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1. Introduction. An American option is a contract which gives the
right to its holder to exercise, i.e. to ask for the wealth, when he decides
before the maturity of the option. The liabilities of the seller of the option is
to provide this wealth and nothing else. In recent last years there have been
other options, which have attracted a lot of research activity, which look like
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to American options but they give also the right to the seller of the option
to recall it if he accepts to pay a money penalty, namely American game
options. Those types of options, introduced by KIFER in [24] who terms
them as Israeli options, have been well documented in several papers of
which we can quote [23], [3], [15], [26]. The main reason for the introduction
of those options is that brokers face high level risky environment/market
and therefore introduce clauses which allow them to withdraw from their
liabilities in case when for example a stock or a commodity, such as crude
oil, copper, steel,..., becomes more and more expensive. In order to tackle
American options we mainly use Snell envelope of processes while in order
to do so for the American game options we use value functions of zero-sum
Dynkin games. In the standard Black and Scholes model, the value of the
American game option is given by the value of the zero-sum Dynkin game
under the risk neutral probability. Additionally a hedging strategy for the
seller of the option exists (see e.g. [24, 15, 23| for more details).

Now let us introduce a specific stochastic Ramsey model in a growth
model in finance (see e.g. [1] for more details). Assume we have a capital
from which is withdrawn a consumption and whose dynamics is given by:

dX; = Xt(T — Ct)dt + XiodW,, t < T and Xog =z > 0.

Here 7 is the spot mean-return of the capital and c is a proportion of the
capital which is consumed. Therefore usually the main objective is to find an
optimal consumption process with respect to an index which indicates the
satisfaction of the capital holder. This index depends of course on (¢;)i<r
but also on X and many other parameters such as risk sensitiveness, utility
and so on.

The problem we consider in this paper is in a way a generalization of
the combination of the two previous ones. Additionally we assume that the
criterion is of risk-sensitive type. Actually assume we have a system on
which intervene two agents a; and as and whose dynamics is given by:

dX$7 = b(s, X7, ag, Bs)ds + o (s, X ag, B)dWs, s € [0,T];
(1) Xa,ﬁ o
0 =X.

The stochastic processes (ay)i<7 and (8;)i<7 are the intervention functions
of a1 and as respectively. The agents are also allowed to stop controlling
at stopping times ¢ for a; and 7 for as. When one of them decides to stop
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controlling first, the control of the system is stopped. The interests of the
agents are antagonistic and there is a payoff whose expression is given by:

TNAT Ao
[(a,0;6,7) :=E [emp{/ @(s,X?”g,as,ﬁs)ds
0

(2)

(0, X8 ) fgerar + B (7, X20) 1 rco) + g(X%Y’ﬁ)l[a:T:T]}} :
This payoff T'(a, 0; 8, 7) is a reward for a1 and a cost for as, therefore the
first agent aims at maximizing it while the second one, his objective is to
minimize the same quantity. The role of the exponential utility function is
to capture the sensitiveness with respect to risk of the agents. To day there
have been several papers which deal with risk-sensitive control/games (see
e.g. [12, 4, 5, 28, 11]). The risk neutral game corresponds to the case when
the payoff equals to the expectation of the quantity inside exponential in
(2). So one of the objectives of this paper is to study the upper and lower
values of this mixed zero-sum stochastic differential game which are defined
by:

(3) supinfsupinfI'(a,0;6,7) and infsupinfsupI'(a,o;3,7).
a B o T B a T o

When the data of this problem do not depend on the controls a and 3 and
the criterion is of risk-neutral type, the problem reduces to the well known
zero-sum Dynkin game which is involved when dealing with American game
options. On the other hand, in order to obtain the Ramsey model it is
enough to take 7 = ¢ = T and assume that the data do not depend on S.

Generally speaking, in this paper we are going to consider a more general
setting of payoffs, namely payoffs defined by solutions of BSDEs with two
reflecting barriers and continuous coefficients whose growth are quadratic
with respect to the component z for which the payoff (2) is somehow a
particular case.

The BSDEs with two reflecting barriers have been introduced by Cvi-
TANIC-KKARATZAS in [10]. They have generalized a previous work by EL-
KAROUI et al. [13] on BSDEs with only one reflecting barrier. Since then
BSDEs with two reflecting barriers have attracted a lot of research activity
especially in connection with zero-sum Dynkin games and American game
options (see e.g. [2, 16, 17, 15]). In [17], the authors have shown that if
the barriers are completely separated and the coefficient of the BSDE is
continuous with quadratic growth, then a minimal and a maximal solution
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exist for the BSDE. This is the framework which we adopt along with this
paper.

For decades there have been a lot of research activity on stochastic
differential games (see e.g. [6, 7, 8, 14, 12, 18, 19, 20, 21, 22],... and the
references therein ). The lower and upper values of a zero-sum stochastic
differential game have been already investigated by FLEMING-SOUGANIDIS
in [14]. They proved that they are unique solutions in viscosity sense of their
associated Hamilton-Jacobi-Bellman-Isaacs equations. The upper and lower
values of a zero-sum mixed differential game have been studied in [20, 17, 22]
in connection with reflected BSDEs. For this latter type of games, another
framework is the one considered in [8]. The authors studied the mixed
zero-sum differential game when the dynamics of the controlled system is
solution of (1) and the payoffs are given by a solution of a controlled BSDE
with two reflecting barriers whose coefficient is Lipschitz in (y, z). They
have shown that the values of the game are unique viscosity solutions of
their related Hamilton-Jacobi-Bellman equations. In this work we mainly
focus on the lower and upper values of the zero-sum stochastic differential
game when the payoffs are given by a solution of a two reflecting barrier
BSDEs with continuous coefficients and quadratic growth condition w.r.t.
z. A particular case of those BSDEs is connected with the risk-sensitive
payoff defined in (2). The dynamics of the controlled system is given by
(1). We show that those values are unique solutions of their associated
Hamilton-Jacobi-Bellman equations.

This paper is organized as follows:

In Section 2, we recall the main results related to BSDEs with two
reflecting barriers, while in Section 3 and Section 4, we give the main result
of the paper. We show that the lower and upper values are unique viscosity
solutions of their respective HJB equations. We begin to show the much
more involved issue of uniqueness and later the one of existence. In Section
5, we make the connection between the payoffs I' given in (2) with the
payoffs defined through solutions of a specific BSDEs with two reflecting
barriers considered along with this article. O

2. Preliminaries. Notations. Hypothesis. The purpose of this
section is to introduce some basic notations and results concerning RBSDEs
with two barriers, which will be needed throughout this paper. In all that
follows we shall consider a finite horizon T' > 0 and a complete probability
space (§2, F,P) on which is defined a standard d-dimensional Brownian mo-
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tion W = (W}),.r whose natural filtration is denoted F ={F, 0 <t <T}.
More precisely, F is the filtration generated by the process W and aug-
mented by Np, the set of all P-null sets, i.e. Fy = c{Ws, s <t} V Np.

Let us consider:
(i) P, the o-algebra of Fi-progressively measurable sets on [0, 7] x ;

(ii) £%*, the set of P-measurable and R¥-valued processes z = (z)i<r
such that fOT |z¢|?dt < oo, P-a.s.; H>F is the subspace of £*F, such
that E[fOT |2¢|2dt] < oo;

(iii) &2, the set of P-measurable and continuous processes Y = (Y;),op
such that E[sup |¥;|?] < oo; -

t<T

(iv) M, the set of continuous P-measurable nondecreasing processes (K )i<r
such that Ky = 0 and K7 < oo, P-a.s.

Let us now recall the existence result for the solutions of RBSDEs with
two barriers with quadratic growth coefficient. For that, let us take four
objects which define the equation:

e a continuous function F : [0, T]x QxR x R? — R (also known as the
coefficient or generator of the equation) which grows subquadratically
with respect to z, i.e., there exists a constant C' > 0 such that, P-a.s.,

(1) [F(tw,y,2) < OO+ [2P), ¥(ty,2) € [0,T] x @ x R x R;
e a terminal value £, which is a Fpr-measurable random variable;

e two processes U = (Up),<p and L = (Lt),<p from S?, satisfying Ly <
Ug, forall t < T, and Ly < & < Up.

Definition 1. A solution for the RBSDE associated with (F,§,L,U)
s a quadruple of P-measurable processes (Yt,Zt,K;r,Kt_)KT from 82 x

L% x M x M such that, P-a.s.
T T

Y, = {—i—/ F(s,YS,Zs)ds—i—(K:}F — K{F)—(Kf — Kt_)—/ ZsdWs, ¥t < T
t t

and

T T
Lsvisuowst, [ oi-rnyaws = [ - v)aR; <o
0 0
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We will also assume that U, L and &£ are bounded, i.e.,

(5) esssup||¢| + sg${|Ut| + |L¢|}] < +o0.
t<

We have the following results (see, i.e, [17], Theorem 3.2 and Remark 3.3).

Theorem 2. Under the assumptions (4) and (5), there exists a P-
measurable process (Y, Z, K+, K~) solution for the RBSDE associated with
(F,&,L,U). Moreover, the solution is mazimal, i.e., if (Y', 2/ K't K'™) is
another solution of the above equation, then P-a.s., for all t < T, we have
Y/ < Y.

The main idea for proving the existence of a solution for RBSDE asso-
ciated with (F,&, L,U) is to find a solution for a RBSDE associated with
data obtained by an exponential transform of (F, ¢, L,U). Then, by a lim-
iting procedure applied to a suitably constructed monotone sequence of
bounded, continuous generators which approximate f, it is shown that the
initial equation has a solution. We will use a similar technique for the proof
of our existence result for the Isaacs equation associated with stochastic
games. Another useful result is the following comparison principle.

Proposition 3 (comparison). Let F' and F' be two generators satisfy-
ing (4) and (5) such that, P-a.s., F (t,w,y,z) < F' (t,w,y,2) for any t, y, z,
and consider (Yt,Zt,Kj,K;)KT, (resp. (Y{, Zt’,Kﬁ,Kt/*)KT) the maxi-
mal solution of the RBSDE associated with (F,&, L, U) (resp. (F',&,L,U)).
Then, P-a.s. Vi <Y/, for allt <T.

3. Main results. We introduce now the framework for the study of
stochastic differential games with reflection for two players and we give the
results which assert the existence and uniqueness of viscosity solutions for
the associated Isaacs equations with obstacles. The proofs of these results
will be detailed in the next section.

3.1. The setting of the problem. Let A and B be two compact
metric spaces.

Definition 4. An admissible control process o = (s)sepery (resp.,
8 = (ﬁs)se[t,T]) for Player I (resp., Player II) on [t,T] (t < T) s an F-
progressively measurable process taking values in A (resp., B). The set of
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all admissible controls on [t,T] for the two players will be denoted by Ay,
respectively By.

Now, for t < T, a(-) € A and () € By, let us consider the following
SDE:

dXE50 = p(s, X0TP g, B)ds + o (s, XU ay, B,)dW,
(6) s [t,T];
X£7x;a76 — 1.7 s S t,

where the coefficients
b:[0,T] xR*x Ax B— R"and o :[0,T] x R" x A x B — R™*¢
satisfy the following condition:

( (i) for every x € R", b(-,z,-,-) and o (-, x,-, ")
are continuous; moreover,
(79)  there exists Cr, > 0 such that, for all ¢t € [0,77],
z, ¥’ €eR" ac A, B€B,
|b(t,x, o, B) = b(t, 2, a, B)| + |o (t,z, 0, B) — o (t, 2, c, B)|
<Cplx—2a|.

(H1)

It is clear (see, for example, [27]) that, under the assumptions (H1), for
every (a (), () € Ay x By, the SDE (6) has a unique solution. Moreover,
for every p > 2, there exists C}, > 0 such that, for all t € [0,T], z,2’ € R",
(a(-),B(-)) € At x By, we have, a.s.:

E[ Sup |X§7x;a7ﬁ _ X;vrl;avﬁ
s€[t,T)

p’ft] < Cplz — 2'|P;

E[ sup | X0 7P| 7] < Gyl1 + |o);
s€[t,T]

one can see e.g. [7, 8] for more details. The constant C, depends only on
the Lipschitz and the linear growth constants of b and o.

Let us now consider the functions

g:R* — R, h,h:[0,T]xR* — R, F:[0,T]xR"xRxR¥xAxB — R
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that satisfy the following conditions:

(H2)

(i) g is continuous and bounded; h and b’ are also continuous
and boundedand, for any (¢,z) € [0,T] x R", h(t,z) < W' (t,z).
Moreover, we assume that h (T,z) < g (z) < W' (T,x), Vo € R™;

(7i) F is continuous and has quadratic growth in z, i.e.

|F(t7xayaz)aalﬁ)| S C(1+ |Z|2)7
Y (t,z,y, z,0,0) €[0,T] x R" x R x R x A x B.

Under the above hypothesis, for any (¢, z)€[0, T]xR"™ and («(-), 5(-)) €A x By,
there exists a maximal solution (YH®®8 ztwaB = grtzes  g—tziaf) of
the RBSDE associated with

(7) (F(7 th;a’ﬁv R a(')v /8())7 g(X;;JJ;a,,@), h('? Xt’l;a’ﬁ% h/('v th;aﬁ))v
where X%%0 is the solution of equation (6).

Definition 5. A nonanticipative strategy for Player I on [t,T)] is an
application Sy : By — A such that, for any F-stopping time 7 : Q@ — [t, T
and any (1 (+), B2 () € By satisfying 51 = P2 on [t, 7], P® dt a.e., we have
that S1 (1) = S1(B2) on [t, 7], P®dt a.e. A nonanticipative strateqy on
[t,T] for the second player is a function So : Ay — By defined in the same
manner. We will denote the sets of nonanticipative strategies for the two
players by Ay, respectively B,.

For any given control processes a () € A; and 3 (-) € B:, we consider
the associated cost functional

(8) J(tza,B) =Y 5 (t,x) €[0,T] x R

and we define the lower value function of the stochastic differential game
with reflection

(9) W (t,x) := essinf esssup J (¢, x; o, Sa ()
S2€Bt acA,

and the upper value function

(10) V (t,x) := esssupessinf J (t,2;.51 (8), ) .
Sieh, O€B
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Remark 6. The essential infimum and the essential supremum exist and
should be understood with respect to indexed families of random variables
(see the appendix of [27], pp. 323-325).

Let us now introduce the following two Isaacs equations with obstacles
min {u (t,z) — h(t,x),max {—?;Z (t,z)
(11) —H- (t,a:,u, Du, D2u) su(t,z) —h' (t,x) }} =0;

u(T,z) =g (),

min {v (t,2) — h (t,z) , max {—?;t’ (t, z)
(12) —H* (t,2,v, Dv, D%) v (t,z) — I (t, ) }} —0;

v(Tx) =g(x),

associated with the Hamiltonians

1
H™ (t,x,u,q,X) :=sup inf { =Tr (oo’ (t,z,a,B) X
(0.0, X) = sup int {577 (00" (12,0, X)

+<b(t,x,a,ﬁ>,q>+F(t,m,u,qo<t,x,a,ﬁ>,a,m}

and

1
HY (t,2,u,q,X) := inf sup{ =Tr (oo’ (t,z,a,3) X
(.00, X) = juf sup { 577 (00" (1,0,) X)

+<b<t,x,a,ﬁ>,q>+F(t,x,u,qa<t,x,a,ﬁ>,a,m},

for all (t,z,u,q,X) € [0,T] x R" x R x R" x §,, (S,, denotes the set of
symmetric n X n matrices).

The purpose of this article is to show that, under suitable hypothesis,
the functions W and V are the unique viscosity solutions of equations (11),
respectively (12). This section is dedicated to a short survey of the main
results; the detailed proofs follow in the next section.
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Definition 7. 1. An upper semicontinuous functionu : [0, T|xR" — R
is a viscosity subsolution of equation (11) if u(T,z) < g(x), for every
xr € R, and whenever ¢ € C*2([0,T) x R") and (t,x) € [0,T) x R" is a
mazimum point for u — ¢, we have

min {u (t,x) — I (t, ), max {%f (t,z)

—H~ (t,z,u, Do, D*p) ,u(t,z) — I’ (t,2) }} <0;

2. A lower semicontinuous function u : [0,T) x R™ — R is a viscosity
supersolution of equation (11) if uw(T,xz) > g(x), for every x € R™, and
whenever ¢ € CY2([0,T) x R?) and (t,xz) € [0,T) x R" is a minimum
point for u — p, we have

min {u (t,z) — h(t,x),max {_%tp (t,z)
SH (tn,u Dp. DY) cultia) < W (2) | 20

3. A function u : [0,T] x R® — R is called a viscosity solution of
equation (11) if it is both a viscosity sub- and supersolution for this equation.

Remark 8. (i) Of course, the definition of viscosity solutions for equa-
tion (12) is similar.

(i) In the above definitions, one can take strict local maximum or min-
imum point instead of global maximum, respectively minimum point.

We recall (from [9], pp. 49) the definition of parabolic “superjet” and
“subjet” of a function defined on a locally compact set, notions which will
be needed during the proof of the uniqueness.

Definition 9. For a function u : [0,T) x R™ — R, the second-order
parabolic superjet of u in (to, 7o) € [0,T) x R™, denoted by P>V u (to, x0),
is the set of triplets (p,q, X) € R x R™ x S,, satisfying, as (t,x) — (to,xo)

u(t,x) < wu(to,zo) +p(t—to) + (g, z — xo)

451X (2~ 20), X (2~ 20)) + ol[t — to] + |z — o).

Switching the inequality sign in the above relation, we get the definition of
the second-order parabolic subjet of w in (tg,xq), denoted by P> u (tg, o).
It is clear that P>~ u = —P?* (—u).
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One can give (see [9]) the definition of viscosity subsolution, resp. su-
persolution in terms of superjets, respectively subjets, as it follows:

Proposition 10. An upper semicontinuous functionu : [0, T|xR" — R,
satisfying u (T, ) < g, is a viscosity subsolution of equation (11) if and only
if, for every (t,z) € [0,T) x R™ and every (p,q, X) € P>*u (t,z), we have

min {u (t,x) — h (t,z), max {—p
—H™ (t,z,u(t,z),q, X),u(t,z) —h' (t,x)}} <O0.

A similar result holds for viscosity supersolutions.
Since H~ is continuous, one can replace the superjets and subjets with
their closure, whose definition is given below:

Definition 11. For u : [0,T) x R® — R, (tg,z0) € [0,T) x R™, we
define P> (tg, o) as the set of triplets (p,q, X) € R x R" x S,, for which
there exists a sequence (ty, T, Pn, qn, Xn) € [0,T) X R" x R x R" x S,, such
that (pn, Gn, Xn) € P21 (t, ), for alln €N, and

(tna LTny, U (tna xn) s Pny dn, Xn) - (t0> Zo, U (t()v 1'0) » D> 4, X) .
Similarly, we define P>~ u (tg, xq).

In order to prove the uniqueness result, we will need additional proper-
ties imposed on the generator F'. We suppose that F' satisfies the following
assumption: there exist a constant C' > 0 and, for every € > 0, there exists a
constant C. > 0, such that for all (¢, 2,7, z, o, 3) € [0, T|xR*"xRxR%x Ax B
we have

OF OF )
a. T . <
(H3) ‘<F+ oz T 8z> (t,:r,y7z,oz,ﬂ)‘ < C(1+ 2P,
OF )
- < .
ay (t,x,y,z,a,ﬁ) _Cg+€’2|

3.2. Results. The framework is now set for the main part of this
paper.

Theorem 12 (Existence). Under the assumptions (H1), (H2), and
(H3), the lower value function W defined by (9) is a viscosity solution of
the Isaacs equation with two barriers (11), while the upper value function V
defined by (10) is a viscosity solution of the Isaacs equation (12).
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Theorem 13 (Uniqueness). Under the assumptions (H1), (H2) and
(H3), if u is a bounded viscosity subsolution and v is a bounded viscosity
supersolution of equation (11), then

u(t,x) <wv(t,z), Y(t,z) € [0,T] x R™.
The same comparison principle holds for the Isaacs equation (12).

Remark 14. If, in addition, the Isaacs’ condition holds, i.e.
H_ (t’x’u?q7X) = H+ (t7$’u7q?X)’

for every (t,z,u,q,X) € [0,T] x R" x R x R"™ x S, then the two Isaacs
equations coincide and it follows that the upper and the lower value func-
tions are equal, which means that the corresponding reflected stochastic
differential game has a value.

4. Proofs. We will focus our attention on the first Isaacs equation
(11), the case of the equation (12) being treated in a similar manner.

4.1. Uniqueness. Let us consider a subsolution u, respectively a
supersolution v, of equation (11).

First, we will make a change of variable, which preserves viscosity sub-
and supersolutions and which transforms the equation into a Isaacs equation
whose Hamiltonian will satisfy some kind of monotonicity.

We consider C' := max (||ul|,, [|v|l,,) + 1 and introduce the positive,
increasing function p used in [25], pp. 583:

6)‘ x
PR — (=) Aos). (o) = 1 (S,

for positive v and A satisfying —(Invy)/A < C. We make the change of
variable @ := p~1(ef!(u — C)), with K > 0. Equation (11) becomes

min {p@ — () , max {pf (@) [_Z‘

_A- (t, .9, Di, D*1) ] o (@) — p (V) }} o,
u(T,z) =g (z),

(13)
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ﬁ*(t,x,ﬁ,q,X’) = Zlelgﬁlgg ;Tr(UJT(t,x,a,ﬁ))_()

+(b(t,z,0,8),q) + F (t,2,0,40 (t, 2,0, 8) o, §)

with F defined by

msag — P@ o @
F(t7x7u727047ﬂ) - pl(ﬂ)‘ | Kp/(,)
Kt
4+ F(t,z,e X p(a) + C,e K/ (0)z, o, B)

and

o
5'(t ) =p (" (h'(t,x) o),

p (e (g(x) = O)).
The function F verifies, for v big enough,

Lemma 15. There exist some positive constants K and C such that for
allt € (0,T), (a,8) € Ax B, 2,y € R", 2,2/ € RY, and u,v € R such that
u < v,

F(twuza,ﬁ) (ty,vz a,ﬁ)
< K(z,2) (=K (u—v) + Clz —y| + Clz = 2)),

where K(z,2') .= (1 + Iz | + @)

As we said before, by this transformation, if u (resp., v) is a subsolution
(resp., a supersolution) of equation (11), then @ (resp., v) is one for equation
(13). Therefore, we want to prove that

M = sup (u(t,z) —o(t,z))
(t,2)€[0,T] xR"

is negative. Define also

M (h):= sup |u(t,z)—v(t,y)] and M’ :=lim M (h).
lz—y|<h h=0
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It is clear that M < M.
We assume to the contrary M > 0 and define for every ¢, n > 0

i i =yl
\Ila,n (t,ZE, y) =u (tvx) - (t7y) - 572 - 77(|$’2 + ‘y|2)
Let us consider
M., = sup V., (tx,y) = max V., (t,z,y)
= (t,2,y)€[0,T] xR X R" = (tay)el0T]xRr xR "

Since the functions # and v are bounded, the supremum of ¥_, is reached
at some point (¢=", 2=, y*"), which will be denoted for simplicity (f, T, g)) .
We will use this notations each time we do not want to make explicit the
dependence on ¢ and 7.

Let recall some notations and results from [25], pp. 586-587: for the

sequence (a we write a = lim a., if
q ( 5,77)5’77’ e —0 €,m

lim infe«yp—0 Geyy = limSup, ) aey = a,

where
liminf, «;—0 ac,, = liminf, o (liminf. g ac ),

lim SUPn—0 dey = lim sup,_.o (im sup,_,q @ey) -
The following result is the equivalent of Lemma 3.1 of [9].
Lemma 16. Considering the above notations, we have

ekn—0 ekn—0
/i lim M.,=M. lim a(t,z)—0({9) =M
(i) il it alt, ) = o(t,9)
.|z =9 : L2 ) (A2
1 =0, 1 = 0.
(444) plm n<<1£077(|$| +191%)

So, by extracting a subsequence, we suppose that for every 7, the se-
quence (7). converges to a limit t7 as ¢ — 0 and, extracting again a
subsequence, the sequences ("), and (y*")_ converge to a common limit
.
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Now define the functions ¢1, ¢o : [0,7] x R" — R by

b1(t.2) = 0(t, o) 4 TV 2 | e

1( ,:U)—v(t,y )+ 22 +77(‘5U| +’y )
_ 257 — y|?

St y) = alt, ™) — 5= = (|25 + [y[?).

It is obvious that (¢=", 25") is a maximum point for the function (¢, z) —
V., (tx,y®>") = (u—¢1) (t, ), while (t7,y%") is a minimum point for
(t,y) — =W, (t,2®"y) = (¢2 — ) (t,y). Since @ and v are viscosity
subsolution, respectively supersolution, we obtain

e cither t=" = T and then @ (T, 2=") < g (z=") and g (y=") < v (T, y="),

e or t" £ T and we have, in (f, :E),
- | 991
h ! -
) { o ()| -
fajvaaD¢1aD2¢l):|ap(ﬂ) - p(}_zl) }} <0

and, respectively, in (f, Q),

min {P (7) = p (h) , max {p, @) [_8512

—H~ (t,9,9, Dgo, D*¢) } ,p(®) —p(K) }} > 0.

In the first situation, there exists a subsequence of (t”)n, supposed,
without restricting the generality, to be the same, such that ¢7 = T for
every 7. The semicontinuity of the functions @ and v and the continuity of
g give us that, for all n and ¢ sufficiently small,

u(t,2) <a(T,a")+n < g(z")+n and g(z")—n <o (T,2")—n <o ().

So, u (f,i) <7 (f, :?:) + 2n and, from here, we find that M., < 27. Taking
the limit of €, and after this n, to zero, it follows that M < 0, which is a
contradiction. Therefore t57 # T

Now, since p is an increasing function, if there exists a subsequence
t" # T, and then, for every 1 a subsequence of (z*")_ and one of (y=7),
such that the following inequalities hold

i (ts,njxsm) —h (ts,n,xs,n) <0 and © (tf'fﬂlj ysm) > h (té‘m’y&n)?
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we obtain
]\46777 <a (te,n7 xs,n) - (te,n7 ye,n) < h (tE’”, xsm) —h (tf-rm’ yem) .

The continuity of i and the above Lemma leads again to a contradiction.
When, also on a subsequence like in the previous case, @ (f, :fc) <h (t, §7),

—% (t,2) —H (t,2,u(f,2), D¢y (£,2), D¢y (£,2)) <0

and ¥ (f, g) > I’ (t,9), we obtain also that M < 0.
For the remaining situation, we first use Theorem 8.3 from [9)].

Setting ¢ (z,y) = kp;i?y\z +n(|z|> + |y|?), from the mentioned result we
have that there exist the matrices X,Y € S,, such that

(Oa Do (2,9),
(O,Dy@(A,Q),
So (0,—Dyy (£,2,9),Y) € P70 (L,9) .

Moreover,

o (5824 ) (i)

We have then from the definition of the sub- and superjet that

X) e P>t (i 2),
~Y) € P (~0) (,9) = ~P> 0 (i.9).

H= (t,#,u(t,2), Dy (2,9),X) >0 and
-H_ (tAv:gu/D (ﬁ@) I _DySO (C&,Q) ?Y) S Oa

which implies

2(& —9)
2

+F<£,:&,a(£,§:), W—i—%@)a(f,ﬁ:,a,ﬂ),a,ﬁ)

+ 277§:>
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this can be written as

(15) sup inf ICa’ﬁ > sup inf ICa’ﬁ
acABEB acABEB

Also, by denoting

by :=b(,#,0a,0), by ==b(t,9,0,8),

OA_J? —O'('E,i‘,Oé,,B), a'y :a(f,gj,a,ﬁ),
2(&—9 2(2— 9 .

Gz = ("12 9 + 2nz, Qy = (xz 9) — 2ny,

the inequality (14) infers that

L. . .rs 1., . .1c L. . . .
5 Tr(0207 X) < STr(6y6,¥) + 5160 — 62 + (162l + [6[)

On the other hand
@%@>=@%@>+<@@pﬂi;m>+<%ﬂ@>+<mgm§

and

F(f,i,ﬁ(f, -%)an6x7ayﬁ) < F( ( ) yay: 7/8)

+ K(@60, 4yoy) (—K (alt, &) — 0(t,9)) + Clz — | + Claubs — Gy&y))-
Adding the last three relations, we obtain, for all («,5) € A x B

a,B a,f O% A ~12 ~12 A 201 ~12
KoP < Ky +E§m—y\+CM1+W!+MA)+4—*x—m

+W1%dm%@)<—ﬁwgw+ém—g|

A ~12

— xr — A A
+20 <0L| €2y| 117 (1622] + \ayyy)> )
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Taking the sup,¢ 4 inf ge g, and then passing to the limit ase — 0 and n — 0
(in this order), we obtain

sup inf K& < sup inf K% — KM,
acABEB " acABEB Y

which contradicts (15) if M is strictly positive as we supposed. So M must
be less or equal to zero and we obtain the desired comparison result.

4.2. Existence. As indicated in preliminaries, we make the following

transform:
7 lny =z 3 |2|?
T, — ——, —
2020y’ 4Cy2

0, y<0

2Cy , y>0

f(t7x7y7z7a7/8) =

for (o, 3) € A x B and (t,w,y,2) € [0,T] x Q x R x R where C is the
constant from (H3). We also set, for the simplicity of notations,

h :=exp (2Ch), h' := exp (QCh/) , g:=-exp(2Cyg)

and
M := max {inf (1/h) ,suph’} .

As showed in [17], under conditions (H1), (H2) and (H3), the RBSDE
associated with

(g 7), R, XEw0P) 1 (-, X b))

has a maximal solution, denoted (yt’:”;“’ﬁ,zt’z?aﬂ,k+’t’m5a’5,k**t"”;°‘ﬁ). In
order to use already known results on the lower value function associated
with a RBSDE with double barrier with a Lipschitz generator (see [8]), we
approximate, in a monotone manner, the function f with Lipschitz func-
tions. For that, we use the method considered in [25], which we describe in
the sequel.

We will make use, for p > 0, of functions p, € C*° (R) satisfying p, = 1
on [—p,p] and p, =0 on [ (p+1),p+ 1]°. Let us consider the function

- 1
f(taxay7zaaaﬁ) = f(t,x,y,z,a,ﬁ) PM <2ncy,> )
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which is bounded by a constant C’ > 0. Let, for p € N,
~ ~ 3
fp (t,.’E,y,Z,O&,ﬂ) = f(t,fE,y,Z,O[,ﬂ) pp(|x‘ + |ZD + Wa

it is clear that the function fp is bounded and uniformly continuous.

Now, by a standard mollification procedure, we approximate fp by Lip-
schitz functions. Let § € C*> (R"*!*9) satisfying 6 > 0, suppd C B (0;1)
and [pni114 0 (a) da = 1; we set

f?(t)xvyvzaavﬁ)

1 z—2 y—y z2—-2"\
._ D NN,
= v /RnHerG( T P tzy, 2z, a0 3)de’dy’dz".

Then f? is Lipschitz in (z,y, z) € R"t1+4 and
|pr - fp‘ < nfp(6)7

where 7 7 is the modulus of uniform continuity of fP. Hence, one can
extract a sequence €, \, 0 such that

12— fl <27%F) vpe N,
An easy calculus shows us that j?p is upper bounded by C’ + 27?7 and

(25 = 72) (b oy, 2,0, 8) < F (82,5,2,0,8) (ppi = pp) (Jo] + J21)
If we set, for p € N*,
fP(tayy, 20, 8) = ppor (2] + |2)) f2 (82, y, 2,0, B)
(1= ppr (jal + 12 (€ +277).

then the functions fP are still Lipschitz in (z,y,z) € R"*1+4 and f7 \ f,
the convergence being uniform.

~ Consider now, for p € N*, the RBSDE associated with (fp,g(Xr}’x;a’ﬁ),
h(-, Xt@ooB) b/ (., Xt%iB)) . According to [16], Theorem 3.7, it has a unique
solution in 8% x £2% x M x M, denoted

<yp;t,w;ocﬂ’ LPbmenf |t pitwa k—,p;tw;a,ﬁ) )

By the comparison result, it is obvious that the sequence (yp?t’x?aﬂ)
non-increasing.

pEN® is
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Proposition 17. For every (t,z) € [0,T], (o, ) € Ay X By we have
limy 0 ys;t’x;a”g = yi’x;a’ﬁ, for all s € [t,T], P-a.s.

The proof of this result follows the same five steps of the proof of the
Theorem 3.1 in [17] since the different approximation sequence is constituted
also by generators which are bounded and continuous. So we skip the proof.

Let us consider, for any p € N*, and any given control processes « (-) €
A, B(+) € By, the associated cost functional

§7 (tws o, B) ==y T (tw) € 0,7 x R

and define the lower value function of the approximative stochastic differ-
ential game

wP (t,z) := essinf esssup 5 (¢, x; o, S2 (@) .
Sa2€By acAg

It is known, from [8], Proposition 3.1, that w? is deterministic and is
the unique viscosity solution of the equation

min {u (t,x) — h(t,x) , max {—?;; (t,x)

(16) —HP? (t,z,u, Du, D*u) ,u (t,z) — I/ (t,z) }} = 0;
u(T,z)=g(x),

where

1
HP (t,z,u,q, X) :=sup inf { =Tr (o0 (t,z,a,8) X
( 1 ) aég 563{ ( ( /8) )

+ (b(t,z,a,0),q) + fP (t,z,u,q0 (t,x,, B) , o, B) }

On the other hand, since the processes (yp;t,a:;a,ﬁ)peN* form a non-
increasing sequence, the sequence (w?) pen+ 18 also non-increasing. By bound-
edness, it has a limit, w® : [0,T] x R" — R.

0

Proposition 18. The function w” is a viscosity subsolution of the equa-

tion
min {u (t,z) — h(t,z), max {—?;Z (t,x)
(17) —H (t,x,u, Du, D) ,u (t,z) — I (t,x) }} —0;

u(T,z) =g (x),
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where

1
H(t,z,u,q,X) :=sup inf { = Tr (co? (t,z,a,8) X
(t..0.X) s= sup inf {330 (o7 (t.2,0,6) )

—"_ <b(t7x7a’ﬂ)7Q> +f(t7x7u7qo-(t7x7a7ﬁ)7a7ﬁ) }'

Proof. It is clear that w? is an upper semicontinuous function satisfying
w?(T,-) < g(-). Let now suppose that » € C12([0,T) x R") and that
(t,x) € [0,T) x R™ is a strict local maximum point for w® — . Then
there exists a sequence (t,,z,) in [0,7) x R", converging to (t,z), such
that w? — ¢ has a local maximum point in (¢,,z,) for all p € N* and
limp—, 00 wP (tp, 7p) = w° (¢, 7).

Since w? is a viscosity solution for equation (16), it follows that, for all
p € N* in (tp, zp),

min {wp - h7ma‘x{_aa<f - Hp (tp,$p,wp,DQ0,D2Q0) 7,wp - hl}} == O

Because h (t,z) < w® (t,z) < I/ (t,z), we analyse just two cases:
(i) wO (t,z) = h(t,z), hence equation (17) is trivially satisfied;

(ii) w°(t,x) > h(t,z), which implies wP (t,, x,) > h (t, z,) for sufficiently
large p, and so

Dy
o (tpa xp) — H? (tpa Lp, w? (tp> wp) , Dy (tpa xp) 7D24P (tlh 5Up)) <0.

Since

1
5 Tr (UUT (tpa Lp, O /8) DQ(P (tlh :Up)) + (b (tpv Lp, A ﬁ) ?DQO (tpa l‘p)>
+ fP (tpa Ty, wh (tp, xp) , D (tpa zp) o (tp, p, @, B),a, )

converges uniformly (with respect to a and () to

%TI' (UUT (t7x7a7ﬂ) DZSD (t’ .CU))

+<b<t’$7aw@)7D90(t7x)>+f(tawi0 (t,x),Dgo(t,x)a(t,x,a,ﬁ),a,ﬂ),
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and w' (t,z) < M, it follows that

_(?;tp (t, fL') - H (t,fL’, wo (t7x) ,Dgp (t’ .’E) 7D2(,0 (t,.’E)) < 0.
This finishes our proof. 0

One can repeat the above schema, but with lower approximation, i.e.
we can construct (in the same manmer),~ an increasing sequence of Lipschitz,
bounded functions (f,) converging to f. By denoting

@;x;aﬂ, 2o pties k,;,t,a:;a,ﬁ)

the solution of the RBSDE associated with (fp,g(X%x;a”g),B(-,Xt’z?a’ﬁ),
R'(-, Xt%P)) one can show that (yf;z;a’ﬁ ) is an increasing sequence of

processes, converging to a minimal solution of the RBSDE associated with
(f, G(XETOPY R, Xtmeal) (., Xt#08)) . Let us denote

Jp (tz;0,B) = y;”f;a’ﬁ, (t,z) € [0,T] x R"

and

wy (t, ) := essinf esssup jj (¢, z; 0, S2 (@) .
S2€By acAg

Then, setting wq := lim w,, we have the analogous of Proposition 18, whose
proof is essentially the same.

Proposition 19. The function wg is a viscosity supersolution of the

equation (17).

Let us now define WY := In % and W := In 54. It is straightforward to
show that W and W, are viscosity subsolution, respectively supersolution,
of equation (11). By the comparison result (see [17], Remark 3.3), P-a.s.,

WO (t,2) > W (t,z) > Wy (t,z), Y (t,z) € [0,T] x R,
since, for all p € N*, (¢,z) € [0,T] x R" and (a (-),5(-)) € A x By, P-a.s.,
yg;t,ﬂc;aﬁ > y?fc;a,ﬂ > y;’?o‘ﬂ, Vs € [t,T].
On the other hand, by Theorem 13, we have that W° < W),. These inequal-

ities imply that WV is deterministic and is a viscosity solution of equation
(11). The existence result is thus proved.

Remark 20. As one can see from the proof of the existence result, that
W can be defined via any solution of the BSDE associated with (F, g, h, h'),
not necessarily the maximal one. This could be used to deduce the unique-
ness for this equation.
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5. Applications. As we said in the introduction, one application
comes from financial markets. Indeed, it is possible to use our framework
for the study of American game options and of the Ramsey’s model. We
now focus on the link between the payoffs I defined in (2) and the solutions
of the reflected BSDEs associated with (7).

Proposition 21. Assume that F(t,z,y,z,a,3) = o(t,z,a, ) + %]2\2,
where @ is a bounded measurable function. For any stopping times T and o
let us consider the following standard BSDE:

(Y(t,x);(a,o),(6,7)7Z(t,x);(a,o),(,@,7)> c 82 % H2’d
Y EHEDED = p(XE g <
B (X )1 o+ g (X)L gy

(18) TATAC 1 )
+ / {w(r, X0t o, By) + 5|2 AT |2} dr
SATNO 2
_/T/\T/\UZr(t’x);(a’U)r(ﬁ:T)dWT \V/S < T
SATNO o

Then F(Oc, o; 3, 7—) — eXp{YO(O,w)%(a,a),(ﬁ,T)}’

t,x;0,S2 (o) (t,x);(0,0),(S2(a),7)

essinf esssup Y} = essinf esssup essinf esssup Y,
S26Bt ac A, 52€Bt acd, €Tt oeTq

and

esssup essinf Yf’x;sl (BB _ egssup essinf esssup essinf Y;(t’x);(sl (B)0)(B)
S1eAy PEB Siehy PEBr oe1;, TET
where by T; we denoted the set of stopping times T such that t < 7 < T.

Proof. For the sake of simplicity we denote Y (:%):(0).(5:7) by V. First
note that since the functions h, h/, g and ¢ are bounded then through the
result by KOBYLANSKI [25], Theorem 2.3, the solution of (18) exists and is
unique. Now for s < T let us set

SATNO
}/5 = eXp {YS + / @(T7 X:’x;CX’B,ar?/BT)dT}
0
Using now [t6’s formula to obtain that:
dY, = Z,dW,, s <T and
?T = exp {h(Xff@;aﬁ)l[US‘r<T} + hl(Tv X;t"m;aﬂ)l[7<a]

Xt’z;auﬂ TaTha t,m;a,,@
+g( T )1[0':T:T] + 0 (p(?“, Xr 7057"767")dr :
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It implies that E[Yy) = E[Y7]. As Yy is deterministic since it is Fy-measurable
then Yy = E[Yp] = E[Y7], i.e. exp{Yp} =T (c,0;0,7).

Let us now deal with the second relations. First note (see for example
[13], Proposition 2.3) that the characterization of a solution for a BSDE
with two reflecting barriers implies that for any « and (3,

(19) Yf’r;a”g = essinf esssup Yt(t’m);(a’a)’(’g’ﬂ = esssup essinf n(t@);(a’a)’(ﬁj)
T2t o>t o>t Tt

since

eXp(Ytt’x;a”B) = essinf esssup exp{ﬁ(tw);(aﬂ),(ﬁ,f)}
TZt UZt

= esssup essinf eXp{Y't(t7$)§(Ct,O‘)y(B,T) }
o>t Tt

Next, for any a € A; and Sy € By, the formula (19) implies clearly that the

first equality holds. The second one is treated in the same manner. [l

Remark 22. The following relation holds: Vs < T, V7,0 € 74,

y{aRea GO = n(Elexp{h(Xg" ) e
R (XN o) + 9 (X ) g

TATAo
+/ p(r, X070 oy, B)dr} F)).

Remark 23. Of course, a more interesting and difficult issue is when
the upper and the lower values of the mixed zero-sum two-players stochastic
differential game are equal respectively to inf(g ) sup(, o) I'(«a,0;8,7) and
SUD(q,0) inf (5 ) ['(«, 03 8, 7). Unfortunately, this is still an open problem.
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