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Abstract. This paper deals with the Boussinesq system perturbed with a maximal
monotone operator, in a bounded domain, in 2D and 3D. Using the theory of quasi-
m-accretive operators, existence results for strong solutions are proved. A stabilization
theorem in 2D is also given.
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1. Introduction. Let 7> 0 and Q ¢ R?, d = 2,3 be an open and
bounded domain, with a smooth boundary 9Q (of class C? for instance).
Consider the Boussinesq system ([7])

—vAY + (y- V)y—(0 — 0")eq+Vp = fo, inQ=Qx (0,7),
35 —kAO+y-VO =0, in@=Qx(0,T),
(1) d1v y =0, in Q,
y=0, 60=0, on X =00 x (0,T),
y(-,0) = vo, 0(-,0) = o, in €,

where y = (y1,y2,...,yq) is the velocity field, the scalar functions p and
0 are the scalar pressure and the temperature of the fluid, the density of
external forces is fo = (fo1, fo2,---, fod). The constants v, k > 0 denote
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the kinematic viscosity coefficient and the thermic diffusivity, respectively.
Also, v = ¢/6° > 0, where g is the gravitational constant and 6° > 0 is
a constant reference temperature, while e = (0,...,0,1) is the d** unit
vector of IR%.

In this section the functional framework is described and the Boussi-
nesq equations are put in an abstract form. We state the main existence
and uniqueness results for strong solutions in Section 2. The first of these
theorems is proved in Section 3 and the other in Section 4. The last sec-
tion presents an application concerning the exponential stabilization of the
Boussinesq system (in the bidimensional case); the solution remains in a
closed convex set.

Denote the scalar products of L2(Q2) and (L?(2))? by (-,-) and the cor-
responding norms by | - |. Denote by || - || = |V - | the norms of H}(2) and
(HZ(Q))?. Let us introduce the standard spaces (see e.g.[5, 9, 10])

H={ye (L*Q)%divy=0in Q,y ngg =0 on 9N},

V = {y e (H} Q)% div y = 0 in Q}.

Let Hg = H x L*(Q), Vg =V x H}(Q).

Clearly, H and Hp are real Hilbert spaces endowed with L?-type norms
| - |, while V and Vp are real Hilbert spaces endowed with Hi-type norms
|- |l. Moreover, denoting by V' the dual space of V' and identifying H with
its own dual, we have V. C H C V' algebraically and topologically, with
compact injections. By consequence, if V7 is the dual space of Vg and if we
identify Hp with its own dual, we also have Vg C Hp C V}; algebraically
and topologically, with compact injections.

Denote by (-,-) the scalar products of H and Hp and the pairings be-
tween V and V' or between Vg and V}.

Let A € L(V,V') -the space of linear continuous operators from V in
V', be defined as (Ay,w) = Zle Jo Vyi - Vwidz, Yy,w e V.

We have (Ay,y) = ||y||?, Yy € V. Weset D(A) = {y € V; Ay € H} and
we denote again by A the restriction of A to H.

Let Ay € L(HL(Q),HY(Q)), A1 = —A. Then (A4:0,0) = ||0]|, V0 €
H} (). We set D(A1) = {0 € H}(Q); A10 € L*(2)} and we denote again
by Aj the restriction of A; to L(9).
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Let A € L(Vp,V}) be defined by

[ vAy [y
@ hom () (9) i

Let D(A) = D(A) x D(A;). The operator A maps D(A) into Hp. Denote
by myx = min{v, k}.

Let b: V xV xV — IR be the trilinear continuous functional defined
by

d
8 .
by v,w) = > /S)y,.af;wjdx, Yy, v,w € V.
ij=1 v

Denoting by ||-||s the norm of the Sobolev space (H*())?, the functional
b satisfies (see e.g. [5, 9, 10])

(3) by, w,w) = 0, bly,v,w) = ~b(y, w,v), Yy, v,w €V,
(4) [b(y. v, w)| < Cylylz [yl |[v]|2 | Av|2 [wl], ¥y, w € V,v € D(A) (d = 2),
(5)  [bly.v,w)| < Colyl= lyl|= vl = ||ol| 2 wll, Vy,v,w € V (for d = 2),

(6)  [b(y, v,w)| < CyllyllllvZ|Av| |wl, ¥y, w € V,v € D(A) (for d = 3),

(1) [y, v,w)| < Collyll[[vlls2lwl, Vy,w € V,v € D(A) (for d = 3),

Let b:V x H}(Q) x H} () — R be the trilinear continuous functional
defined by

d
b(y,0,0) = Z/Qyigjéd:n, VyeV,Ve,0cH(Q).
i=1 ¢

Remark 1.1. The functional b can be extended to V' x (HE(92))4 x
(HY())4. Taking y € V, 6,0 € H}(Q) and

9 0
0 0

U= , o= | . | eH)
0 ]

we deduce that b(y, 0,0) = (1/d)b(y, ,%) and thus b will verify inequalities
analogous to (3) - (7).
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In the rest of the paper, we will denote by Cj the positive constants
arising in estimations of b or b of the type (4) - (7). Other various positive
constants will be simply denoted by the symbol C.

Let B : Vg — V} be defined by

(8)  (Bz2) = bly,y,3) + by, 0,0), ¥ = = (‘Z) s (g) € V.

Let us introduce R € L(Hp, Hg) by

9) Rz = <P (_geed)), V= (Z) € Hp

(P : (L*(Q))? — H is the Leray projection). Using the notations (2), (8),
(9) and denoting also by

st () (5) e ()

the equations (1) may be rewritten

(11) %(t) + Az(t) + Bz(t) + Rz(t) = F(t), te (0,T)
2(0) = 2o.

We intend to obtain exponential stability results for the problem (11).
To this aim, we need existence results for slightly more complicated systems.
Let ® C Hp x Hp satisfy the following hypotheses,

(h1) ® = dp, where ¢ : Hg — IR is a lower semicontinuous proper
convex function (hence @ is a maximal monotone operator in
H B X H B);

(ho) 0 € D(®);

(h3) there exist two constants ag > 0, a € (0, 1) such that

(12) (AR, @x(h)) > —ao(1 +||h]|*) — a|@A(h)[?, VA > 0,Vh € D(A),
where @) = +(I — (I + A®)~!) : Hg — Hp is the Yosida approximation of

We consider the classical definition of the maximal monotone operator.
For h € D(®), we will denote by |®(h)| = inf{|n|;n € ®(h)}.
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Let 2z, = (ye) € D(A) be fixed and define the linear continuous opera-

Oe
tor
(13) -’40 : VB - Véa ("40272) = b(y7ye7g) + b(ye,y,ﬂ)

Hence Ap maps D(A) into Hp.
Consider the perturbed Boussinesq problem

” 90 + (At B+ Ao+ R)2(1) + B(=(1) 3 F(1), 1€ (0.7)
2(0) = 2o

A nonlinear term ® arises usually as a nonlinear feedback controller.
In the sequel the symbol — will be used to denote the convergence in
the weak topology, while the strong convergence will be indicated by —.

2. Existence results for strong solutions

Definition 2.1. Let zg € Vg and F € L*(0,T;Hg). By a strong
solution for the problem (14) we mean a function z € L?*(0,T;D(A)) N
L>(0,T;Ve)NC([0,T); Hg), satisfying % € L?(0,T; Hg), for which there
exists a selection n € L*(0,T; Hg), n(t) € ®(2(t)) a.e. t € (0,T), such that

a1s) %(t) + (A+ B+ A+ R)z(t) +n(t) = F(t), ae. t€(0,T)

z(0) = zo.

Theorem 2.1. Let T > 0 and let @ c R?, d = 2.3 be an open and
bounded domain, with a smooth boundary. Assume that ® C Hp X Hp
satisfies the hypotheses (hi) — (hg). Let zo € D(A) N D(®) and F €
Whl(0,T; Hp).

Ifd = 2, then there exists a unique z € W1°(0,T; Hg)NL*>(0,T; D(A))N
C([0,T); V) such that

16) %(t) +(A+ B+ Ay +R)z(t) + ®(2(t)) > F(t), a.e. t €(0,7T)

z(0) = zo.
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Moreover, z is right differentiable, %z is right continuous, and
dr
—2z
dt

If d = 3, then the solution z exists on some interval [0,Tp), where

(t) + ((A+ B+ Ay +R)z(t) + (2(t)) — F(t))° =0, Vt € [0,T).

To = To(IF 120,715 12001*) < T

We have denoted by z — ((A+B+Ag+R)z+®(z)—F(t))° the minimal
section of the multivalued mapping z — (A+ B+ Ag+R)z+P(2) — F(t).

If we assume lower regularity on the initial data, we obtain the following
result:

Theorem 2.2. Let T > 0 and Q C IR, d = 2,3 be an open and bounded
domain, with a smooth boundary. Assume that ® C Hg x Hp satisfies the
hypotheses (h1) — (h3) and that ¢ is bounded on the sets of D(A) N D(P)
which are bounded in V. Let zg € D(A) ﬂD(@)VB, F € L*(0,T; Hp).
If d = 2, then there emists a unique z € C([0,T]; Hg) N L?(0,T; D(A)) N
L>(0,T;Vp) with % € L*(0,T;Hp), Bz € L*(0,T;Hg), solution of the
problem (16). In the dimension d = 3, the solution z exists on some interval
[0,Ty), where

To = To(IF 120,711 12011%) < T

Remark 2.1. Particularizing the proofs of Theorems 2.1, 2.2 we get
similar existence results for the simpler system

% 1) + Ax(t) + Ba(t) + R=(0) + 0(=(0)) 2 F(1), 1€ (0,7)
z(0) = zp.

3. Proof of Theorem 2.1. The proof involves the theory of nonlinear
differential equations of accretive type in Banach spaces ([1, 3, 4, 8]). We
intend to obtain a quasi-m-accretive operator on the left hand side of the
Boussinesq equation and for that purpose we substitute the nonlinearity
B with a truncation By, N € IN* (Proposition 3.2). We may then state
existence and uniqueness results for the approximate problems (17), (38)
containing By, ® and By, ®y, A > 0 instead of B, ® (Propositions 3.3, 3.4).

Our aim is to prove that for N large enough the solution of the truncated
problem involving By, ® coincides with the solution of the initial problem.
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In order to do that, we need some estimates on the solution zy of problem
(17). As relation (12) does not extend in a suitable way to arbitrary ele-
ments of ®(zy(t)), we are obliged to deduce the convenient estimates first
on problem (38) (the one involving ®,). Passing to the limit with A \, 0 in
(38), we return to the problem in By, ® and conclude the proof.

3.1. Approximate problems. Existence and uniqueness. For
N € IN*, define the modified nonlinearity By : Vg — V},

Bz, if |z]| < N
Bny = N \?
NY () Bz, if |z > N

2]

and consider the approximate problem

- C%V(t) + (A+By+A + R)zn(t) + ®(2n (1) 3 F(1), t € (0,T)
zn(0) = zp.

It may be shown ([6, 11]) that D(A+ By +R) ={h € Vp; (A+ By +
R)(h) € Hg} = D(A) and that

Proposition 3.1. For constants ay > 0 big enough, the operator A +
By + R+ anI is mazimal monotone in Hg x Hp.

Actually, the proof of Proposition 3.1 can be easily adapted to obtain the
maximal monotony in Hpg x Hpg of the operator Yy = A+By+Ag+R+an]
with domain D(Y ) = D(A) (for ay big enough).

We may assume, without loss of generality, that o is fixed such that
in the case d =2, an > /2 + CZ||z||*/(2myk), where Cj, is the
b constant arising in (5);
(hay) in the case d =3, ay >v/2+ C§|]ze\|§/2/(2m,,k), where Cj, is
the constant arising in (7).

Proposition 3.2 below is one of the main ingredients of the proof of
Theorem 2.1.

Proposition 3.2. Let N € IN* be fixed. Let ® C Hp x Hp be a mazimal
monotone operator satisfying the hypotheses (hz2), (hs).



302 ADRIANA-IOANA LEFTER 8

Define the operator Ay : D(Ay) — Hp, AN = A+Bn+Ag+R+P+an]
(with ay > 0 given by Proposition 3.1 and (hqay)), where D(Ayn) = {h €
Hp; 0 # Ay(h) C Hg}. Then D(ANn) = D(A)ND(®) and Ay is mazimal
monotone in Hg x Hp.

Moreover, there exists a constant Cy > 0 such that

|AR| < Cn(1 + |h2 + |(A+ By + Ao + R)h + &5 (h)[2)2,
(18) Vh € D(A), YA >0,

(19) |AR| < Cn(1+ k2 + |(A+ By + Ao + R)h +1]?)3,
Vh € D(A) N D(®), Vn € &(h).

Proof. For ay > 0 given as in the hypothesis, the operator Yy carries
D(A) into Hp and it is (maximal) monotone in Hg x Hg. Then D(A) N
D(®) ¢ D(Ayn) and Ay is the sum of two monotone operators and by
consequence is monotone. So, in order to obtain the maximal monotony of
A, it remains to prove that R(I + Ay) = Hp.

Let g € Hg and A > 0 be fixed. We approximate the equation

(20) (+.AC+ BnC+ A+ RE+P(C) +an( > g, where ¢ = (?) € Hpg,

by the equation

(21) O+ AQ A+ ByQy + Aoy + RO+ PA(C)) +anviy =g,

that is

(22) O+ TN+ PA(G) =9,

where @) is the Yosida approximation of ®. It is known that &, is demi-

continuous monotone and thus its sum with the maximal monotone oper-

ator YT is maximal monotone. This implies the existence of a solution
w

O = <€A> € D(A) N D(®,) for equation (21). The uniqueness follows by
A

monotony arguments.
Let uny = an + 1; then equation (21) reads

(23) AC\ + BnCy 4+ Aoy + RO+ @A(O) + vy =g, A > 0.
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We first multiply equation (23) in Hp by (), and using (3), we get that

v||lwall? + El[E)? + (Aolrs &) — Y(Enea, wy)
(24) (@A), &) + NG = (9.G0)-

But @, is monotone, with 0 € D(®)) = Hp, which yields
—(®2(C1), () < —=(@2(0),60) < 1/2(|2(0)* + 1G1[?).
Also, v(éxea, wy) < yléx|lwa] € v/2|¢A|? and, from (3), (5) and (7),
—(AoCr; Cx) = —b(wx, Ye, wr) — b(wy, Oe, €x)
_ {cb(nwnuwnuw+\w%rwxr\%|@|%ua|r%|reeu), d=2
Co(llwallllyellss2lwal + llwallllOellz /2161 d=3

1, d=2

<C ella , where a =
< GolGilllzellallCAll, where a {3/2, d=3.

Equation (24) implies

1 1
muk |17 + v |G < Slgl” + SO0 + 16

2
-
+§\CA!2 + Gyl Galllzellall Al

oo 1 2 Y Cl?HZeH(Qz
< = Z Loy ZoiTcla
< 2!g! + 2|c1>(0)y + <1+ 5 + T

myk
) I6E + TG
Hence, knowing that pny = ay + 1 and using hypothesis (hq, ), we get
(25) G 6% < O+ 1g1), YA > 0.
Here and thereafter the constant C' > 0 does not depend on X or |g|.

Next, equation (23) is multiplied in Hp by Ay, which yields
(26) JAG + (BnGx, A + (Ao, AQ) — (véxed, vAwy,)
H(@A(GN), AQ) + i (vwall? + KlIE]?) = (9, AG)-
But, if d = 2, by (4) and Young’s inequality, we obtain
[(BNGx, AL < [vb(wa, wa, Awy )| + [kb(wy, Ex, A1€y)|
1 3 1 1 1 3

< Gy (vhwal2llwalllAwal? + kfwal? x| 2l1gn] 241 )

—_—~

A

1
< CIGRIGIMAGE < HIAGP + Cla PG
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If d = 3, by (6) and Young’s inequality, we get

[(BNG AG)| < [wb(wy, wy, Awy )| + [kb(wy, €x, A1€))]
< Gy (vliwallF|Awsl? + klwlllEa 2| 416

A

IA

3 3 1
ClGIZAG]z < E|AC/\|2 + Cll¢all°.
Consequently, in both cases d = 2,3, by (25), we have that
1
(27) [(BnGas AGY)| < E’ACA\Q +C(1+ g,

From (4), we also infer for d = 2 that

[(AoCr, A < [Ub(w, Ye, Awy )| + [Vb(Ye, wr, Awy)|
+|k‘b(w>\a 067 Alg)\)| + ‘kb(yeaé.)\aAlg)\N

1 1 1 1 1 1
G [lrwoall? 4w llgel1? (fewoal 21 Ayel? + luel | Aw 7

IN

k16| (B llwnl 2101416,
1 1 1 1
el el €1 Ar€nl? ) |
1 1 1 3
C (IGFIGAIFAG + Gl 1AG )

SHGE + Gl + 1ol

IN

IN

For d = 3, by (6), we have that
1 1 1 1 1 1
[(AoGr, AQ)] < Cy [vilwall Bl Awallyel® (lwallF|Ayel® + fell 4wy ?)
1 1 1 1
+hlAE] (hoalllOelE 1416012 + e lllenlF|Arenl? ) |

1 3 1
C (I IAGI+ I IEIAGIE) < 4GP + CllG1?

IN

Hence, in both cases d = 2,3, by (25), we obtain that

(28) (AoG AGY| < A +C(1+ [gP).
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Using (v€xea, vAwy) < 372/2|r[2+1/61AG\ 2, (27), (28) and hypothesis
(12), equation (26) implies

2 23 o 3 g 1 2
A" = C(1+g]7)” = C(1 + |g]7) — 7|CA| - §|-A<)\|
3 1

—ap(1+ |G %) — @A (O)P + pvmul| G2 < §|g|2 + 6|~AC>\|2-

If pnmys > g, we ignore the term (unmyr —ao)||CA |2 > 0; if uymue < ao,
we pass this term in the right hand side of the inequality. Anyway, by (25),
the above relation yields

1
(29) MG < al@\ ()1 + C(1 +1g*)?, VA > 0.

Finally, we multiply equation (23) in Hg by ®,(¢)) and obtain

(A, @A(C)) + (BNCxs Pa(C))) + (AoCr, PA(Cr)) + (RCx, PA(CN))
(30)  H@AG)P + v (Gr, 22(¢1) = (9 PA(GN))-

As shown before,

v (G 2a(6) = =EX(12(0)2 + [Gr ).

If we denote the components of ®5(()\)) € Hg = H % LQ(Q) by [®A(C\)]1 €
H, [®)())]2 € L*(Q), we get

272
-«

(Vi NN

—(RGx PA(C)) = (Vénea, [PA(CN)]1) < .
Then,

(B Cx, @AC))] < [p(wa, wa, [@A(C)])] + [B(wa, &, [PA(CN)]2)].

In the case d = 2, using (4), the right hand side terms are bounded by

C (Juwn |3l 1| Awy | |[@AC)]1| + [wal® w13 €11 | 41612 [@A(C) 2]

< ClOIZIIGNAGIZ (@A (G-
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In the dimension d = 3, using (6), the same expression is bounded by

3 1 1 1
C (Jlwall | Awx |2 [@(C 1] + o llEnlF1ArenlE[@r(C0)]a1)
3 1
< CllGIEAGTZ @A)
Hence, in both cases d = 2,3, by (25), we have that
1—

(B) 1By BAG))] < —5— AN + C(L+ [gP) | AG.

Proceeding in the same way, we infer that for d = 2
[(AoCx, RG] = [0(wa, Ye, [PACC)])] + [0(ye, wa, [PA(GN))]1)]
+[b(wx, Oe, [PA(CV)]2)] + [6(Ye, Ex, [PA(CN)]2))]
< Co [lolB @A yel® (leoal 31 Ayel? + [ye 24wy )
H[@r(C)J2l (leoal? w12 16213 A16c]3
el el 2161 [ A161% ) | < ClRACIIGANE (1Ga1% + 1AG 1)

AR + GG + 4G,

For d = 3 we have
1 1 1 1
[(AoCr G| < C [l @A el (1leoal1?] Ape
1 1 1 1
FllgellE[Awal? ) + (@A) (loallloe] 2] 416,

Huellleal?41602)] < cleallical? (Il + 1Al
< =2 1BA G + COIGIE + I AG)
Hence, in both cases d = 2,3, by (25), we obtain that
(32) [(AoGh, ()] < AP +C(1+1gl) + C(1+1g) AG,
Together with (12), (31), (32), equation (30) implies
AR - OO+ 9P 21AG
O+ o)~ O+ g PAG] + 183G~ L2 ((0)P + 162)
2 1-

2v2 o'
< ———g]?+ 02 P 2,
< gl 4 G + S 1B

<

—ag(L+ I )1?) — e @A(C)P —
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By (25), it follows
(33) @A(C)[2 < CA+[g1)F|AG] + C(1 + [g]?), ¥A > 0.
Substituting (33) into (29), we obtain

1

MO < CA+1g)2JAG] + O+ 1gP)°,

which implies

(34) AG] < C(1+ |g)?
and
(35) 1DA(C)2 < C(1+ |g]?)°.

From the boundedness in Hp of the sequences ({y)a>0, (PA(()))a>0,
(9x) x>0, where gy = g — () — DA () = T (), it follows that, on a sequence
Aj "\, 0, we have the weak convergences in Hp,

Oy = ¢ Py (Cn) =91, 9y = TGy — 92

Because, by (25), (Cy;) is bounded in Vg, we get that (\, — ¢ in Hp.
Passing to the weak limit in the equality g — (x;, — ®5;((;) = g»;, We
obtain g = ( + g1 + g2. If we would prove that go = Tn(, g1 € ®((), it will
follow that g € ( + YT n( + ®(¢), as claimed.
We multiply by () — ¢, the difference of equation (22) written for A > 0
and the same equation written for 4 > 0. We find

(36) (®A(C) = @u(Cu), O —Cu) + (Tn + 1) — (TN +1)Cuy &r — Cu) = 0.

Since Tn + I is the sum of two monotone operators and by consequence
monotone, we get (®r(¢n) — ®u(¢u), (0 — ) < 0, VA, > 0. From the
maximal monotonicity of ® it follows that (¢, g1) € ® and limy ;\ o(®x(¢))—
®,,(Cu),Cxr — Cu) = 0 (see [1], Prop. 1.3 iv), p. 49).

Relation (36) implies that

Ath((TN + DG = (TN + DG G — Gu) = 0.
Using also ¢y, — ¢, Tn(y; — g2 and the fact that T + I is maximal
monotone (Yy maximal monotone), it follows (see [1], Lemma 1.3, p. 49)
that (¢, +¢2) € Tnv + I and thus Tn( = go.
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From ({,91) € ® and Tn( = g2 we also get ( € D(Tn) N D(P) =
D(A) N D(®). Consequently, D(Ax) = D(A) N D(®).

Let us prove now (18), (19).
For the first one, we consider A\ > 0 fixed, h € D(A) and let g\ = Ah+
+Bnh + Aoh + Rh 4+ ®5(h) + pnh. In the same way as we obtained (34),

we get |Ah| < C(1+ |g,\|2)%. Hence
|AR|3 C(1+|gA]>) = C(1+ |(A+ By + Ag + R)h + ®(h) + unh[?)

<
< C(1+2u% ) +2/(A+ By + Ay + R)h + @5 (h)]?).

Thus (18) holds true.

In order to prove the second relation, we take h € D(A) N D(®) and
n € ®(h). Let g = (A+ Bx + Ao+ R)h + 1+ pnh. For this g we may
construct as in the first part of the proof a sequence (hy)xs>o C Hp such
that

(A+ By +Ap+ R)hy + Pa(hy) + unhy =g, VA > 0.

Moreover, hy — h, Ahy — Ah in Hp because Ay is maximal monotone.
Passing to the limit with A N\, 0 in (34) written for (h))x>o, we obtain
[AR| < C(1+]g?)?, hence
ARIE < O+ 1gl%) = C(L+ [(A+ By + Ao + R)h+ 1+ phf?)

<
< C(1+ 2% h)* +2|(A + By + Ao + R)h +1)?),

which proves relation (19). This concludes the proof of Proposition 3.2. [

Proposition 3.3. Let us assume that ® C Hg x Hp satisfies the hy-
potheses in Proposition 3.2. Let F € WYY(0,T; Hg), 20 € D(A) N D(®).
Then there exists a unique strong solution

of the problem (17). Moreover, zy is right differentiable, %ZN s right
continuous and

+

‘thzN(t) 4 ((A+ By + Ao+ R)2n(t) + D(en (1) — F(1))° = 0,

(37)  Vte[0,T).
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Proof. From Proposition 3.2 and [1], Th. 1.4, Th. 1.6, p. 214-216,
it follows that problem (17) has a unique solution zy € W°(0,T; Hp)
satisfying relation (37). In order to prove that zy € L*(0,7;D(A)) N
C([0,T7; V), let nn(t) € ®(zn(t)) be such that

dzy
dt

We know that F — %N ¢ (0, T; Hg), so (A+ By + Ao + R)zn +
ny € L*>(0,T; Hp). Applying (19) for zn(t) and nn(t) € ®(2n(t)), we get
Azy € L*>*(0,T; Hg), which implies zy € L*(0,T; D(A)). Together with
©En ¢ [0, T; Hp) we infer that zy € C([0,T]; Vp). 0

(t) + (A+ By + Ao + R)zn(t) +nn(t) = F(t).

We get a similar result if we use the Yosida approximation ®) instead
of &:

Proposition 3.4. Let N € IN* be fized. Assume that ® C Hg X Hp
is a mazimal monotone operator satisfying hypotheses (ha), (hs). Let zp €
D(A) N D(®) and F € WYL (0, T; Hg). Then for all X\ > 0 there exists a

unique strong solution
Zn € WH(0,T; Hg) N L>(0,T; D(A)) N C([0,T); Vi)

for the problem

dz}
d—f(t) + Az (t) + By (t) + Aozn (t) + Ran(t)
(38) L0, (2A () = F(t), ae. te(0,T)
25 (0) = 2.
Moreover, z?v s right differentiable, %z])\‘,(t) s right continuous and
d* A A A A

F0, (2 (1) = F(t), Yt € [0,T).

Proof. The operator Ty = A+ By + Ao+ R + anl is maximal mono-
tone (for ay given by Proposition 3.1) and @) is demicontinuous mono-
tone, so ([1, 4]) Tn + @, is maximal monotone in Hg x Hp. Then, (38)
has a unique solution 23, € W1°°(0,T; Hp) verifying relation (39). Con-

dz;‘\,

sequently (A + By + Ao + R)zy + ®a(2y) = F — SZX € L>(0,T; Hp).
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Applying (18) for 2 (t) € D(A), we get Azp € L>®(0,T; Hg), which im-

A
plies 23 € L>°(0,T; D(A)). Together with d;—év € L>(0,T; Hg), we obtain
2y € C([0,T]; V). O

3.2. Estimates for the solution of problem (38). By Proposition
3.3, problem (17) has a unique strong solution

2y € Wh(0,T5 Hp) N L(0,T; D(A)) N C([0, T); V).

However, in order to get better estimates we shall further approximate
problem (17) by problem (38), which also has a unique strong solution in
the spaces above (by Proposition 3.4).

yn (t)

First, we multiply (38) by 2%(t) = ( )
N

> in Hp and integrate on
(0,t). Using (3), we get

t . .

/0 % <;|zz§/(8)|2> ds—l—/o (AZJA\J(S),ZJ){;(S))@%-/O (Aozn (s), 28 (s))ds
t . ,

+ [(RAGL A+ [ @A) A s = [ (F), A

But
(A2 (5), 28 (5)) = vllyn ()1 + KON ()17 = mullzn ()11
—(Ran(s), 2 (5)) < AIOX ()llya (s)] < (v/2) |2 (5)]
and, proceeding as in the proof of Proposition 3.2,
—(Aozn (), 28 () < [B(YR (5), e YR (3))] + [B(YA (), Bes O ()]

1 d=2
O |22 clla A , Where a = ’
blzn (8)Illzellallzn (s)]l, where a {3/2, d=3.

IN

Also, from the monotony of @y, (®x(2x(s)), 23 (5)) = (®2(0), 25(5)). So,

1 t 1 ¢
SN+ m [ @R < Gl + 7 [k (o) Pas

t
0

+ /O ColA ()] 1z lall 24 (5) s — / (2(0), 24 ())ds
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myk

t
1
+ [P 26 < Flanlt + T o) s

2|12, 12 t 1 [t
(14 Glella | s + 5 [ (20)7 + 7).
2 2my 0 2 Jo

In particular, it follows that

AOF < o+ | L (@O +|F(s)P)ds + / A (e) s
and by Gronwall’s inequality
AP < (1ol + [ (2 + PP )
Finally, we infer
AP+ me [ 1 (s)1Pds < e o+ [ (2 + P)Pas).
and thus
40) AP+ [ 1) < CIFI a0 )

where C1 is a positive bounded function depending on ||F||3, (0.7 Hp) 20,
but independent of N, A.

Next we multiply (38) in Hp with Az} (¢) and integrate on (0,t),
/ A @I+ Eioy )1 as+ / A (o) s
o ds \ 2%V g 1PN , AN

t t

4 / (Bx + Ao)2 (5), A= (s))ds + / (R4 (s), A= (s))ds
0 0
t t

4 / (@r (3 (5)), Ak (5))ds = / (F(s), Az (5))ds.
0 0

Recalling (9) and (12), this yields

RO+ [ 4RGPS — a0 [ 0+ IR s

myg
2

t
0

t
my,
ol 47 [ (A (9). 0k s)ea) s

—a [ s ()P <
0

—/ ((BN+A0)zj§,(s),.,4z]>{,(s))ds—l—/ (F(s), Azx(s))ds.
0 0
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But

¢ A A L s 2 3V [T a2
y / (vAuA (5). 03 (s)ea) ds < | / A (s)[2ds + 2 / A () 2ds.
0 6 Jo 2 Jo

Moreover, using the same estimates leading to (27), we obtain in the case
d = 2 that

/0 (By23(s), Az (5))ds

1
<55 [ A @Pas o [ 1AW PIA s

< 12/ | Az (s)] ds+C/ |23 (8)||*ds (|2 (s)| is bounded from (40)).

In the case d = 3, we have

1 t t
2/0 |Azj§;(s)\2ds+0/0 ||zj§,(s)||6ds.

In both cases the constant C is independent of N, A.
Using the same estimates leading to inequality (28), we obtain in the
case d = 2 that

/O (By ) (s), Az (s))ds| <

i < 55 [1avoras o ([ Al s

! A 2 1 ! A 2
—}-/0 llza ()]l ds> < 12/0 | Az (s)]“ds + C (from (40)).

In the case d = 3, we have

/O (Ao (5), AzX (5)

t t
< 55 | MR 0 [ Pds
12 Jy 0

% /0 | Az (s)[2ds + C (from (40)).

/0 (A=A (s), Az (5))ds

IN

We get

my my
EA 0] + / A () Pds < T + / A (s)2ds

3 [ e 3 [ 2 LN 2d
+2/0 EN 6] d8+2/0 |F(s)] ds—i—C/O |z (s)]|*ds
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—i—ao(t—i-/HzN )|l ds)—i—a/ |® (27 (5))]%ds + C.

Using also (40), it follows that

my
() @+ j/ Azx (s 2d5<a/|q>A A (s))[2ds

t
%@/WMmW@+@,
0

where Cy, Cy are positive bounded functions of HFH%Q(O ToHp) |z0/%, || 20|%,
but independent of N, A.

Finally, we multiply (38) in Hp with ®,(2/(¢)) and integrate on (0,).
We recall that & = 0p and that the Yosida approximation &, is the Fréchet
differential Vi, of @), where

a2
@A(u):inf{’u”\v’ + o(v); UGHB}, Vu € Hp

is the regularization of (. So,
[ (A6 @) as+ [ (Ao, ercA G
" / (B X (s), (2 (5)))ds + / (Ao (5), B (X (5)))ds
0 0
" /0 (R (5), (=4 (s)))ds + [ [Br(y(s)Pds = /0 (F(s), (2 (5)))ds.
Using (24 (), (Vo) (24 () = £ [oa(z3(s))], (9) and (12), we get
(1-a) / Ba(2 () ds < or(20) — (24 (1)
+ayg </0 Hzf{,(s)szs +t> +’y/0 (9%(8)651,(1))\(,2])\‘,(3))) ds
(42) + /0 (F(s), @2 (24 (s)))ds — /0 (By2A(s), B4 (s)))ds
- /0 (Ao (s), @r(24 (5)))ds.
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Since every proper lower semicontinuous convex function is bounded
from below by an affine function, it follows that there are h € Hp and
p € IR such that

SO(U) > (uv h) + D, Vu € HB-

Also, Jy = (A®+1)~! is bounded on bounded subsets of Hp and ¢(J)(u)) <
ox(u) < @(u), YA >0, Yu € Hp. Using again (40), we infer that

—oAGN () < —o(In(2R (D))< = (a(zA (8)), B) = p<|Ia (=3 () [l +[p] < e,

¢ constant not depending of N, A, t.
On the other hand, ¢y (z0) < ¢(20).
Using the same estimates leading to (31), we get that

/0 (By2X(s), (2 (5)))ds

/0 Cl2x (3)|2 123 (3) 1A () 2@ (2 (5)) s, d =2

/ Cln (s)]12[ AN (5)]2 [A(2 (5)) s, d=3

<€/ |AZY (s |d5+/|<1>,\ s))[2ds
A 2d

S d

e A ECIR

(J2a(s)]? being bounded by C; from (40)). The constants C,e > 0 do not
depend on N, X\. While C (related to (4), (6) respectively) is fixed, € is at
our choice and will be precised later.

Using the same estimates leading to (32), we get that

t
/0 (Ao (5), (2 (5)))d 5))[2ds

|ZN )zn(s)llds, d=2
+c/ 1A ()IIA (s)lds + ¢ Jo,

/ I ()Pds,  d=3

1_
O‘/ By (2 \ds—i—e/ AN (5)2ds + C.
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(from (40)). Here C; is a constant depending on €.
Then (42) reads

(1_a>/t|<1>x< N(s)[Pds < (z0) + ¢+ ag (“ . >

Mmyg
2
+ / \F(s)|2ds yds+/ 1@, (22 (s)) 2ds
1—«a 0
t
+26/0 \Azf{,(s)|2ds+cg+6(1_a>2/o |27 (s)]|?%ds, that is
t 4e t 2C t

d A 2 < A 2 / A 2d
[ e < o [ pa s s [l
(43) +Cs (11720071 |0l (0. )

Now we substitute relation (43) into (41).

myk 4oe
1A @2 + /|AzN )Pds < - /AzN )[2ds

2

e / 12 ()2 + Cs,

where Cy=Cs+ 5(1 a)3, C5=Cy+aC3. We want that e=1/2—4ae/(1—a) >
0, so, we take € € (0, (1 — «)/(8«)) . This yields

myg
2

t t
(44) 1AM+ / A (s)|2ds < O / 12 (s)[2ds + Cs.
0 0

Case d = 2: global boundedness results. From (44) we have, in partic-
ular, that |23 (¢)||? < C4t fg |22 (s)||*ds+Cs. By Gronwall’s lemma, we infer
that ||z (t)]|2 < Cse“ Jo 28 $)1ds and using that fot |22 (s)||>ds is bounded
by C1/myy from (40), we get

(45) lA ()7 < Cs exp[(CaCr) /muy] = Cs, ace. t € [0,T].
Substituting (45) into (44), we obtain

myg

t
1A+ / A (s)|2ds
0
(46) S C7(||FH%2(O,T;HB)7 ||20H27()0(20))7 a.e. te [OaT]
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Relation (46) implies fg | Az (s)|?ds < C7/e and, together with (45), trans-
forms (43) into

(47) / @A(2X () 2ds < Co(llF a0 gy 1702 0(20))s ae. t € 0,71,

Case d = 3: local boundedness results. From (44), we have, in partic-
ular, that

RO < [ I @Ids + s
Using a comparison result, we infer that |23 (¢)||? < W (t), where
{W’(t) = C,W3(1) Cs
The solution W exists on a maximal interval [0,7%),T* = 1/ (2C4C3).
Let T* = min{T,T*}.

- , that is W (t) =
W(0) = Cs

We get ||23(1)]|? < (120070%)2 t € [0,T*). Substituting into (44), we
obtain
, t t 3
m k|]zj){;(t)||2+6/ | Az (s))?ds < C’5+C'4/ 3 _ds, t€[0,T).
2 0 0 (1—204C2s)?
The term fo +ds is of the order of fo 7d =2 2

7204025)2 Y R
which blows up in t = T*. Consequently it is bounded on intervals of the
type [0,7* — 4], 6 € (0,T%).

Finally, for d = 3, we have

muk

BEX H2+e/ A2 (s) 2ds
(48) < CrIF oo rumyy I120l1% 9(20),6), ace. t € [0, — o).

Using the local boundedness of |23 (¢)||> and fot | Az (s)|2ds, the esti-
mate (43) reads
(49)
t

/0 @A ()2 < C(IF 220,71 I120]1% 0(20), ), e t € 0,77 — 3],
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If T° > T, the estimates (48), (49) hold true a.e t € [0, 7).

Estimates (40) and (46),(47) in the case d = 2, respectively (48), (49) in
the case d = 3, will allow us to pass to the limit for A N\, 0 (maintaining N
fixed). The positive bounded functions C1, C7, Cs are independent of A\, N.

3.3. Passing to the limit for A N\ 0. We recall that Proposition
3.4 implies

2y € WH(0,T; Hg) N L*>(0,T; D(A)) N C([0,T]; V).

Let Ty = T for d = 2 and Ty < T* for d = 3 (we may take Ty = T if
T > T). We have

(50) (z3)a is bounded in C([0, Tp]; Vz) N L2(0, Ty; D(A)),

(51) (Az3)x, (@x(2%))a are bounded in L2(0,Ty; Hp).
Because R € L(Hp, Hp), it follows that
(52) (Rzx ) is bounded in L>(0, Ty; Hp).
From (4), (6), (40), (46) and (48) we infer for d = 2 that
Bnan(s)] < Clan(s)|2 | 2h (s)[|| A2 ()]2 < Cl AN (s)]2,

Aoz (3)] < ClA)IE (1A ()IF + [AX(s)]F) < C(1 + AR (5)])

and for d = 3 that
Byan(s)] < Cllan ()2 Azy (s)]2 < ClAzN(s)]2,

Aoz ()] < C (1A ) + =N ()IE AN ()]F) < C1L+ A (5)]3)
The constants C' do not depend on N, \. Together with (51), we get
(53) (Bnza ), (Aoza )y are bounded in L2(0, Ty; Hp).

From (51), (52), (53) and equation (38), we have also

d A
(54) (E) is bounded in L2(0, Ty; Hp).
A



318 ADRIANA-IOANA LEFTER
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From (50) and (54) we infer that

(55) {27 A > 0} is relatively compact in C([0,Ty]; Hp).

These yield that, on a subsequence again denoted by (zf{,) », we have for
AN 0

(56) Z]){, — ZN in C([O,To];HB)

and the following weak convergences in L%(0, Ty; Hp):

L N
dt dt’
Bsz{, — By, and <I),\(z]){,) — 7N

Moreover, by Aubin’s compactness theorem,

(57) 2y — zy in L0, Tp; V).

Azf{, — Azp, sz{; — Rzn, .A(]Z?{[ — Aozn,

But @) (27) = ®(I+A®)"1(23) and (I+A®)~1(23) — 2y in L2(0, Ty; Hp).
® being maximal monotone, it follows that ny(t) € ®(zn (1)) a.e. t € [0, Tp).
We prove now that Sy (t) = Byzn(t) a.e. t € [0,Tp]. In the dimension

d =2, from (4), we obtain that, for any ¢ = (Zl> € Vg,
2

(Bnady(t) = Bnan (1), )] < [b(yn () — yn (1), ya (t), 1)
Hb(yn (), yn () = yn (1), ¥1)
¥2)

+|B(yN(t)a0])§7(t) _HN(t)7 2 ’

N

w(t
|+ Ib(yN( ) —yn(t), 05 (1), ¥2)]

<Gy [Wﬂ

1
+lyn(t)]2

() — un ()17 ([vd (@) — un (@2 - [y @)]1Z | Ay (1)]2

lun (OIF AN (®) = yn (1)1

Flal (I (8) = un @1 [yr () = yn (13103 (1) 1314103 (1)

Hyn @13 llyn IF10% (1) = On D131 A1 O (2) — On ()12 |
< Clulla (@) = 2 (013 - (1240 = v (1A @31 A (1))
Han(1F 2 (O AE ) - v ()]F) |
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Using (56), (40) and (46), we get that

|Bnzy (t) — Byan(t)
1
2

< 1AW — v O]} (AR D] +IAG D) — 2 (@)[F) 1 (0.7).
In the case d = 3, by (6), we obtain that

[(Bx2A(®) = Bran(®), )] < Gy [ loalllyh (1) — yw (8]

(I (&) = yw 12 Iyn ()13 1AgX (D12 + lyn Ol AWA ) — yn (1)]F)
el (I (8) = ORI 410X (1) + g (10X (£) — On (D)2
JALOX () = On()IF) | < CllA W) = v @11F (11220 = v @11 2n (012

JAEN O + X OG0 = v ()12 ) [¥], v = (Z) € Vi

-

hence, using also (48), we infer that

|Bnzy(t) — Bran(t)]
< Ol (0) = an (O)F (A (O + AR D) = 2n(@)]F) | t e (0.T).

So, in both cases d = 2, 3, we obtain

To

/OTO |Byzn(t) — Byzn (t)|2dt < C </0 122 (t) — ZN(t)Hth>%

([ (4o + 1A o - v o

Using (46), (48) and (57), we conclude
Bnzy — Byzy in L2(0,To; Hp).

Letting A tend to zero in (38), we obtain that zx satisfies problem (17).
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3.4. The uniqueness of the solution for the problem (17). We
intend to prove that the solution obtained by passing to the limit with A X\, 0

[
is unique. So, assume that z}, = (Zg) € ([0, To]; Hg) N L*(0, Ty; D(A)) N
L>®(0,Tp; Vg), | = 1,2 are two solutions for (17). Then (2} — 2%)(0) = 0
and

1d
5 o2 (®) = RO + vl (¢

) -
— (O (1) = 6% (D)eas yho (8) = w3, (1))
+(Byzi(t) = Bz (), 2 (1) — 22 (1))
+(Aozhy (1) — Aoz (1), 2 (1) — 2 (1))
+x () = (8), 2 (1) = 2R (1) =0,
() € D25 (1), 1=1,2.
We use the monotony of ® and the estimates
V(B (1) = 6% (8))ea, y (£) = 3 (D) < S1zhv(t) — RO
(B %®<%w0 U—%@N
< [y (£) = 3 (1) uk (8), u () — w3 (1)
+umyN<>-—yN<>,9N<>,9N<>-—0N<>>|s(by<6>>cznyh<w-—y%<wn
(k13 1 Ayk 13 ke (8) = R @] + 103 (01131 4104 (D] 104 (2) — 03 (0)])

< Cllzh () — @Ik (07| Ak (D12 |24 (1) — 2 (2)]
< TR (1) — (@)1 + CLAR B2 (8) — A D)
(the solution z§ € L>(0,Ty; VB));

|(Aozk (t) — Aozd (£), 2k () — 23 ()]

< [y (8) — 53 (1), ye i (8) — y3,(1))]

Hb(yh (1) — v (£), 0, O3 (£) — 63:(1))] < (by (6)) Callyk (B) — v ()l
(el 31 Age Bk () = w3 (8)] + 16113 | As0e |04y 1) — 6% (1))

< Cllk(t) — & @)ll12h () — (1) < 24

1 llan(®) = 24 @)1
+Clan(t) — 24 (1))

R (OI + kllOx (1) — 6% ()12
yx




27 STRONG SOLUTIONS FOR BOUSSINESQ EQUATIONS 321

and we get
ld , 2 2 1 2 2 _ Muk, 1 2 2
3l () =2+ mukllen (t) — 2n (O < = llan () — 2n ()]

+Clan () — 2R (O + [Azy (D)),

which implies

L1k~ R OF < 00+ AR DIh() - Z0)P
(25 — 2%)(0) = 0.

Then |z} (t) — 2% (t)]* < C’fg(l + ] Az ()25 (8) — 2% (s)|2ds and by Gron-
wall’s inequality,

\Z}V(t) - zJQV(t)IQ <0-exp (C/O (1+ ]Az}v(s)\)ds) =0, t €[0,Tp]

([0, Tp] bounded and Az} € L*(0,To; Hg) C LY(0,To; Hp)).
We infer that 2% (t) = 23:(¢), t € [0, Tp).

3.5. Proof of Theorem 2.1(the final part). We know that problem
(17)

e has a unique solution in C([0, Ty]; Hg)NL?(0, To; D(A))NL>(0, Ty; Vi),
obtained by letting A \ 0 in problem (38);

e has a solution in C([0,T]; V) N L*(0,T; D(A)) N W1(0,T; Hp)
(unique), given by Proposition 3.3.

Thus the two solutions must coincide and the resulting function has the
regularity properties given by Proposition 3.3. Moreover, the solution of
problem (17) satisfies a.e. on [0, Tp] the estimates

t
(58) N (O + Mo / 2 (s)|%ds < C,
0
ml/k‘ 2 t 2
(59) (]2 + e / sy (s)[2ds < Cs,
0
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(60) /0 o (s)[2ds < G,

ey
dt
To dZN
/0 < W(t)
(61) < Co(l F I 20,7:m15): 12011 0(20))-

The positive bounded functions C7, C7, Cs, Cy do not depend on N.
From (59), we infer that

nn(t) = F(t) — ( (t)+(A+R+ By + .Ao)zN(t)> € (zn(1)),

2

+ |[Byzn ()| + I.AozN(t)|2> dt

2C7
myg ’

It yields that, for N large enough, ||zn(t)|| < N, t € [0,Tp] and, by conse-
quence, Byzy = Bz in [0, Tp]. So, zy = z is a solution (defined on [0, Tp])
of the initial problem (16), preserving on [0, Tp] all regularity properties of
zn. The uniqueness comes from the uniqueness of the solution of problem
(17). O

lan ()] <

t e [0, To].

Remark 3.1. If ® is single valued, it is no longer necessary to use
approximate problem (38) because hypothesis (12) implies

(62) (Ah, ®(h)) > —ao(1 + ||A]|?) — a|®(h)|?, Vh € D(A) N D(®).

4. Proof of Theorem 2.2. The idea of the proof is to approximate
the initial data with sequences of functions satisfying the hypotheses of
Theorem 2.1 and then to pass to the limit.

Let (Zé)jem C D(A) N D(®) and (Fj)jen € WHL(0,T; Hp) such that
Z — 2 in Vg, Fj— Fin L*0,T;Hp).
According to Theorem 2.1, the problem

(63) dzét(t)+<f‘+3+ Ao+ R)zj(8)+®(2(t) 3 fi(t), ae. t € (0,T)

2(0) = 2]
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has an unique solution
zj € Wh™(0,To; Hg) N L*(0, To; D(A)) N C([0, To); Va),

where Top = T'if d = 2 and Ty < T in d = 3. Moreover, z; satisfy the
estimates,

t
zﬁW+mmAH%®W®SQt€M%L

t
TN + e [ 145 (0P < €. te 0.1

/Ot Ini(s)[?ds < C, t € [0, Tp],
where 7;(t) = F;(t) — (%(t) + (A+ R+ B+ Apy)z(t)) € (2(1)),
To
Il

The constants are independent of j.
Consequently,

2
de

s (t)

+|Bz(t)]* + \Aozj(t)F) dt < C.

(64) (z); is bounded in C([0,Ty]; Vi) N L*(0, Tp; D(A)),
which implies by R € L(Hp, Hp) that
(Rz;); is bounded in L>(0,Ty; Hp),

(Azj);, (Bzj)j, (Aozj)j, (n;); are bounded in LQ(O,TO;HB),

d .
(65) <£> is bounded in L*(0, Ty; Hp).
J

(64) and (65) imply that
{z;;j € IN} is relatively compact in C([0,Tp]; Hg).
Then, on a subsequence again denoted by (z]) j» we have for j — oo,

Zj — z in C([O,To];HB)
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and the following weak convergences in L?(0, Ty; Hp),

dz; d
% — d—j, Azj = Az, Rzj = Rz, Aozj — Aoz,

Bzj — 3 and n; — 1.

Moreover, by Aubin’s compactness theorem,
(66) zj — z in L*(0, Ty; V).

Using (66) and the maximal monotony of ®, we get n(t) € ®(z(¢)) a.e.
t. Proceeding in the same way as we did in Theorem 2.1 to prove that
BN (t) = Byzn(t), we deduce also that 3(t) = Bz(t) a.e. t € [0,Tp]. Passing
to the limit with 7 — oo, we prove the existence of the strong solution. In
order to prove the uniqueness of the solution, we proceed as in the proof of
Theorem 2.1, § 3.4. O

5. Feedback stabilization on closed convex sets. Let K be a
set verifying the conditions

(hk) K C Hp is closed and convex, 0 € K
and
(67) (I+XA)YK)C K, YA>0.

Let us consider the indicator function of the set K,

0, for he K

I H Hpg, Ix(h) =
i+ Hp = Hp, Ic(h) {+oo, for h ¢ K

and its subdifferential,

0, h¢ K
O0Ik(h) = ¢ {0}, h € int K
Ni(h)={z€ Hp;(z,h—h') >0, VW € K}, he 0K
(Nk (h) is the normal cone at K in h). The Yosida approximation of 0k

1S

1
(011)A(h) = 5 (h = Pich), VA >0, Vh € Hg,
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where Pg : Hp — K is the orthogonal projection operator on K.
Consider the controlled system

. %(t)—i—flz(t) 4 Ba(t) + Re(t) = Fu+ U(t), t>0
z(0) = 2o,
where z(t) = (ZS;), 20 = (gg) € Vg, F, € Hg. Let 2z, = <ze> € D(A)

be a steady state solution for (68), i.e. z. satisfies
(69) Aze + Bze + Rz. = Fb.

We look for a feedback controller U such that z(t) — z. € K, t > 0 and
limy o0 |2(t) — 2¢| = 0 exponentially.

Weset Z =2— 2z = Z_ Ze) Then (68) implies
dz
E(t) +AZ(t)+ BZ(t)+ Ao Z(t) + RZ(t) =U(t), t>0
Z(O) = 20 — %e,

where the operator Ay € L(Vp, V}) is defined by (13) for z. given by (69).
The following global stability result holds true in the bidimensional case,

Theorem 5.1. Let Q C IR? be an open, bounded set, with a smooth
boundary. Let F, € Hp and z. € D(A) verifying (69). Assume that K
satisfies the hypothesis (hi) and that zg — ze € D(A)N K. Then, for
o > 0 large enough, problem

70) d—i(t)Jr(AJrB + Ao +R)Z(t) + 0Ix(Z(t)) + o Z(t) 20, t >0

Z(0) = Zy = 20 — Ze,

has a unique strong solution Z€L?(0,T; D(A))NL>(0,T;Vg)NC([0,T); Hg),
with % € L?(0,T;Hg), for all T > 0. In addition, Z(t) € K, t > 0 and
there exists § = 0(a) > 0 such that limy_ | Z(t)|e?* = 0.

Remark 5.1. The above theorem says that there exists a feedback
controller U € L?(Ry; Hg), U = U(Z) = —0Z —n, n € 0l (Z) such that
az

(O +AZ() + BZ(t) + AZ(t) + RZ(t) = U(1), >0,
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Actually, from the quasi-m-accretivity of the operator A+ By + Ag + R +
Ol + ol we may deduce (using [1], Th. 1.6, p. 216) that the solution Z
of problem (70) is right differentiable, d*Z/dt is right continuous and the
feedback controller U(t) = —((A+B+Ag+R)Z(t)+0Ix(Z(t))+0Z(t))" +
AZ(t)+ BZ(t) + Ao Z(t) + RZ(t), vVt € (0,T).

Proof of Theorem 5.1. In order to prove the existence and invariance
part, we will apply Theorem 2.2. Let ® C Hp x Hpg, ® = 0lx. We know
that 0 € K = D(01x) = D(®). Moreover, relation (67) yields

(®A(W), AW) > 0, YW € D(A), YA >0

(see [4], Prop. 4.5, 1) < ii) p. 131). As a result, ® satisfies hypotheses
(h1) — (hs), Section 1. Moreover, I is bounded on the subsets of K N
D(A) which are bounded in Vg, because Ix = 0 on K and Vg C Hp with
continuous injection.

Let us fix 0 > /2 4+ C%||ze||*/(2myk). In the proof of Theorem 2.2, we
may replace the operator R by R+oc (where I : Hg — Hp is the identity),
because the only property of R that we actually use is its boundedness. We
also observe that hypothesis (hq, ) will be no longer needed.

By consequence, for all T'> 0, (70) has a unique solution

dz
Z € L*(0,T; D(A))NL>(0,T; Vg)NC([0,T); Hp), with = € L*(0,T; Hp),
satisfying the invariance property Z(t) € K, t > 0.
For the stabilization part, we apply the idea in [2]. Let us multiply
scalarly equation (70) by Z(t) and use (3), (5) and the fact that 0l is a
monotone operator, with 0 € 01k (0) (0 € K). Then

Ld

5 7t ZOF + vlly(®) = gell” + kl10(F) = 0c[* + 0|2 (1)

< _b(y(t) — Ye, Ye, y(t) - ye) - i)(y(t) — Ye, (9@, (9(75) - 06)

+7((0() = Oe)ea, y(t) —ye) < Co (!y(t) = Yel - 1y () —vellllel

1 1 1 1
() — yel 2 [y (t) —yel 210(t) —0c|2[|0(t) — Oe]|2 ||9e\|>

+21ZW0F < GlZONIZ@ =] + 3 120)P,



33 STRONG SOLUTIONS FOR BOUSSINESQ EQUATIONS 327

which yields

1d Myk C2|lzel*> v
3 31 ZOP+mal ZO40120P < "2+ (B 1 7) 1z0p,
We deduce

d Cellzell®

—Z®? < =2 — 2Pl T 1 Z())%, ae. t > 0.

1208 <=2 (o= B2 12002 e 120

Hence |Z(t)]? < e 202y — z.|%, a.e. t > 0, where, from the choice of o,

2 2
0 =0 — w — 3 is strictly positive. Consequently, there exists ¢ €

(0,61) such that lim;_.. |Z(t)|e’* = 0. O
5.1. Particular cases

5.1.1. Stability on finite dimensional sets. Let ej,es,... e, €
Hp, with » € IN*, be eigenfunctions for the operator A and let K =
linspan {e;; ¢ = 1,7} C Hpg. Then the property (hg) is satisfied. Con-
sequently, the stabilization Theorem 5.1 holds.

5.1.2. Stability on bounded sets in Vp. Let the set K C Hp
fulfill hypothesis (hx) and suppose in addition that K is bounded in Vp.
Applying repeatedly Theorem 2.2, it results that problem (70) admits even
in the tridimensional case a global strong solution, and we may write directly
the stability argument.

Remark 5.2. In order to give a stability result we need to prove the
global existence for the solution of the involved problem. But in the case
d = 3 the strong solution is in general only local. That is why we have to
start from an existence result for weak solutions, which will be considered
in a further paper.
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