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Abstract. Let IF" = (M, F) be a Finsler submanifold of a Finsler manifold IF"** =
(Mv, ﬁ) Then the induced non-linear connection HT'M° and the canonical non-linear
connection GTM° define two Riemannian metrics G and G* on TM° = TM \ {0},
both of Sasaki-Finsler type. On the other hand, the Sasaki-Finsler metric G on TM° =
TM \ {0} induces a Riemannian metric Ging on TM°. We prove that IF™ is totally
geodesic immersed in IF™*? if and only if G = G* = Ginq on TM°.
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1. Preliminaries

Let " 1P = (M ,F) be an (n+ p)-dimensional Finsler manifold, where F
is the fundamental function of IF"*? that is of class C™ on the slit tangent
bundle TM® = TJ\A]\{O} (see BAO-CHERN-SHEN [1], BEJANCU-FARRAN [3],
MatsumoTo [4], RuND [5], for basic results on Finsler geometry). Denote
by (zf,4%), i = {1,...,n + p} the local coordinates on TM, where (z%) are
the local coordinates of a point z € M and (y") are the coordinates of a
vector y € T, xM . The vertical vector bundle VT'M® on TM°® is endowed

with a Riemannian metric whose local components are given by
Gy = & OPF?
(T, y) = ==———.
ig\ >y 2 Oytoy?

Denote by §¥(z,y) the entries of the inverse of the (n+ p) x (n + p)-matrix
[9ij(z,y)]. Then the geodesics of IF"*? are given by the solutions of the
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system of differential equations

A2zt~ . dxd
G' |2 — | =0
ds? + <:E (5); ds) ’

where G are given by

~ 1, | 82F2 . OF?
Gz(x7y):4§zh{ J }

oyhoxi ST

We note that VT'M® is an integrable distribution on TM°® which is locally
spanned by {a%i}’ i €{1,...,n+p}. Also, on TM° there exists a distribution

GTM° (in general, non-integrable) which is given by the non-holonomic
frame field:

L PO, R
T = i s 1...
o = g~ Gl gy i€ {Lnah

where éf are given by

~ 0GY
J =
&= 3

It is important to note that we have
TTM® = GTM° & VTM°,

that is, Q'VTM ° and VT MP® are complementary distributions on TM°. We
call GT'M°® the canonical non-linear connection on TM°. The above de-
composition of TT'M° enables us to define the Sasaki-Finsler metric G on
TM?° given locally as follows (cf. BAO-CHERN-SHEN [1], p. 48, BEJANCU-
FARRAN [3], p. 35, MATSUMOTO [4], p. 136)

~( 0* 0 ~( 0 0 - ~( 0* 0
1 _— sy = == —_— ., == (G5 y s 7 A = U.
( ) G<5*$J ’ (S*QTZ> G<8yj ’ 8yz> gj(x y) G(é*x] 8yz> 0

Next, let M be an n-dimensional submanifold of M that is locally given
by the equations

= zi(ut, . u), i€ {1,...,n+p}.
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Throughout the paper we use the following ranges for indices: 1,7, k, ... €
{1,..,n+p}, o, B,7,... € {1,...,n}, a,b,c,... € {n +1,...,n + p}. Consider
(u®,v®) as local coordinates on TM° = T'M \ {0} and define the function
F(u®,v®) = F(z'(u),y*(u,v)), where we put

ox’
oue’

Then " = (M, F) is a Finsler submanifold of IF"*?.
As above, we have the decomposition

yi(u,v) = Bfl «, BZ

(2) TTM® = GTM®° & VTM®,

where VT M® and GTM?° are the vertical vector bundle and the canonical
non-linear connection on T'M°, locally spanned by {a%} and

o* 0 0
_ 5
Sue  Qu ~Ga B’

respectively. Thus the Sasaki-Finsler metric G* on TM° defined by the
decomposition (1.2) is locally given by

N A R R 0
®) ¢ (w’a*ua>—G (w’w>—9aﬂ(“’”)’G (6*u5’8va)_0’

where we put gog(u,v) = %%. By direct calculations it follows that
(4) 9op = Gi Bo B,

On the other hand, G induces a Riemannian metric Ging on T M° as follows
(5) Gina(X,Y) = G(X,Y), VX,Y € I(TTM°).

Here, and in the sequel, we denote by I'(TT'M°) the F(T'M°)-module of
vector fields on TM°, where F(TM?®) is the algebra of smooth functions
on TM°. The same notation will be used for the module of sections of any
vector bundle.

Now, we denote by VI'M °L the orthogonal complementary vector sub-
bundle to VI'M® in VTM‘TMo with respect to G and call it the Finsler
normal bundle of the immersion of IF™ in IF"*? (cf. BEJANCU [2], p. 47).
Then we consider a local field of orthonormal frames {B, = B’ 3d/0y'},
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a€{n+1,...,n+p}in VIM° and taking into account that {0/0v® =
B!, 0/0y'} is a local field of frames in VT'M®, we deduce that

(6) (a) GisBLBI =0, (b) Gy BiB] =0

Denote by [B* BY] the inverse of the transition matrix [B! Bi] from the
natural field of frames {a%,-} on VI M7, /o to the field of frames {8%, B,}.

Next, we consider the induced non-linear connection HT'M° on TM®,
which is defined as the complementary orthogonal distribution to V1T M°
in TTM°® with respect to Ginq. Thus, apart from (2), TTM° admits the

decomposition
(7) TTM° =HTM°®VTM®.

We should note that both (2) and (7) are orthogonal decompositions, but
with respect to different metrics G* and Gjuq, respectively. Locally, HT M°
is given by the field of frames {5%&}, a € {1,...,n}, expressed as follows
(cf. BEJANCU-FARRAN [3], pp. 74, 75)

6 _ 0 _,s0

®) fur = pus ~ N4 gupr Ve = BY (Bl + BIG))
or

o i 0" a a BY ¢ J Gl
9) Sus = B goga + HaBa Ho = Bt (Bio + BIG)).

where we put

P _ ani ;
O ueduf

Finally, by using the decomposition (7) we can define another Sasaki-
Finsler metric G on T'M° given by

1) 1) 0 0 1) 15)
(10) G(&ﬁ’&ﬂ>_G(&ﬁ’&ﬂ)_gw’G(&ﬁ’&ﬂ>_&

Summing up, we constructed on T'M° three Riemannian metrics: G*,
Ging and G given by (3), (5) and (10), respectively. Thus, it is natural to ask
the following question. What class of Finsler submanifolds is characterized
by the condition G* = Ginqg = G7 In the second part of this paper we give
the answer to this question.
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2. The main result

Let IF" = (M, F) be a Finsler submanifold of IF"? = (M, F). Then we
say that IF™ is totally geodesic immersed in IF"*? if any geodesic of IF" is a
geodesic of IF"™P. The main purpose of this section is to prove the following
theorem.

Theorem 2.1. Let IF™ = (M, F) be a Finsler submanifold of IF"1?P =
(M, F). Then the following assertions are equivalent:

(i) TF™ is totally geodesic immersed in IF"P.
(i1) Ginga = G* on TM°.
(#i7) Gina = G on TM°.
As a direct consequence of this result we state the following.

Corollary 2.1. IF" is a totally geodesic Finsler submanifold of TF™ P if
and only if G* = Ging = G on TM°.

First, we prove the following lemma.

Lemma 2.1. Let F" = (M, F) be a Finsler submanifold of F"? =
(M, F). Then we have:

5 5 n+p
—, — | = g HCHS
(a) Gmd <(5Uﬁ ) 5ua> gaﬁ + et atlp
) 0
11 : — )=
( ) (b) (%m1<5u67 8Ua) Q

0 0
(c) Gina <8vﬂ’ 81)0‘> = Jop-

Proof. By direct calculations using (5), (9), (1) and (4) we obtain

SuP’ Sue B rai & Gt
= G BLB) + HiHb0a, = gop + | HLHS,
a=n—+1

Gind< 0 9 >:é<Bj 0 + HBy, B; 5.+H;Ba)
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which proves (11a). Then, (11b) follows from the definition of the non-linear
connection HTM®. Finally, by using (5), (1) and (4) we deduce that

0 9N _a(pi 0 g9 \_= pipi_
Gind <61}5’8v0‘> =G (Bg TyjaBa ayi) —gZ]BaBB = 9apB>

which completes the proof of the lemma. O

Next, we recall the following characterization of totally geodesic Finsler
submanifolds.

Theorem 2.2 (BEJANCU-FARRAN [3], p. 134). F"=(M, F) is a totally

geodesic Finsler submanifold of IF"P=(M, ﬁ) if and only if we have
(12) H: =0, YVae{l,...,n}, ac{n+1,...,n+p}.
Now, we can state the following.

Theorem 2.3. IF" is a totally geodesic Finsler submanifold of IF"P if
and only if Ging = G on TM°.

Proof. By comparing (11) with (10) we deduce that Giyg = G on TM°
if and only if

n—+p

Z HiHE =0, VYa,B€{l,..,n},
a=n-+1

which is equivalent to (12).

In order to find another characterization of totally geodesic Finsler sub-
manifolds we present the relationship between the induced non-linear con-
nection HTM® and the canonical non-linear connection GT'M° on TM°.
First we consider the Cartan tensor field of type (0, 3) on IF"*P whose local
components are given by

1 PP
Jijk = 4 OyidyI dyk”

Then we define on TM*° p Finsler tensor fields of type (1,1) whose local
components are given by

9o = gﬁwgijkBéB%Bg, ac{n+1,..,n+p}apec{l, .. ,n}
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Finally, we consider the deformation Finsler tensor field D with respect to
the pair (HTM°, GT'M°®), whose local components are given by

(13) D = g’ o HOV.

Then it is proved in Bejancu-Farran [3], p. 112, that the local fields of
frames {52} and {52} in GTM® and HTM® are related by

) o* 0
14 — = D —.
(14) du®  o*u” « Ovb
(]
Lemma 2.2. Let " = (M, F) be a Finsler submanifold of F"*? =
(M, F). Then we have:
5o =
(a‘) Gind((S*U’B’ 5*UO‘> = gaﬁ + Z HSHE +g’yuDnga
(15) a=n+1
5* 0
b) G % B aal = Yo D}.
() d(é*uﬁ 81}“) Jer=s
Proof. First by using (14) and (11) we obtain
o 5 o 6 0
wi s e ) = Cina 55— Db o D
¢ d<5*u/3 5*u0‘> d(éuﬂ B oumn’ su @ 87)7)
n+p
= Yap + Z HoHj + ngZyng
a=n—+1
and (15a) is proved. In a similar way we obtain (15b). O

Theorem 2.4. IF" is a totally geodesic Finsler submanifold of IF"P if
and only if Ging = G*.

Proof. Suppose IF" is totally geodesic in IF"*?. Then by (12) and (13)
we have H? = 0 and DS = 0, Vo, B € {1,....;n}, a € {n+1,....,n + p}.
Using these in (15) and comparing with (3) we deduce that Ging = G*.
Conversely, if Ginq = G*, from (15) and (3) we deduce that

n-+p
gang =0 and Z HyHj +nglD§ =0, Vo, € {1,....,n},
a=n+1
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which imply (12). Hence IF" is totally geodesic. O

By Theorems 2.3 and 2.4 we have a proof of Theorem 2.1.

In particular, let us consider IF"t?=()M, F) a Riemannian manifold,
that is g;j1 = 0, Vi, 5,k € {1,...,n+p}. Then by (13) we deduce that DE =
for all a, 8 € {1,...,n}, and therefore by (14) we obtain HTM° = GT' M°.
As a conclusion we have G = G*. Therefore, in the particular case of
Riemannian submanifolds we obtain the following result.

Theorem 2.5. Let (M, g) be a submanifold of a Riemannian manifold
(M, g). Then (M, g) is totally geodesic if and only if the Riemannian metric
induced on T M by the Sasaki metric ofTM coincides with the Sasaki metric
induced on TM by g.
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