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Abstract. In this paper we study the distributional systems (driftless control affine
systems) with positive homogeneous cost, using the framework of Lie algebroids. The
method consists of applying the Pontryagin Maximum Principle at the level of Lie al-
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1. Preliminaries. The geometric methods have been applied by many
authors (see e.g. [3, 2, 7]) in control theory. One of the most important
issues in the geometric approach is the analysis of the solution to the optimal
control problem as provided by Pontryagin’s Maximum Principle; that is,
the curve c(t) = (x(t), u(t)) is an optimal trajectory if there exists a lifting of
x(t) to the dual space (x(t), p(t)) satisfying the Hamilton equations together
with a maximization condition for the Hamiltonian with respect to the
control variables u(t).

A Lie algebroid over the manifold M is a vector bundle E over the mani-
fold whose properties are very similar to those of a tangent bundle TM [11].
Weinstein [15] developed a generalized theory of Lagrangian Mechanics
on Lie algebroids and obtained the equations of motion using the Poisson
structure on the dual and the Legendre transformation. In the paper [10]
Martinez presents the Pontryagin Maximum Principle on Lie algebroids us-
ing the prolongation (in sense of Higgins and Mackenzie [5] ) of the Lie
algebroid over the vector bundle projection of a dual bundle. In [4] Cortes
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and Martinez study mechanical control systems on Lie algebroids whereas
Mestdag and Langerock [12] investigate the Lie algebroids framework
for nonholonomic mechanical systems.

The purpose of the present paper is to study the distributional systems
with positive homogeneous cost using the Pontryagin Maximum Principle
on the prolongation of Lie algebroids over the vector bundle projection of
a dual bundle. We prove that the framework of a Lie algebroid is better
than cotangent bundle in order to solve some problems of control systems.
The paper is organized as follows. In the first section the known results on
optimal control systems and Lie algebroids are recalled. In section 2 the
distributional systems are presented and the relation between the Hamil-
tonians on E∗ and T ∗M is given. We investigate the cases of holonomic
and nonholonomic distributions. In the holonomic case, we will consider
the Lie algebroid being just the distribution whereas in the nonholonomic
case (i.e., strong bracket generating distribution) the Lie algebroid is the
tangent bundle with the basis given by vectors of distribution completed by
the Lie brackets. In the both cases illustrative examples are presented.

1.1. Optimal control systems. Let M be a smooth n-dimensional
manifold. We consider the control system

dxi

dt
= f i(x, u),

where x ∈ M and the control u takes values in an open subset Ω of Rm.
Let x0 and x1 be two points of M . An optimal control problem consists of
finding the trajectories of our control system which connects x0 and x1 and
minimizing the cost

min
∫ T

0
L(x(t), u(t))dt, x(0) = x0, x(T ) = x1,

where L is the Lagrangian or running cost.
Necessary conditions for a trajectory to be an extremal are given by

Pontryagin Maximum Principle. The Hamiltonian reads as

H(x, p, u) = 〈p, f(x, u)〉 − L(x, u), p ∈ T ∗M

while the maximization condition with respect to the control variables u,
namely H(x(t), p(t), u(t)) = maxv H(x(t), p(t), v), leads to ∂H

∂u = 0. The
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extremal trajectories satisfy the Hamilton’s equations

(1) ẋ =
∂H

∂p
, ṗ = −∂H

∂x
.

From a geometric viewpoint the pair (xi, ua), where i = 1, n and a = 1,m,
can be understood as a local coordinate pair of a manifold E that is fibred
over M by the projection π : E → M . The functions f i(x, u) are the
components of a vector field X = f i(x, u) ∂

∂xi along π, that is, of a fibered
mapping X : E → TM from the bundle (E, π, M) to the tangent bundle
(TM, τ,M) such that τ ◦ X = π. The admissible curves of the control
system are the curves γ : I ⊂ R → E such that

X(γ(t)) =
d

dt
(π(γ(t)).

The optimal control problem consists of obtaining the admissible curves
that minimize the cost

min
∫

I
L(γ(t))dt, L ∈ C∞(E),

and satisfy certain boundary conditions not to be considered here.
The Hamiltonian H is a real-valued function defined on the fibred prod-

uct T ∗M ×M E that is given by H(µ, v) = 〈µ,X(v)〉−L(v) for any (µ, v) ∈
T ∗M ×M E.

The critical equations follow from asking a vector field XH defined along
a map pr1 : T ∗M ×M E → T ∗M to satisfy the symplectic equations

iXH
ω = dH,

where ω = dxi ∧ dpi is the canonical symplectic form on T ∗M . Since

dH =
∂H

∂xi
dxi +

∂H

∂pi
dpi +

∂H

∂ua
dua,

we obtain that the solution of the above equations is the vector field (see
[7])

XH =
∂H

∂pi

∂

∂xi
− ∂H

∂xi

∂

∂pi

defined on the subset ∂H
∂ua = 0 of T ∗M ×M E, and therefore, the critical

trajectories are the integral curves of the above vector field, namely

(2)
∂H

∂ua
= 0, ẋi =

∂H

∂pi
, ṗi = −∂H

∂xi
.
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1.2. Lie algebroids. Let M be a differentiable, n-dimensional mani-
fold and (TM, τ, M) its tangent bundle. Let (E, π, M) be a vector bundle
with the dimension of fibre type m. A Lie algebroid over a manifold M (see
[11]) is a vector bundle (E, π, M) equipped with a Lie algebra structure [·, ·]
on its space of sections, denoted Γ(E), and with a map σ : E → TM (called
the anchor) which induces a Lie algebra homomorphism (also denoted σ)
from sections of E to the vector fields on M satisfying the Leibniz rule

(3) [s1, fs2] = f [s1, s2] + (σ(s1)f)s2

for f ∈ C∞(M) and s1, s2 ∈ Γ(E). Therefore, we have

[σ(s1), σ(s2)] = σ[s1, s2], [s1, [s2, s3]] + [s2, [s3, s1]] + [s3, [s1, s2]] = 0

and the triple (E, [·, ·], σ) is called a Lie algebroid over M . The Lie algebroid
can be regarded as a substitute of the tangent bundle of M . Therefore, we
regard any element g of E as a generalized velocity and so the actual velocity
v is obtained by applying the anchor to g, i.e., v = σ(g).

The image of the anchor map σ(E) ⊆ TM defines an integrable smooth
distribution on M . Therefore, the manifold M is foliated by the integral
leaves of σ(E), which are called the leaves of the Lie algebroid. A curve
u : [t0, t1] → E is called admissible if σ(u(t)) = ċ(t), where c(t) = π(u(t))
is the base curve. It follows that u(t) is admissible if and only if the base
curve c(t) lies on a leaf of the Lie algebroid whereas two points can be joint
by an admissible curve if and only if they are situated on the same leaf.

If ω is a k-form, ω ∈∧k(E) = Γ((E∗)k → M then the exterior derivative
dω ∈ ∧k+1(E) is given by the formula

dω(s1, ..., sk+1) =
k+1∑

i=1

(−1)i+1σ(si)ω(s1, ..., ŝi, ..., sk+1)

+
∑

1≤i<j≤k+1

(−1)i+jω([si,sj ], s1, ..., ŝi, ..., ŝj , ...sk+1).

Given ξ ∈ Γ(E), we can define the Lie derivative with respect to ξ by
Lξ = iξ ◦ d + d ◦ iξ. If we consider the local coordinates (xi) on an open
U ⊂ M and the local basis {sα} of sections of the bundle π−1(U) → U ,
then (xi, yα) are the local coordinates on E. These coordinates determine
the structure functions σi

α(x), Lγ
αβ(x) on M , namely

(4) σ(sα) = σi
α

∂

∂xi
, [sα, sβ] = Lγ

αβsγ , i = 1, n, α, β, γ = 1,m,
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which satisfy the relations

(5) σj
α

∂σi
β

∂xj
− σj

β

∂σi
α

∂xj
= σi

γLγ
αβ ,

∑

(α,β,γ)

(
σi

α

∂Lδ
βγ

∂xi
+ Lδ

αηL
η
βγ

)
= 0.

The relations (5) are called the structure equations of the Lie algebroid.
The basic example of a Lie algebroid is the tangent bundle TM itself

with the identity mapping as anchor. The structure functions with respect
to the natural basis are Lγ

αβ = 0 and σi
j = δi

j . However, if we use another
basis for the vector fields then the structure functions are nonzero. Also,
any integrable subbundle of TM is a Lie algebroid with the inclusion as
anchor and the induced bracket.

1.3. Prolongation of Lie algebroid. Let τ∗ : E∗ → M be the dual
of the Lie algebroid. Using [5, 8, 9], we get that the dual of a Lie algebroid
induces a vector bundle τ1 : T E∗ → E∗ with a structure of Lie algebroid.
The manifold T E∗ is

T E∗ = {(u,w) ∈ E ×TM TE∗ | w ∈ TuE∗, σ(u) = Tτ (w)}.

Here, Tτ : TE∗ → TM is the tangent application and the projection τ1 :
T E∗ → E∗ is given by τ1(u,w) = πE∗(w), where πE∗ : TE∗ → E∗ is the
tangent projection. We have also the canonical projection τ2 : T E∗ → E
given by τ2(u,w) = u. The projection onto the second factor σ1 : T E∗ →
TE∗, σ1(u,w) = w is the anchor of a new Lie algebroid over the manifold
E∗. An element of T E∗ is said to be vertical if it belongs to the kernel of
the projection τ2. We will denote Kerτ2 = V T E∗ and (V T E∗, τ1|V TE∗ , E

∗)
is the vertical subbundle of (T E∗, τ1, E

∗). A basis of sections of T E∗ is
given by

Xα(u∗) =
(

sα(τ(u∗)), σi
α

∂

∂xi

∣∣∣∣
u∗

)
, Pα(u∗) =

(
0,

∂

∂µα

∣∣∣∣
u∗

)

for u∗ ∈ τ
∗−1(U), where ( ∂

∂xi ,
∂

∂µα
) is the local basis on TE∗ , and the asso-

ciated coordinates are denoted (xi, µα, zα, ωα). The dual basis is (Xα,Pα)
and the structure functions of T E∗ are given by the following formulas

(6) σ1(Xα) = σi
α

∂

∂xi
, σ1(Pα) =

∂

∂µα
,
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(7) [Xα,Xβ] = Lγ
αβXγ , [Xα,Pα] = 0, [Pα,Pβ] = 0.

In the Lie algebroid T E∗ there exists the canonical symplectic structure
given by ω = −dθ, where θ = µαXα is the Liouville section. In local
coordinates we get

ω = Xα ∧ Pα +
1
2
µαLα

βγX β ∧ X γ .

By a control system on the Lie algebroid (see [10]) π : E → M with the
control space τ : A → M we mean a section ρ of E along τ . A trajectory
of the system ρ is an integral curve of the vector field σ(ρ). Given the
cost function L ∈ C∞(A), we have to minimize the integral of L over the
set of those system trajectories which satisfy certain boundary conditions.
The Hamiltonian function H ∈ C∞(E∗ ×M A) is defined by H(µ, u) =
〈µ, ρ(u)〉 − L(u) whereas the associated Hamiltonian control system ρH is
given by the symplectic equation iρH ω = dH. In local coordinates, the
solution of the previous equation reads as

ρH =
∂H
∂µα

Xα −
(

σi
α

∂H
∂xi

+ µγLγ
αβ

∂H
∂µβ

)
Pα

on the subset where ∂H
∂uA = 0. Therefore, the critical trajectories are given

by

(8)
∂H
∂uA

= 0,
dxi

dt
= σi

α

∂H
∂µα

,
dµα

dt
= −σi

α

∂H
∂xi

− µγLγ
αβ

∂H
∂µβ

.

2. Distributional systems. Let M be a smooth n-dimensional
manifold. We consider the distributional system (driftless control-affine
system)

(9) ẋ =
m∑

i=1

uiXi(x),

where x ∈ M , X1, X2, ..., Xm are smooth vector fields on M and the control
u = (u1, u2, ..., um) takes values in an open subset Ω of Rm. The vector
fields Xi, i = 1,m, generate a distribution D ⊂ TM such that the rank
of D is constant. Let x0 and x1 be two points of M . An optimal control
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problem consists of finding those trajectories of the distributional system
which connect x0 and x1 while minimizing the cost

(10) min
u(·)

∫

I
F(u(t)dt,

where F is a Minkowski norm (positive homogeneous) on D.

Remark 1. We can associate to any positive homogeneous cost F on
the Lie algebroid E a cost F on Imσ ⊂ TM defined by

(11) F (v) = {F(u) |u ∈ Ex, σ(u) = v},
where v ∈ (Imσ)x ⊂ TxM , x ∈ M .

A piecewise smooth curve c : I ⊂ R → M is called horizontal if the
tangent vectors are in D, i.e. ċ(t) ∈ Dc(t) ⊂ TM for almost every t ∈ I. Let
u : I → E be an admissible curve projected by π onto the horizontal curve
c : I → M. The length of the horizontal curve c is defined by

length(c) =
∫

I
F(u(t))dt =

∫

I
F (ċ(t))dt,

and the distance is given by d(a, b) = inf length(c) where the infimum is
taken over all the horizontal curves connecting a and b. The distance is
infinite if there is no admissible curve that connects these two points.

Remark 2. The energy of a horizontal curve is

E(c) =
1
2

∫

I
F 2(ċ(t))dt

and it can easily be proved that if a curve is parametrized to a constant
speed, then it minimizes the length integral if and only if it minimizes the
energy integral.

For the 2-homogeneous Lagrangians L = 1
2F 2 and L = 1

2F2 we have
L = L ◦ σ. Further, L on TM is a Lagrangian with constraints. According
to the Pontryagin Maximum Principle, the Hamiltonian is recast as

H(x, p, u) = 〈p, ẋ〉 − L(x, u).

If the equations ∂H(x,p,u)
∂u = 0 permit us to find in a unique way u as a

smooth function of (x, p) then we can write the Hamiltonian system without
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any dependence on the control. This nice situation happens always for
distributional systems with quadratic cost

min
∫

I

m∑

i=1

u2
i dt.

If the cost is not quadratic, then we cannot quarantee that the Hamiltonian
can be calculated without dependence on the control. However, there exist
several situations when the Hamiltonian can still be found.

Proposition 1. The relation between the Hamiltonian H on cotangent
bundle T ∗M and the Hamiltonian H on dual bundle E∗ is given by

(12) H(p) = H(µ), µ = σ?(p), p ∈ T ∗xM, µ ∈ E∗
x.

Proof. The Fenchel-Legendre dual of Lagrangian L is the Hamiltonian
H given by

H(p) = sup
v
{〈p, v〉 − L(v)} = sup

v
{〈p, v〉 − L(u);σ(u) = v}

= sup
u
{〈p, σ(u)〉 − L(u)} = sup

u
{〈σ?(p), u〉 − L(u)} = H(σ?(p)),

and we get H(p) = H(µ), µ = σ?(p), p ∈ T ∗xM, µ ∈ E∗
x, or locally µα = σi

αpi,
where the Hamiltonian H(p) is degenerate on Kerσ?. ¤

2.1. Holonomic distribution. We assume for the beginning that
the distribution D = 〈X1, X2, ..., Xm〉 is holonomic, which means that
[Xi, Xj ] ∈ D for every i, j = 1,m, i 6= j. In order to apply the theory of Lie
algebroids we consider E = D with the inclusion as anchor σ : E → TM .
From the Frobenius theorem, the distribution D is integrable, it determines
a foliation on M and two points can be joined if and only if they are situated
on the same leaf.

We consider the following distributional system with positive homoge-
neous cost:

ẋ = u1X1 + u2X2, x =




x1

x2

x3


 ∈ R3, X1 =




1
0
0


 , X2 =




x1

x2

1




minu(·)
∫ T
0 F(u(t))dt, F(u) =

√
(u1)2 + (u2)2 + εu1, 0 ≤ ε < 1
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We are looking for the trajectories starting from the point (1, 1, 0)t and
parameterized by arclength. The associated distribution D = 〈X1, X2〉 is
holonomic, because X1 = ∂

∂x1 , X2 = x1 ∂
∂x1 + x2 ∂

∂x2 + ∂
∂x3 , and therefore

[X1, X2] = X1. In the case of the Lie algebroid, we consider E = 〈X1, X2〉
and the anchor σ : E → TR3 has the components

(13) σi
α =




1 x1

0 x2

0 1




and we get the Lagrangian L = 1
2

(√
(u1)2 + (u2)2 + εu1

)2
. Using ([13, p.

191]) we can find the Hamiltonian on E∗ given by

(14) H(µ) =
1
2

(√
(µ1)2

(1− ε2)2
+

(µ2)2

1− ε2
− εµ1

1− ε2

)2

.

Remark 3. Using relation (12) we can calculate the Hamiltonian H
on T ∗M given by H(x, p) = H(µ), µ = σ?(p), where

(
µ1

µ2

)
=

(
1 0 0
x1 x2 1

) 


p1

p2

p3


 .

We get that

(15) H(x, p) =
1
2

(√
(p1)2

(1− ε2)2
+

(p1x1 + p2x2 + p3)2

1− ε2
− εp1

1− ε2

)2

.

Unfortunately, with H(x, p) from (15) the Hamilton equations on T ∗M lead
to a complicated system of implicit differential equations.

We will use the geometric model of a Lie algebroid. From the relation
[Xα, Xβ] = Lγ

αβXγ we obtain the non-zero components L1
12 = 1, L1

21 = −1
while from (8) we deduce that

ẋ1 =
∂H
∂µ1

+ x1 ∂H
∂µ2

, ẋ2 = x2 ∂H
∂µ2

, ẋ3 =
∂H
∂µ2

,(16)

µ̇1 = −µ1
∂H
∂µ2

, µ̇2 = µ1
∂H
∂µ1

,
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where

∂H
∂µ1

=

(
1 + ε2

)
µ1

(1− ε2)2
−

ε
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

1− ε2
− εµ2

1

(1− ε2)3
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

(17)
∂H
∂µ2

=
µ2

1− ε2
− εµ1µ2

(1− ε2)2
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

.

The form of the last relations leads to the following change of variables

µ1(t) = (1− ε2)r(t) sec hθ(t), µ2(t) =
√

1− ε2r(t) tanh θ(t).

In these circumstances we have
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2 = |r| whereas µ̇1 = −µ1
∂H
∂µ2

yields

(18)
√

1− ε2

(
ṙ

r
− θ̇ tanh θ

)
= r(− tanh θ + ε sechθ tanh θ).

From µ̇2 = µ1
∂H
∂µ1

we get
(19)√

1− ε2

(
ṙ

r
tanh θ + θ̇ sec h2θ

)
= r((1 + ε)2 sech2θ − ε sec hθ − ε sec h3θ).

Now, reducing θ̇ and ṙ
r from the relations (18) and (19), we obtain

√
1− ε2ṙ = r2ε sechθ tanh θ(ε sec hθ − 1)

and

(20)
√

1− ε2θ̇ = r(ε sechθ − 1)2.

The last two relations lead to

ṙ

θ̇
=

rε sechθ tanh θ

ε sechθ − 1

and respectively to

1
r
dr =

ε sechθ tanh θ

ε sechθ − 1
dθ,
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with the solution ln |r| = − ln(ε sec hθ − 1)− ln c. Therefore

|r| = 1
c (ε sec hθ − 1)

.

Since the geodesics are parameterized by arclength, the conclusion corre-
sponds exactly to the 1/2 level of the Hamiltonian and so we have

H =
r2

2
(1− ε sec hθ)2 =

1
2c2

.

Now, c = ±1 and

r = ± 1
ε sechθ − 1

.

From the relation (20) we have

dθ

dt
=

√
1− ε2

1− ε sechθ

and respectively

t =
√

1− ε2

∫
1

1− ε sechθ
dθ.

The relation µ̇1 = −µ1ẋ
3 implies that

x3(θ) = ln
c1(1− ε sechθ)
(1− ε2) sechθ

, c1 ∈ R.

Since we are looking for the trajectories starting from the point (1, 1, 0)t,
we have

ln
c1

1 + ε
= 0 ⇒ c1 = 1 + ε

and so

x3(θ) = ln
1− ε sechθ

(1− ε) sechθ
= ln

cosh θ − ε

1− ε
.

The relation

ẋ2

x2
= − µ̇1

µ1
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leads to

x2(θ) =
c2(1− ε sechθ)
(1− ε2) sechθ

whereas from x2(0) = 1 we get c2 = 1 + ε. These lead to

x2(θ) =
cosh θ − ε

1− ε
.

We obtain also that

µ̇2 = µ1(ẋ1 − x1 ∂H
∂µ2

) = µ1ẋ
1 + x1µ̇1

and, consequently, µ2 = µ1x
1 + c3. Further,

x1(θ) =
sinh θ√
1− ε2

± c3(1− ε sec hθ)
(1− ε2) sechθ

.

From x1(0) = 1 we obtain that c3 = 1 + ε and this yields

x1(θ) =
sinh θ√
1− ε2

+
cosh θ − ε

1− ε
.

Remark 4. If ε = 0 we regain the case of distributional systems with
quadratic cost with the solution x1(t) = sinh t + cosh t, x2(t) = cosh t,
x3(t) = ln cosh t.

2.2. Nonholonomic distribution. We assume that the distribution
D = 〈X1, X2, ..., Xm〉 is nonholonomic and is strong bracket generating
(see [1], [6], [14]), i.e. sections of D and first iterated brackets span the
entire tangent space TM . By a well-known theorem of Chow, the system
is controllable, that is any two points are connected through a horizontal
curve (M is assumed to be connected). We also suppose that the vectors
B = {X1, X2, ..., Xm, [Xi, Xj ]} determine a base in TM. The space E = TM
with the base B is a Lie algebroid over M with at least one structural
function nonzero. The anchor σ : E → TM is just the identity and the
matrix corresponding to σ is determined by the base vectors.

The control system can be written as

ẋ =
m∑

i=1

uiXi(x) + 0Xm+1 + . . . 0Xn
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with

min
u(·)

∫ T

0
L(u(t))dt.

To solve this minimization problem we consider the Lagrangian

L̃ = L+
n∑

k=m+1

λku
k

(λk are the Lagrange multipliers) and still work via the maximum principle
but at the level of Lie algebroids. We set µi = ∂L̃

∂ui and

H =
n∑

i=1

µiu
i − L̃

thus obtaining µj = ∂L
∂uj , µk = λk with j = 1,m and k = m + 1, n. Since L

is 2-homogeneous with respect to ui, i = 1,m, we get

H =
m∑

i=1

∂L
∂ui

ui − L = L

with the constrains µk = λk, k = m + 1, n.
We consider the following distributional system with positive homoge-

neous cost:

ẋ = u1X1 + u2X2, x =




x1

x2

x3


 ∈ R3, X1 =




1
0
0


 , X2 =




0
1
x1




and

min
u(·)

∫ T

0
F(u(t))dt, F(u) =

√
(u1)2 + (u2)2 + εu1, 0 ≤ ε < 1.

We are looking for the trajectories starting from the origin and parametrized
by arclength. We have X1 = ∂

∂x1 , X2 = ∂
∂x2 + x1 ∂

∂x3 , X3 = [X1, X2] = ∂
∂x3

and 〈X1, X2, X3〉 ≡ TR3, hence the distribution D =< X1, X2 > of constant
rank is strong bracket generating.
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Remark 5. We can work, as in classical case, directly on the cotangent
bundle by computing the Hamiltonian H(x, p) = H(x, µ) , µ = σ∗(p). Since

H =
1
2

(√
(µ1)2

(1− ε2)2
+

(µ2)2

1− ε2
− εµ1

1− ε2

)2

, µ3 = λ,

(
µ1

µ2

)
=

(
1 0 0
0 1 x1

) 


p1

p2

p3


 ,

we obtain

H =
1
2




√
(p1)

2

(1− ε2)2
+

(p2 + p3x1)2

1− ε2
− εp1

1− ε2




2

.

Unfortunately, from the Hamilton equations on T ∗M a very complicated
system of implicit differential equations is obtained.

We will use a different approach. Let us take M = R3 and E = TM
with the basis {X1,X2, X3}. E is a Lie algebroid over M with at least one
structural function nonzero. The anchor σ : E → TM is just the identity
and the matrix of σ with respect to the basis of E and TM basis is

σi
α =




1 0 0
0 1 0
0 x1 1


 .

From the structure equations of Lie algebroids and the relation [Xα, Xβ] =
Lγ

αβXγ we obtain the non-zero structural functions L3
12 = 1, L3

21 = −1.
Now, using the Hamilton equations on Lie algebroids (8) we get the following
systems of differential equations

(21) ẋ1 =
∂H
∂µ1

, ẋ2 =
∂H
∂µ2

, ẋ3 = x1 ∂H
∂µ2

and

(22)





µ̇1 = −L3
12µ3

∂H
∂µ2

= −λ
∂H
∂µ2

µ̇2 = −L3
21µ3

∂H
∂µ1

= λ
∂H
∂µ1

µ̇3 = 0 ⇒ λ = ct,
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where

∂H
∂µ1

=

(
1 + ε2

)
µ1

(1− ε2)2
−

ε
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

1− ε2
− εµ2

1

(1− ε2)3
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

∂H
∂µ2

=
µ2

1− ε2
− εµ1µ2

(1− ε2)2
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

.

We may use to the following transformations

µ1(t) = (1− ε2)r(t)(a cosAθ(t)− b sinAθ(t))
µ2(t) =

√
1− ε2r(t)(a sinAθ(t) + b cosAθ(t))

(23)

with a2 + b2 = 1. We also have
√

(µ1)2

(1−ε2)2
+ (µ2)2

(1−ε2)
= |r|. Further, (22 )

yields

(24)
c1

(
ṙ
r (a sinAθ + b cosAθ) + Aθ̇(a cosAθ − b sinAθ)

)

= (1 + ε2)(a cosAθ − b sinAθ)− ε(1 + (a cosAθ − b sinAθ)2)

and
(25)

c1

(
ṙ
r (a cosAθ − b sinAθ)−Aθ̇(a sinAθ + b cosAθ)

)
=

= −(a sinAθ + b cosAθ) + ε(a cosAθ − b sinAθ)(a sinAθ + b cosAθ),

where c1 = (1−ε2)
√

1−ε2

λ . Reducing θ̇ and ṙ
r from (24) and (25), we get

(26) c1
ṙ

r
= ε (a sinAθ + b cosAθ)(εa cosAθ − εb sinAθ − 1)

and

(27) c1Aθ̇ = (1− ε(a cosAθ − b sinAθ))2 .

These lead to

t =
(1− ε2)

√
1− ε2A

λ

∫
dθ

(1− ε (a cosAθ − b sinAθ))2
.

From (26) and (27) we obtain

dr

r
=

Aε(a sinAθ + b cosAθ)
ε(a cosAθ − b sinAθ)− 1

dθ



272 LIVIU POPESCU 16

and

r =
1

c (1− ε (a cosAθ − b sinAθ))
.

Since the geodesics are parametrized by arclength this corresponds exactly
to the 1/2 level of the Hamiltonian and we have

H =
r2

2
(1− ε (a cosAθ − b sinAθ))2 =

1
2c2

.

So, c = ±1 and

r = ± 1
1− ε (a cosAθ − b sinAθ)

.

From (23) we obtain

µ1(t) = ±(1− ε2)(a cosAθ − b sinAθ)
1− ε (a cosAθ − b sinAθ)

µ2(t) =
√

1− ε2(a sinAθ + b cosAθ)
1− ε (a cosAθ − b sinAθ)

.

Since µ̇2 = λẋ1, we also have x1(θ) = µ2

λ − a1. As we are looking for
geodesics with start from the origin, we have a1 =

√
1−ε2b

λ(1−εa) and therefore

x1(θ) =
√

1− ε2(a sinAθ + b cosAθ)
λ (1− ε (a cosAθ − b sinAθ))

−
√

1− ε2b

λ(1− εa)
.

From µ̇1 = −λẋ2 we get

x2(θ) =
(1− ε2)(b sinAθ − a cosAθ)
λ (1− ε (a cosAθ − b sinAθ))

+
(1− ε2)a
λ(1− εa)

.

Finally, because ẋ3 = x1ẋ2 a straightforward computation leads to

x3(θ) =
(1− ε2)

√
1− ε2A

λ2

∫
(a sinAθ + b cosAθ)2

(1− ε (a cosAθ − b sinAθ))3
dθ

−(1− ε2)Ab

λ2

∫
a sinAθ + b cosAθ

(1− ε (a cosAθ − b sinAθ))2
dθ.
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Remark 6. For ε = 0 we obtain the sub-Riemannian case (distribu-
tional systems with quadratic cost) with the solution

x1(t) =
a sinλt− b(1− cosλθ)

λ
,

x2(t) =
b sinλt + a(1− cosλt)

λ
,

x3(t) =
t

2λ
+

b2 − a2

4λ2
sin 2λt− ab

λ2
cos2 λt +

ab

λ2
cosλt− b2

a2
sinλt,

a2 + b2 = 1.
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