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Abstract. In a recent paper, we reported a class of methods for a continuous for-
mulation of some classical initial values solvers obtained by employing the Chebyshev
polynomials as basis functions in a multistep collocation technique. In this paper, we
extend the scope of this work to a new class of accurate implicit methods and this is
supported with some numerical evidences.
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1. Introduction. Over the years, techniques for derivation of Linear
Multistep Methods (LMMs) for the numerical solution of the initial value
problems (IVPs) in the first order differential equation:

(1.1) y′(x) = f(x, y(x)), y(a) = ya a ≤ x ≤ b < +∞

have been reported in the literature and these include, among oth-
ers, interpolation, collocation and integration of interpolating polynomials.
However, lately there has been an upsurge in research on the continuous
formulation of these discrete initial values solvers. See for example, [1]–
[8],[13],[17]-[19] for some of these methods. This could be attributed to their
ability in yielding several solutions/outputs at the off-grid points without
requiring additional interpolation when compared with their discrete form
equivalents. Many of these methods are based on the collocation of either a
perturbed form of 1.1 or its non-perturbed form. These methods also vary
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according to the type of the basis functions involved in the approximant
Y (x) of y(x). Thus, for example, while [13] and [17] employed the mono-
mials xr, r ≥ 0, in non-perturbed collocation approach, [2] employed the
so-called Canonical polynomials Qr(x), r ≥ 0, of the Lanczos tau method
in a perturbed collocation approach. Whereas [3] engaged the well-behaved
Chebyshev polynomials as basis function in a perturbed collocation method,
[4] used the same basis functions in a non-perturbed approach.

For the sake of completeness and readability of this paper, we shall
briefly review the above methods in Section 2 of this paper. In section
3 we shall employ the Chebyshev polynomials are basis functions to re-
cover a class of methods reported in [13] as well as develop a new class
of methods with smaller error constants than their corresponding Adams-
Moulton methods. Section 4 presents numerical examples in support of the
new method and the paper finally closes with some concluding remarks in
Section 5.

2. A review of some related works. We briefly review here three
methods for the continuous formulation of the solution of 1.1. Without loss
of generality, we assume that a = 0 in (1.1) since any problem in [a, b] may
be transformed into [0, b] by the substitution:

(2.1) x = a +
(

1− a

b

)
u, 0 ≤ u ≤ b

The choice a = 0 is made for simplification of the arithmetic that will
be involved later. So then, we are concerned with the IVP:

(2.2) y′(x) = f(x, y(x)), y(0) = y0, 0 ≤ x ≤ b < +∞

We partition [0, b] into the form 0 = x0 < x1 < x2 < x3 < · · · < xn = b

where xk = x0 + kh, h = (b−a)
n and then seek an approximant Y (x) of y(x)

over the sub-intervals [xr, xr+p] where p will be specified.
In Onumanyi et al [13], we sought an approximant

(2.3) Y (x) =
N∑

r=0

arx
r, 0 < N < +∞, xk ≤ x ≤ xk+p

where N and P are positive real integers, and then collocate (2.2) with Y (x)
as well as interpolate (2.3) at approximately selected points in [xk, xk + p]
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in order to yield a linear algebraic system in the unknown ak, k = 0(1)n.
That is, we collocate:

(2.4)
N∑

r=0

rarx
r−1 = f(x, Y (x))

and interpolate (2.3) at these points. Having solved this system of equa-
tions, we substitute the resulting values into (2.3) for a continuous approx-
imant of y(x). When evaluated at an appropriately chosen grid points,
the continuous scheme thus obtained, in most cases, yielded some conven-
tionally known discrete initial value solvers and in a few cases, some new
classes. The classes of methods include, among others, Adams-Moulton,
Adams-Bashforth and Backward Differentiation Formulae.

In Adeniyi [2], we chose

(2.5) Y (x) =
N∑

r=0

arQr(x), xk ≤ x ≤ xk+p, 0 < N < +∞

and then considered the perturbed form of (1.1):

(2.6)
N∑

r=0

rarx
r−1 = f(x, Y (x)) + τPn(x)

where Pn(x) is the n-th degree Legendre polynomial valid in xk < x < xk+p

and Qr(x) is the sequence of canonical polynomials (see [9], [11], [14], [15]
and [16]) defined by

(2.7) LQr(x) = xr.

and L is the linear differential operator

(2.8) L =
d

dx
+ 1

These two equations were then collocated and interpolated at approxi-
mately chosen points in order to obtain the required linear system for the
unique determination of ak, k = 0(1)N , and τ . We proceeded from here and
then obtained the continuous formulation of some optimal order methods
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as well as the Gragg and Stetter method (see [10] and [12]). Adeniyi
et al [2] considered a modification of this approach by seeking

(2.9) Y (x) =
P∑

r=o

arTr(x)

By this we were able to recover the same class of methods. In Adeniyi
et al [4], on the other hand, we considered (2.9) in a non-perturbed form
and then followed Onumanyi et al [13] to recover virtually the classes of
methods in [13]. For purpose of comparison in Section 5 of this paper, we
recall here some of these results.

The continuous formulation of the Adams-Moulton methods of orders
three, four and five are respectively

Y (x) = Yk+1 +
h

8

[
− (x− xk)2

2h2
+

(x− xk)3

6h2

]
fk

+
h

8

[
4
(x− xk)

h
− (x− xk)3

3h3

]
fk+1(2.10)

+
h

8

[
(x− xk)2

2h2
+

(x− xk)3

6h2

]
fk+2

Y (x) = Yk+2 +
h

384

[
7− 12

(x− xk)
h

+ 2
(x− xk)2

h2

+4
(x− xk)3

h3
− (x− xk)4

h4

]
fk

+
h

384

[
− 54 + 108

(x− xk)
h

+ 54
(x− xk)2

h2

−4
(x− xk)3

h3
− 3

(x− xk)4

h4

]
fk+1(2.11)

+
h

384

[
− 155 + 108

(x− xk)
h

+ 54
(x− xk)2

h2

−4
(x− xk)3

h3
− 3

(x− xk)4

h4

]
fk+2

+
h

384

[
9− 12

(x− xk)
h

− 2
(x− xk)2

h2

+4
(x− xk)3

h3
− (x− xk)4

h4

]
fk+3
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Y (x) = Yk+3 +
h

720

[
− 11 + 15

(x− xk)2

2h2
− 5

(x− xk)3

4h3

−5
(x− xk)4

16h4
− 3

(x− xk)5

16h5

]
fk

+
h

720

[
− 74 + 60

(x− xk)2

h2
− 20

(x− xk)3

h3

+15
(x− xk)4

h4
− 3

(x− xk)5

h5

]
fk+1

+
h

720

[
− 456 + 360

(x− xk)2

h2
− 4

(x− xk)3

h3

−75
(x− xk)4

h4
− 9

(x− xk)5

h5

]
fk+2(2.12)

+
h

720

[
− 346 + 60

(x− xk)2

h2
+ 20

(x− xk)3

h3

−15
(x− xk)4

h4
+ 3

(x− xk)5

h5

]
fk+3

+
h

720

[
19− 16

(x− xk)2

h2
− 5

(x− xk)3

h3

−15
(x− xk)4

h4
+ 3

(x− xk)5

h5

]
fk+4.

The corresponding discrete forms of the methods (2.11), (2.11) and (2.12)
are respectively

(2.13) Yk+2 − Yk+1 =
h

12
(5fk+2 + 8fk+1 − fk)

(2.14) Yk+3 − Yk+4 =
h

24
(9fk+3 + 19fk+2 − 5fk+1 + fk)

(2.15) Yk+4−Yk+3 =
h

720
(251fk+4 +646fk+3− 264fk+2 +106fk+1− 19fk)

3. A class of accurate implicit methods. We present here two
classes of methods based on Chebyshev polynomials in a multistep colloca-
tion. These polynomials are defined by

(3.1) Tr(x) = cos[r cos−1((2x− b− a)/(b− a))], a ≤ x ≤ b
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and satisfy in a ≤ x ≤ b , the recurrence relation:

(3.2) Tr+1(x)− 2{(2x− b− a)/(b− a)}Tr(x) + Tr−1(x) = 0, r ≥ 1.

Corresponding to (3.2), for interval [xk, xk+n], we have

(3.3) Tr+1(x)− 2(2x/nh− 2k/n− 1)Tr(x) + Tr−1(x) = 0

The representation of any continuous function in terms of these polynomials
ensures even distribution of the error in the resulting approximant through-
out the entire range of consideration. Hence our choice in this paper.

In section 3.1 we shall recover a class of methods earlier obtained in [13]
with the monomial {xr} as basis function. Section 3.2 will develop a new
class of methods, which compares more favorably with the Adams-Moulton
methods.

3.1. A Chebyshev-based collocation method. Let us assume an
approximation of the form

(3.4) Y (x) =
n+1∑

r=0

arTr(u)

whence u = 2x/nh− 2k/n− 1, xk ≤ x ≤ xk+n, which satisfies

(3.5) Y ′(x) = f(x, Y (x)), xk ≤ x ≤ xk+n.

We shall interpolate (3.4) at xk, xk+1 as well as collocate (3.5) at xk+1, xk+2,
. . . , xk+n for an (n + 1)−step approximant of y(x) over the range of xk ≤
x ≤ xk+n.
For a two-step approximation we have from (3.4) and (3.5) respectively:

Y (x) = a0 + a1

(
x

h
− k − 1

)
+ a2

[
2
(

x

h
− k − 1

)2

− 1
]

+a3

[
4
(

x

h
− k − 1

)3

− 3
(

x

h
− k − 1

)]
(3.6)

and

(3.7)
a1

h
+

4a2

h

(
x

h
− k − 1

)
+

3a3

h

[
4
(

x

h
− k − 1

)3

− 1
]

= f(x, Y (x)).
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We interpolate (3.6) at xk and xk+1 to obtain

(3.8) a0 − a1 + a2 − a3 = Yk, a0 − a1 = Yk+1

and then collocate (3.7) at xk+1 and xk+2 to have

(3.9) a1 − 3a3 = hfk+1, a1 + 4a2 + 9a3 = hfk+2,

where f(xr, yr) ≡ fr, r = k + 1, k + 2. The solution of (3.8)-(3.9) when
inserted back into (3.6) yield the continuous approximant of y(x), over
[xk, xk+2]:

Y (x) =
1
20

[
3
(x− xk)2

h2
− (x− xk)3

h3

]
Yk

+
1
20

[
20− 3

(x− xk)2

h2
− (x− xk)3

h3

]
Yk+1

+
h

20

[
10

(x− xk)
h

+ 2
(x− xk)2

h2
− 3

(x− xk)3

2h3

]
fk+1(3.10)

+
h

20

[
(x− xk)2

h2
+

(x− xk)3

2h3

]
fk+2

and which, at the grid point xk+2, produces the two-step implicit scheme:

(3.11) Yk+2 − 4
5
Yk+1 +

1
5
Yk =

2h

5
(fk+2 + 2fk+1).

From (3.11) we obtain fk+2 for our proposed continuous scheme (3.10).
For a three-step method we similarly obtain the continuous formulation:

Y (x) =
1

128

[
96 + 128

(x− xk)
h

− 64
(x− xk)2

3h2

−128
(x− xk)3

3h3
+ 32

(x− xk)4

4h4

]
Yk(3.12)

+
1

1536

[
1440 + 128

(x− xk)
h

− 64
(x− xk)2

3h2

+128
(x− xk)3

3h3
− 32

(x− xk)4

4h4

]
Yk+1
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+
h

128

[
696 + 1600

(x− xk)
3h

− 2096
(x− xk)2

9h2

−448
(x− xk)3

9h3
+ 184

(x− xk)4

9h4

]
fk+1

+
h

1536

[
192 + 1216

(x− xk)
3h

− 1984
(x− xk)2

9h2

−64
(x− xk)3

9h3
− 128

(x− xk)4

9h4

]
fk+2

+
h

1536

[
− 24− 128

(x− xk)
3h

− 80
(x− xk)2

9h2

+128
(x− xk)3

9h3
+ 40

(x− xk)4

9h4

]
fk+3

of the implicit finite difference scheme

(3.13) Yk+3 − Yk+1 =
h

3
(fk+2 + 4fk+2 + fk+1).

For a four-step scheme the resulting continuous scheme is

Y (x) =
1

1506

[
114− 45

(x− xk)2

h2
+ 30

(x− xk)3

4h3

+90
(x− xk)4

16h4
− 18

(x− xk)5

16h5

]
Yk

+
1

1506

[
1392 + 45

(x− xk)2

h2
− 30

(x− xk)3

4h3
v

−90
(x− xk)4

16h4
+ 18

(x− xk)5

16h5

]
Yk+1

+
h

1506

[
826− 2654

(x− xk)2

16h2
+ 777

(x− xk)3

16h3
(3.14)

+574
(x− xk)4

64h4
− 1651

(x− xk)5

64h5

]
fk+1

+
h

1506

[
192− 3012

(x− xk)
4h

+ 66
(x− xk)2

4h2

−1299
(x− xk)3

16h3
− 33

(x− xk)4

16h4
+ 177

(x− xk)5

64h5

]
fk+2
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+
h

1506

[
138− 1902

(x− xk)2

16h2
− 687

(x− xk)3

16h3

+198
(x− xk)4

64h4
+ 111

(x− xk)5

64h5

]
fk+3

+
h

1506

[
20− 58

(x− xk)2

4h2
− 45

(x− xk)3

16h3

+29
(x− xk)4

16h4
+ 27

(x− xk)5

64h5

]
fk+4

with the corresponding finite difference scheme
(3.15)

Yk+1− 1
125

(224Yk+1 +27Yk) =
h

251
(156fk+1 +216fk+2 +324fk+3 +84fk+4),

which is a four-step implicit method.

3.2. A new accurate class of methods. The procedure adopted
here is not strikingly different from that of Section 3.1 above as, in both
cases, the set of collocation points are the same. However, the interpolation
points are now chosen as xk and xk+p−l for a p-step approximant of y(x).

We remark here that even with this choice for a two-step formulation, the
set of collocation points as well as that of interpolation points are exactly
the same and hence the continuous scheme (3.10) with its corresponding
finite difference equivalent (3.11) are also members of this new class.

Now, for methods of higher step number p(p > 3), the schemes obtained
differ, thus for a three-step method we have from (3.4):

Y (x) = a0 + a1

(
2x− 2kh− 3h

3h

)
+ a2

[
2
(

2x− 2kh− 3h

3h

)2

− 1
]

+ a3

[
4
(

2x− 2kh− 3h

3h

)3

− 3
(

2x− 2kh− 3h

3h

)2]
(3.16)

+ a4

[
8
(

2x− 2kh− 3h

3h

)4

− 8
(

2x− 2kh− 3h

3h

)2

+ 1
]

and from (3.5):

2a1

3h
+

8a2

3h

(
2x− 2kh− 3h

3h

)4

+
6a3

3h

[
4
(

2x− 2kh− 3h

3h

)2

− 1
]

(3.17)
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+
32a4

3h

[
2
(

2x− 2kh− 3h

3h

)3

−
(

2x− 2kh− 3h

3h

)]
= f(x, Y (x)).

We interpolate (3.16) at xk and xk+2 to have a0 − a1 + a2 − a3 + a4 = Yk

(3.18) 81a0 + 27a1 − 63a2 − 69a3 + 17a4 = 81Yk+2

and collocate (3.17) at xk+1, xk+2, xk+3 to have, respectively

(3.19)
54a1 + 72a2 − 90a3 + 224a4 = 81hfk+1

54a1 − 72a2 − 90a3 + 224a4 = 81hfk+2

2a1 + 8a2 + 18a3 + 32a4 = 3hfk+3

The solution (3.18) (3.19) together with (3.16) yields the continuous scheme:

Y (x) =
1

128

[
− 7 + 12

(x− xk)
h

− 2
(x− xk)2

h2

−4
(x− xk)3

h3
+

(x− xk)4

h4

]
Yk

+
1

128

[
135− 12

(x− xk)
h

− 2
(x− xk)2

h2

+4
(x− xk)3

h3
+

(x− xk)4

h4

]
Yk+2

+
h

128

[
− 27 + 52

(x− xk)
h

− 62
(x− xk)2

3h2
(3.20)

−20
(x− xk)3

3h3
+

(x− xk)4

3h4

]
fk+1

+
h

128

[
− 54 + 40

(x− xk)
h

+ 52
(x− xk)2

3h2

−8
(x− xk)3

3h3
− 2

(x− xk)4

3h4

]
fk+2

+
h

128

[
3− 4

(x− xk)
h

− 2
(x− xk)2

3h2

+4
(x− xk)3

3h3
+

(x− xk)4

3h4

]
fk+3

At the grid point xk+3 this produces the three-step implicit scheme:

(3.21) Yk+3 − 9
8
Yk+2 +

Yk

8
=

h

8
(3fk+1 + 6fk+2 − 3fk+1)
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From (3.21) we obtain fk+3 for our proposed scheme (3.21).
When now adopted for four-step formulation, the corresponding contin-

uous scheme obtained is

Y (x) =
1

486

[
22− 15

(x− xk)2

h2
− 10

(x− xk)3

4h3

+30
(x− xk)4

16h4
− 6

(x− xk)5

16h5

]
Yk

+
1

486

[
464 + 15

(x− xk)2

h2
− 10

(x− xk)3

4h3

−30
(x− xk)4

16h4
+ 6

(x− xk)5

16h5

]
Yk+3

+
h

162

[
26− 318

(x− xk)2

3h2
+ 89

(x− xk)3

16h3
(3.22)

+78
(x− xk)4

64h4
− 21

(x− xk)5

64h5

]
fk+1

+
h

162

[
− 96 + 324

(x− xk)
4h

− 18
(x− xk)2

4h2

−123
(x− xk)3

16h3
+ 9

(x− xk)4

16h4
+ 9

(x− xk)5

64h5

]
fk+2

+
h

162

[
74− 174

(x− xk)2

16h2
− 79

(x− xk)3

16h3

+6
(x− xk)4

64h4
+ 15

(x− xk)5

64h5

]
fk+3

+
h

162

[
4− 6

(x− xk)2

4h2
− 5

(x− xk)3

16h3

+3
(x− xk)4

16h4
+ 3

(x− xk)5

64h5

]
fk+4

with the associated implicit finite difference equivalent

Yk+4 − 1
243

(224Yk+3 + 19Yk)

=
h

243
(84fk+4 + 228fk+3 − 72fk+2 + 60fk+1).(3.23)
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4. Numerical examples. We consider here two members of differ-
ential equations y′(x) = A(x)y(x) + b(x), 0 ≤ x ≤ 1 together with given
associated conditions, for illustration.

Example 4.1.

A =




1 1 0
1 −2 1
0 1 −1


 , b = 0, y =




y1

y2

y3


 ,

y(0) =




2
0
1


 , y(x) =




1 + 1
2e−x + 1 + 1

2e−3x

1− 1
2e−3x

1− 1
2e−x + 1

2e−3x


 .

See Table 5.2 for the numerical results.

Example 4.2.

A =




0 1 0 0
0 0 1 0
0 0 0 1
−1 −1 −1 −1


 , b =




0
0
0

e−x


 , y =




y1

y2

y3

y4


 ,

y(0) =




1
−1
1
−1


 , y(x) =




e−x

−e−x

e−x

−e−x


 .

Numerical results for this example are presented in Table 5.2

5. Concluding remarks. For purpose of comparison of our class of
implicit methods with the Adams-Moulton methods of corresponding order,
we present below in Table 5.1 the error constants of the schemes

Table 5.1: Order and Error Constants of Methods.
Methods Order Error Constant

Adams-Moulton (2.13) 3 -1/24
Method (3.11) 3 -1/30

Adams-Moulton (2.14) 4 -19/20
Method (3.13) 4 -18/720
Method (3.21) 4 -1/90

Adams-Moulton (2.15) 5 - 27/1140
Method (3.15) 5 - 7/405
Method (3.23) 5 - 21/1255
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0
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We note from this table the effectiveness of the new class in terms of higher
accuracy. This is further confirmed by the results in Tables 5.2 and 5.2
of Section 4. The class of methods (3.11), (3.13) and (3.15) cannot be
discountenanced as it performs better than the class of Adams-Moulton
methods, even though the third class of methods (3.11), (3.21) and (3.23)
is the choicest of the three.

The need for the continuous forms of solution is justified as they are
characterized by the ability to yield several output/values/solutions at the
off-grid points without requiring additional interpolation and also at no
extra vis-à-vis their discrete form equivalents.
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