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MATEMATICĂ, Tomul LV, 2009, f.2

STRONG SOLUTIONS FOR BOUSSINESQ EQUATIONS
WITH POTENTIALS*

BY

ADRIANA-IOANA LEFTER

Abstract. This paper deals with the Boussinesq system perturbed with a maximal
monotone operator, in a bounded domain, in 2D and 3D. Using the theory of quasi-
m-accretive operators, existence results for strong solutions are proved. A stabilization
theorem in 2D is also given.
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1. Introduction. Let T > 0 and Ω ⊂ IRd, d = 2, 3 be an open and
bounded domain, with a smooth boundary ∂Ω (of class C2 for instance).
Consider the Boussinesq system ([7])

(1)





∂y

∂t
−ν∆y + (y · ∇)y−γ(θ − θ0)ed+∇p = f0, in Q = Ω× (0, T ),

∂θ

∂t
− k∆θ + y · ∇θ = 0, in Q = Ω× (0, T ),

div y = 0, in Q,

y = 0, θ = 0, on Σ = ∂Ω× (0, T ),
y(·, 0) = y0, θ(·, 0) = θ0, in Ω,

where y = (y1, y2, . . . , yd) is the velocity field, the scalar functions p and
θ are the scalar pressure and the temperature of the fluid, the density of
external forces is f0 = (f01, f02, . . . , f0d). The constants ν, k > 0 denote
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the kinematic viscosity coefficient and the thermic diffusivity, respectively.
Also, γ = g/θ0 > 0, where g is the gravitational constant and θ0 > 0 is
a constant reference temperature, while ed = (0, . . . , 0, 1) is the dth unit
vector of IRd.

In this section the functional framework is described and the Boussi-
nesq equations are put in an abstract form. We state the main existence
and uniqueness results for strong solutions in Section 2. The first of these
theorems is proved in Section 3 and the other in Section 4. The last sec-
tion presents an application concerning the exponential stabilization of the
Boussinesq system (in the bidimensional case); the solution remains in a
closed convex set.

Denote the scalar products of L2(Ω) and (L2(Ω))d by (·, ·) and the cor-
responding norms by | · |. Denote by ‖ · ‖ = |∇ · | the norms of H1

0 (Ω) and
(H1

0 (Ω))d. Let us introduce the standard spaces (see e.g.[5, 9, 10])

H = {y ∈ (L2(Ω))d; div y = 0 in Ω, y · n∂Ω = 0 on ∂Ω},

V = {y ∈ (H1
0 (Ω))d; div y = 0 in Ω}.

Let HB = H × L2(Ω), VB = V ×H1
0 (Ω).

Clearly, H and HB are real Hilbert spaces endowed with L2-type norms
| · |, while V and VB are real Hilbert spaces endowed with H1

0 -type norms
‖ · ‖. Moreover, denoting by V ′ the dual space of V and identifying H with
its own dual, we have V ⊂ H ⊂ V ′ algebraically and topologically, with
compact injections. By consequence, if V ′

B is the dual space of VB and if we
identify HB with its own dual, we also have VB ⊂ HB ⊂ V ′

B algebraically
and topologically, with compact injections.

Denote by (·, ·) the scalar products of H and HB and the pairings be-
tween V and V ′ or between VB and V ′

B.

Let A ∈ L(V, V ′) -the space of linear continuous operators from V in
V ′, be defined as (Ay,w) =

∑d
i=1

∫
Ω∇yi · ∇widx, ∀y, w ∈ V .

We have (Ay, y) = ‖y‖2, ∀y ∈ V . We set D(A) = {y ∈ V ; Ay ∈ H} and
we denote again by A the restriction of A to H.

Let A1 ∈ L(H1
0 (Ω),H−1(Ω)), A1 = −∆. Then (A1θ, θ) = ‖θ‖2, ∀θ ∈

H1
0 (Ω). We set D(A1) = {θ ∈ H1

0 (Ω);A1θ ∈ L2(Ω)} and we denote again
by A1 the restriction of A1 to L2(Ω).
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Let A ∈ L(VB, V ′
B) be defined by

(2) Az =
(

νAy

kA1θ

)
, ∀ z =

(
y

θ

)
∈ VB.

Let D(A) = D(A)×D(A1). The operator A maps D(A) into HB. Denote
by mνk = min{ν, k}.

Let b : V × V × V → IR be the trilinear continuous functional defined
by

b(y, v, w) =
d∑

i,j=1

∫

Ω
yi

∂vj

∂xi
wjdx, ∀y, v, w ∈ V.

Denoting by ‖·‖s the norm of the Sobolev space (Hs(Ω))d, the functional
b satisfies (see e.g. [5, 9, 10])

(3) b(y, w, w) = 0, b(y, v, w) = −b(y, w, v), ∀y, v, w ∈ V,

(4) |b(y, v, w)| ≤ Cb|y|
1
2 ‖y‖ 1

2 ‖v‖ 1
2 |Av| 12 |w|, ∀y, w ∈ V, v ∈ D(A) (d = 2),

(5) |b(y, v, w)| ≤ Cb|y|
1
2 ‖y‖ 1

2 |v| 12 ‖v‖ 1
2 ‖w‖, ∀y, v, w ∈ V (for d = 2),

(6) |b(y, v, w)| ≤ Cb‖y‖‖v‖
1
2 |Av| 12 |w|, ∀y, w ∈ V, v ∈ D(A) (for d = 3),

(7) |b(y, v, w)| ≤ Cb‖y‖‖v‖3/2|w|, ∀y, w ∈ V, v ∈ D(A) (for d = 3),

Let b̄ : V ×H1
0 (Ω)×H1

0 (Ω) → IR be the trilinear continuous functional
defined by

b̄(y, θ, θ̃) =
d∑

i=1

∫

Ω
yi

∂θ

∂xi
θ̃dx, ∀ y ∈ V, ∀ θ, θ̃ ∈ H1

0 (Ω).

Remark 1.1. The functional b can be extended to V × (H1
0 (Ω))d ×

(H1
0 (Ω))d. Taking y ∈ V , θ, θ̃ ∈ H1

0 (Ω) and

ṽ =




θ
θ
...
θ


 , w̃ =




θ̃

θ̃
...
θ̃


 ∈ (H1

0 (Ω))d,

we deduce that b̄(y, θ, θ̃) = (1/d)b(y, ṽ, w̃) and thus b̄ will verify inequalities
analogous to (3) - (7).
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In the rest of the paper, we will denote by Cb the positive constants
arising in estimations of b or b̄ of the type (4) - (7). Other various positive
constants will be simply denoted by the symbol C.

Let B : VB → V ′
B be defined by

(8) (Bz, z̃) = b(y, y, ỹ) + b̄(y, θ, θ̃), ∀ z =
(

y

θ

)
, z̃ =

(
ỹ

θ̃

)
∈ VB.

Let us introduce R ∈ L(HB,HB) by

(9) Rz =
(

P (−γθed)
0

)
, ∀z =

(
y

θ

)
∈ HB

(P : (L2(Ω))d → H is the Leray projection). Using the notations (2), (8),
(9) and denoting also by

(10) f = P (f0 − γθ0ed), F =
(

f

0

)
, z0 =

(
y0

θ0

)
, and z =

(
y

θ

)
,

the equations (1) may be rewritten

(11)





dz

dt
(t) +Az(t) + Bz(t) +Rz(t) = F (t), t ∈ (0, T )

z(0) = z0.

We intend to obtain exponential stability results for the problem (11).
To this aim, we need existence results for slightly more complicated systems.

Let Φ ⊂ HB ×HB satisfy the following hypotheses,

(h1) Φ = ∂ϕ, where ϕ : HB → IR is a lower semicontinuous proper
convex function (hence Φ is a maximal monotone operator in
HB ×HB);

(h2) 0 ∈ D(Φ);
(h3) there exist two constants α0 ≥ 0, α ∈ (0, 1) such that

(12) (Ah,Φλ(h)) ≥ −α0(1 + ‖h‖2)− α|Φλ(h)|2, ∀λ > 0,∀h ∈ D(A),

where Φλ = 1
λ(I − (I + λΦ)−1) : HB → HB is the Yosida approximation of

Φ.
We consider the classical definition of the maximal monotone operator.

For h ∈ D(Φ), we will denote by |Φ(h)| = inf{|η|; η ∈ Φ(h)}.
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Let ze =
(

ye

θe

)
∈ D(A) be fixed and define the linear continuous opera-

tor

A0 : VB → V ′
B, (A0z, z̃) = b(y, ye, ỹ) + b(ye, y, ỹ)(13)

+b̄(y, θe, θ̃) + b̄(ye, θ, θ̃), ∀z =
(

y

θ

)
, z̃ =

(
ỹ

θ̃

)
∈ VB.

Hence A0 maps D(A) into HB.
Consider the perturbed Boussinesq problem

(14)





dz

dt
(t) + (A+ B +A0 +R)z(t) + Φ(z(t)) 3 F (t), t ∈ (0, T )

z(0) = z0

A nonlinear term Φ arises usually as a nonlinear feedback controller.
In the sequel the symbol ⇀ will be used to denote the convergence in

the weak topology, while the strong convergence will be indicated by →.

2. Existence results for strong solutions

Definition 2.1. Let z0 ∈ VB and F ∈ L2(0, T ; HB). By a strong
solution for the problem (14) we mean a function z ∈ L2(0, T ; D(A)) ∩
L∞(0, T ; VB) ∩ C([0, T ]; HB), satisfying dz

dt ∈ L2(0, T ;HB), for which there
exists a selection η ∈ L2(0, T ; HB), η(t) ∈ Φ(z(t)) a.e. t ∈ (0, T ), such that

(15)





dz

dt
(t) + (A+ B +A0 +R)z(t) + η(t) = F (t), a.e. t ∈ (0, T )

z(0) = z0.

Theorem 2.1. Let T > 0 and let Ω ⊂ IRd, d = 2, 3 be an open and
bounded domain, with a smooth boundary. Assume that Φ ⊂ HB × HB

satisfies the hypotheses (h1) − (h3). Let z0 ∈ D(A) ∩ D(Φ) and F ∈
W 1,1(0, T ; HB).

If d = 2, then there exists a unique z ∈ W 1,∞(0, T ;HB)∩L∞(0, T ; D(A))∩
C([0, T ];VB) such that

(16)





dz

dt
(t) + (A+ B +A0 +R)z(t) + Φ(z(t)) 3 F (t), a.e. t ∈ (0, T )

z(0) = z0.
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Moreover, z is right differentiable, d+

dt z is right continuous, and

d+

dt
z(t) + ((A+ B +A0 +R)z(t) + Φ(z(t))− F (t))0 = 0, ∀t ∈ [0, T ).

If d = 3, then the solution z exists on some interval [0, T0), where

T0 = T0(‖F‖2
L2(0,T ;HB), ‖z0‖2) ≤ T.

We have denoted by z → ((A+B+A0+R)z+Φ(z)−F (t))0 the minimal
section of the multivalued mapping z → (A+B +A0 +R)z +Φ(z)−F (t).

If we assume lower regularity on the initial data, we obtain the following
result:

Theorem 2.2. Let T > 0 and Ω ⊂ IRd, d = 2, 3 be an open and bounded
domain, with a smooth boundary. Assume that Φ ⊂ HB ×HB satisfies the
hypotheses (h1) − (h3) and that ϕ is bounded on the sets of D(A) ∩ D(Φ)
which are bounded in VB. Let z0 ∈ D(A) ∩D(Φ)

VB , F ∈ L2(0, T ; HB).
If d = 2, then there exists a unique z ∈ C([0, T ]; HB) ∩ L2(0, T ; D(A)) ∩
L∞(0, T ; VB) with dz

dt ∈ L2(0, T ; HB), Bz ∈ L2(0, T ; HB), solution of the
problem (16). In the dimension d = 3, the solution z exists on some interval
[0, T0), where

T0 = T0(‖F‖2
L2(0,T ;HB), ‖z0‖2) ≤ T.

Remark 2.1. Particularizing the proofs of Theorems 2.1, 2.2 we get
similar existence results for the simpler system





dz

dt
(t) +Az(t) + Bz(t) +Rz(t) + Φ(z(t)) 3 F (t), t ∈ (0, T )

z(0) = z0.

3. Proof of Theorem 2.1. The proof involves the theory of nonlinear
differential equations of accretive type in Banach spaces ([1, 3, 4, 8]). We
intend to obtain a quasi-m-accretive operator on the left hand side of the
Boussinesq equation and for that purpose we substitute the nonlinearity
B with a truncation BN , N ∈ IN∗ (Proposition 3.2). We may then state
existence and uniqueness results for the approximate problems (17), (38)
containing BN , Φ and BN ,Φλ, λ > 0 instead of B, Φ (Propositions 3.3, 3.4).

Our aim is to prove that for N large enough the solution of the truncated
problem involving BN ,Φ coincides with the solution of the initial problem.
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In order to do that, we need some estimates on the solution zN of problem
(17). As relation (12) does not extend in a suitable way to arbitrary ele-
ments of Φ(zN (t)), we are obliged to deduce the convenient estimates first
on problem (38) (the one involving Φλ). Passing to the limit with λ ↘ 0 in
(38), we return to the problem in BN ,Φ and conclude the proof.

3.1. Approximate problems. Existence and uniqueness. For
N ∈ IN∗, define the modified nonlinearity BN : VB → V ′

B,

BNy =





Bz, if ‖z‖ ≤ N(
N

‖z‖
)2

Bz, if ‖z‖ > N

and consider the approximate problem

(17)





dzN

dt
(t) + (A+BN+A0 +R)zN (t) + Φ(zN (t)) 3 F (t), t ∈ (0, T )

zN (0) = z0.

It may be shown ([6, 11]) that D(A+ BN +R) = {h ∈ VB; (A+ BN +
R)(h) ∈ HB} = D(A) and that

Proposition 3.1. For constants αN > 0 big enough, the operator A+
BN +R+ αNI is maximal monotone in HB ×HB.

Actually, the proof of Proposition 3.1 can be easily adapted to obtain the
maximal monotony in HB×HB of the operator ΥN = A+BN+A0+R+αNI
with domain D(ΥN ) = D(A) (for αN big enough).

We may assume, without loss of generality, that αN is fixed such that

(hαN )





in the case d = 2, αN > γ/2 + C2
b ‖ze‖2/(2mνk), where Cb is the

constant arising in (5);
in the case d = 3, αN > γ/2 + C2

b ‖ze‖2
3/2/(2mνk), where Cb is

the constant arising in (7).

Proposition 3.2 below is one of the main ingredients of the proof of
Theorem 2.1.

Proposition 3.2. Let N ∈ IN∗ be fixed. Let Φ ⊂ HB×HB be a maximal
monotone operator satisfying the hypotheses (h2), (h3).
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Define the operator ΛN : D(ΛN ) → HB, ΛN = A+BN+A0+R+Φ+αNI
(with αN > 0 given by Proposition 3.1 and (hαN )), where D(ΛN ) = {h ∈
HB; ∅ 6= ΛN (h) ⊂ HB}. Then D(ΛN ) = D(A)∩D(Φ) and ΛN is maximal
monotone in HB ×HB.

Moreover, there exists a constant C̄N > 0 such that

|Ah| ≤ C̄N (1 + |h|2 + |(A+ BN +A0 +R)h + Φλ(h)|2) 3
2 ,

∀h ∈ D(A), ∀λ > 0,(18)

|Ah| ≤ C̄N (1 + |h|2 + |(A+ BN +A0 +R)h + η|2) 3
2 ,(19)

∀h ∈ D(A) ∩D(Φ), ∀η ∈ Φ(h).

Proof. For αN > 0 given as in the hypothesis, the operator ΥN carries
D(A) into HB and it is (maximal) monotone in HB ×HB. Then D(A) ∩
D(Φ) ⊂ D(ΛN ) and ΛN is the sum of two monotone operators and by
consequence is monotone. So, in order to obtain the maximal monotony of
ΛN , it remains to prove that R(I + ΛN ) = HB.

Let g ∈ HB and λ > 0 be fixed. We approximate the equation

(20) ζ +Aζ +BNζ +A0ζ +Rζ +Φ(ζ)+αNζ 3 g, where ζ =
(

w

ξ

)
∈ HB,

by the equation

(21) ζλ +Aζλ + BNζλ +A0ζλ +Rζλ + Φλ(ζλ) + αNζλ = g,

that is

(22) ζλ + ΥNζλ + Φλ(ζλ) = g,

where Φλ is the Yosida approximation of Φ. It is known that Φλ is demi-
continuous monotone and thus its sum with the maximal monotone oper-
ator ΥN is maximal monotone. This implies the existence of a solution

ζλ =
(

wλ

ξλ

)
∈ D(A) ∩D(Φλ) for equation (21). The uniqueness follows by

monotony arguments.
Let µN = αN + 1; then equation (21) reads

(23) Aζλ + BNζλ +A0ζλ +Rζλ + Φλ(ζλ) + µNζλ = g, λ > 0.
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We first multiply equation (23) in HB by ζλ, and using (3), we get that

ν‖wλ‖2 + k‖ξλ‖2 + (A0ζλ, ζλ)− γ(ξλed, wλ)
+(Φλ(ζλ), ζλ) + µN |ζλ|2 = (g, ζλ).(24)

But Φλ is monotone, with 0 ∈ D(Φλ) = HB, which yields

−(Φλ(ζλ), ζλ) ≤ −(Φλ(0), ζλ) ≤ 1/2(|Φ(0)|2 + |ζλ|2).
Also, γ(ξλed, wλ) ≤ γ|ξλ||wλ| ≤ γ/2|ζλ|2 and, from (3), (5) and (7),

−(A0ζλ, ζλ) = −b(wλ, ye, wλ)− b̄(wλ, θe, ξλ)

≤
{

Cb

(
‖wλ‖|wλ|‖ye‖+ |wλ|

1
2 ‖wλ‖

1
2 |ξλ|

1
2 ‖ξλ‖

1
2 ‖θe‖

)
, d = 2

Cb(‖wλ‖‖ye‖3/2|wλ|+ ‖wλ‖‖θe‖3/2|ξλ|), d = 3

≤ Cb|ζλ|‖ze‖a‖ζλ‖, where a =

{
1, d = 2
3/2, d = 3.

Equation (24) implies

mνk‖ζλ‖2 + µN |ζλ|2 ≤ 1
2
|g|2 +

1
2
|Φ(0)|2 + |ζλ|2

+
γ

2
|ζλ|2 + Cb|ζλ|‖ze‖a‖ζλ‖

≤ 1
2
|g|2 +

1
2
|Φ(0)|2 +

(
1 +

γ

2
+

C2
b ‖ze‖2

a

2mνk

)
|ζλ|2 +

mνk

2
‖ζλ‖2.

Hence, knowing that µN = αN + 1 and using hypothesis (hαN ), we get

(25) |ζλ|2, ‖ζλ‖2 ≤ C(1 + |g|2), ∀λ > 0.

Here and thereafter the constant C > 0 does not depend on λ or |g|.
Next, equation (23) is multiplied in HB by Aζλ, which yields

(26) |Aζλ|2 + (BNζλ,Aζλ) + (A0ζλ,Aζλ)− (γξλed, νAwλ)

+(Φλ(ζλ),Aζλ) + µN (ν‖wλ‖2 + k‖ξλ‖2) = (g,Aζλ).

But, if d = 2, by (4) and Young’s inequality, we obtain

|(BNζλ,Aζλ)| ≤ |νb(wλ, wλ, Awλ)|+ |kb̄(wλ, ξλ, A1ξλ)|
≤ Cb

(
ν|wλ|

1
2 ‖wλ‖|Awλ|

3
2 + k|wλ|

1
2 ‖wλ‖

1
2 ‖ξλ‖

1
2 |A1ξλ|

3
2

)

≤ C|ζλ|
1
2 ‖ζλ‖|Aζλ|

3
2 ≤ 1

12
|Aζλ|2 + C|ζλ|2‖ζλ‖4.
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If d = 3, by (6) and Young’s inequality, we get

|(BNζλ,Aζλ)| ≤ |νb(wλ, wλ, Awλ)|+ |kb̄(wλ, ξλ, A1ξλ)|
≤ Cb

(
ν‖wλ‖

3
2 |Awλ|

3
2 + k‖wλ‖‖ξλ‖

1
2 |A1ξλ|

3
2

)

≤ C‖ζλ‖
3
2 |Aζλ|

3
2 ≤ 1

12
|Aζλ|2 + C‖ζλ‖6.

Consequently, in both cases d = 2, 3, by (25), we have that

(27) |(BNζλ,Aζλ)| ≤ 1
12
|Aζλ|2 + C(1 + |g|2)3.

From (4), we also infer for d = 2 that

|(A0ζλ,Aζλ)| ≤ |νb(wλ, ye, Awλ)|+ |νb(ye, wλ, Awλ)|
+|kb̄(wλ, θe, A1ξλ)|+ |kb̄(ye, ξλ, A1ξλ)|

≤ Cb

[
ν‖wλ‖

1
2 |Awλ|‖ye‖

1
2

(
|wλ|

1
2 |Aye|

1
2 + |ye|

1
2 |Awλ|

1
2

)

+k|A1ξλ|
(
|wλ|

1
2 ‖wλ‖

1
2 ‖θe‖

1
2 |A1θe|

1
2

+|ye|
1
2 ‖ye‖

1
2 ‖ξλ‖

1
2 |A1ξλ|

1
2

)]

≤ C
(
|ζλ|

1
2 ‖ζλ‖

1
2 |Aζλ|+ ‖ζλ‖

1
2 |Aζλ|

3
2

)

≤ 1
12
|Aζλ|2 + C(|ζλ|‖ζλ‖+ ‖ζλ‖2).

For d = 3, by (6), we have that

|(A0ζλ,Aζλ)| ≤ Cb

[
ν‖wλ‖

1
2 |Awλ|‖ye‖

1
2

(
‖wλ‖

1
2 |Aye|

1
2 + ‖ye‖

1
2 |Awλ|

1
2

)

+k|A1ξλ|
(
‖wλ‖‖θe‖

1
2 |A1θe|

1
2 + ‖ye‖‖ξλ‖

1
2 |A1ξλ|

1
2

)]

≤ C
(
‖ζλ‖|Aζλ|+ ‖ζλ‖

1
2 |Aζλ|

3
2

)
≤ 1

12
|Aζλ|2 + C‖ζλ‖2

Hence, in both cases d = 2, 3, by (25), we obtain that

(28) |(A0ζλ,Aζλ)| ≤ 1
12
|Aζλ|2 + C(1 + |g|2).
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Using (γξλed, νAwλ) ≤ 3γ2/2|ζλ|2+1/6|Aζλ|2, (27), (28) and hypothesis
(12), equation (26) implies

|Aζλ|2 − C(1 + |g|2)3 − C(1 + |g|2)− 3γ2

2
|ζλ|2 − 1

3
|Aζλ|2

−α0(1 + ‖ζλ‖2)− α|Φλ(ζλ)|2 + µNmνk‖ζλ‖2 ≤ 3
2
|g|2 +

1
6
|Aζλ|2.

If µNmνk ≥ α0, we ignore the term (µNmνk−α0)‖ζλ‖2 ≥ 0; if µNmνk < α0,
we pass this term in the right hand side of the inequality. Anyway, by (25),
the above relation yields

(29)
1
2
|Aζλ|2 ≤ α|Φλ(ζλ)|2 + C(1 + |g|2)3, ∀λ > 0.

Finally, we multiply equation (23) in HB by Φλ(ζλ) and obtain

(Aζλ, Φλ(ζλ)) + (BNζλ, Φλ(ζλ)) + (A0ζλ, Φλ(ζλ)) + (Rζλ,Φλ(ζλ))
+|Φλ(ζλ)|2 + µN (ζλ, Φλ(ζλ)) = (g,Φλ(ζλ)).(30)

As shown before,

µN (ζλ,Φλ(ζλ)) ≥ −µN

2
(|Φ(0)|2 + |ζλ|2).

If we denote the components of Φλ(ζλ)) ∈ HB = H ×L2(Ω) by [Φλ(ζλ)]1 ∈
H, [Φλ(ζλ)]2 ∈ L2(Ω), we get

−(Rζλ, Φλ(ζλ)) = (γξλed, [Φλ(ζλ)]1) ≤ 2γ2

1− α
|ζλ|2 +

1− α

8
|Φλ(ζλ)|2.

Then,

|(BNζλ, Φλ(ζλ))| ≤ |b(wλ, wλ, [Φλ(ζλ)]1)|+ |b̄(wλ, ξλ, [Φλ(ζλ)]2)|.

In the case d = 2, using (4), the right hand side terms are bounded by

C
(
|wλ|

1
2 ‖wλ‖|Awλ|

1
2 |[Φλ(ζλ)]1|+ |wλ|

1
2 ‖wλ‖

1
2 ‖ξλ‖

1
2 |A1ξλ|

1
2 |[Φλ(ζλ)]2|

)

≤ C|ζλ|
1
2 ‖ζλ‖|Aζλ|

1
2 |Φλ(ζλ)|.
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In the dimension d = 3, using (6), the same expression is bounded by

C
(
‖wλ‖

3
2 |Awλ|

1
2 |[Φλ(ζλ)]1|+ ‖wλ‖‖ξλ‖

1
2 |A1ξλ|

1
2 |[Φλ(ζλ)]2|

)

≤ C‖ζλ‖
3
2 |Aζλ|

1
2 |Φλ(ζλ)|.

Hence, in both cases d = 2, 3, by (25), we have that

(31) |(BNζλ, Φλ(ζλ))| ≤ 1− α

8
|Φλ(ζλ)|2 + C(1 + |g|2) 3

2 |Aζλ|.
Proceeding in the same way, we infer that for d = 2

|(A0ζλ,Φλ(ζλ))| ≤ |b(wλ, ye, [Φλ(ζλ)]1)|+ |b(ye, wλ, [Φλ(ζλ))]1)|
+|b̄(wλ, θe, [Φλ(ζλ)]2)|+ |b̄(ye, ξλ, [Φλ(ζλ)]2)|
≤ Cb

[
‖wλ‖

1
2 |[Φλ(ζλ)]1|‖ye‖

1
2

(
|wλ|

1
2 |Aye|

1
2 + |ye|

1
2 |Awλ|

1
2

)

+|[Φλ(ζλ)]2|
(
|wλ|

1
2 ‖wλ‖

1
2 ‖θe‖

1
2 |A1θe|

1
2

+|ye|
1
2 ‖ye‖

1
2 ‖ξλ‖

1
2 |A1ξλ|

1
2

)]
≤ C|Φλ(ζλ)|‖ζλ‖

1
2

(
|ζλ|

1
2 + |Aζλ|

1
2

)

≤ 1− α

8
|Φλ(ζλ)|2 + C‖ζλ‖(|ζλ|+ |Aζλ|).

For d = 3 we have

|(A0ζλ,Φλ(ζλ))| ≤ Cb

[
‖wλ‖

1
2 |[Φλ(ζλ)]1|‖ye‖

1
2

(
‖wλ‖

1
2 |Aye|

1
2

+‖ye‖
1
2 |Awλ|

1
2

)
+ |[Φλ(ζλ)]2|

(
‖wλ‖‖θe‖

1
2 |A1θe|

1
2

+‖ye‖‖ξλ‖
1
2 |A1ξλ|

1
2

)]
≤ C|Φλ(ζλ)|‖ζλ‖

1
2

(
‖ζλ‖

1
2 + |Aζλ|

1
2

)

≤ 1− α

8
|Φλ(ζλ)|2 + C(‖ζλ‖2 + ‖ζλ‖|Aζλ|).

Hence, in both cases d = 2, 3, by (25), we obtain that

(32) |(A0ζλ, Φλ(ζλ)| ≤ 1− α

8
|Φλ(ζλ)|2 + C(1 + |g|2) + C(1 + |g|2)1/2|Aζλ|.

Together with (12), (31), (32), equation (30) implies

−α0(1 + ‖ζλ‖2)− α|Φλ(ζλ)|2 − 1− α

4
|Φλ(ζλ)|2 − C(1 + |g|2) 3

2 |Aζλ|

−C(1 + |g|2)− C(1 + |g|2)1/2|Aζλ|+ |Φλ(ζλ)|2 − µN

2
(|Φ(0)|2 + |ζλ|2)

≤ 2
1− α

|g|2 +
2γ2

1− α
|ζλ|2 +

1− α

4
|Φλ(ζλ)|2.



13 STRONG SOLUTIONS FOR BOUSSINESQ EQUATIONS 307

By (25), it follows

(33) |Φλ(ζλ)|2 ≤ C(1 + |g|2) 3
2 |Aζλ|+ C(1 + |g|2), ∀λ > 0.

Substituting (33) into (29), we obtain

1
2
|Aζλ|2 ≤ C(1 + |g|2) 3

2 |Aζλ|+ C(1 + |g|2)3,

which implies

(34) |Aζλ| ≤ C(1 + |g|2) 3
2

and

(35) |Φλ(ζλ)|2 ≤ C(1 + |g|2)3.
From the boundedness in HB of the sequences (ζλ)λ>0, (Φλ(ζλ))λ>0,

(gλ)λ>0, where gλ = g− ζλ−Φλ(ζλ) = ΥNζλ, it follows that, on a sequence
λj ↘ 0, we have the weak convergences in HB,

ζλj ⇀ ζ, Φλj (ζλj ) ⇀ g1, gλj = ΥNζλj ⇀ g2.

Because, by (25), (ζλj
) is bounded in VB, we get that ζλj

→ ζ in HB.
Passing to the weak limit in the equality g − ζλj − Φλj (ζλj ) = gλj , we

obtain g = ζ + g1 + g2. If we would prove that g2 = ΥNζ, g1 ∈ Φ(ζ), it will
follow that g ∈ ζ + ΥNζ + Φ(ζ), as claimed.

We multiply by ζλ− ζµ the difference of equation (22) written for λ > 0
and the same equation written for µ > 0. We find

(36) (Φλ(ζλ)−Φµ(ζµ), ζλ − ζµ) + ((ΥN + I)ζλ − (ΥN + I)ζµ, ζλ − ζµ) = 0.

Since ΥN + I is the sum of two monotone operators and by consequence
monotone, we get (Φλ(ζλ) − Φµ(ζµ), ζλ − ζµ) ≤ 0, ∀λ, µ > 0. From the
maximal monotonicity of Φ it follows that (ζ, g1) ∈ Φ and limλ,µ↘0(Φλ(ζλ)−
Φµ(ζµ), ζλ − ζµ) = 0 (see [1], Prop. 1.3 iv), p. 49).

Relation (36) implies that

lim
λ,µ↘0

((ΥN + I)ζλ − (ΥN + I)ζµ, ζλ − ζµ) = 0.

Using also ζλj → ζ, ΥNζλj ⇀ g2 and the fact that ΥN + I is maximal
monotone (ΥN maximal monotone), it follows (see [1], Lemma 1.3, p. 49)
that (ζ, ζ + g2) ∈ ΥN + I and thus ΥNζ = g2.
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From (ζ, g1) ∈ Φ and ΥNζ = g2 we also get ζ ∈ D(ΥN ) ∩ D(Φ) =
D(A) ∩D(Φ). Consequently, D(ΛN ) = D(A) ∩D(Φ).

Let us prove now (18), (19).
For the first one, we consider λ > 0 fixed, h ∈ D(A) and let gλ = Ah+

+BNh +A0h +Rh + Φλ(h) + µNh. In the same way as we obtained (34),
we get |Ah| ≤ C(1 + |gλ|2)

3
2 . Hence

|Ah| 23 ≤ C(1 + |gλ|2) = C(1 + |(A+ BN +A0 +R)h + Φλ(h) + µNh|2)
≤ C(1 + 2µ2

N |h|2 + 2|(A+ BN +A0 +R)h + Φλ(h)|2).

Thus (18) holds true.
In order to prove the second relation, we take h ∈ D(A) ∩ D(Φ) and

η ∈ Φ(h). Let g = (A + BN + A0 + R)h + η + µNh. For this g we may
construct as in the first part of the proof a sequence (hλ)λ>0 ⊂ HB such
that

(A+ BN +A0 +R)hλ + Φλ(hλ) + µNhλ = g, ∀λ > 0.

Moreover, hλ → h, Ahλ ⇀ Ah in HB because ΛN is maximal monotone.
Passing to the limit with λ ↘ 0 in (34) written for (hλ)λ>0, we obtain

|Ah| ≤ C(1 + |g|2) 3
2 , hence

|Ah| 23 ≤ C(1 + |g|2) = C(1 + |(A+ BN +A0 +R)h + η + µNh|2)
≤ C(1 + 2µ2

N |h|2 + 2|(A+ BN +A0 +R)h + η|2),

which proves relation (19). This concludes the proof of Proposition 3.2. ¤

Proposition 3.3. Let us assume that Φ ⊂ HB × HB satisfies the hy-
potheses in Proposition 3.2. Let F ∈ W 1,1(0, T ; HB), z0 ∈ D(A) ∩ D(Φ).
Then there exists a unique strong solution

zN ∈ W 1,∞(0, T ; HB) ∩ L∞(0, T ; D(A)) ∩ C([0, T ];VB)

of the problem (17). Moreover, zN is right differentiable, d+

dt zN is right
continuous and

d+

dt
zN (t) + ((A+ BN +A0 +R)zN (t) + Φ(zN (t))− F (t))0 = 0,

∀t ∈ [0, T ).(37)
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Proof. From Proposition 3.2 and [1], Th. 1.4, Th. 1.6, p. 214-216,
it follows that problem (17) has a unique solution zN ∈ W 1,∞(0, T ; HB)
satisfying relation (37). In order to prove that zN ∈ L∞(0, T ; D(A)) ∩
C([0, T ];VB), let ηN (t) ∈ Φ(zN (t)) be such that

dzN

dt
(t) + (A+ BN +A0 +R)zN (t) + ηN (t) = F (t).

We know that F − dzN
dt ∈ L∞(0, T ;HB), so (A + BN + A0 + R)zN +

ηN ∈ L∞(0, T ; HB). Applying (19) for zN (t) and ηN (t) ∈ Φ(zN (t)), we get
AzN ∈ L∞(0, T ;HB), which implies zN ∈ L∞(0, T ; D(A)). Together with
dzN
dt ∈ L∞(0, T ;HB) we infer that zN ∈ C([0, T ]; VB). ¤

We get a similar result if we use the Yosida approximation Φλ instead
of Φ:

Proposition 3.4. Let N ∈ IN∗ be fixed. Assume that Φ ⊂ HB × HB

is a maximal monotone operator satisfying hypotheses (h2), (h3). Let z0 ∈
D(A) ∩ D(Φ) and F ∈ W 1,1(0, T ; HB). Then for all λ > 0 there exists a
unique strong solution

zλ
N ∈ W 1,∞(0, T ;HB) ∩ L∞(0, T ; D(A)) ∩ C([0, T ]; VB)

for the problem

(38)





dzλ
N

dt
(t) +Azλ

N (t) + BNzλ
N (t) +A0z

λ
N (t) +Rzλ

N (t)

+Φλ(zλ
N (t)) = F (t), a.e. t ∈ (0, T )

zλ
N (0) = z0.

Moreover, zλ
N is right differentiable, d+

dt zλ
N (t) is right continuous and

(39)
d+

dt
zλ
N (t) +Azλ

N (t) + BNzλ
N (t) +A0z

λ
N (t) +Rzλ

N (t)

+Φλ(zλ
N (t)) = F (t), ∀t ∈ [0, T ).

Proof. The operator ΥN = A+BN +A0 +R+αNI is maximal mono-
tone (for αN given by Proposition 3.1) and Φλ is demicontinuous mono-
tone, so ([1, 4]) ΥN + Φλ is maximal monotone in HB × HB. Then, (38)
has a unique solution zλ

N ∈ W 1,∞(0, T ; HB) verifying relation (39). Con-

sequently (A + BN + A0 + R)zλ
N + Φλ(zλ

N ) = F − dzλ
N

dt ∈ L∞(0, T ; HB).
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Applying (18) for zλ
N (t) ∈ D(A), we get Azλ

N ∈ L∞(0, T ; HB), which im-

plies zλ
N ∈ L∞(0, T ; D(A)). Together with dzλ

N
dt ∈ L∞(0, T ; HB), we obtain

zλ
N ∈ C([0, T ]; VB). ¤

3.2. Estimates for the solution of problem (38). By Proposition
3.3, problem (17) has a unique strong solution

zN ∈ W 1,∞(0, T ;HB) ∩ L∞(0, T ; D(A)) ∩ C([0, T ]; VB).

However, in order to get better estimates we shall further approximate
problem (17) by problem (38), which also has a unique strong solution in
the spaces above (by Proposition 3.4).

First, we multiply (38) by zλ
N (t) =

(
yλ

N (t)
θλ
N (t)

)
in HB and integrate on

(0, t). Using (3), we get
∫ t

0

d

ds

(
1
2
|zλ

N (s)|2
)

ds +
∫ t

0
(Azλ

N (s), zλ
N (s))ds +

∫ t

0
(A0z

λ
N (s), zλ

N (s))ds

+
∫ t

0
(Rzλ

N (s), zλ
N (s))ds +

∫ t

0
(Φλ(zλ

N (s)), zλ
N (s))ds =

∫ t

0
(F (s), zλ

N (s))ds.

But

(Azλ
N (s), zλ

N (s)) = ν‖yλ
N (s)‖2 + k‖θλ

N (s)‖2 ≥ mνk‖zλ
N (s)‖2;

−(Rzλ
N (s), zλ

N (s)) ≤ γ|θλ
N (s)||yλ

N (s)| ≤ (γ/2)|zλ
N (s)|2

and, proceeding as in the proof of Proposition 3.2,

−(A0z
λ
N (s), zλ

N (s)) ≤ |b(yλ
N (s), ye, y

λ
N (s))|+ |b̄(yλ

N (s), θe, θ
λ
N (s))|

≤ Cb|zλ
N (s)|‖ze‖a‖zλ

N (s)‖, where a =

{
1, d = 2
3/2, d = 3.

Also, from the monotony of Φλ, (Φλ(zλ
N (s)), zλ

N (s)) ≥ (Φλ(0), zλ
N (s)). So,

1
2
|zλ

N (t)|2 + mνk

∫ t

0
‖zλ

N (s)‖2ds ≤ 1
2
|z0|2 +

γ

2

∫ t

0
|zλ

N (s)|2ds

+
∫ t

0
Cb|zλ

N (s)|‖ze‖a‖zλ
N (s)‖ds−

∫ t

0
(Φλ(0), zλ

N (s))ds
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+
∫ t

0
(F (s), zλ

N (s))ds ≤ 1
2
|z0|2 +

mνk

2
‖zλ

N (s)‖2ds

+
(

γ

2
+

C2
b ‖ze‖2

a

2mνk
+ 1

)∫ t

0
|zλ

N (s)|2ds +
1
2

∫ t

0
(|Φ(0)|2 + |F (s)|2)ds.

In particular, it follows that

|zλ
N (t)|2 ≤ |z0|2 +

∫ T

0
(|Φ(0)|2 + |F (s)|2)ds + C

∫ t

0
|zλ

N (s)|2ds

and by Gronwall’s inequality

|zλ
N (t)|2 ≤

(
|z0|2 +

∫ T

0
(|Φ(0)|2 + |F (s)|2)ds

)
eCt.

Finally, we infer

|zλ
N (t)|2 + mνk

∫ t

0
‖zλ

N (s)‖2ds ≤ eCt

[
|z0|2 +

∫ T

0
(|Φ(0)|2 + |F (s)|2)ds

]
,

and thus

(40) |zλ
N (t)|2 + mνk

∫ t

0
‖zλ

N (s)‖2ds ≤ C1(‖F‖2
L2(0,T ;HB), |z0|2),

where C1 is a positive bounded function depending on ‖F‖2
L2(0,T ;HB) ,|z0|2,

but independent of N, λ.

Next we multiply (38) in HB with Azλ
N (t) and integrate on (0, t),

∫ t

0

d

ds

(
ν

2
‖yλ

N (s)‖2 +
k

2
‖θλ

N (s)‖2

)
ds +

∫ t

0
|Azλ

N (s)|2ds

+
∫ t

0
((BN +A0)zλ

N (s),Azλ
N (s))ds +

∫ t

0
(Rzλ

N (s),Azλ
N (s))ds

+
∫ t

0
(Φλ(zλ

N (s)),Azλ
N (s))ds =

∫ t

0
(F (s),Azλ

N (s))ds.

Recalling (9) and (12), this yields

mνk

2
‖zλ

N (t)‖2 +
∫ t

0
|Azλ

N (s)|2ds− α0

∫ t

0
(1 + ‖zλ

N (s)‖2)ds

−α

∫ t

0
|Φλ(zλ

N (s))|2ds ≤ mνk

2
‖z0‖2 + γ

∫ t

0

(
νAyλ

N (s), θλ
N (s)ed

)
ds

−
∫ t

0
((BN +A0)zλ

N (s),Azλ
N (s))ds +

∫ t

0
(F (s),Azλ

N (s))ds.
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But

γ

∫ t

0

(
νAyλ

N (s), θλ
N (s)ed

)
ds ≤ 1

6

∫ t

0
|Azλ

N (s)|2ds +
3γ2

2

∫ t

0
|zλ

N (s)|2ds.

Moreover, using the same estimates leading to (27), we obtain in the case
d = 2 that
∣∣∣∣
∫ t

0
(BNzλ

N (s),Azλ
N (s))ds

∣∣∣∣ ≤
1
12

∫ t

0
|Azλ

N (s)|2ds+C

∫ t

0
|zλ

N (s)|2‖zλ
N (s)‖4ds

≤ 1
12

∫ t

0
|Azλ

N (s)|2ds + C

∫ t

0
‖zλ

N (s)‖4ds (|zλ
N (s)| is bounded from (40)).

In the case d = 3, we have
∣∣∣∣
∫ t

0
(BNzλ

N (s),Azλ
N (s))ds

∣∣∣∣ ≤
1
12

∫ t

0
|Azλ

N (s)|2ds + C

∫ t

0
‖zλ

N (s)‖6ds.

In both cases the constant C is independent of N,λ.
Using the same estimates leading to inequality (28), we obtain in the

case d = 2 that
∣∣∣∣
∫ t

0
(A0z

λ
N (s),Azλ

N (s))ds

∣∣∣∣ ≤
1
12

∫ t

0
|Azλ

N (s)|2ds + C

(∫ t

0
|zλ

N (s)|‖zλ
N (s)‖ds

+
∫ t

0
‖zλ

N (s)‖2ds

)
≤ 1

12

∫ t

0
|Azλ

N (s)|2ds + C (from (40)).

In the case d = 3, we have
∣∣∣∣
∫ t

0
(A0z

λ
N (s),Azλ

N (s))ds

∣∣∣∣ ≤ 1
12

∫ t

0
|Azλ

N (s)|2ds + C

∫ t

0
‖zλ

N (s)‖2ds

≤ 1
12

∫ t

0
|Azλ

N (s)|2ds + C (from (40)).

We get

mνk

2
‖zλ

N (t)‖2 +
∫ t

0
|Azλ

N (s)|2ds ≤ mνk

2
‖z0‖2 +

1
2

∫ t

0
|Azλ

N (s)|2ds

+
3γ2

2

∫ t

0
|zλ

N (s)|2ds +
3
2

∫ t

0
|F (s)|2ds + C

∫ t

0
‖zλ

N (s)‖2dds
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+α0

(
t +

∫ t

0
‖zλ

N (s)‖2ds

)
+ α

∫ t

0
|Φλ(zλ

N (s))|2ds + C.

Using also (40), it follows that

(41)
mνk

2
‖zλ

N (t)‖2 +
1
2

∫ t

0
|Azλ

N (s)|2ds ≤ α

∫ t

0
|Φλ(zλ

N (s))|2ds

+C2

∫ t

0
‖zλ

N (s)‖2dds + C̃2,

where C̃2, C2 are positive bounded functions of ‖F‖2
L2(0,T ;HB), |z0|2, ‖z0‖2,

but independent of N, λ.

Finally, we multiply (38) in HB with Φλ(zλ
N (t)) and integrate on (0, t).

We recall that Φ = ∂ϕ and that the Yosida approximation Φλ is the Fréchet
differential ∇ϕλ of ϕλ, where

ϕλ(u) = inf
{ |u− v|2

2λ
+ ϕ(v); v ∈ HB

}
, ∀u ∈ HB

is the regularization of ϕ. So,
∫ t

0

(
d

ds
zλ
N (s), (∇ϕλ)(zλ

N (s))
)

ds +
∫ t

0
(Azλ

N (s), Φλ(zλ
N (s)))ds

+
∫ t

0
(BNzλ

N (s),Φλ(zλ
N (s)))ds +

∫ t

0
(A0z

λ
N (s),Φλ(zλ

N (s)))ds

+
∫ t

0
(Rzλ

N (s), Φλ(zλ
N (s)))ds +

∫ t

0
|Φλ(zλ

N (s))|2ds =
∫ t

0
(F (s), Φλ(zλ

N (s)))ds.

Using
(

d
dsz

λ
N (s), (∇ϕλ)(zλ

N (s))
)

= d
ds

[
ϕλ(zλ

N (s))
]
, (9) and (12), we get

(1− α)
∫ t

0
|Φλ(zλ

N (s))|2ds ≤ ϕλ(z0)− ϕλ(zλ
N (t))

+α0

(∫ t

0
‖zλ

N (s)‖2ds + t

)
+ γ

∫ t

0

(
θλ
N (s)ed, Φλ(zλ

N (s))
)

ds

+
∫ t

0
(F (s), Φλ(zλ

N (s)))ds−
∫ t

0
(BNzλ

N (s), Φλ(zλ
N (s)))ds(42)

−
∫ t

0
(A0z

λ
N (s), Φλ(zλ

N (s)))ds.
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Since every proper lower semicontinuous convex function is bounded
from below by an affine function, it follows that there are h ∈ HB and
p ∈ IR such that

ϕ(u) ≥ (u, h) + p, ∀u ∈ HB.

Also, Jλ = (λΦ+I)−1 is bounded on bounded subsets of HB and ϕ(Jλ(u)) ≤
ϕλ(u) ≤ ϕ(u), ∀λ > 0, ∀u ∈ HB. Using again (40), we infer that

−ϕλ(zλ
N (t)) ≤ −ϕ(Jλ(zλ

N (t)))≤−(Jλ(zλ
N (t)), h)−p≤|Jλ(zλ

N (t))||h|+ |p| ≤ c,

c constant not depending of N, λ, t.

On the other hand, ϕλ(z0) ≤ ϕ(z0).
Using the same estimates leading to (31), we get that

∣∣∣∣
∫ t

0
(BNzλ

N (s), Φλ(zλ
N (s)))ds

∣∣∣∣

≤





∫ t

0
C|zλ

N (s)| 12 ‖zλ
N (s)‖|Azλ

N (s)| 12 |Φλ(zλ
N (s))|ds, d = 2

∫ t

0
C‖zλ

N (s)‖ 3
2 |Azλ

N (s)| 12 |Φλ(zλ
N (s))|ds, d = 3

≤ ε

∫ t

0
|Azλ

N (s)|2ds +
1− α

8

∫ t

0
|Φλ(zλ

N (s))|2ds

+
C

ε(1− α)2

∫ t

0
‖zλ

N (s)‖2dds

(|zλ
N (s)|2 being bounded by C1 from (40)). The constants C, ε > 0 do not

depend on N, λ. While C (related to (4), (6) respectively) is fixed, ε is at
our choice and will be precised later.

Using the same estimates leading to (32), we get that
∣∣∣∣
∫ t

0
(A0z

λ
N (s), Φλ(zλ

N (s)))ds

∣∣∣∣ ≤
1− α

8

∫ t

0
|Φλ(zλ

N (s))|2ds

+C

∫ t

0
‖zλ

N (s)‖|Azλ
N (s)|ds +





C

∫ t

0
|zλ

N (s)|‖zλ
N (s)‖ds, d = 2

C

∫ t

0
‖zλ

N (s)‖2ds, d = 3

≤ 1− α

8

∫ t

0
|Φλ(zλ

N (s))|2ds + ε

∫ t

0
|Azλ

N (s)|2ds + Cε
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(from (40)). Here Cε is a constant depending on ε.
Then (42) reads

(1− α)
∫ t

0
|Φλ(zλ

N (s))|2ds ≤ ϕ(z0) + c + α0

(
T +

C1

mνk

)

+
2

1− α

∫ t

0
|F (s)|2ds +

2γ2

1− α

∫ t

0
|zλ

N (s)|2ds +
1− α

2

∫ t

0
|Φλ(zλ

N (s))|2ds

+2ε
∫ t

0
|Azλ

N (s)|2ds + Cε +
C

ε(1− α)2

∫ t

0
‖zλ

N (s)‖2dds, that is

∫ t

0
|Φλ(zλ

N (s))|2ds ≤ 4ε

1− α

∫ t

0
|Azλ

N (s)|2ds +
2C

ε(1− α)3

∫ t

0
‖zλ

N (s)‖2dds

+C3

(
‖F‖2

L2(0,T ;HB), |z0|2, ϕ(z0), ε
)

.(43)

Now we substitute relation (43) into (41).

mνk

2
‖zλ

N (t)‖2 +
1
2

∫ t

0
|Azλ

N (s)|2ds ≤ 4αε

1− α

∫ t

0
|Azλ

N (s)|2ds

+C4

∫ t

0
‖zλ

N (s)‖2dds + C5,

where C4=C2+ 2αC
ε(1−α)3

, C5=C̃2+αC3. We want that ε=1/2−4αε/(1−α) >

0, so, we take ε ∈ (0, (1− α)/(8α)) . This yields

(44)
mνk

2
‖zλ

N (t)‖2 + ε

∫ t

0
|Azλ

N (s)|2ds ≤ C4

∫ t

0
‖zλ

N (s)‖2dds + C5.

Case d = 2: global boundedness results. From (44) we have, in partic-
ular, that ‖zλ

N (t)‖2 ≤ C̃4

∫ t
0 ‖zλ

N (s)‖4ds+C̃5. By Gronwall’s lemma, we infer
that ‖zλ

N (t)‖2 ≤ C̃5e
C̃4

∫ t
0 ‖zλ

N (s)‖2ds and using that
∫ t
0 ‖zλ

N (s)‖2ds is bounded
by C1/mνk from (40), we get

(45) ‖zλ
N (t)‖2 ≤ C̃5 exp[(C̃4C1)/mνk] = C6, a.e. t ∈ [0, T ].

Substituting (45) into (44), we obtain

mνk

2
‖zλ

N (t)‖2 + ε

∫ t

0
|Azλ

N (s)|2ds

≤ C7(‖F‖2
L2(0,T ;HB), ‖z0‖2, ϕ(z0)), a.e. t ∈ [0, T ].(46)
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Relation (46) implies
∫ t
0 |Azλ

N (s)|2ds ≤ C7/ε and, together with (45), trans-
forms (43) into

(47)
∫ t

0
|Φλ(zλ

N (s))|2ds ≤ C8(‖F‖2
L2(0,T ;HB), ‖z0‖2, ϕ(z0)), a.e. t ∈ [0, T ].

Case d = 3: local boundedness results. From (44), we have, in partic-
ular, that

‖zλ
N (t)‖2 ≤ C̃4

∫ t

0
‖zλ

N (s)‖6ds + C̃5.

Using a comparison result, we infer that ‖zλ
N (t)‖2 ≤ W (t), where

{
W ′(t) = C̃4W

3(t)
W (0) = C̃5

, that is W (t) =
C̃5√

1− 2C̃4C̃2
5 t

.

The solution W exists on a maximal interval [0, T ∗), T ∗ = 1/(2C̃4C̃
2
5 ).

Let T ∗ = min{T, T ∗}.
We get ‖zλ

N (t)‖2 ≤ C̃5

(1−2C̃4C̃2
5 t)

1
2
, t ∈ [0, T ∗). Substituting into (44), we

obtain

mνk

2
‖zλ

N (t)‖2+ε

∫ t

0
|Azλ

N (s)|2ds ≤ C5+C4

∫ t

0

C̃3
5

(1− 2C̃4C̃2
5s)

3
2

ds, t ∈ [0, T ∗).

The term
∫ t
0

C̃3
5

(1−2C̃4C̃2
5s)

3
2
ds is of the order of

∫ t
0

1

(T ∗−s)
3
2
ds = 2√

T ∗−t
− 2√

T ∗
,

which blows up in t = T ∗. Consequently it is bounded on intervals of the
type [0, T ∗ − δ], δ ∈ (0, T ∗).

Finally, for d = 3, we have

mνk

2
‖zλ

N (t)‖2 + ε

∫ t

0
|Azλ

N (s)|2ds

≤ C7(‖F‖2
L2(0,T ;HB), ‖z0‖2, ϕ(z0), δ), a.e. t ∈ [0, T ∗ − δ].(48)

Using the local boundedness of ‖zλ
N (t)‖2 and

∫ t
0 |Azλ

N (s)|2ds, the esti-
mate (43) reads
(49)∫ t

0
|Φλ(zλ

N (s))|2ds ≤ C8(‖F‖2
L2(0,T ;HB), ‖z0‖2, ϕ(z0), δ), a.e. t ∈ [0, T ∗ − δ].
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If T
∗

> T , the estimates (48), (49) hold true a.e t ∈ [0, T ].

Estimates (40) and (46),(47) in the case d = 2, respectively (48), (49) in
the case d = 3, will allow us to pass to the limit for λ ↘ 0 (maintaining N
fixed). The positive bounded functions C1, C7, C8 are independent of λ,N .

3.3. Passing to the limit for λ ↘ 0. We recall that Proposition
3.4 implies

zλ
N ∈ W 1,∞(0, T ; HB) ∩ L∞(0, T ; D(A)) ∩ C([0, T ];VB).

Let T0 = T for d = 2 and T0 < T ∗ for d = 3 (we may take T0 = T if
T
∗

> T ). We have

(50) (zλ
N )λ is bounded in C([0, T0]; VB) ∩ L2(0, T0;D(A)),

(51) (Azλ
N )λ, (Φλ(zλ

N ))λ are bounded in L2(0, T0;HB).

Because R ∈ L(HB,HB), it follows that

(52) (Rzλ
N )λ is bounded in L∞(0, T0; HB).

From (4), (6), (40), (46) and (48) we infer for d = 2 that

|BNzλ
N (s)| ≤ C|zλ

N (s)| 12 ‖zλ
N (s)‖|Azλ

N (s)| 12 ≤ C|Azλ
N (s)| 12 ,

|A0z
λ
N (s)| ≤ C‖zλ

N (s)‖ 1
2

(
|zλ

N (s)| 12 + |Azλ
N (s)| 12

)
≤ C(1 + |Azλ

N (s)| 12 )

and for d = 3 that

|BNzλ
N (s)| ≤ C‖zλ

N (s)‖ 3
2 |Azλ

N (s)| 12 ≤ C|Azλ
N (s)| 12 ,

|A0z
λ
N (s)| ≤ C

(
‖zλ

N (s)‖+ ‖zλ
N (s)‖ 1

2 |Azλ
N (s)| 12

)
≤ C(1 + |Azλ

N (s)| 12 )

The constants C do not depend on N, λ. Together with (51), we get

(53) (BNzλ
N )λ, (A0z

λ
N )λ are bounded in L2(0, T0; HB).

From (51), (52), (53) and equation (38), we have also

(54)
(

dzλ
N

dt

)

λ

is bounded in L2(0, T0; HB).
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From (50) and (54) we infer that

(55) {zλ
N ; λ > 0} is relatively compact in C([0, T0];HB).

These yield that, on a subsequence again denoted by (zλ
N )λ, we have for

λ ↘ 0

(56) zλ
N → zN in C([0, T0];HB)

and the following weak convergences in L2(0, T0; HB):

dzλ
N

dt
⇀

dzN

dt
, Azλ

N ⇀ AzN , Rzλ
N ⇀ RzN , A0z

λ
N ⇀ A0zN ,

BNzλ
N ⇀ βN , and Φλ(zλ

N ) ⇀ ηN .

Moreover, by Aubin’s compactness theorem,

(57) zλ
N → zN in L2(0, T0; VB).

But Φλ(zλ
N ) = Φ(I+λΦ)−1(zλ

N ) and (I+λΦ)−1(zλ
N ) → zN in L2(0, T0;HB).

Φ being maximal monotone, it follows that ηN (t) ∈ Φ(zN (t)) a.e. t ∈ [0, T0].
We prove now that βN (t) = BNzN (t) a.e. t ∈ [0, T0]. In the dimension

d = 2, from (4), we obtain that, for any ψ =
(

ψ1

ψ2

)
∈ VB,

|(BNzλ
N (t)−BNzN (t), ψ)| ≤ |b(yλ

N (t)− yN (t), yλ
N (t), ψ1)|

+|b(yN (t), yλ
N (t)− yN (t), ψ1)|+ |b̄(yλ

N (t)− yN (t), θλ
N (t), ψ2)|

+|b̄(yN (t), θλ
N (t)− θN (t), ψ2)|

≤ Cb

[
|ψ1|‖yλ

N (t)− yN (t)‖ 1
2

(
|yλ

N (t)− yN (t)| 12 · ‖yλ
N (t)‖ 1

2 |Ayλ
N (t)| 12

+|yN (t)| 12 ‖yN (t)‖ 1
2 |A(yλ

N (t)− yN (t))| 12
)

+|ψ2|
(
|yλ

N (t)− yN (t)| 12 ‖yλ
N (t)− yN (t)‖ 1

2 ‖θλ
N (t)‖ 1

2 |A1θ
λ
N (t)| 12

+|yN (t)| 12 ·‖yN (t)‖ 1
2 ‖θλ

N (t)− θN (t)‖ 1
2 |A1(θλ

N (t)− θN (t))| 12
)]

≤ C|ψ|‖zλ
N (t)− zN (t)‖ 1

2 ·
(
|zλ

N (t)− zN (t)| 12 ‖zλ
N (t)‖ 1

2 |Azλ
N (t)| 12

+|zN (t)| 12 ‖zN (t)‖ 1
2 |A(zλ

N (t)− zN (t))| 12
)

.
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Using (56), (40) and (46), we get that

|BNzλ
N (t)−BNzN (t)|

≤ C‖zλ
N (t)− zN (t)‖ 1

2

(
|Azλ

N (t)| 12 + |A(zλ
N (t)− zN (t))| 12

)
, t ∈ (0, T ).

In the case d = 3, by (6), we obtain that

|(BNzλ
N (t)−BNzN (t), ψ)| ≤ Cb

[
|ψ1|‖yλ

N (t)− yN (t)‖ 1
2

·
(
‖yλ

N (t)− yN (t)‖ 1
2 ‖yλ

N (t)‖ 1
2 |Ayλ

N (t)| 12 + ‖yN (t)‖|A(yλ
N (t)− yN (t))| 12

)

+|ψ2|
(
‖yλ

N (t)− yN (t)‖‖θλ
N (t)‖ 1

2 |A1θ
λ
N (t)| 12 + ‖yN (t)‖‖θλ

N (t)− θN (t)‖ 1
2

·|A1(θλ
N (t)− θN (t))| 12

)]
≤ C‖zλ

N (t)− zN (t)‖ 1
2

(
‖zλ

N (t)− zN (t)‖ 1
2 ‖zN (t)‖ 1

2

·|A(zλ
N (t))| 12 + ‖zλ

N (t)‖|A(zλ
N (t)− zN (t))| 12

)
|ψ|, ∀ψ =

(
ψ1

ψ2

)
∈ VB;

hence, using also (48), we infer that

|BNzλ
N (t)−BNzN (t)|

≤ C‖zλ
N (t)− zN (t)‖ 1

2

(
|Azλ

N (t)| 12 + |A(zλ
N (t)− zN (t))| 12

)
, t ∈ (0, T0).

So, in both cases d = 2, 3, we obtain

∫ T0

0
|BNzλ

N (t)−BNzN (t)|2dt ≤ C

(∫ T0

0
‖zλ

N (t)− zN (t)‖2dt

) 1
2

·
[∫ T0

0

(
|Azλ

N (t)|2 + |A(zλ
N (t)− zN (t))|2

)
dt

] 1
2

.

Using (46), (48) and (57), we conclude

BNzλ
N → BNzN in L2(0, T0; HB).

Letting λ tend to zero in (38), we obtain that zN satisfies problem (17).
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3.4. The uniqueness of the solution for the problem (17). We
intend to prove that the solution obtained by passing to the limit with λ ↘ 0

is unique. So, assume that zl
N =

(
yl

N

θl
N

)
∈ C([0, T0];HB)∩L2(0, T0;D(A))∩

L∞(0, T0; VB), l = 1, 2 are two solutions for (17). Then (z1
N − z2

N )(0) = 0
and

1
2

d

dt
|z1

N (t)− z2
N (t)|2 + ν‖y1

N (t)− y2
N (t)‖2 + k‖θ1

N (t)− θ2
N (t)‖2

−γ((θ1
N (t)− θ2

N (t))ed, y
1
N (t)− y2

N (t))

+(BNz1
N (t)−BNz2

N (t), z1
N (t)− z2

N (t))

+(A0z
1
N (t)−A0z

2
N (t), z1

N (t)− z2
N (t))

+(η1
N (t)− η2

N (t), z1
N (t)− z2

N (t)) = 0,

ηl
N (t) ∈ Φ(zl

N (t)), l = 1, 2.

We use the monotony of Φ and the estimates

γ((θ1
N (t)− θ2

N (t))ed, y
1
N (t)− y2

N (t)) ≤ γ

2
|z1

N (t)− z2
N (t)|2;

|(BNz1
N (t)−BNz2

N (t), z1
N (t)− z2

N (t))|
≤ |b(y1

N (t)− y2
N (t), y1

N (t), y1
N (t)− y2

N (t))|
+|b̄(y1

N (t)− y2
N (t), θ1

N (t), θ1
N (t)− θ2

N (t))| ≤ (by (6)) Cb‖y1
N (t)− y2

N (t)‖
·
(
‖y1

N (t)‖ 1
2 |Ay1

N (t)| 12 |y1
N (t)− y2

N (t)|+ ‖θ1
N (t)‖ 1

2 |A1θ
1
N (t)| 12 |θ1

N (t)− θ2
N (t)|

)

≤ C‖z1
N (t)− z2

N (t)‖‖z1
N (t)‖ 1

2 |Az1
N (t)| 12 |z1

N (t)− z2
N (t)|

≤ mνk

4
‖z1

N (t)− z2
N (t)‖2 + C|Az1

N (t)||z1
N (t)− z2

N (t)|2

(the solution z1
N ∈ L∞(0, T0; VB));

|(A0z
1
N (t)−A0z

2
N (t), z1

N (t)− z2
N (t))|

≤ |b(y1
N (t)− y2

N (t), ye, y
1
N (t)− y2

N (t))|
+|b̄(y1

N (t)− y2
N (t), θe, θ

1
N (t)− θ2

N (t))| ≤ (by (6)) Cb‖y1
N (t)− y2

N (t)‖
·
(
‖ye‖

1
2 |Aye|

1
2 |y1

N (t)− y2
N (t)|+ ‖θe‖

1
2 |A1θe|

1
2 |θ1

N (t)− θ2
N (t)|

)

≤ C‖z1
N (t)− z2

N (t)‖|z1
N (t)− z2

N (t)| ≤ mνk

4
‖z1

N (t)− z2
N (t)‖2

+C|z1
N (t)− z2

N (t)|2
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and we get

1
2

d

dt
|z1

N (t)− z2
N (t)|2 + mνk‖z1

N (t)− z2
N (t)‖2 ≤ mνk

2
‖z1

N (t)− z2
N (t)‖2

+C|z1
N (t)− z2

N (t)|2(1 + |Az1
N (t)|),

which implies




d

dt
|z1

N (t)− z2
N (t)|2 ≤ C(1 + |Az1

N (t)|)|z1
N (t)− z2

N (t)|2

(z1
N − z2

N )(0) = 0.

Then |z1
N (t)−z2

N (t)|2 ≤ C
∫ t
0 (1+ |Az1

N (s)|)|z1
N (s)−z2

N (s)|2ds and by Gron-
wall’s inequality,

|z1
N (t)− z2

N (t)|2 ≤ 0 · exp

(
C

∫ t

0
(1 + |Az1

N (s)|)ds

)
= 0, t ∈ [0, T0]

([0, T0] bounded and Az1
N ∈ L2(0, T0;HB) ⊂ L1(0, T0; HB)).

We infer that z1
N (t) = z2

N (t), t ∈ [0, T0].

3.5. Proof of Theorem 2.1(the final part). We know that problem
(17)

• has a unique solution in C([0, T0];HB)∩L2(0, T0;D(A))∩L∞(0, T0; VB),
obtained by letting λ ↘ 0 in problem (38);

• has a solution in C([0, T ]; VB) ∩ L∞(0, T ; D(A)) ∩ W 1,∞(0, T ; HB)
(unique), given by Proposition 3.3.

Thus the two solutions must coincide and the resulting function has the
regularity properties given by Proposition 3.3. Moreover, the solution of
problem (17) satisfies a.e. on [0, T0] the estimates

(58) |zN (t)|2 + mνk

∫ t

0
‖zN (s)‖2ds ≤ C1,

(59)
mνk

2
‖zN (t)‖2 + ε

∫ t

0
|AzN (s)|2ds ≤ C7,
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(60)
∫ t

0
|ηN (s)|2ds ≤ C8,

where

ηN (t) = F (t)−
(

dzN

dt
(t) + (A+R+ BN +A0)zN (t)

)
∈ Φ(zN (t)),

∫ T0

0

(∣∣∣∣
dzN

dt
(t)

∣∣∣∣
2

+ |BNzN (t)|2 + |A0zN (t)|2
)

dt

≤ C9(‖F‖2
L2(0,T ;HB), ‖z0‖2, ϕ(z0)).(61)

The positive bounded functions C1, C7, C8, C9 do not depend on N .
From (59), we infer that

‖zN (t)‖2 ≤ 2C7

mνk
, t ∈ [0, T0].

It yields that, for N large enough, ‖zN (t)‖ ≤ N, t ∈ [0, T0] and, by conse-
quence, BNzN = BzN in [0, T0]. So, zN = z is a solution (defined on [0, T0])
of the initial problem (16), preserving on [0, T0] all regularity properties of
zN . The uniqueness comes from the uniqueness of the solution of problem
(17). ¤

Remark 3.1. If Φ is single valued, it is no longer necessary to use
approximate problem (38) because hypothesis (12) implies

(62) (Ah,Φ(h)) ≥ −α0(1 + ‖h‖2)− α|Φ(h)|2, ∀h ∈ D(A) ∩D(Φ).

4. Proof of Theorem 2.2. The idea of the proof is to approximate
the initial data with sequences of functions satisfying the hypotheses of
Theorem 2.1 and then to pass to the limit.

Let (zj
0)j∈IN ⊂ D(A) ∩D(Φ) and (Fj)j∈IN ⊂ W 1,1(0, T ;HB) such that

zj
0 → z0 in VB, Fj → F in L2(0, T ; HB).

According to Theorem 2.1, the problem

(63)





dzj(t)
dt

+(A+B+A0 +R)zj(t)+Φ(zj(t)) 3 fj(t), a.e. t ∈ (0, T )

zj(0) = zj
0
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has an unique solution

zj ∈ W 1,∞(0, T0; HB) ∩ L∞(0, T0; D(A)) ∩ C([0, T0]; VB),

where T0 = T if d = 2 and T0 ≤ T in d = 3. Moreover, zj satisfy the
estimates,

|zj(t)|2 + mνk

∫ t

0
‖zj(s)‖2ds ≤ C, t ∈ [0, T0],

mνk

2
‖zj(t)‖2 + ε

∫ t

0
|Azj(s)|2ds ≤ C, t ∈ [0, T0],

∫ t

0
|ηj(s)|2ds ≤ C, t ∈ [0, T0],

where ηj(t) = Fj(t)− (dzj

dt (t) + (A+R+ B +A0)zj(t)) ∈ Φ(zj(t)),

∫ T0

0

(∣∣∣∣
dzj

dt
(t)

∣∣∣∣
2

+ |Bzj(t)|2 + |A0zj(t)|2
)

dt ≤ C.

The constants are independent of j.
Consequently,

(64) (zj)j is bounded in C([0, T0]; VB) ∩ L2(0, T0;D(A)),

which implies by R ∈ L(HB,HB) that

(Rzj)j is bounded in L∞(0, T0; HB),

(Azj)j , (Bzj)j , (A0zj)j , (ηj)j are bounded in L2(0, T0;HB),

(65)
(

dzj

dt

)

j

is bounded in L2(0, T0; HB).

(64) and (65) imply that

{zj ; j ∈ IN} is relatively compact in C([0, T0]; HB).

Then, on a subsequence again denoted by (zj)j , we have for j →∞,

zj → z in C([0, T0];HB)
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and the following weak convergences in L2(0, T0; HB),

dzj

dt
⇀

dz

dt
, Azj ⇀ Az, Rzj ⇀ Rz, A0zj ⇀ A0z,

Bzj ⇀ β and ηj ⇀ η.

Moreover, by Aubin’s compactness theorem,

(66) zj → z in L2(0, T0;VB).

Using (66) and the maximal monotony of Φ, we get η(t) ∈ Φ(z(t)) a.e.
t. Proceeding in the same way as we did in Theorem 2.1 to prove that
βN (t) = BNzN (t), we deduce also that β(t) = Bz(t) a.e. t ∈ [0, T0]. Passing
to the limit with j →∞, we prove the existence of the strong solution. In
order to prove the uniqueness of the solution, we proceed as in the proof of
Theorem 2.1, § 3.4. ¤

5. Feedback stabilization on closed convex sets. Let K be a
set verifying the conditions

(hK) K ⊂ HB is closed and convex, 0 ∈ K

and

(67) (I + λA)−1(K) ⊂ K, ∀λ > 0.

Let us consider the indicator function of the set K,

IK : HB → HB, IK(h) =

{
0, for h ∈ K

+∞, for h 6∈ K

and its subdifferential,

∂IK(h) =





∅, h /∈ K

{0}, h ∈ int K

NK(h) = {z ∈ HB; (z, h− h′) ≥ 0, ∀h′ ∈ K}, h ∈ ∂K

(NK(h) is the normal cone at K in h). The Yosida approximation of ∂IK

is
(∂IK)λ(h) =

1
λ

(h− PKh), ∀λ > 0, ∀h ∈ HB,
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where PK : HB → K is the orthogonal projection operator on K.
Consider the controlled system

(68)





dz

dt
(t) +Az(t) + Bz(t) +Rz(t) = Fe + U(t), t > 0

z(0) = z0,

where z(t) =
(

y(t)
θ(t)

)
, z0 =

(
y0

θ0

)
∈ VB, Fe ∈ HB. Let ze =

(
ye

θe

)
∈ D(A)

be a steady state solution for (68), i.e. ze satisfies

(69) Aze + Bze +Rze = Fe.

We look for a feedback controller U such that z(t) − ze ∈ K, t ≥ 0 and
limt→∞ |z(t)− ze| = 0 exponentially.

We set Z = z − ze =
(

y − ye

θ − θe

)
. Then (68) implies





dZ

dt
(t) +AZ(t) + BZ(t) +A0Z(t) +RZ(t) = U(t), t > 0

Z(0) = z0 − ze,

where the operator A0 ∈ L(VB, V ′
B) is defined by (13) for ze given by (69).

The following global stability result holds true in the bidimensional case,

Theorem 5.1. Let Ω ⊂ IR2 be an open, bounded set, with a smooth
boundary. Let Fe ∈ HB and ze ∈ D(A) verifying (69). Assume that K

satisfies the hypothesis (hK) and that z0 − ze ∈ D(A) ∩K
VB . Then, for

σ > 0 large enough, problem

(70)





dZ

dt
(t)+(A+B +A0 +R)Z(t) + ∂IK(Z(t)) + σZ(t) 3 0, t > 0

Z(0) = Z0 = z0 − ze,

has a unique strong solution Z∈L2(0, T ; D(A))∩L∞(0, T ;VB)∩C([0, T ];HB),
with dZ

dt ∈ L2(0, T ; HB), for all T > 0. In addition, Z(t) ∈ K, t > 0 and
there exists δ = δ(σ) > 0 such that limt→∞ |Z(t)|eδt = 0.

Remark 5.1. The above theorem says that there exists a feedback
controller U ∈ L2(IR+; HB), U = U(Z) = −σZ − η, η ∈ ∂IK(Z) such that

dZ

dt
(t) +AZ(t) + BZ(t) +A0Z(t) +RZ(t) = U(t), t > 0.
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Actually, from the quasi-m-accretivity of the operator A+ BN +A0 +R+
∂IK + σI we may deduce (using [1], Th. 1.6, p. 216) that the solution Z
of problem (70) is right differentiable, d+Z/dt is right continuous and the
feedback controller U(t) = −((A+B+A0+R)Z(t)+∂IK(Z(t))+σZ(t))0+
AZ(t) + BZ(t) +A0Z(t) +RZ(t), ∀t ∈ (0, T ).

Proof of Theorem 5.1. In order to prove the existence and invariance
part, we will apply Theorem 2.2. Let Φ ⊂ HB ×HB, Φ = ∂IK . We know
that 0 ∈ K = D(∂IK) = D(Φ). Moreover, relation (67) yields

(Φλ(W ),AW ) ≥ 0, ∀W ∈ D(A), ∀λ > 0

(see [4], Prop. 4.5, i) ⇔ ii) p. 131). As a result, Φ satisfies hypotheses
(h1) − (h3), Section 1. Moreover, IK is bounded on the subsets of K ∩
D(A) which are bounded in VB, because IK = 0 on K and VB ⊂ HB with
continuous injection.

Let us fix σ > γ/2 + C2
b ‖ze‖2/(2mνk). In the proof of Theorem 2.2, we

may replace the operator R by R+σI (where I : HB → HB is the identity),
because the only property of R that we actually use is its boundedness. We
also observe that hypothesis (hαN ) will be no longer needed.

By consequence, for all T > 0, (70) has a unique solution

Z ∈ L2(0, T ;D(A))∩L∞(0, T ; VB)∩C([0, T ]; HB), with
dZ

dt
∈ L2(0, T ;HB),

satisfying the invariance property Z(t) ∈ K, t > 0.
For the stabilization part, we apply the idea in [2]. Let us multiply

scalarly equation (70) by Z(t) and use (3), (5) and the fact that ∂IK is a
monotone operator, with 0 ∈ ∂IK(0) (0 ∈ K). Then

1
2

d

dt
|Z(t)|2 + ν‖y(t)− ye‖2 + k‖θ(t)− θe‖2 + σ|Z(t)|2

≤ −b(y(t)− ye, ye, y(t)− ye)− b̄(y(t)− ye, θe, θ(t)− θe)

+γ((θ(t)− θe)ed, y(t)− ye) ≤ Cb

(
|y(t)− ye| · ‖y(t)−ye‖‖ye‖

+|y(t)− ye| 12 ‖y(t)−ye‖ 1
2 |θ(t)−θe| 12 ‖θ(t)− θe‖ 1

2 ‖θe‖
)

+
γ

2
|Z(t)|2 ≤ Cb|Z(t)|‖Z(t)‖‖ze‖+

γ

2
|Z(t)|2,
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which yields

1
2

d

dt
|Z(t)|2+mνk‖Z(t)‖2+σ|Z(t)|2 ≤ mνk

2
‖Z(t)‖2+

(
C2

b ‖ze‖2

2mνk
+

γ

2

)
|Z(t)|2.

We deduce

d

dt
|Z(t)|2 ≤ −2

(
σ − C2

b ‖ze‖2

2mνk
− γ

2

)
|Z(t)|2, a.e. t ≥ 0.

Hence |Z(t)|2 ≤ e−2δ1t|z0 − ze|2, a.e. t ≥ 0, where, from the choice of σ,
δ1 = σ − 2C2

b ‖ze‖2
mνk

− γ
2 is strictly positive. Consequently, there exists δ ∈

(0, δ1) such that limt→∞ |Z(t)|eδt = 0. ¤

5.1. Particular cases

5.1.1. Stability on finite dimensional sets. Let e1, e2, . . . , er ∈
HB, with r ∈ IN∗, be eigenfunctions for the operator A and let K =
linspan {ei; i = 1, r} ⊂ HB. Then the property (hK) is satisfied. Con-
sequently, the stabilization Theorem 5.1 holds.

5.1.2. Stability on bounded sets in VB. Let the set K ⊂ HB

fulfill hypothesis (hK) and suppose in addition that K is bounded in VB.
Applying repeatedly Theorem 2.2, it results that problem (70) admits even
in the tridimensional case a global strong solution, and we may write directly
the stability argument.

Remark 5.2. In order to give a stability result we need to prove the
global existence for the solution of the involved problem. But in the case
d = 3 the strong solution is in general only local. That is why we have to
start from an existence result for weak solutions, which will be considered
in a further paper.
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ROMANIA

ilefter@uaic.ro


