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Abstract. We prove some new results on ideal amenability in Banach algebra in-
troduced by GORGI and YAZDANPANAH. In particular, we show that if A and B are ide-
ally amenable Banach algebras with bounded approximate identity, then A®B is ideally
amenable, thus providing answer to one of the questions raised by GORGI and YAZDAN-
PANAH.
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1. Introduction

In [3], GORGI and YAZDANPANAH, introduced two notions of amenability
for a Banach algebra A. These are the concepts of I-weak amenability and
ideal amenability for Banach algebra, where I is a closed two-sided ideal
in A. They related these concepts to weak amenability in Banach algebras,
and showed that ideal amenability is different from amenability and weak
amenability. They also asked the following questions: (i) If A and B are
ideally amenable Banach algebras, then is A®B ideally amenable? (ii)
Under what conditions is the group algebra L!'(G) ideally amenable for a
locally compact group G? It seems that these questions are still open.

In this paper, we shall extend some of the results of the authors in [3]
and also provide a partial answer to question (i) above, by giving conditions
under which it is true: our proof uses the recent solution by MASSOUD in
[5] the module derivation problem for Banach algebras.
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2. Preliminaries

First, we recall some standard notions; for further details, see [1] and [4].

Let A be an algebra and let X be an A-bimodule. A derivation from A to
X isalinear map D : A — X such that D(ab) = Da -b+a- Db (a,be A).
For example, d, : a — a - * — x - a is a derivation; derivations of this form
are called the inner derivations.

Let A be a Banach algebra, and let X be an A-bimodule. Then X is a
Banach A-bimodule if X is a Banach space and if there is a constant k& > 0
such that la - ol < klla|l2ll, |l - all < klallllzll (a € 4,2 € X).
By renorming X, we can suppose that £k = 1. For example, A itself is
Banach A-bimodule, and X', the dual space of a Banach A-bimodule X, is
a Banach A-bimodule with respect to the module operations specified for
by

(x,a - AN)y={(x-a, N\, (g, A-a)=(a-z, N (xze€X)

fora € Aand \ € X'; we say that X’ is the dual module of X. In particular
every closed two-sided ideal I of A is Banach A-bimodule and I’ the dual
space of I is a dual A-bimodule.

Successively, the duals X (™) are Banach A-bimodules; in particular A(™
is a Banach A-bimodule for each n € N. We take X(© = X

Let A be a Banach algebra, and let X be a Banach A-bimodule. Then
Z (A, X)is the space of all continuous derivations from A into X, N'1(A, X)
is the space of all inner derivations from A into X, and the first cohomol-
ogy group of A with coefficients in X is the quotient space H!(A, X) =
ZY(A, X)/NY(A, X). The Banach algebra A is amenable if H* ( X')
{0} for each Banach A-bimodule X and weakly amenable if H* (A A =
{0}. Further, as in [2], A is n-weakly amenable for n € N if H (A, A™) =
{0}, and A is permanently weakly amenable if it is n-weakly amenable for
each n € N. For instance, each C*-algebra is permanently weakly amenable
[2, Theorem 2.1]. Each group algebra is n-weakly amenable whenever n
is odd. Recently, the authors in [3], defined A as [-weakly amenable if
HI(A, I') = {0} for a closed two-sided ideal I of A, and ideally amenable
if it is I-weakly amenable for every closed two-sided ideal I of A. Clearly,
an amenable Banach algebra is ideally amenable and an ideally amenable
Banach algebra is weakly amenable.
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3. Main results

Let A be a Banach algebra. We recall from [1] that a left multiplier
on A is an element L in L(A) such that L(ab) = L(a)b, a,b € A and a
right multiplier on A is an element R in L(A) such that R(ab) = aR(b). A
multiplier is a pair (L, R) where L and R are left and right multipliers on
A respectively and aL(b) = R(a)b (a,b € A). The set of all multipliers on
A is denoted by M(A). It is called multiplier algebra of A.

Let A be a Banach algebra, let B(A) be the Banach algebra of bounded
linear operators on A and let M(A) be multiplier algebra of A. That is,
M(A) = {(L,R) : L,R € L(A),L(ab) = L(a)b, R(ab) = aR(b),aL(b) =
R(a)b,a,b € A}. As norm closed subalgebra of B(A) x B(A)° (where
B(A)°P is the opposite algebra of B(A)), M(A) is a Banach algebra.

For a € A, L,, R, will denote the linear maps b — ab and b — ba on A,
respectively. Then (Lg, Rq) € M(A) with ||Lg|| < |la|| and || R.|| < |la|. It
is easy to see that a — La (Resp. a — R,) is injective if and only if A is
left (Resp. right) faithful. In particular, if A has a bounded approximate
identity {es} of bound m, then ||Lq|| > m™!||a| and ||R4| > m~!a| for
all a € A. In this case, A is identified with a norm closed ideal in M(A).

For each Banach A-bimodule X, M(A) acts on X through

T -x=limL(ey) -2z, x-T=limz-R(ey), x€X,T=(LR)e M(A),

thus X is a Banach M (A)-bimodule.

Also, A embeds in M(A) through a — (L, R,), in the case where A is
faithful, A is an ideal in M(A). Given a continuous derivation D : M(A) —
X', the restriction D of D to A is also a continuous derivation.

The following result is very useful and important.

Proposition 3.1. Let A be a Banach algebra.

1. If I is an ideal in A with an approximate identity, then every ideal in
I is an ideal in A.

2. If A is faithful and has a bounded approximate identity, then every
ideal in A is an ideal in M(A).

Proposition 3.2. Let A be a Banach algebra with a bounded approxi-
mate identity, and let I be a closed two-sided in A, then

(3.1) HY(M(A), I') = H (A, T).
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Proof. I is a closed two-sided ideal in A imply that I is a Banach
A-bimodule and also a Banach M (A)-bimodule with the module operation
given above. It suffices to show that if the right hand side of (3.1) is {0},
then so is the left hand side.

Let D : M(A) — I' be a continuous derivation and let D : A — I’ be
the restriction of D to A. Then, since we assume the right hand side of (3.1)
is {0} then D = D, for some z € I'. Let Do(T) = L(ey) - 2 — x - R(ey), for
each index o and T' = (L, R) € M(A), then the net D, is uniformly norm
bounded, and so, passing to a subnet, we may assume that it converges to
some Dy : M(A) — I’ which is an A-module morphism in o(I’, M(A4)). It
is easy to show that Dy = D and since clearly Dy = D, on A, so by the
continuity of these derivations in the strict topology on M(A) and density
of A in M(A) in the strict topology, we get D = D, on M(A), and so the
left hand side of (3.1) is {0}. O

Corollary 3.1. Let A be a Banach algebra with a bounded approrimate
identity and let I be a closed two-sided ideal in A. If A is I-weakly amenable
and faithful, then M(A) is I- weakly amenable.

Proof. Since A is faithful and has a bounded approximate identity then
every ideal in A is also an ideal M(A) by Proposition 3.1. Thus the result
follows from Proposition 3.2. O

Example 3.1. Let G be a locally compact group. If L'(G) is I-weakly
amenable for any closed two-sided ideal I in L'(G), then M(LY(Q)) is I
weakly amenable.

Proof. Since L'(G) is left and right faithful, it is an ideal in M(L'(Q)),
and since L'(G) has a bounded approximate identity, then every ideal in
LY(G) is an ideal in M(L'(G)) by Proposition 3.1, and so the result follows
from Corollary 3.1. O

Corollary 3.2. Let A be a Banach algebra and let I be a closed two-
sided ideal in A. If I has a bounded approximate identity and A is ideally
amenable, then I is also ideally amenable.

Proof. Let J be an arbitrary closed two-sided ideal in I, then J is also
an ideal in A since I has a bounded approximate identity by Proposition
3.1 (1). J is a Banach I-bimodule and also Banach M (I)-bimodule.
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Let D : M(I) — J' be a continuous derivation. By the definition of
M(I), there is an A-module morphism ¢ : A - M(I) and Do : A — J'
is a derivation on A, and since A is ideally amenable, then D o ¢ is inner.
Hence D is inner on I. By using the same argument as above D is inner on
M(I) and so the result follows from Proposition 3.2. O

Remark. Corollary 3.2 is the same as Theorem 1.9 of [3], but our proof
is new and independent to that given in [3].

Let A and B be Banach algebras, the projective tensor product of A
and B is denoted by (A®B,|.||r). Each z € (A®B) has a representa-
tion z = 7%, a; ® bj, where a; € A and b; € B for each j € N and
> 721 llajlll[bj]| < oo; further, ||z|| is equal to the infimum of 322, [la;[[|b]]
over all such representations. (A®B, ||.||x) is a Banach algebra and a Ba-
nach A-bimodule. For further detail, see [1, p. 165].

In our next result, we give conditions under which (A®B) is ideally
amenable.

Theorem 3.1. Let A and B be ideally amenable Banach algebras.
Suppose A and B both have bounded approzimate identity. Then ARB is
ideally amenable.

Proof. A and B have bounded approximate identities imply A®B has
bounded approximate identities. Let I be an arbitrary closed two-sided
ideal in A®B, then I is a Banach A& B-bimodule. The mappings a — o,
and b — 7, defined by o,(c® d) = ac® d, 7p(c ® d) = ¢ ® bd, extend and
then lift to commuting continuous Banach algebra homomorphisms and A-
module, B-module morphisms of A and B onto closed subalgebras A; and
Bi of M(A®B), and I is then a Banach Aj-module and Banach Bj-module.
Now each continuous derivation D : A®QB — I’ gives rise to some continuous
derivation D : M(A®B) — I', whose restriction D; to Bj is inner, say
D = D, on By, for some z € I'. Consider d : I' — L4(By,I'), (where
L4(By,I') is the space of all A-module morphisms from By to I’), which
send each y € I’ to the restriction of D, to B;. Then the fact that D - D,
is zero on B; implies that D — D, is sending A; into Im(d)* = (I/Im(d))’.
So Y = I'/Im(d) is an A;-module, and also D — D, = D,, on Ay, for some
yeY.D— D, and D, are equal to zero on Bi, and so using the fact that
Ay U By is dense in M(A®B), D is inner on M(A&B), so D is inner on
(A®B). Thus, (A®B) is ideally amenable. O
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Remark. The above theorem provide a partial answer to the question

raised by the authors in [3].
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