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1. Introduction. There has been a number of generalizations of met-
ric space. One such generalization is Menger space initiated by MENGER
[5]. It is a probabilistic generalization in which we assign to any two points
x and y, a distribution function F,. SCHWEIZER and SKLAR [8] studied
this concept and gave some fundamental results on this space. It is ob-
served by many authors that contraction condition in metric space may be
exactly translated into PM space endowed with the min norm. SEHGAL
and BHARUCHA-REID [9] obtained a generalization of Banach contraction
principle in a complete Menger space, which is a milestone in developing
fixed point theory in Menger space. SESSA [7] initiated the tradition of
improving commutativity conditions in fixed-point theorems by introduc-
ing the notion of weakly commuting maps in metric spaces. JUNGCK [3]
soon enlarged this concept to compatible maps. Recently, JUNGCK and
ROHADES [4] termed a pair of self-maps to be coincidentally commuting or
equivalently weak-compatible if they commute at their coincidence points.
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This concept is most general among all the commutativity concepts in this
field as every pair of R-weakly commuting maps is compatible and each pair
of compatible maps is weak-compatible but the reverse is not true always.

In this paper a fixed point theorem for six self maps has been established
through weak-compatibility, which turns out to be an alternate result of
SINGH and JAIN [10]. Apart from this, two theorems on unique common
fixed point of a sequence of maps have been established, which generalize
the result of [2], [9] and [11].

2. Preliminaries. Through out this paper we use all symbols and
basic definitions of MISHRA [6].

Definition 1. A mapping F : R — R™ is called a distribution if it is
non-decreasing left continuous with inf{F(t) : t € R} = 0 and sup{F(¢t) :
t € R} = 1. We shall denote by L the set of all distribution functions while
H will always denote the specific distribution function defined by

0, <0,
H(t)_{ 1, t>0.

Definition 2. A Probabilistic metric space (PM-space) is an ordered
pair (X, F), where X is an abstract set of elements and F : X x X — L,
defined by (p, q) — Fj 4, where L is the set of all distribution functions i.e.
L ={F,4lp,q € X}, if the functions F), , satisfy:

(a) Fpq(x) =1 for all x > 0 if and only if p = q;

(b) Fpq(0) = 0;

(¢) Fpq = Fop;

(d) If Fp4(z) =1 and Fy,(y) =1 then Fp,(z+y) = 1.

Definition 3. A mapping t : [0,1] x [0,1] — [0, 1] is called a t-norm if
(a) t(a,1) = a;t(0,0) = 0;

(b) t(a,b) =t(b,a);

(c) t(e,d) > t(a,b) for ¢ > a,d > b;

(d) t(t(a,b),c) = t(a,t(b,c)) for all a,b,c,d € [0,1].

Definition 4. A Menger space is a triplet (X, F,t) where (X, F) is
PM-space and t is a t-norm such that Vp,q,7r € X and Vx,y >0

Fpr(@+y) > U(Fpq(x), Fyr(y))-
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SCHWEIZER and SKLAR [7]| proved that if (X, F,t) is a Menger space
with supg,«; t(z,z) = 1, then (X, F,t) is a Hausdorff topological space in
the topology induced by the family of (e, A)-neighborhoods {Up(e, A) : p €
X,e>0,\> 0}, where Up(e,\) ={z € X : Fyp(e) > 1— A}

Definition 5. Let (X, F,t) be a Menger space with supy.,.1 t(z,z) = 1.
A sequence {p,} in X is said to converge to a point p in X (written as
pn — p) if for every € > 0 and X > 0,3 an integer M(e,\) such that
F,, p(€) > 1=\, Vn > M(e, X). Further, the sequence is said to be a Cauchy
sequence in X, if for each € > 0 and X\ > 0,3 an integer M (e, \) such that
Fpopm(€) > 1 =X Vn,m > M(e,\). A Menger space (X, F,t) is said to be
complete if every Cauchy sequence in it converges to a point of it.

A complete metric space can be treated as a complete Menger space in
the following way.

Proposition 6. If (X, d) is a metric space then the metric d induces a
mapping X x X — L, defined by F, 4(z) = H(z — d(p,q)),Yp,q € X and
x € R. Further, if t : [0,1] x [0,1] — [0, 1] is defined by t(a,b) = min{a, b},
then (X, F,t) is a Menger space. It is complete if (X,d) is complete. The
space (X, F,t) so obtained is called induced Menger space.

Proposition 7. In a Menger space (X, F,t) if t(z,z) > z,Vz € [0,1]
then t(a,b) = min{a,b},Va,b € [0,1]. In the following Ty will denote the
minimum t-norm.

Definition 8 ([10, 12]). Self mappings A and S of a Menger space
(X, F,t) are said to be weak compatible if they commute at their coincidence
points i.e. Ax = Sx for some x € X, then ASx = SAx.

Definition 9. Self mappings A and S of a Menger space (X, F,t) are
called compatible if Fasas, SAz,(€) — 1,Ve > 0, whenever {x,} is a sequence
i X such that Ax,, ST, — u, for someu € X, as n — oo.

In the following example self mappings A and S are weak-compatible
but they are not compatible.

Example 10. Let (X,d) be a metric space where X = [0,1] and
(X, F,t) be the induced Menger space with F}, ,(¢) = H(e —d(p,q)),Vp,q €
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X and € > 0. Let I be the identity map on X. Define self maps S and T as
follows:

and z, = 1/2—1/n. Now, Fag,, 1(e) = H(e—1). Hence limy, .00 Fa,,,1(€) =
1. Thus, Az, — 1. Similarly Sz, — 1 as n — oo. Again Fasg, SAz, (€) =
H(e—(1—-1/n)) lim, o0 FASz,,54z, (€) = H(e—1) # 1,Ve > 0. Hence (4, 5)
is not compatible. Also set of coincident points of A and S is [1,2]. Now
for any x € [1,2], Az = Sz =2 and AS(z) = A(2) =2 = 5(2) = SA(z).
Thus mappings A and S are weak-compatible but they are not com-
patible. From above example, it is obvious that the concept of weak-
compatibility in Menger space is more general than one of compatibility.

Let ® = {¢ : Rt — R" : ¢ is upper semi continuous with ¢(z) < z
for each > 0 and ¢(0) = 0}, where R is the set of non-negative real
numbers.

Lemma 11 ([1]). Let ¢ € @, then there exists a strictly increasing
continuous function v : RT™ — R such that ¢(u) < ¥(u) < u for each
u > 0,limy o0 ¥(u) = 0o and Y(u) > 0 for each u > 0.

Remark 12 ([1]). In the above case the function % is invertible. If
for each u > 0, we denote ¥°(u) = u and ¥ ~"(u) = ¥(yp"""1(u)) for each
n € N, then lim,_,. ¢ "(u) = oo.

Proposition 13. Let {z,} be a Cauchy sequence in a Menger space
(X, F,t) with continuous t-norm t. If the subsequence {x2,} converges to x
in X, then {x,} also converges to x.

Proof. As {x9,} converges to x, we have

€ €

Fxn,x(e) > t(Fxn,mzn(*)v Fzzn,m(*

5 5)):

Taking limit as n — oo we get lim, .o Fy, »(€) > ¢(1,1), which gives
limy, o0 Fi,, 2(€) = 1,Ve > 0 and the result follows. O
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3. Main results

Theorem 14. Let A, B, S, T, L and M are self-maps on a Menger space
(X, F,t) with continuous t-norm t satisfying:

(1) L(X) C ST(X),M(X) C AB(X);

(2) AB = BA,ST =TS, LB = BL, MT = TM;

(3) One of ST(X), M(X),AB(X) or L(X) is complete;
(4) The pairs (L, AB) and (M,ST) are weak-compatible;

(5) There exists ¢ € ® such that Frppq(o(z)) > min{Fapp (),
Fsrqnmq(z), Fsrq,1p(B7), Fapp mq((2 = B)x), Fapp sTq(7)}, for allp,q € X,
B € (0,2) and x > 0. Then A,B,S,T,L and M have a unique common
fized point in X.

Note: In view of Lemma 11 and Remark 12 the function ¢ can be taken
to be increasing and invertible and we have lim,,_. ¢~ "(u) = oo, for u > 0.

Proof. Let o € X. From (1) there exists x1,x2 € X such that Lz =
STx1 = yo and Mx1 = ABxs = y;. Inductively, we can construct sequences
{zy} and {y,} in X such that Lz, = STxon+1 = yon and Mxo,11 =
ABzopta = Yont1,n = 0,1,2,.... First of all we show that {y,} is a
Cauchy sequence in X. Putting p = xon,q¢ = xop41 fora >0and S =1—«
with @ € (0,1) in (5) we get

Fszn,M$2n+1 (@Z)(x)) = Fy2n7y2n+1 (¢(x))
FABCL‘Qn,Lmn (‘T)a FSTI2n+1,MCL‘2n+1 (:17), FSTx2n+17L552n ((1 - a)x)v
> min
FABx2n7Mx2n+1 ((1 + O‘>x)7 FABz2n7STx2n+1 (x)
= min {Fanfl,an (.I'), Fy2my2n+1 (.Z‘), L, Fy2n717y2n+1 ((1 + Oz):(}), Fy2n717y2n (x)}

= mln {Fanfl,an (‘r)’ Fy2n7y2n+l (m)’ Fy2n717y2n (x)’ Fy2n,y2n+1 (Oéx)}

Z min{FyanlvyZn (x)’ Fy2n)y2n+1 (x)’ Fy2n,y2n+1 ((Oé)m)}

Letting a — 1 we get

Fy2n7y2n+1 (¢(‘T)) Z min{FyQTLflaan ('r)7 Fy2n7y2n+1 ("’U)7 Fy2n7y2n+1 (x)}

=min{ Fy,, 1 40, (), Fyppy yons (7) }-
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Hence Fy,, 5,11 (¢(z)) = min{Fy,, ., (), Fysyonin (z)}. Similarly, we

can have Fy,, 1 yn,0(0(2)) = min{Fy,, 41 (); Fyopir gonso (@)} There-
fore, for all n even or odd we have

Fyn,yn+1 (¢($>) 2 min{Fyn—l,yn (:L‘), Fyn,yn+1(33)}'

Consequently’ Fynyyn-&-l (IL‘) 2 min{Fyn—hyn (gb_l (:C))7 Fynyyn+1 (¢_1 (SU))} By
repeated application of above inequality we get

Fyo g (@) = min{Fy,_y, (67(2)), Fyy g (67 (2)) -

Since Fy, 4., (¢~ (x))—1 asi—oo it follows Fy, o . (z) > Fy, 4. (67 (2)),
Vn and z > 0. Therefore, Fy, . (2)>Fy, | . (671 @) >Fy, 440 1 (07%(2))
> ... 2> Fyy, (07" (x)) Taking limit as n — oo, we have lim, o0 Fy, 4., ()
= 1. Now, Fy, y...(x) > min(Fy, ... (x/2), Fy, 1 yoio(2/2)). Taking limit
as n — oo we have lim, .o Fy, y,.,(z) = 1. By using the method of in-
duction we can show that lim, ..o Fy, 4,,,(z) = 1,¥p > 0. Thus {y,} is a
Cauchy sequence in X.

Case L. ST(X) is complete. In this case {yon} = {STx2,+1} is a Cauchy
sequence in ST(X), which is complete. Thus {y2,+1} converges to some
z € ST(X). By Proposition 13 we have

(1) {Mzopt1} — 2z and {STxomy1} — 2
(2) {Lzop} — 2z and {ABxzg,} — .

As z € ST(X) there exists u € X such that z = STu.
Step 1. Putting p = x9,,q¢ = v with 8 =1 in (5) we get

Frao, mu(o(z))
FABzon Laon (T), Fstumu(x), FSTu, Lao, (96),}

> min
B FABxQn,Mu(JU)a FABxgn,STu(CC)

Taking limit as n — oo we get

Fovru(9()) 2 min{ F 2 (2), Fr vu(®), Fr 2 (@), Fr pru(2), Fr 2 (2) }

ie. Fymu(é(z)) > F;pu(x), Vo > 0, which gives Mu = z. Hence STu =
Mu = z. As (M, ST) is weak-compatible so we have Mz = ST'z.
Step II. Putting p = x9,,¢ = z with # =1 in (5) we get

. FAByo, La ("L‘) FSTz Mz(x) FSTz Lz (ZL‘) }
F €T > min 2n, 2n ? ) ? ) 2n ? X
LxQn’MZ(¢( )) B {FAB$2¢17MZ($)7 FABxgn,STz(x)
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Letting n — oo and using STz = Mz we get

Fz,Mz(Cb(x)) > min {Fz,z(x)a FMZ,MZ($)7FMZ,Z($)5 Fz,Mz(ZE)a Fz,Mz(l')}

ie. F,a.(o(x)) > F, m.(x) which gives z = Mz.
Step III. Putting p = x9,,¢ =Tz with 8 =1 in (5) we get

. [ FABgon, Laon (T), Fstr2 MT2(%), FSTT2 Loy, (X) }
F T > min 2n, 2n ? 3 ? s 2n ?
Laan, M72(9(2)) 2 {FABxgn,MTz($)aFABxgn,STTz(CU)

As MT =TM and ST =TS we have MTz =TMz =Tz and ST(Tz) =
T(STz) = Tz. Letting n — oo we get

Fz,Tz(gb(m)) > min {Fz,z(x)a FTZ,TZ(x)y FTz,z(fE)a Fz,Tz(SU)a Fz,Tz (l‘)}

ie. F,1.(¢(x)) > F,r.(x) which gives z = T'z. Now STz = Tz = z implies
Sz=2z Hence Sz =Tz= Mz = z.

Step IV. As M(X) C AB(X) there exists v € X such that z = Mz =
ABv. Putting p = v,q = x2,41 with § =1 1in (5) we get

FLv,M12n+1 (¢(x))
> mi {FABU,LU(x)7FSTx2n+1,MTx2n+1(x)aFSTx2n+1,Lv(x)7}
> min

FABU,MT:Ezn+1 ($)7 FAB”U, STl'2n+1(ﬁl?)

Letting n — oo we get,

FLU,Z(¢(£)) > min {FZ,LU(x)7 Fz,z(x)a Fz,Lv (37)’ Fz,z(x)v Fz,z(l‘)}

ie. F, ry(¢(z)) > F, ry(x) which gives z = Lv. Therefore, ABz = Lz.
Step V. Putting p = z,q = xop4+1 with =1 in (5) we get

FLz,sznJrl (gb(l‘))

> mi {FABvaZ(x)v FSTI2n+17MTw2n+1 (x)v FST£2n+17LZ(x)7}

> min .
FABZ,MT$2n+1 ('I)a FABZa ST$2n+1(.'E)

Letting n — oo we get,
FLz,z((ﬁ(x)) Z min {FZ,LZ(x)a Fz,z(x)a FZ,LZ(w)7 Fz,z(x)v Fz,z(x)}

ie. F,r.(¢(z)) > F, r.(x) which gives z = Lz. Therefore, ABz = Lz = z.
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Step VI. Putting p = Bz,q = Top41 with 5 =1 in (5) we get

FrBz Maons (0(2))
FuBB,1B2(%); FSTwg 1, MToni1 (€)s FSTwa,1,LB2() ,}

> min
- FABBz MTxons1 (T), FABBz, ST T2n41(2)

As BL = LB, AB = BA, so we have L(Bz) = B(Lz) = Bz and AB(Bz) =
B(ABz) = Bz. Letting n — oo we get

FBz,z(gb(l‘)) > min {FBZ,BZ('I)a Fz,Bz(x)y FBz,z(vI)a FBz,z(x)y Fz,z(x)}

ie. F, p,(¢(z)) > F, p.(x). It gives Bz = z and ABz = z implies Az = 2.
Therefore Az = Bz = Lz = z. Combining the results from different steps
we have Az = Bz = Lz = Mz = Tz = Sz = z. Hence the six self-maps
have a common fixed point in this case. Case when L(X) is complete follows
from above case as L(X) C ST(X).

Case II. AB(X) is complete. This case follows by symmetry. As
M(X) C€C AB(X), therefore the result also holds when M (X) is complete.

Uniqueness. Let u be another common fixed point of A, B, L, M, S
and T, then Au = Bu = Lu = Su=Tu = Mu = u. Putting p =2, =u
in (5) with 8 =1 we get

Frzmu(d(2))
> min {Fapz r2(¢), Fsrumu(x), Fsru,L2(2), Faz mu(®), Fapz sTu(2) }

i.e F, u(¢(z)) > F,,. It gives z = u. Therefore, z is a unique common fixed
point of A, B, L, M,S and T. (I
If we define ¢(x) = kx for some k € (0,1) in Theorem 14 we get

Corollary 15. Let A, B, S, T, L and M are self mappings on a Menger
space (X, F,t), with continuous t-norm Thr satisfying (1), (2), (3), (4) and
(6), there exists ke(0,1) such that Frp avrq(kx)> min{ Fapp,rp(), Fsrqnmq(T),
FSTq,Lp(ﬂx)a FABp,Mq((2_5)$)7 FABp,STq(x)}J fOT’ allp,q € X, 66(07 2) and
x>0. Then A,B,S,T,L and M have a unique common fized point in X.

In [10] SINGH and JAIN have proved the following result:

Theorem 16 ([10]). Let A, B,S,T, L and M are self-maps on a com-
plete Menger space (X, F,t) with t(a,a) > a, for all a € [0, 1], satisfying:
(1) L(X) C ST(X),M(X) C AB(X).
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(2) AB = BA,ST = TS, LB = BL, MT = TM.
(3) (L, AB) is compatible and (M, ST) is weak-compatible.
(4) Either AB or L is continuous.

(5) There exists k € (0,1) such that Frparq(kx) > min{Fapp rp(z),
FSTq,Mq(x)v FSTq,Lp(ﬁx)a FABp,Mq(Q_ﬁ)$a FABp,STq(x)}: forallp,qe X,8 €
(0,2) and x > 0. Then A,B,S,T,L and M have a unique common fixed
point in X.

Remark 17. In view of proposition 7, t(a,b) = min{a, b}. Thus corol-
lary 15 is an alternate result of the above quoted result of [10] reducing the
compatibility of the pair (L, AB) to its weak-compatibility and dropping
the condition (4) of continuity in a Menger space with continuous t-norm.

If we take B = T = I, the identity map and ¢(x) = kz, k € (0,1) in
Theorem 14 we get,

Corollary 18. Let A,S,L and M are self-maps on a Menger space
(X, F,t), with continuous t-norm t satisfying

(1) L(X) C S(X), M(X) C A(X)

(2) One of S(X), M (X), A(X)or L(X) is complete;

(3) The pairs (L, A) and (M, S) are weak-compatible;

(4) There exists k € (0,1) such that, Frpnq(kr) > min{Fa, (),
Fsg.mq(), Fsq,p(B2), Fapnq(2—B)z, Fap,sq(z)} for allp,q € X, 8 € (0,2)
and x > 0. Then A, S, L and M have the unique common fized point in X.

Example 19. (Theorem 14 and Corollary 18) Let (X, d) be a metric
space where X = [0,1] and (X, F,t) be the induced Menger space with
F,q(€) = H(e —d(p,q)),¥p,q € X and € > 0. Define self maps L, M, A and
S as follows:

_ [ o, z €[0,3]
L(w) = M(z) = { 1 —x, otherwise
_[o z € [0, 3]
Alz) = { 1 — 2, otherwise

S(m):{ 0, z €0, 3]

1 —x, otherwise.

Then L(X) = M(X) = [0, 1), A(X) = [0, 1] and S(X) = [0,1). Hence the
containment condition (1) is satisfied. Also, the pairs (L, A) and (M, S) are

weak-compatible and A(X) is complete. Further for k = % the condition
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(4) is satisfied. Thus all the conditions of corollary 18 are satisfied and 0 is
the unique common fixed point of the mappings L, M, A and S.

Remark 20. This problem can not be solved by the quoted result of
[10] as all the mappings are discontinuous in the above example.

If we take A = I, the identity map in Corollary 18 we get

Corollary 21. Let S,L and M are self-maps on a complete Menger
space (X, F,t), with continuous t-norm t satisfying

(1) L(X) C S(X);

(2) The pair (M, S) is weak-compatible;

(3) There exists k € (0,1) such that Frpnq(kr) > min{F, r,(x),
Fsqmq(2), Fsq,Lp(B7), Fpa1q(2 = B)x, Fysq(x)}, for allp,q € X, 5 € (0,2)
and x > 0. Then S, L and M have the unique common fixed point in X.

If we take S = A = I, the identity map on X and writing L = T; and
M = Tj in Corollary 18, we have

Corollary 22. Let T; and T be self-maps on a complete Menger space
(X, F,t),with continuous t-norm t and there exist k € (0,1) such that,
Frp1yq(kx) > min{Fy 1,,(x), Fy15q(0), Fo1p(82), Fpyq(2 — B)x, Fpg(z)}
for allp,q e X,B € (0,2) and x > 0.

Then T; and T have a unique common fized point in X.

In [2] DEDEIC and SARAPA established the following theorem:

Theorem 23 ([2]). Let {T,,}(n € N) be a sequence of self mappings of
a complete Menger space (X, F,t) with continuous t norm t, where t(a,b) =
Min{a,b}, for a,b € [0,1] such that, for some r € N and some k € (0,1)
we have FT£+1(p)7T£(q)(k5) > Fpqle) and Frrpy) 1,,(q)(ke) = Fpq(e), for all
n,m € N, for allp,q € X and for every e > 0. Then the sequence {T,,} has a
unique common fized point in X. The following theorem is a more complete
result with an additional self map S and a more general contraction.

Theorem 24. Let {A,} be a sequence of self-maps and S be a self-map
on a complete Menger space (X, F,t) with continuous t-norm such that for
some positive integers my,

(1) A,S = SA,,Vn;

(2) A7 (X) C S(X), ¥n;
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(3) there exists k; € (0,1) such that, for allp,q € X and 0 < 3 < 2 and
x>0 and for all i,

F

A{”ip,Ammq(ki(w)) > min

it+1

FA;nip,p(x), FA;r_ffrlq,Sq(x)’ Fp75q (a:),
FAZnip,Sq(ﬁx)u FAZiflq7p(<2 - ,8)1’) 7

forallp,q € X, € (0,2) and x > 0. Then the sequence {A,} and S have
a unique common fized point in X.

Proof. From (1) it follows that A]'»S = SA™, for all n and thus the
pair (A", S) is weak-compatible for all n. Thus from Corollary 21 in view
of (3) each consecutive pair (A", A;%") and S have a unique common
fixed point in X. Let u; be the common fixed point of the pair (A", AJ"?)
and S ie. A" (u1) = AY?(u1) = Su; = u; and ug be the common fixed
point of the pair (A5"?, A5") and S ie. A2 (ug) = A5 (u2) = Sug = us.
It follows that A" (Aju1) = Aju; and S(Aju1) = A1Su; = Ajuy and
S(Aquy) = AzSu; = Agqu;. Taking p = Ajuy; and ¢ = wp in (3) with
i =1 and o = 1 we have, FA’f‘lAlul,A;ni“ul(klx) > min{ Fam1 A,u;, Ayuy (€),

FAQLQULSul (CC), FAl“hS“l (SU), FATIAIUI,S’Ml (x)’ FA;nQULAlul ('I)} Le.
FA1U17U1 (kl (l‘)) > min{l, 1, FA1U1,SU1 ($)v FA1U1,SU1 ($), Fu17A1u1 (l')}

which gives Fa,u, u, (k1(2)) > Fayuy u, (2), V2 > 0, which gives Aju; = ;.
Similarly, by taking p = u; and ¢ = Asuy in (3) with i = 1 and o = 1 we get
Asuj = uy. Hence u; is a common fixed point of the pair (41, A2) and S.
If v is another fixed point of the pair (A;, A2) and S then A7"v = AY?v =
v = Sv . Hence v becomes a common fixed point of (A", A5"?) and S,
which is unique. Hence, u; = v. Thus u; is the unique common fixed of the
maps Aj, A and S. Similarly,us the common fixed of the pair (A5, A5™)
and S becomes the unique common fixed point of the maps Ay, A3 and S.
Again by putting p = u; and ¢ = ug in (3) with ¢ = 1 and a = 1, we have

Fgmiy, a2y, (kox)
> min FA;nl u1,u1 (x)’ FA?QU%SUQ (x)7 Fu175u2 (‘T)a
FA;nlp’SU«Q (l‘), FA;an,ul (1")

ie. FATlul,A;”%g (koz) > min Fy, y,(z),Vz > 0. It gives u; = ug. Thus the
unique common fixed point of the maps A, A and S is the same as that
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of Ay, Az and S and so on. Hence self maps of the sequence {An} and S
have a unique common fixed point. [l

Remark 25. If in Theorem 24 we take m; = r, for all i, S = I and
restrict the right hand side of the contractive condition to the third factor,
we obtain the quoted result of [2]. It is to be noted that Theorem 24 here
drops the assumption Frr () 7r (q)(ke) > I} 4(€) of [2] totally.

Example 26. Let (X, F,t) be the Menger space as in Example 19.
Define the sequence of self mappings {A,} and S as follows

_[0  zE[0g] _ {1 oseh Y

An(x) = { n}rl, otherwise Vn '’ S(z) = { 0, otherwise
Then S(X) = {0,3,3,...} and A,(X) = {0, 47}, A%(X) = {0}, Vn. Thus
A%2(X) C S(X),Vn. Also, A,S = SA,,,¥n. On taking m, = 2,Vn the

contractive condition (3) is satisfied for k; = 3 for all i. Thus all the
conditions of theorem 24 are satisfied and 0 is the unique common fixed
point of all the maps of the sequence {4,,} and S.

Remark 27. In the above example we have an additional map S. Hence
it is not solvable by the quoted result of [2].

On the lines of above theorem the following result can be proved:

Corollary 28. Let {A,} be a sequence of self-maps and S be a self-map
on a complete Menger space (X, F,t), with continuous t-norm such that
(1) Au(X) C S(z), Y

(2) The pairs of mappings (An,S) are weak-compatible;

(3) there exists k; € (0,1) for each i, such that for all p,q € X and
O<a<2andzxz >0,

[ Fpaip(x) Fsq.4;,14(), Fp.s (:c)}
Fapa; kx) > min b,Aip ’ q,Aiv19 y I'p,Sq )

Then the sequence {A,} and S have a unique common fized point in X .

Example 29. Let (X, F,t) be the Menger space as in Example 19.
Define the sequence of self mappings {4, } and S as follows

0, x€l0,5]

Ao ={ % .
3, Otherwise,

x x €0, %]
%, otherwise

S(z) = {
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Then S(X) = [0, 3] and A,(X) = {0, 25} Thus A,(X) € 5(X),Vn. Also,
the pair (A, S) are weak compatible for all n. Also choosing k,, = 7#2’ for
all n the contraction (3) is satisfied by the maps A, and A,1. Thus all the
conditions of Corollary 28 are satisfied and 0 is the unique common fixed
point of all the maps of the sequence {A,} and S.

The study of fixed point in theory of PM-space was started by SEHGAL
and BHARUCHA-REID in [9]. The following definition and theorem appeared
in their paper.

Definition 30 ([9]). A mapping f of a PM-space (X, F) into itself is
a contraction if there exist 0 < k < 1 such that for each x and y in X,
Ff%fy(kt) > Fx,y(t),Vt > 0.

Theorem 31 ([9]). Let (X, F,t) be a complete Menger space where
t(a,b) = Min{a,b}. If f is any contraction, then there exists a unique p €
X such that f(p) = p. Moreover, lim, .~ f"(q) = p for each q € X. As an
application of Corollary 28 the following theorem is a more complete result
for sequence of maps {T,,} as with a larger contraction and a continuous
t-norm.

Theorem 32. Let {T,,} be sequence of self-maps on complete Menger
space (X, F,t), with continuous t-norm. If there exists k € (0,1) such that
for any pair (T;,Ty) and for allp,q € X, 3 € (0,2) andx > 0, FPr,p1,q(kr) >
min{ Fy, 1., (), Fy 1;¢(%), Foy1p(B2), Fp1;9(2 — B)7, Fp g(x)}. Then for each
fixed xg in X the sequence x,, = Thxn_1 is convergent and its limit u is the
common fixed point of the sequence {T),}.

Proof. First we shall prove that the sequence {z,} defined by x, =
Thxn—1 is a Cauchy sequence. For the pair of maps 7;, and T, 1, taking
p = Zp—1 and ¢ = x, with f§ =1 — a,a € (0,1) in the given contractive
condition we have

FTnznfl»Tn«s»l:Bn (k;x)
> min {FIEnthxnl (I‘), F$n7T1n+1 (x)a FCBn;annfl ((1 - a)m),}
Fl’n—l,Tn+1In((1 + OC)LL'), anfl,fﬁn ((I;)

l.e.

F

Tn,Tnt1

kx) > min n—1%n ’ nytn+1 ’ n,Tn )
( ) B {Fxnlyanfl ((1 + O[)x), Fainfl,:vn (x)
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which gives

an7$n+1 (kx) Z min {Fxn,1,$n (l'), F$nyfﬂn+1 ($)7 Fl'n7xn+1 (CK.T), anflvwn (I')} .

Letting @« — 1 we get,
Fxn7$n+1 (k;.'l?) 2 min {Fxn—lyxn (33)7 Fxn:xn+1 (:C)} .

Consequently,

Fopwnia (z) > min {Fan,xn (kilx)a Fopwnia (kilx)} .

By repeated application of above inequality we get,

F (l’) Z min {an—lymn(k_lm)7 Fxnymn+l (k_mx)} .

Tn,Tn+1

Since F, z,., (k~™x) — 1 as m—oo it follows that Fy, o, (2)>Fy, | 2. (),
Vn € N and Vx > 0. Therefore, as in last half of step I of theorem 14, {zy, } is
a Cauchy sequence in X, which is complete. Hence {y,} — u € X. Now, for
any pair of maps (7}, T),) using the contractive condition with p = x,,—1,q =
wand § =1 we have, F,, 7 (kz) > min{F,, | 2. (z), Fur,u(2), Fuz, (),
Fop  tu(@), Fy ()} tee Frog,  1ou(kz) > min{F,, | 7.4, (),
Futu(@), Futiz, (), Fy,  Tu(®), Fr,, w(z)}. Taking limit as n — oo
we get, Fy7,u(kx) > min{F, ,(x),Fy1,u(x), Fuu(®), Fur,u(z), Fuu(z)}
which gives F, 1,,.(kx) >, F, 1,,.(z) for all z > 0. Hence u = T'm,,, for all
m. Therefore, u is the common fixed point of the sequence of maps {7}, }.
The uniqueness follows from corollary 22. O

Corollary 33. Let f be a self-map of a complete Menger space (X, F,t),
with continuous t-norm t. If there exists k € (0,1) such that Fyp rq(kx) >
min{F 4(x), Frpp(x), Fy tq(x)} for all p,q € X and x > 0. Then f has a
unique fized point u in X and lim, .o fn(p) = u, for all p in X.

Proof. The proof follows from theorem 32 by taking T;, = f for all n
and restricting the contractive condition of it to first three factors only. O

Remark 34. Taking t-norm ¢ = T3, and restricting the contraction to
the first factor the quoted result of [9] follows.

Theorem 35 ([11]). Let A be self mapping of a complete Menger
space (X, F, Min). Suppose for some k € (0,1), Fap aq(kt) > boFpq(t) +
coFapp(t),¥p,q € Xand ¥Vt > 0, where by, cy are some non-negative real
numbers such that bg + co = 1. Then A has unique fixed point u in X.
Moreover, lim, . Ay (v) = u, for all v in X. The following corollary is a
more complete result generalizing above result of [11].
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Corollary 36. Let f be a self-map of a complete Menger space (X, Ft),
with continuous t-norm t. If there exist k € (0,1),a,b and ¢ € [0,1] with
a+b+c =1 such that, Fyp, ¢q(kx) > aFp q(x) +0Ffp p(x) +cFpqq(x), VD, q €
XandVx > 0. Then f has unique fived point u in X. Moreover, lim, .o fn(p)
=u, for all p in X.

Proof. Let M(x) = min{F, (), Fpp(x), Frqq(x)}. Hence from the
given contractive condition, we have Fi, ¢q(kx) > aM (z)+0M (x)+cM () =
(a+ b+ c)M(x) = M(z) and the result follows from Corollary 33.

REFERENCES

1. CHANG, TONG-HUEI — Common fized point theorems in Menger spaces, Bull. Inst.
Math. Acad. Sinacia, 22 (1994), 17-29.

2. DEDEIC, R.; SARAPA, N. — Fized point theorems for a sequence of mappings on
Menger spaces, Math. Japonica, 34 (1989), 535-539.

3. JunGek, G. — Compatible mappings and common fized points, International Journal
of Mathematics and Mathematical Sciences, 9 (1986), 771-779.

4. JuNGck, G.; RHOADES, B.E. — Fized points for set valued functions without conti-
nuity, Indian Journal of Pure and Applied Mathematics, 29 (1998), 227-238.

5. MENGER, K. — Statitistical metrics, Proc. Nat. Acad. Sc. USA, 28(1942), 535-537.

6. MISHRA, S.N. — Common fized points of compatible mappings in PM -spaces, Math.
Japonica, 36 (1991), 283-289.

7. SESSA, S. — On A weak commutative condition in fixed point consideration, Publ.
Inst. Math (Beograd), 32 (1982), 146-153.

8. SCHWEIZER, B.; SKLAR, A. — Statistical metric spaces, Pacific J. Math., 10(1960),
313-334.

9. SEHGAL, V.M.; BHARUCHA REID, A.T. — Fized points of contraction mappings in
PM-spaces, Math. Systems Theory, 6 (1972), 97-102.

10. SINGH, B.; JAIN, SHISHIR — A fized point theorem in Menger space through weak-
compatibility, Journal of Mathematical Analysis and Application, 301/2, (2005), 439—
448.

11. SINGH, B.; JAIN, SHISHIR — Semi-compatibility and fixed point theorems in Menger
space using implicit relation, East Asian Mathematics Journal, 21 (2005), 65—74.



354 SHISHIR JAIN, SHOBHA JAIN and LAL BAHDHUR 16

12. JAIN, SHOBHA; JAIN, SHISHIR; BAHADUR, LAL — Compatibility and Weak compati-
bility in fuzzy metric spaces, (to appear in) Advances in Fuzzy Mathematics.

Received: 4.1.2007 Shri Vaishnav Institute of Technology and Science,
Revised: 19.1X.2007 Indore (M.P.),
INDIA

jainshishirl1@rediffmail. com

Quantum School of Technology Roorkee, Uttarakhand,
INDIA

shobajainl@yahoo.com

Retired Principal Arts and Commerce College,
Indore (M.P.),
INDIA



