAf(t,x) +ef(t,x) =0, (t,x)€ (te,+00) X (Q\ @),

(38) aii(tvx) =0, (t,.’E) S (ta, +OO) x 012,
f(t,xz) =0, (t,x) € (te, +00) X Ow,
f(te, ) = g(te, z), reN\ .

Now, multiplying the first equation in (3.8) with ;1 (p1 > 0in Q\ @, ¢ is
not identically zero), where ¢; denotes the eigenfunction corresponding to
AY we obtain:

< f(), o1 >+ (N +e) < f(t), o1 >=0, Vt =t

where <, > is the inner product in L?(Q\ @).
The latest implies that
(3.9)
g(t,z) > exp{—(A\Y +e)(t —t-)} <G(ts), 1 >, ae. z€Q\w, Vt>t..

Having in mind the expression of the solution h given by (2.2) (for
t > t.), and using (3.5) and (3.9), we obtain that the asymptotic behaviour
of y(t) is given by

exp{—(A\Y —a*" +¢)(t —t.)}.

Since we have assumed that the nonnegative zero-stabilizability holds, it
follows by (3.3) that

Hm g =0 i L¥((0,4) x (2\@)),
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which implies that
Ay > af

and the proof is complete. O
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