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Abstract. In this paper we introduce a g—contingent set and a weak g—contingent
con for the differential equations driven by a control function g which is Holder continuous
of order v > 1/2 and we study their properties. It is also established the relation between
the two g—contingent sets and the viability property for the differential equations.
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1. Introduction. Suppose that f and g are Holder continuous
functions on the interval [a, b] , of order A and p, respectively, with A4y > 1.
Then the Riemann-Stieltjes integral f: fdg can be expressed as a Lebesgue
integral using fractional derivatives (see ZAHLE [7], [9]). This fact has been
exploited by NUALART and RASCANU in [4]. They analyze dynamic systems
driven by a control function g which is Hélder continuous of order p > 1/2
and proved a global existence and uniqueness result of the solution for a
time dependent differentiae equation with the form

t t
(1) X :xo+/ b (s, X2"0) ds+/ o (s,X2™) dg (s)
0 0

where

° W%_O"OO (0, T;R™) is the space of measurable function g : [0,7] — R
satisfying (5)
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e gc W%_a’oo (0,T;R™)

eb:[0,7] x R - R? and o : [0,7] x R? — R¥™ are measurable
functions.

It is also proved that such a solution is (1 — a) — Holder continuous.

The same equation was used by RAsCANU and CIOTIR in [3] to prove
a viability result for stochastic differential equations driven by fractional
Brownian motion. See also [2] and [3].

They introduced the notion of (1 — «) fractional g—contingence to K
like it follows.

Definition 1. Let (t,x) € [0, T|x K. We say that the pair (b(t,x),o(t, z))
is (1—a) fractional g contingent to K in (t,x) if there exist h = k% > 0, a
function Q = QV% : [t,t+h] — R? and three constants ¢, L > 0, 6, u € (0,1)
depending only on 0 = (o, T, b,0,g,d, k) such that:

(d1) 1Q(s)] <c(1+|x|) (s—t)6, for all s € [t,t+ﬁ];

(ds) Q: [t,t+h] — R? defined by Q (s) = (s —t)Q(s) is L (L +|z|) — p
Hélder continuous with the Holder constant L(1+|x|).i.e. i.e. |Q (s)—
Q(T)| <L+ z|)|s—71|", for all s, € [t,t + h} and satisfying

(d3) x+hb(t,z) +o(t,z)[g(t+h)—g(t)+hQ(t+h) €K, forallh €
[0, .

Recall that a function z : [0,7] — R? is said to be viable in a given
subset K on [0,7] if, for any ¢ € [0,T] , the state () remains in K.

Definition 2. A subset K C R? is viable for the equation (1) if, starting
at any time t € [0,T] and from any point x of K, at least one solution to
the differential equation evolves in K.

Definition 3. The subset K C R is said to be invariant for the equation
(1) if, for any t € [0,T] and for any starting point x in K, all solutions to
the differential equation (1) evolve in K.

Remark that, in the case the equation has a unique solution (which is
the case of the equation (1)), viability is equivalent with invariance.

The stochastic viability result from [3] is based on a deterministic theo-
rem which prove that under some Holder and Lipschitz continuity hypoth-
esis on b and o following assertions are equivalent:
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e K is viable for the fractional differential equation (1), i.e. for all
(t,z) € [0,T] x K there exists a solution X" (-) € C'= (¢,T; R?) of
the equation

sVt sVt
X —ot [ s Xt [ ot Xy (1), s € [6.7),
t t

such that X" € K, for all s € [t,T7.

e For all t € [0,7] and all z € K the pair (b(¢,z),0(t,2)) is (1 — )
fractional g contingent to K in (¢,x).

Remark that the theorem is a Nagumo type result, but the necessary
condition does not refer to a contingent con, independent of the functions
b and o, like in the classical theory.

The purpose of this paper is to introduce such sets (a g—contingent set
and a weak g—contingent con for a nonempty closed set K) and to study
their properties and the relation between them and viability of K for the
equation (1).

The organization of the paper is as follows.In section 2 we recall some
classical definitions. In section 3 we consider the assumptions on the coef-
ficients supposed to hold. and we state and prove the main results.

2. Preliminaries. Let a,b with a < b and

b 1/p
p .
esssup{|f (t)] : t € [a,b]}, if p= cc.

The space of Lebeque measurable functions f : [a, b] — R for which || f| r(a,5) <
00, is denoted by LP(a,b), p > 1.

Recall from [5] some basic notions of fractional integral and derivatives.
For a function f € L'(a,b) and o > 0. can be defined the left-sided and
right-side fractional Riemann-Liouville integrals of f of order « as follows

12 f (1) = F(la) / (t— )2 f (s) ds

and

(_1)—(1 t a—1
o | =0 s

I f(t) =
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for almost all z € (a,b) , (=1)™" = e and T' (o) = [;°r* e "dr the
Euler function. The image of LP (a,b) by the operator I (resp. If') is
denoted by Ig, (LP) (resp. I (L?)). For a function f € I3, (LP) (resp.
fely (LP)) and 0 < o < 1 the Weyl derivatives are defined as

D2+f<t)—r(11_a)<t_a /f ) aﬂ las)

e 10 5 (L [ H5 )

where a < t < b (the convergence of the integrals at the singularity s =t
holds point-wise for almost all ¢ € (a,b) if p =1 and moreover in L -sense
if 1 <p < o0). For any f,g € L' (a,b) we have

2) /ab “F gl /f VI gt

and for f € IZ (LP) and g € I;* (LP) we have

b b
(3) / DT (1) g (t)dt = (—1)° / f () Dg g (t)dt

We also have from [5] the following inversion formulas:
Iy (Dg+ ) =/, Vfe Iz (LP)
Iy (Dy_f)=f,  Vfel (L")

and

and
Dg, (I f) =1, D (Lef)=1f,  VfeL'(ab).

Denote by C* (a,b) the space of A— Hélder continuous functions on the
interval [a, b] for any A € (0, 1) . Suppose that f € C* (a,b) and g € C* (a,b)
with A+ g > 1. Then, from the classical paper of YOUNG [6], the Riemann-
Stieltjes integral f: fdg exists. The following proposition can be regarded as
a fractional integration by parts formula, and provides an explicit expression
for the integral ff fdg in terms of fractional derivatives (see [7]). Let A > «

and g > 1 — . Then the Riemann-Stieltjes integral ff fdg exists and it can
be expressed as

b b
(4) / fdg = (~1)° / (D, 1) (1) (DY=“a_) (1) dt
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where g, (t) = g (t) — g (b) .Using (2), (3) and (4), it is easy to see that,
for a constant C' , we have f:Cdg =C(g(b) —g(a)). Fix a parameter 0 <
a < 1/2. Denote by W}~ %> (0, T;R™) the space of measutable function
g :10,T] — R such that

) ol = s (LG D00 < oo

0<s<t<T \ (t—s)

From the relation (4) we have

t (D?Jrf) (r) (Dtl__agt—) (r)dr

SSAa(g)</ (‘f _dr +// s a+1|dyd>

(6)

r)dg (r)| =

where

Ao (9) = 1 sup |(Dt1__agt_) (3)‘

I'(1—a)o<s<i<r

1
< ——M ———— <
=T (1 IR Oé) T (O[) Hng—a,oo,T o0

since g € W%_a’oo (0, T;R™).
3. Main results. Let K = {K (t);t > 0} where K (t) = K (t) C R?
are the constraints on the state at the moment ¢. Recall that a function

z :[0,T] — R is said to be viable in K if, for all ¢ € [0,T] we have z (t) €
K (t) .Consider the differential equation on R?

t t
(7) X :a:o—i—/ b (s, X2"0) ds+/ o (s,X2™) dg (s)
0 0
where

o g€ W5 ™™ (0,T;R™)

eb:[0,7] x R - R% and o : [0,7] x R? — R¥™ are measurable
functions satisfying the assumptions
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(H,) There exist some constants N > 0 and 0 < g < 1 such that the
following properties hold

Lipschitz continuity and Holder continuity in time
Vo,y € RVt € [0,7).
(H,)There exist some constants M > 0 and 0 < # < 1 such that the
following properties hold

Lipschitz continuity and Hélder continuity in time
o(t.2) 0 (t.9)] + o (t.2) — o (s, )] < M (= o] + 1t — s/
Va,y € R4Vt € [0,7).

Fix 0 < o < min{1/2,3}. We define a firsts kind a contingence. In this
case the contingent set is not a closed con.

Definition 4. For any t € [0,T] and any x € K (t) we say that a pair
(ug, V;) € RY x RX™ s g- contingent to K (t) in (t,) if there exists h >0
and a function Q : [t,t + h] — R? such that lim,_; |Q (s)| = 0 and

z4+hu +Vi(g(t+h)—gt)+hQ(t+h) € K(t+h), for all h € [0,h].

Definition 5. The set of pairs (ug, V;) € R x R¥™ g- contingent to
K (t) in (t,x) forme the g-contingent set to K (t) in (t,z).We denote this
set 7;?@) (t,z).

Proposition 6. For any t € [0,T], any x € K (t) and a pair (u, Vi) €
R? x R¥*™  the following assertions are equivalent:

1

o There exist h > 0 and a function Q : [t,t—i—l_l] — R? such that
lilr%|Q (s)]=0 and

z+hu+V (g (t+h) — g (t)+hQ (t+ h) € K (t+ h), for all h € [0,h] .

Proof. i)—ii) Let P; (h) be the projection of z+hui+V; (g (t + h) — g (t))
on K (t + h). We define

Qt+h) =

5 [P (h) =@ —huy = Vi (g (¢ + h) — g (1)].
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ii)—1) We have
dic(e+ny (T + hur + Vi (g (E+h) — g (1)) < [hQ(E+ h)|.
O

Remark 7. Take K independent of ¢t. Any pair (b(t,x),0 (t,x)) €
R? x R¥™ that is (1 — «) fractional g—contingent to K in (t,) in the
sense of the Definition 1 satisfy

(b(t,z),o(t,x)) € TZ (t,x).

The following proposition prove that the viability of K for the fractional
differential equation (7) assure that (b (¢,z),0 (t,2)) € T2 (t,z) under some
weaker hypothesis then those used to prove that (b(t,z),0 (t,x)) is (1 — «)
fractional g—contingent to K in (¢, z).

Proposition 8. Let K be a nonempty subset of Réand assume (Hp)
and (Hy) are satisfied. If K is viable for the fractional differential equation
then for all t € [0,T] and all x € K the pair (b(t,z),0 (t,z)) € TE (t,z)

Proof. Suppose K is viable for the fractional differential equation.
Let (t,z) € [0,T] x K be arbitrar fixed and X** € C'=%(¢,T; RY) a
solution of the equation (7) such that X% € K, for all s € [t,T]. Let
h = min {T —t,1}. Then

t+h t+h -
X:fh =z —I—/ b(r, X% )dr + / o(r,X")dg(r) € K, Vhe|0h].
t t

We clearly have

X:fh :.CU—i-hb(t,.%')—FO'(t,:E) (gt+h_gt)+hQ(t+h) €K7 Vhe [Oaﬁ]a

where @ : [t,t+ I_z] — Rd

Qe Y —
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We denoted
0, lf t=s
p(s) =4 _1 1t/ [b(r, X57) — b(t,2)ldr, ift<s<T
§—=1J¢
and
0, fort=s
gs) =49 1 [° z '
/ [o(r, X32%) = o (t,2)]dg(r),
s—t t
We have
1 S
Ip(s)] = / [b(r Xp%) = b(t, )] dr
s—t t
< sup Jb(r, XE) — (1,
re(t,s]
< sup [Ny ((r — )= + N(r — )]
re(t,s]

< Oy (s — t)mindml-al,
By the assumptions (H,) we have
lo(r, X1%) = 0(0, X5™)| < Mllr = 0° + |X}* — X5
< Miflr = 6] + |r — 6]'~°]

and
1 5 -
o) = |72 [ Xt o ()] dg 1)
tx
< (/]UTX (t$)|dr
s—t r—t)
o (r, X““ —0(0 Xp)|
// gyTo dldr
alg)M _
< As_t</ [lr =t~ + |r =t ] dr
// [|r — 67~ |r—9]2a]d9dr>‘
< _t (3 )ﬁ a+1+(S_t)2—2o¢+(s_t)ﬁ—o¢+l+(S_t)2—2a}
< 03(8 _ t)min{ﬂfa,lfQOz}'
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Where we denoted by C7,Co, (s, ... positive constants independent of ¢,z
and h, that can change from a line to an other. We now have |Q (s)| <
c(s— t)5 , where c = C3+C1 and 6 = min {8 — «, 1 — 2cv, i} .It is now easy
to see that (b(t,z),0 (t,x)) € Tf (t,x) since lims_¢ |Q (s)] = 0. O

Proposition 9. If K (t) is a convex set for allt € [0,T], then ng(t) (t,x)
is also a convex set.

Proof. Let (us, V;) and (@, V;) be two pairs from Tf?(t) (t,z) . Form the
Definition 4 we have

c+hu+Vi(gt+h)—g(t) +hQ(t+h)€ K(t+h),
for all h € [O, 711] and
c+hi+Vi(gt+h) —gt)+hQt+h) €K (t+h),
for all b € [0, ho] withlimy_; Q (s) = lim,_; Q (s) = 0. Set h = min {hy, ha} .
For all A € (0,1) we have
(@ +h ug+ Vi(g(t + h) = g(t)) + hQ(t + h))A

t(x+h i+ Vilgt+h) —gt)) +h Qt +h))(1—\) € K(t+h),
for all h € [0, h]. Tt follows that

x4 h [uh + (1 — N)] + [Vid + V(1 = N](g(t + h) — g(t))

+h[QUt+ A+ Q(t+h)(1 = N)] € K(t+h),

for all h € [0, h). Since lims—¢[Q(s)A + Q(s)(1 — \)] = 0 it is clear that
Aug, Vi) + (1 = N) (g, Vi) ETIg(t)(t,:c). O

Proposition 10. We assume that the maps b and o from (7) are sat-
isfying (Hy) and (H,).

The following assertions are equivalent:

i) For any t € [0,T] and any x € K (t) we have (b(t,x),o0 (t,x)) €
Tlg(t) (t,z)

ii) For any t € [0,T] and any x € K (t) and for any (1 — a) —Hélder
continuous function u : [t,T] — R, which has the Hélder constant C, inde-
pendent of t and x and satisfy u (t) = x, we have:

1 t+h t+h
Jim > d 1+1) (a; + / b(s,ug®) ds + / o (s,ug") dg (s)> =0.
— t t
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Proof. i) — ii) We take u(s) =« for all s € [t,T].
ii) — 1) Sence dg ) (y + 2) < dg@) (y) + || then we have

1 t+h t+h
EdK(tJrh) (:U + / b (s, u’;’x) ds + / o (s, u?x) dg (8)>
t t

= Lo [+ hb(t,2) + 0 (1,2) (g (¢ 4+ h) — g (1))

h
t+h t+h
+ /t b(s,uy”) ds+ /t o (s,ul™) dg (s) — hb(t,z)
(8) —o (t,x)(g(t+h) —g(t))]

< Lo [+ hb(t, ) + 0 (8,2) (g (£ 4+ h) — g ()]

=
t+h

N % /t (b (s, ut) — b(t, ) ds
t+h

+ % /t (a (s,u?m) -0 (taJT)) dg (s)| -

For the sake of simplicity denote

1 t+h
T =1 / (b(s, ul™) — blt, ))ds
t
and 1 t+h
Jeon=1 / (o(s,u™) — o(t,2))dg(s)]
t

We estimate

1 t+h
T =3 | [ (sut®) = bit.))ds
t
N t+h t+h
9) < " {/ lub® — ul®|ds —|—/ |s — t|“ds}
t t
N (C + 1) hmin{lfa,u}
T 2—-«
and
1 t+h
Tn =g | [ (@ls.u) = o(t.a))ag(s
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t+h

<ql [ el — ofsa) + o(s.2) ~ alt.0)dg()
t+h

<ol et — atsadats
t+h

w1l et —olta)ds)

We denote by Cy,C4, ... a constant independent of ¢,z and h that may
change from a line to another. Using (6) we have

t+h
H ot - ato.ondsts)

< Aalo) ( /t+h |o<s,ué’:> —tf;is,ui’w>\ds

/Hh *los,us") — ols,2) —oly uy") + oy )|, ds)
t

t (s —y)ott
Al ([ M i),
- h t (s =1)*
L o(s,ub) — oly, )|
+ i * Y 2 dyds
/t /t (s —y)ot! Y
Hhrs |o(s,z) — o(y,
(10) + / o 1 a(ﬂ )|dyds>
tJe (s—y)
< Aa(g) /t+h M‘U’gyx — ’U/i’x’ds
- h ¢ (s — )"
th s o (s, ub”) — o (s, ul”)|
+/ / U * Y L dyds
t t (s —y)ott
PR o (s, uy”) — oy, uy")|
+ 2 2 dyds
/t /t (s —y)ot! Y
B o(s,x) = oly, )]
+ . dyds
t (s —y)ott yds)

IN

t+h
/ (s —t)172%ds
t

>H~
=]
N
K
VRS
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t+h t+h
/ / y) "2 dydr + / / y)P—a- 1dydr>
< As(9) Ch

hmln{l 2a,8—a}

and
[T oot
Ay /f*h o (s (x)_ ol
/ / o ( sa;_ a+1 )l ds)
(1) <=l ([ o (s — 1) ds

t+h
/ / s—y) 1o O‘alydr)

hmln{l 20,8— a}

Substituting (9), (10)and (11) in (8) yields

1 t+h t+h
lim —d ¢ (141 (x + / b(s, ub®)ds + / o(s, ugvx)dg(s))
h—0h t t

C(NCHD) i 120
< min{1l—a,u} min{l-2a,6—a} | _ )
< %{I})( 5 o h + Aa(g)Cah 0

The proof is now Complete O
Remark that 7 x) is not a closed con.
We will now de%ine a another type of contingence. In this case the
contingent set is a closed con .
Consider K a subset of R?.

Definition 11. For any t € [0,T] and any x € K we say that a pair
(ug, V;) € R x R*™ s called weak g- contingent to K in (t,x) if there exist
h > 0 and two functions p : [t,t + h] — R? and q : [t,t + h] — Rsuch that
lims_; [p(s)| = lims—¢ [g(s)| = 0 and

z+hu+Vy (g (t+ h) — g (¢)+hp (t + h)+h%q (t + k) € K, for all h € [0,h] .



13 DIFFERENTIAL EQUATIONS DRIVEN BY YOUNG INTEGRAL 415

Definition 12. The set of pairs (us, Vi) € R x R>*™weak g- contingent
to K in (t,z) forme the weak g—contingent set to K in (t, ). We denote this

set T}gw)g (t,z).
Remark that
(12) TY (t,2) € T (1, ) .

Proposition 13. Let K be a nonempty closed subset of Réand assume
(Hp) and (Hy) are satisfied. If K is viable for the fractional differential
equation then for all t € [0,T] and all x € K the pair (b(t,x),0(t,z)) €
Tlgw)g(t, x) and the functions p from the Definition 11 is p Héolder continuous
with p = min{1l — o, p}.

Proof. Using Proposition 8 and (12) it is easy to see that (b(¢, z), o (t, z))

€ TI({w)g (t,x). It now remains to prove the properties of p.
Let h=min{T —t,1}. Then

t+h t+h _
Xti,—as [ Xy [ ot Xi)g () € K, W he 0.7
t t

We clearly have

Xffh =x+hb(t,x)+o(t,x) (geen —gt) +hp(t+h) +h% (t+ h) € K,

for all h € [0, ], where p: [t,t + h] — R%, ¢ : [t,t + h] — RY

0, ifs=t
ps)=9q 1 [° to :
t/ [b(r, X}%) = b(t,x)] dr, ft<s<T
S—UJ¢
and
0, ifs=t
q(s) = 1 8 . ) .
Go0" [o(r, X}") — o (t,z)]dg(r), ift<s<T
- t
Clearly

1
p(s) = /0 (b(t + uls — 1), X2, )du — b(t,))du,

for all s € [t,t + h].
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Let t <7 < s < t+ h. We have

Ip( </ [B(t +uls — 1), X[y oy )dlu

—b(t+u(r —1t), X" |du

t+u(T—t)
¢ t,
< N/O s — 7+ [XET, oy = XEE, o ldu

1
< Nl/ [u'|s — 7" + u'~%s — 7|'"*]du
0

1 1
=N —7* — 7t
1[14‘#’8 7| +2—a’8 |
< Os — rmin{mi-al,

]

Proposition 14. If K(t) is a convez set for allt € [0, T, then TIth))g(t, x)
is also a convex set.

Proof. The proof is similar to the proof of Proposition 9. [l

Proposition 15. For anyt € [0,T] and any x € K, the weak g— contingent
set to K in (t,x), ’Z}({w)g (t,x) is a con.

Proof. Let a > 0 and (u, V;) € ’T[((w)g (t,z).
Since

T+ hug + Vi (g (t+h) —g(t) + hp(t +h) + h%(t+h) € K
for all h € [O,ﬁ] . We can write
x4+ hug+ Vi (gt +h) —g (b)) +hp(t+h) +h%(t+ h)

h 1 h
=2+ —a u+aVy— (g(t—i—h)—ag(t—l—)
a a a

rag (14 ) ~ag () + a9 ()~ 9 0)
+hp(t+h)+h%(t+h)

ot Zauravi (g (04 2) <0 0) +Vela e+ 1)~ (1)

—aV; (g (HZ) —|—g(t)> +hp (t+h) +h% (t+h).
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VVesetiL:ﬁ and
a - .
p(t+h) =a-p(t+ ah)

QR =V, <g<t+a$ —g(t), _ awg(”%{x + g(t)) gt ta ),

It is easy to see that lim;_ |p(t + h)| = 0 and limj _ |q(t + h)| = 0 since

Vi (g(t—HLjL) —g(t)) —aV; (M) +a%(t+a fz)
ha

|q(t+h)| =

ha
< Cps)(IVe(h' 72| + a®q(t + a h))).

It is now clear that
x + h(aug) + (aVe)(g(t + h) — g(t)) + b p(t + h) + h*G(t + h) € K,
for all h € [0, %] We have (au, aVy) € ’Z}((w)g (t, ) and the proof is complete.[]

Proposition 16. For anyt € [0,T] and any x € K, the weak g— contingent
set to K in (t,z), TI((w)g (t,z) is a closed set.

Proof. Let (uff), n(t))neN be a sequences of pair in TI((w)g (t,z), conver-
gent to (ul®, V1),

Since

z+hu® + VO (gt +h) —g @)+ hpn (t+h) + 1%, (t+h) € K

for all h € [0, ﬁ] and all n € N

we can write

2+ hul) + VO (g (t+h) — g () + hpn (t+ h) + %, (t + h)
=2+ hu') + VO (g(t+h)—g (1))
+ h(u® —u®) + (VO — V) (gt 4+ h) — g(t)) + hpu(t + h) + h¥q,(t + h)
=z +hu® + VO (gt +hn) - g(t))

g(t+h) —g(t)

+ h(ul) —u + pu(t 4+ 1) + W (VD — V)

+ QH(t + h))

Set
pt+h)=ul —u® +p, (t+h)
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and - ;

1) = (v v X ZIO )
We have

lim |5 D lim |6 —o.
Lim |5t + h)| = |up’ =] and  lim|q(t +h)| =0

Since lim,,— oo |u7(f) — u(t)] =0, it follows that

W, v®y e 79 (¢ 2).

REFERENCES

. AUBIN, J.-P. — Viability Theory, Systems & Control: Foundations & Applications,

Birkh&user Boston, Inc., Boston, MA, 1991.

AUBIN, J.-P.; DA PrAaTO, G. — Stochastic viability and invariance, Ann. Scuola
Norm. Sup. Pisa Cl. Sci., 17(1990), 595-613.

CIOTIR, I.; RASCANU, A. — Viability for stochastic differential equations driven by
fractional Brownian motion, Journal of Differential Equations, Elsevier, to appear.

. NUALART, D.; RASCANU, A. — Differential equations driven by fractional Brownian

motion, Collect. Math, 53 (2002), 55-81.

SAMKO, S.; KiLBAS, A.A.; MARICHEV, O.I. — Fractional Integrals and Derivatives.
Theory and Applications, Gordon and Breach Science Publishers, Yverdon, 1993.

Young, L.C. — An inequality of the Hélder type connected with Stieltjes integration,
Acta Math., 67 (1936), 251-282.

ZAHLE, M. — Integration with respect to fractal functions and stochastic calculus. I,
Probab. Theory Related Fields, 111 (1998), 333-374.

ZAHLE, M. — On the link between fractional and stochastic calculus. Stochastic dy-
namics, Bremen, 1997, 305-325, Springer, New York, 1999.

Received: 15.VI1.2008 Department of Economics,

7Al. I. Cuza” University,
Bd. Carol, no. 9-11, Ilagi,

ROMANIA
ioana.ciotir@feaa.uaic.ro



