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Abstract. In this paper, we consider pseudo projectively flat, pseudo projectively
conservative and ¢—pseudo projectively flat Lorentzian para-Sasakian manifold. It has
also been proved that an Einstein Lorentzian para-Sasakian manifold satisfying the re-
lation R(X, Y)P = 0, where Pis pseudo projective curvature tensor, then it is locally
isometric with a unit sphere.
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1. Preliminaries. An n-dimensional differentiable manifold M™
is Lorentzian para-Sasakian (LP-Sasakian) manifold, if it admits a (1,1)-
tensor field ¢, vector field &, 1-form n and a Lorentzian metric g, which
satisfies

(1.1) ¢*(X) = X +n(X)¢

(1.2) n(€) = -1

(1.3) 9(6X,9Y) = g(X,Y) +n(X)n(Y)
(1.4) 9(X, &) = n(X)

(1.5) (Dx¢)(Y) = g(X,Y)§ +n(Y)X + 2n(X)n(Y)¢



276 DHRUWA NARAIN, AMIT PRAKASH and B. PRASAD 2

and
(1.6) Dx¢§ = ¢X,

for arbitrary vector fields X and Y; where Dx denotes covariant differenti-
ation with respect to g, ([4], [5]).

In an LP-Sasakian manifold M"™ with structure (¢, &, 1, g) it is easily
seen that

(1L7) (@)  ¢€=0 (b)) n(@X)=0 (c) rankp=(n—1).
Let us put
(1.8) F(X,Y) =g(¢X,Y),

then the tensor field F' is symmetric (0, 2)-tensor field. Thus, we have

(1.9) F(X,Y)=F(Y,X)
(1.10) F(X,Y) = (Dxn)(Y)
and

(1.11) (Dxn)(Y) — (Dyn)(X) = 0.

An LP-Sasakian manifold M™ is said to be Einstein manifold if its Ricci
tensor S is of the form

(1.12) S(X,Y) = kg(X,Y)

where k = (n —1).
An LP-Sasakian manifold M™ is said to be n—Einstein manifold if its
Ricci tensor S is of the form

(1.13) S(X,Y) =ag(X,Y) + Bn(X)n(Y).

for any vector fields X and Y, where «, (8 are functions on M™.
Let M™ be an n-dimensional LP-Sasakian manifold with structure
(¢,€,1,9). Then we have ([5], [6]).

(1.14)  g(R(X,Y)Z,§) =n(R(X,Y)Z) = g(Y, Z)n(X) — g(X, Z)n(Y)
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(1.15)(a) R(§ X)Y = g(X,Y)§ —n(Y)(X)
(1.15)(b) R(¢, X)E =X +n(X)¢

(1.15)(c) R(X,Y)E = n(Y)X = n(X)Y
(1.16) S(X,€) = (n— 1)n(X)

and

(1.17) S(0X,0Y) =S(X,Y) + (n— 1)n(X)n(Y)

for any vector fields X,Y, Z where R(X,Y)Z is the Riemannian curvature
tensor of type (1,3), S is the Ricci tensor of type (0,2). @ is (1,1) Ricci
tensor and r is the scalar curvature g(QX,Y) = S(X,Y) forall X,Y.
Recently one of the author defined Pseudo projective curvature tensor P on
a Riemannian manifold (M", g)(n > 2) of type (1,3) as follows (PRASAD

[9])-

P(X,Y)Z = aR(X,Y)Z +b[S(Y, Z2)X — S(X, Z)Y]
(1.18) N b} 9(Y, 2)X — g(X, Z)Y]

nin—1

where a and b are constants such that a,b # 0.

Ifa=1and b= — ﬁ then (1.18) takes the form

P(X,Y)Z =R(X,Y)Z — [S(Y,2)X — S(X,2)Y] = P(X,Y)Z.

(n—1)
where P is the projective curvature tensor ([7]). Hence the projective
curvature P is a particular case of the tensor P. For the reason P is called
pseudo projective curvature tensor.

2. An Einstein LP-Sasakian manifold satisfying IB(X, Y)Z =o.
In this section we assume that P(X,Y)Z = 0. Then from (1.18), we get

dR(X,Y,Z,W) = —b[S(Y, Z)g(X, W) — S(X, Z)g(Y, W)]

B L ] oY, 2)g(X, W) — g(X, Z2)g(v. W)
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where 'R(X,Y, Z, W) = g(R(X,Y)Z,W). Putting X =W = ¢ in (2.1), we
get

a'R(E,Y, Z,§) = —b[=S(Y, Z) = S(&, Z)n(Y)]

(2.2) +% [ﬁ + b] [9(Y, Z) —n(Y)n(Z)].

In view of (1.12), (1.14) and (2.2), we get
(2.3) [a+ (n = 1)b][r —n(n —1)]g(¢Y, ¢Z) = 0.

Thus we see that g(¢Y, ¢Z) # 0.
Hence from (2.3), we get r = n(n—1), provided a+ (n—1)b # 0. Hence,
we can state the following theorem:

Theorem 1. The scalar curvature v of a pseudo projectively flat LP-
Sasakian manifold M™ is constant, given by r = n(n—1), provided a+ (n—
1)b # 0.

Contracting (1.18) with respect to X, we get

(CL1P)(Y,Z) =aS(Y,Z)+b(n—1)S(Y, Z)
(2.4) —1{ . 1 +b} (n—1)g(Y, 2)

nLtn —

=la+(n—1b][S(Y.2) - = g(v.2)

where contraction of P(X,Y)Z with respect to X is defined by (C] P)(Y, Z).
Let us assume that in an LP-Sasakian manifold

(2.5) (CIP)(Y,Z) = 0.

From (2.4) and (2.5), we get [a + (n — 1)b][S(Y, Z) — - g(Y,Z)] = 0.

If a+ (n —1)b # 0, then from (2.6), we get S(Y, Z) = T g(Y, Z), which
shows that M™ is an Einstein manifold.

Putting Z = £ in (2.6), we get [a+ (n—1)b] [r —n(n—1)]n(Y) = 0. Thus
we see that n(Y) # 0, hence, we get = n(n— 1), provided a+ (n—1)b # 0.

Hence, we can state the following theorem:

Theorem 2. If in an LP-Sasakian manifold the relation (C1P)(Y, Z) =
0 hold, then M™ is an Einstein manifold with scalar curvature r = n(n—1),
provided a + (n —1)b # 0.
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3. Einstein LP-Sasakian manifold satisfying (divP)(X,Y)Z=0.

Definition. A manifold (M",g)(n > 2) is called pseudo projectively
conservative if div P = 0, ([3]).
In this section we assume that

(3.1) divP =0,
where div denotes divergence. Now differentiating (1.18) covariantly, we get

(DuP)(X,Y)Z = a(DuR)(X,Y)Z
(3.2) +b[(DuS)(Y, Z2)X — (DuS)(X, 2)Y]

1 [ a + b} [Dyr][g(Y, Z)X — g(X, 2)Y].

nln—1

Contraction of (3.2) gives
(div P)(X,Y)Z = a(divR)(X,Y)Z
(33) +(DxS)(Y. Z) - (Dy $)(X. 2)]

_l[ ¢ o+ b] 9(Y, Z)dr(X) — g(X, Z)dr(Y)].

But from [2], we have
(3.4) (divR)(X,Y)Z = (DxS)(Y, Z) — (DyS)(X, Z).

If LP-Sasakian manifold is an Einstein manifold, then from (1.12) and (3.4),
we get

(3.5) (divR)(X,Y)Z = (DxS)(Y, Z) — (Dy S)(X, Z) = 0.

From (3.3) and (3.5), we get

(3.6) (divP)(X,Y)Z = -
From (3.1) and (3.6), we get g(Y, Z)dr(X)—g(X, Z)dr(Y) = 0, provided
a+(n—1)b # 0 which shows that r is constant. Again if 7 is constant then
from (3.6), we get (divP)(X,Y)Z = 0.
Hence, we can state the following theorem:

: [ - “’} [9(Y, Z)dr(X) — g(X, Z)dr(Y)].

n—1

Theorem 3. An Einstein LP-Sasakian manifold (M",g)(n > 2) is
pseudo projectively conservative if and only if the scalar curvature is con-
stant, provided a + (n — 1)b # 0.
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4. ¢— Pseudo projectively flat LP-Sasakian manifold

Definition. A differentiable manifold (M",g)(n > 2) satisfying the
condition ([1])

(4.1) ¢’ P(¢pX,9Y)¢Z =0,

is called ¢p—pseudo projectively flat LP-Saskian manifold.

Suppose that (M", g)(n > 2), is a ¢—pseudo projectively flat LP-
Sasakian manifold. It is easy to see that ¢2P(¢pX,¢Y)¢Z = 0, holds if
and only if g(P(¢X, ¢Y)pZ,pW) = 0, for any vector fields X,Y, Z, W. By
the use of (1.18), ¢p— pseudo projectively flat means,

AROX, 6Y,02,0W) = ~b[S(6Y,02)g(6X, W)
~S(6X. 62)9(9Y. oW )]
+ =[5+ b]lg(0Y. 02)g(6X. W)
—~9(0X. 62)g(8Y. 61V)]

where 'R(X,Y, Z,W) = g(R(X,Y)Z,W).

Let {e1,eq,...... ,en—1,&} be alocal orthonormal basis of vector fields in
M™ by using the fact that {¢e1, pea, ..., pen—_1,£} is also a local orthonormal
basis, if we put X = W = ¢; in (4.2) and sum up with respect to i, then we
have

(4.2)

n—1 n—1
> d'R(¢ei, Y, ¢Z, dei) = —b Y [S(9Y, 6Z)g(des, dei)
1=1

=1
—§(¢e,&¢2)g(¢}§ pe;)]
| + ][00, 02)g(0er, dei) — g(dei 92)g (Y ey

(4.3)

On an LP-Sasakian manifold, we have ([8]).

1

n

(4.4) 'R(¢ei, Y, ¢Z, pe;) = S(¢Y, ¢Z) + g(¢Y, $Z)
i=1
n—1
(4.5) > S(gei per) =r+n—1

i=1
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n—1
(4.6) > g(dei, $2)S(0Y, de;) = S(¢Y, $2)
=1
n—1
(4.7) Zg((ﬁei, pei) =n+1
=1
n—1
(4.8) > " g(dei 02)g(dY, de;) = g(¢Y, $2).
=1

So by virtue of (4.4)-(4.8), the equation (4.3) takes the form,

a
n—1

(4.9) (a + bn)S(8Y, ¢Z) = [r{ n b} - a}g(gzsy, 67).

By making the use of (1.3) and (1.17) in (4.9), we get

(a+bn)S(Y,Z) = [7’{ - —i—b} —a]g(Y,Z)—i— [r{ =1 —i—b}

n—1 n

(4.10)
—n(a+bn)+ bn} n(Y)n(2)

which shows that, M"™ is an n—Einstein manifold. Contracting (4.10), we
get

(4.11) br —n(n—1)] =0.

If b # 0, then from (4.11), we have r = n(n — 1).
Hence we can state the following theorem:

Theorem 4. Let M"™ be an n-dimensional (n > 2) ¢p—pseudo projec-
tively flat LP-Sasakian manifold, then M™ is an n— Einstein manifold with
the scalar curvature r = n(n — 1), provided b # 0.

5. An Einstein LP-Sasakian manifold satisfying R(X, Y)I5 =0.
In this section we assume that

(5.1) R(X,Y).P(U, V)W = 0.
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Let the Riemannian manifold M™ be an Einstein manifold, then (1.18)
gives

P(X,Y)Z =aR(X,Y)Z 4+ bklg(Y,Z)X — g(X,Z)Y]

(5.2) } 9(Y. Z)X — g(X,Z)Y]

Now (5.2) can be written as

P(X,Y,Z,W)=dR(X,Y,Z,W)
+

(5.3) [bk _ %{% + bH [9(Y, Z)g(X, W) — g(X, Z)g(Y, W)],

where 'P(X,Y, Z,W)=g¢(P(X,Y)Z,W) and 'R(X,Y, Z,W)=g(R(X,Y)Z,

W)ﬁsing (1.14) in (5.3), we get

(5:4) n(P(X,Y)Z) = |a+bh——{ b |[g(Y, 2)(X)—g(X. Z)n(Y)]
Taking X = £ in (5.4), we get

(5.5) n(P(£,Y)Z) = [a ok — 1{

n

a o+ bH [—9(Y, Z) —n(Y)n(2)]

n —

(5.6) n(P(X,Y)E) = 0.

R(X,Y).P(U V)W = R(X,Y)P(U, V)W — P(R(X,Y)U,V)W
—P(U,R(X,Y)V)W — P(U,V)R(X,Y)W.

In view of (5.1), we get

. R(X,Y)P(U, V)W — P(R(X,Y)U, V)W — P(U,R(X,Y)V)W
B0 puvRX. Y)W =0
Therefore,

9(R(EY)P(U,VIW, &) — g(P(R(EY)U, V)W, )
—g(P(U, R(§,Y)V)W, &) — g(P(U,V)R(E, Y)W, &) = 0.
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From this it follows that

~'P(U,V,W,Y) = n(Y)n(P(U, V)W)
+n(U)n(PY, V)W) +n(V)n(PU,Y)W)
+n(W)n(P(U,V)Y) — g(Y,U)n(P(E V)W)
—g(Y,V)n(P(U, W) — (, Wn(P(U,V)§) =

Putting Y = U in (5.8), we get

(5.8)

~'P(U,V, W, U) = n(U)n(PU, V)W)
o TUmEPEYVIW i H(V)n(P(U, )W)
| +n(W)n(P(UV)U) = g(U,U)n(P(E, V)IV)

—g(UV)(PU. W) — g(U.Wn(P(U,V)) = 0.

Let {e;},1=1, 2, 3, ...., n be an orthonormal basis of the tangent space
at any point. Then the sum for 1 <14 < n of the relation (5.9), for U = e,
gives
~ 1
n(PE, V)W) = m[— aS(V,W)
(5.10) {bk— f( )}(n— 1)g(V, W)
{a + bk — f(— + b) }(n — Dn(V)nw)].

Using (5.4) and (5.10), it follows from (5.8) that

(5.11)
'PUVWY) = [bh = Z{ 2= + b} [[g(V. W)g(Y.U) = (U, W)g(V. Y )]
T ISV W)g(Y.U) = S(U,W)g(V. V)]

Using (1.12) in (5.11), we get

a

'PUV,W,Y) = {a+bk—%{n_1

—g(U, W)g(V, Y ]

(5.12) + bH lg(V,W)g(Y,U)

From (5.3) and (5.12), we get
dR(U,V,W,Y) = alg(V,W)g(Y,U) — g(U,W)g(V, Y],

which gives 'R(U, V,W,Y) = g(V,W)g(Y,U) — g(U,W)g(V,Y), provided
a # 0 where 'R(U,V,W,Y) = g(R(U,V)W,Y).
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Hence we can state the following theorem:

Theorem 5. If in an Finstein LP-Sasakian manifold, the relation

R(X,Y).P = 0 holds, then it is locally isometric with a unit sphere, provided
a # 0.
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