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REGULARITY OF THE MINIMAL TIME FUNCTION FOR
THE HEAT EQUATION
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Abstract. We study the regularity of the minimal time function 7, (-), p € [1, +o0],
associated with the linear control system 3’ = Ay + Bu on a Banach space X. We show
the connection between the estimates of 7 () and the estimates of 7, (-), p € [1, +00).
In particular, we consider the case where B is the embedding operator from a Banach
space Xo C X to X and we obtain the Holder continuity of the associated minimal time
function. We apply the abstract results to the controlled heat equation.
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1. Introduction. Let us consider a control system described by a
differential equation of the type

(1.1) Y (t)=Ay(t)+ Bu(t), t >0
y(0) =¢,

where A generates a Cg-semigroup on a Banach space X, B is a linear and
bounded operator from a Banach space U to X and the control function u
is assumed to be in LP(0,00;U), p € [1,00]. For p € [1,+0o0] we take the
admissible set of controls as

vty = {we 170,600 Jull, <o}
t>0

where p > 0 is a given constant. For ¢t > 0, denote by R (t) the set of all
initial states in X which can be transferred to zero during [0, ¢] by admissible
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controls, that is
R(t) ={¢ e X; y(t,&u) =0 for some v € U’}

where y is the mild solution of (1.1), i.e.

y(t,& u) = S(t){—i—/() S (t — s) Bu(s) ds.

Let R = Ug>oR (t) be the set of all states controllable to zero in free time
by admissible controls, and, corresponding to the admissible set of controls
U?,, define the minimal time function 7, : X — [0, o¢] by

19 7,(§) =inf{t; € R(1)} for € R,
(12 7y (§) = +oo for ¢ ¢ R.

In case where U = X and B is the identity operator, it is shown in [1]
that the minimal time function 7 (-) is locally Lipschitz continuous on the
reachable set. Moreover, if S () is a semigroup of contractions, then R = X
and the minimal time function is globally Lipschitz (see also [2]). In [8, 9]
it is considered a control system described by the wave equation, which can
be rewritten in a product space as (1.1), with B of the form Bu = (2), and
it is shown that the minimal time function is Hélder continuous. In [2] and
[7] other regularity results of the minimal time function for system (1.1) are
proved. See also [3] and [4] for the semilinear case.

The purpose of this paper is to find new regularity results for the mini-
mal time function 7,. The motivation of this study comes from the fact that
the properties of the minimal time function provide the basis of the dynamic
programming method in optimal control. Also, the minimal time function
plays an important role in the study of Hamilton-Jacobi equation (see, e.g.,
[12, 6, 10]). In [2] and [7] the minimal time functions 7, p € (1, +00), and
T are studied separately and the estimates are obtained by making use of
the minimal energy function. Here, we show that the regularity properties
of 7,, with p € [1,400), can be deduced from the corresponding properties
of 7. As an application we study the regularity of the minimal time func-
tion 7, in case U = X with X C X continuously, and B is the embedding
operator from Xg to X.

2. The minimal time function. The following result establishes
a connection between the estimates around the target of 7 () and the
estimates of 7, (-), with p € [1, 4+00).



3 REGULARITY OF THE MINIMAL TIME FUNCTION 357

Theorem 2.1. Suppose there exist a > 0 and a continuous function
B :10,a] — [0,400) with 5(0) = 0, strictly increasing, such that

T (§) < B(llEl) for NIl < a-

Let p € [1,400) be such that the function a (t) := f%ﬂ_l (t), te (0,5 (a)
is strictly increasing and satisfies limy g o (t) = 0. Then, we have that

T, (€) < ot (llgl) for [I€]l < a(B(a)).

Proof. Let £ € X with ||| < a(8(a)). There exists t < ((a) such
that ||€|| = «(t). Moreover, there exists b < a such that g (b) = ¢.
€ (0,1) define z = bll&H’ so ||z|| < b. We have that 7 (2) < S (]|z]]) < t.

|
Hence, there exists u € L>(0,t;U) with ||u(s)|,; < p a.e. on [0,¢] such
|

that y (¢, z,u) = 0. Then, we get that y (¢,£,u7) = 0, where uw = —Hf Ly and
_ gl oo
. < tp < =
||U”Lp(0,t,U) = b e

Taking € — 1 we get ||| ;p(o 4,1y < p. We thus obtain

T, (&) <t=a " (l¢]).

O

Suppose now that U = Xy with Xy C X continuously and B : Xy — X

is the embedding operator and make the following assumption over the
semigroup: there exist ¢ > 0 and a > 0 such that

(2.1) 15 () Ellx, < ct™[Ellx > for £ >0, £ € X.

The following theorem gives an estimate of the minimal time function 7.
on X.

Theorem 2.2. Suppose that (2.1) holds for some ¢ > 0 and a > 0.
Then R = X and there exists k > 0 such that

(2.2) Too (€) < K |J€]| 7

for any £ € X.
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Proof. Let £ € X, £ # 0. Consider the control

_PSBE
u(t) = t > 0.
= s @el,

Obviously, [|u (t)|x, = p for any t > 0, so u (-) is an admissible control. We
have that

5( )€

st&u =s0e- [ p5-5) i
S (s) ¢l x,

:<l /OHS()fHXO )SW'

Using the inequality (2.1) we obtain

t t
p ~1.a P
— ————ds <1 —/ c s ds
/o 15 (s)€llx, 0 €N«

cla+1) €l x

_ a t t
mu:kwumﬂaHMH1M£Wﬁ%“ZLEW%m“

is a continuous function and limy g fg mds = 0 we obtain that there

exists 7 € (O t) such that fo 56 §Hx ds = 1. Hence, y (7,£,u) = 0, with

U € U(f 4+ In conclusion,

1
Too (&) < K[IE]l=+T
where k = [c(a+1)]ﬁ p_a%rl. O

Remark 2.1. In the previous proof we considered that [|S (s)§||x, # 0
for any s > 0. Otherwise, if there exists tp > 0 such that ||S (to) ||y, = 0
then £ € R (tg) , s0 T (&) < to. Hence, if ty < t the assertion of the theorem
clearly holds, and if ¢y > ¢ we can follow the previous proof to obtain the
conclusion.

By Theorem 2.2 we obtain a result regarding the null controllability
of system (1.1). Recall that system (1.1) is said to be null controllable by
LP-controls, p € [1,+00] if for any t > 0 and £ € X there exists a control
function u € LP(0,t; X) such that the corresponding mild solution y (-) of
(1.1) satisfies y (¢,&,u) = 0.
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Corollary 2.1. Under the hypothesis of Theorem 2.2, the system (1.1)
18 null controllable by L™ -controls.

In [2] (see also [7]) it is proved that the regularity properties of 7 (-)
around the target provide the same regularity properties of 7 (-) on the
whole reachable set, using the Bellman optimality principle ([2, Lemma2.1]) .
Moreover, if S (t) is a contraction semigroup, then the regularity properties
are global. In our case, we obtain the following consequence.

Proposition 2.1. Under the hypothesis of Theorem 2.2, the minimal
time function T (+) is Holder continuous on X, i.e. there exists k > 0 such
that

Too (61) — Too (&2)] < F 161 — &l 7T,
for any &1,& € X.

Now, let p € [1,400). Applying Theorem 2.1 with 3 (r) = kr e we
obtain estimates for 7,.

Corollary 2.2. Assume the hypothesis of Theorem 2.2 and let p €
[1,00). Then R = X and there exists K > 0 such that

1
o T
T,(§) < Kg|* 7,
for any & € X. Moreover, the system (1.1) is null controllable by LP-controls.

In [7, Theorem 5.16] it is proved the Bellman optimality principle for
p € (1,400) . The authors added a new variable p, the radius of the admis-
sible controls, for the minimal time function, denoted now by 7, (p,§). We
rewrite the conclusion of Corollary 2.2, giving the explicit form of K,

1 1

(2.3) Ty (0,€) <kp o ||g| 7

1
for any £ € X, with k = [c(a + 1)] -3 Moreover, using the same line of
the proof of [7, Theorem 4.8], we obtain the following result regarding the
Holder continuity of the minimal time function 7,.

Theorem 2.3. Assume the hypothesis of Theorem 2.2. Let p € (1,+00)
and po > 0. Then, T, (po, -) is locally Hélder continuous on X, i.e. for every
§ € X there exist a neighborhood W of & and K,, > 0 such that

1
=p

1T, (pos&1) — T (po, &2)| < Kpy |11 — €2||a+1_% 7
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for any &1,& € W.

Proof. Let £ € X and W = B ({, %) . Let &1,& € W and denote by
A =1—|& —&|l. Suppose that T,(po,&1) > 7T, (po,&2) . Let t > 0 and
v € U be such that y (¢,&,v) = 0. By the Bellman principle [7, Theorem
4.8] we obtain that

%(p07§1) <t+ ,Z;J(p (t7/)07 )\'l)) 7y(t7§17 A'l))),

where p (, pg, u) satisfies

(2. P i) = o= [ ol ds

Using (2.3) we get

1 1

T, (p (£, p0, X0) g (t, €1, W) < K [p (¢, po, )] “H7 [ly (£, )| “H 5
Since y (t,&2,v) = 0 we have that
y (&1, ) =S (t) (& — &)+ (1= X)) S (¢) &.

By (2.1) we obtain that the semigroup S (¢) is bounded, i.e. there exists
M > 0 such that [|S ()| < M for any ¢ > 0. Hence,

3
It 00 < 2161 = &l (4 T€al) < M s = all (5 + 1l )
On the other hand, by (2.4),
t
(1) = =0 [ o)1 ds = 1= N > ().

So, we have

T, (p (t, po, Av) ,y (t, €1, Av))

~ 7417l —% +11_l 3 a+11,l
<oy = T (M-l (54 161)) 7

11

1 1 1 P _

L -5 at1-1 3 at1-1 at1—1
<Foy T (Sne) T e -l
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Letting ¢ | 7,(po, &2) we obtain

T(po.€1) < T(po. &) + K |6 — & ",

1

~ —1 I
with K = kM7 (3 + 1€l ”175 Po “"% By interchanging the roles of
& and & we obtain the conclusion. O

3. Application. A typical example for the case considered in this
paper is the following;:
Let 2 be a domain in R™ and consider the control system described by
the heat equation

yt:Ay+u7 (,$)€R+XQ
(3.1) y=0, (t,z) € Ry x 09
y(0,$):€(l’), x €

Let 1 < p; < po < 0o. We are interested in transferring the initial state
¢ € LP*(Q) into the origin, in minimum time, by an admissible control
u (t, x) satisfying

/ o (£, 2)|72 d < 1.
Q

We rewrite equation (3.1) as an ordinary differential equation in LP! (Q) of
the form

(3.2) y'(t) = Apy (t) + Bu(t), t>0
y(0)=¢,

where A, is the Laplace operator subjected to the Dirichlet boundary con-
dition on LP'(Q2), B is the embedding operator from LP2 (2) to LP(2) and
u(t) € LP2(Q2) for t > 0. It is known that A, generates a Cp-semigroup of
contractions S (¢),t > 0, on LP! (2) (see [11]). Moreover, if {2 is a nonempty,
bounded and open subset in R”, whose boundary is of class C!, then the
semigroup S (t) generated by the Laplace operator on LP!(Q)) satisfies a
condition of type (2.1). More exactly,

_n¢l 1
1S (£)€|| Loz () < (472) 37 s ngm @
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for any £ € LP1(§2) and any ¢t > 0 (see [11, Theorem 7.2.6]).

In this section we are going to apply the abstract results previously
obtained to the system (3.2).

First, by Theorem 2.2 and Corollary 2.2 we obtain the following esti-
mates for 7, with p € [1,4+o0].

Theorem 3.1. Let €2 be a nonempty, bounded and open subset in R™,
whose boundary is of class C' and 1 < p; < py < co. Then, for any € € X,
we have

1

(3.3) Too (€) < K [lg) Blarm) |

for some k > 0. In case p € [1,4+00), for any £ € X and for some K > 0,
we have
1

(3.4) T,(§) < K |lg] #Frm) s

In [5], we obtained estimates for the minimal time function 7, and
we showed that 7., is globally Holder continuous, in the case where 1 <
p2 < 00. We point out that the approach used in [5] requires that LP2 ()
should be reflexive. Here, by a completely different approach, we extend

this results to the case where pa € [1,+00]. Moreover, we obtain regularity
results for 7,,, with p € (1,4+00).

Proposition 3.1. Let Q2 be a nonempty, bounded and open subset in
R™, whose boundary is of class C'. Let 1 < p; < pa < oo. Then, Too () is
globally Hoélder continuous, i.e. there exists k > 0 such that

1

(3.5) T (61) — Too (&2)] < k[j61 — &) B )

for any &1,& € LP' (Q).

Remark 3.1. In the particular case when p; = ps we get the known
result that 7 (-) is Lipschitz continuous.

Using Theorem 2.3 and (3.4), we get the local Holder continuity for
Tp (1), p € (L,+00).

Corollary 3.1. Let ) be a nonempty, bounded and open subset in R™,
whose boundary is of class C*. Let p € (1,00) and 1 < p; < pa < 0o. Then,
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T, (+) is locally Hélder continuous, i.e. for every & € LP1(Q) there exists a
neighborhood W of £ and a constant K > 0 such that

_1
5

(3.6) 1T, (&) = T, (&)] < K &1 — & 2 m) 5

for any £1,& € W.

Remark 3.2. Let us observe that in case p = +o0o the exponent from
the norm of ¢ in (3.3) is the same as in (3.5) for the Hélder continuity. In
case p € (1,400) the exponents are different, more exactly, the exponent
from (3.4) multiplied by 1 — % gives the exponent for Holder continuity in
(3.6) .
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