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Abstract. In this paper we study a collection of jet geometrical concepts, we re-
fer to d-tensors, relativistic time dependent semisprays, harmonic curves and nonlinear
connections on the 1-jet space J* (R, M), necessary to the construction of a Miron’s-like
geometrization for Lagrangians depending on a relativistic time. The geometrical rela-
tions between these jet geometrical objects are exposed.
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1. Some physical and geometrical aspects

On the one hand, according to OLVER’s opinion [10], it is well known that
the 1-jet fibre bundle is a basic object in the study of classical and quantum
field theories. For such a reason, a lot of authors (ASANOV [2], SAUNDERS
[11], VONDRA [12] and many others) studied the differential geometry of
the 1-jet spaces. Going on with the geometrical studies of ASANOV [2] and
using as a pattern the Lagrangian geometrical ideas developed by MIRON,
ANASTASIEI or BUCATARU in the monographs [6] and [3], the author of
this paper has developed the Riemann-Lagrange geometry of 1-jet spaces
[7] which is very suitable for the geometrical study of the relativistic non-
autonomous (rheonomic) Lagrangians, that is of Lagrangians depending on
an usual “relativistic time” [8] or on a "relativistic multi-time” [7], [9].
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On the other hand, it is important to note that a classical non-autono-
mous (rheonomic) Lagrangian geometry (i.e. a geometrization of the La-
grangians depending on an usual "absolute time”) was sketched by MIRON
and ANASTASIEI at the end of the book [6] and developed in the same way
by ANASTASIEI and KAWAGUCHI [1] or FRIGIOIU [5].

In what follows we try to expose the main geometrical and physical
aspects which differentiate the both geometrical theories: the jet relativistic
non-autonomous Lagrangian geometry [8] and the classical non-autonomous
Lagrangian geometry [6].

In this direction, we point out that the relativistic non-autonomous La-
grangian geometry [8] has as natural house the 1-jet space J!(R, M), where
R is the manifold of real numbers having the coordinate ¢. This represents
the usual relativistic time. We recall that the 1-jet space J'(R, M) is re-
garded as a vector bundle over the product manifold R x M, having the fibre
type R, where n is the dimension of the spatial manifold M. In mechanical
terms, if the manifold M has the spatial local coordinates (xi)izﬁ, then
the 1-jet vector bundle

(1.1) JR,M) - Rx M

can be regarded as a bundle of configurations having the local coordinates
(t, 2%, yt); these transform by the rules [8]
t=1(t)

T =T ()
B oz’ di
© 0x dt

(1.2)

U

Remark 1.1. The form of the jet transformation group (1.2) stands
out by the relativistic character of the time t.

Comparatively, in the classical non-autonomous Lagrangian geometry
the bundle of configurations is the vector bundle [6]

(1.3) R x TM — M,

whose local coordinates (¢,z%,4") transform by the rules

t
(1.4) ' =3 (a’)
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where T'M is the tangent bundle of the spatial manifold M.

Remark 1.2. The form of the transformation group (1.4) stands out
by the absolute character of the time t.

It is important to note that jet transformation group (1.2) from the rel-
ativistic non-autonomous Lagrangian geometry is more general and more
natural than the transformation group (1.4) used in the classical non-
autonomous Lagrangian geometry. This is because the last one ignores the
temporal reparametrizations, emphasizing in this way the absolute charac-
ter of the usual time coordinate ¢. Or, physically speaking, the relativity of
time is an well-known fact.

From a geometrical point of view, we point out that the entire classical
rheonomic Lagrangian geometry of MIRON and ANASTASIEI [6] relies on the
study of the energy action functional

b . .
Ex(c) = / L{t, ', ),

where L : R x TM — R is a Lagrangian function and 3 = dx'/dt, whose
Euler-Lagrange equations

it 4 2GH(t, 2%, y%) =0

produce the semispray G* and the nonlinear connection N ]Z = 0G"/0y’. In
the sequel, the authors construct the adapted bases of vector and covector
fields, together with the adapted components of the N-linear connections
and their corresponding torsions and curvatures. But, because L(t,x,y")
is a real function, we deduce that the previous geometrical theory has the
following impediment:

—the energy action functional depends on the reparametrizations t +—
t of the same curve c.

For example, in order to avoid this inconvenience, the Finsler case im-
poses the 1-positive homogeneity condition

L(t, 2%, \y®) = AL(t, 2, y%), ¥ X > 0.

Alternatively, the relativistic rheonomic Lagrangian geometry from [8]
uses the relativistic energy action functional

b
Eg(c):/ L(t, 2", y})v/ b (t)dt,
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where L : J}(R, M) — R is a jet Lagrangian function and hq1(t) is a Rie-
mannian metric on the time manifold R. This functional is now independent
by the reparametrizations ¢ +— t of the same curve ¢ and the corresponding
Euler-Lagrange equations take the form

i+ 2H((j))1 (t, xk,y’f> + 2G8))1 (t, xk,y’f) -0,

respectively G Ei)

where the coefficients H ((i))l, 1

spectively spatial, semispray.

In this respect, the author of this paper believes that the relativistic geo-
metrical approach proposed in this paper has more geometrical and physical
meanings than the theory proposed by MIRON and ANASTASIEI in [6]. As a
conclusion, in order to remark the main similitudes and differences, we invite
the reader to compare both the classical and relativistic non-autonomous
Lagrangian geometries exposed in the works [6] and [8].

As a final remark, we point out that for a lot of mathematicians (such
as Crampin, de Leon, Krupkova, Sarlet, Saunders and others) the non-
autonomous Lagrangian geometry is constructed on the first jet bundle
Ji7 of a fibered manifold 7 : M™*! — R. In their papers, if (t,2%) are
the local coordinates on the n + 1-dimensional manifold M such that ¢ is a
global coordinate for the fibers of the submersion m and 2 are transverse
coordinates of the induced foliation, then a change of coordinates on M is
given by

represent a temporal, re-

~ dt
t=1t(t), 7 #0

(1.5) 4 o o7
' =1x"(2?,t), rank (ij> =n.

Altough the 1-jet extension of the transformation rules (1.5) is more gen-
eral than the transformation group (1.2), the author of this paper consider
that the transformation group (1.2) is more appropriate for its final pur-
pose, the development of a relativistic rheonomic Lagrangian field theory.
For example, in the paper [8], starting with a non-degenerate Lagrangian
function L : J'(R, M) — R, one introduces a relativistic time dependent
gravitational potential

(1.6) G = hpdt @ dt + gijda:i ® da? + hn(t)gij(t, z, )0y @ 5y{,
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where

hu(t) 0L : : (i) (@)
(T, y) = —— and Sy = dy} + M. dt + N da?,
gij( Y) 5 Dyl 0y Y1 Y1 (1)1 (1)j

hi11(t) beeing an a priori given Riemannian metric on the time manifold R
and the set of local functions

— (4) (%)
U= (MG N)
beeing a nonlinear connection produced by the Lagrangian £ = Ly/h11(t).
The above non-autonomous gravitational potential G is a global geometrical
object on JY(R, M) and is characterized by some natural Einstein equations
[8], as in the MIRON and ANASTASIEI case [6].

2. d-Tensors on the 1-jet space J'(R, M)

It is well-known the fact that in the study of the geometry of a fibre
bundle an important role is played by the tensors. For that reason, let us
consider

o o0 0
—, —,— ¢+ C X(JYR, M)),
{875 oxt ayg} (7 )
the canonical basis of vector fields on the 1-jet space J!(R, M), together
with its dual basis of 1-forms

{dt,dz’,dy}} C X*(J(R, M)).

In this context, let us remark that, doing a transformation of jet local
coordinates (1.2), the following transformation rules hold good:

o dto oy 9
ot dtor ' ot oy
o 9% 9 oy 0
oxt Bx’@ 8xiaTj{
o oidt o

oy~ 0u di oy

(2.1)
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and
ot
(2.2) dt = gﬁ; d7
dy! = 8a‘ytldt+ gi;d i+ gf] gid 7

Taking into account that the transformation rules (2.1) and (2.2) lead
to complicated transformation rules for the components of classical tensors
on the 1-jet space J'(R, M), we consider that in the geometrical study of
the 1-jet fibre bundle J!(R, M) a central role is played by the distinguished
tensors (d-tensors).

Definition 2.1. A geometrical object D = (Di;((jl))((ll;) on the 1-jet

vector bundle J!(R, M), whose local components transform by the rules

() (1) _ 1p(m)(1)... dt O %CE ‘E@ 0%° dt
(23)  Dudyoy = Puri)s.. Ji 0P <8§mdt dt Oxk \ Ozt qgr ) 7

is called a d-tensor field.

Remark 2.2. The utilization of parentheses for certain indices of the
local components Di,i((jl))((l; " of the distinguished tensor D on J*(R, M) will
be rigorously motivated after the introduction of the geometrical concept
of nonlinear connection on the 1-jet space J'(R, M). For the moment, we

point out that the pair of indices ” 8 7 or” Ell)) ” behaves like a single index.

Remark 2.3. From a physical point of view, a d-tensor field D on the
1-jet vector bundle J!(R, M) — R x M can be regarded as a physical object
defined on the event space R x M, which is dependent by the direction or

the relativistic velocity y = (y). A such perspective is intimately connected
with the physical concept of anisotropy.

Example 2.4. Let us consider a relativistic time dependent Lagrangian
function L : JY(R, M) — R, where

JUR, M) > (t,2',y;) — L(t, 2", y}) € R.
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Then, the geometrical object G = (GEQ))((;))), where

w _ 1 &L
HE) 2 Oy Oy

is a d-tensor field on J(R, M), which is called the fundamental metrical d-
tensor produced by the jet Lagrangian function L. Note that the d-tensor
field O
@ i i
G(i)(j) (t, 2", 91)
is a natural generalization for the metrical d-tensor field g;;(t,z%,y") of a
classical rheonomic Lagrange space [6]

RL"™ = (M, L(t, 2", y")),
where L : RxTM — R is an absolute time dependent Lagrangian function.

Example 2.5. The geometrical object C = (Cgll))), where CEZI)) =y,
represents a d-tensor field on the 1-jet space J'(R, M). This is called the
canonical Liouville d-tensor field of the 1-jet vector bundle J'(R, M). Re-
mark that the d-tensor field C naturally generalizes the Liouville vector
field [6]

0
oy’

used in the Lagrangian geometry of the tangent bundle T'M.

C:yi

Example 2.6. Let h = (h;11(t)) be a Riemannian metric on the rela-

tivistic time axis R and let us consider the geometrical object J;, = (J ((f))lj),

where .

(2

Ty

Then, the geometrical object J; is a d-tensor field on J(R, M), which

is called the h-normalization d-tensor field of the 1-jet space J'(R,M).

We underline that the h-normalization d-tensor field Jj of the 1-jet space
JYR, M) naturally generalizes the tangent structure [6]

9 9 .
=4 J — 7
J=4; oy ® dz oy ® dz',

= h116}.

constructed in the Lagrangian geometry of the tangent bundle T'M.
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Example 2.7. Using preceding notations, we consider the set of local
()

(1)11), where

functions Ly, = (L
@ _ i
L(l)ll = hllyl-

The geometrical object Ly, is a d-tensor field on J(R, M), which is called
the h-canonical Liouville d-tensor field of the 1-jet space J'(R, M).

3. Relativistic time dependent semisprays. Harmonic curves

It is obvious that the notions of d-tensor and classical tensor on the 1-jet
space J1(R, M) are distinct ones. However, we will show in the Section
4 (see Remark 4.8), after the introduction of the geometrical concept of
nonlinear connection, that any d-tensor is a classical tensor on J!(R, M).
Conversely, this statement is not true. For instance, we construct in the
sequel two classical global tensors which are not d-tensors on J!(R, M).
We talk about two geometrical notions, one of temporal semispray and the
other one of spatial semispray on J*(R, M), which allow us to introduce the
geometrical concept of relativistic time dependent semispray on J*(R, M).

Definition 3.1. A global tensor H on the 1-jet space J!(R, M), which
is locally expressed by
0 ) 0

(3.1) H=dt® = —2HY dt @ —,
ot (M1 oy’

is called a temporal semispray on J'(R, M).

Taking into account that the temporal semispray H is a global classical
tensor on J!(R, M), by direct local computations, we find

Proposition 3.2. (i) The local components H(({))l of the temporal semis-
pray H transform by the rules

(3.2) ot = of @

dt\? 07k dt oyt
(1)1 (H1

dt) dxi 4t ot

(ii) Conwersely, to give a temporal semispray on J*(R, M) is equivalent
to give a set of local functions H = (H((f))l) which transform by the rules
(3.2).
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Example 3.3. Let us consider h = (hj1(t)) a Riemannian metric on
the temporal manifold R and let

ht dhyy
H = ——+
W= at

where h'! = 1/h11, be its Christoffel symbol. Taking into account that we
have the transformation rule

~ dt  dtd’t
3.3 Hi, =HL, =+ ——,
(3.3) 11 0T 0
we deduce that the local components

gG) Lo
H(l)l - _§Hlly{

define a temporal semispray H = (H((f))l) on J'(R,M). This is called the
canonical temporal semispray associated to the temporal metric h(t).

Definition 3.4. A global tensor G on the 1-jet space J'(R, M), which
is locally expressed by

; 0 () 0
3.4 G=yldt® — —2G],dt ® —
(3.4) ypdt & O (1)1 ® 33/{7
is called a spatial semispray on J(R, M).

As in the case of the temporal semispray, by direct local computations,
we can prove without difficulties the following statements:

Proposition 3.5. (i) The local components Gg))l of the spatial semis-
pray G transform by the rules

(3.5) 2% = 2GY)

dt\? oz* 0z’ Ik
(1) (1)1

di) 027 0x oz v
(ii) Conwersely, to give a spatial semispray on JY(R, M) is equivalent to

give a set of local functions G = (Gg%l) which transform by the rules (3.5).
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Example 3.6. Let us consider ¢ = (¢;;(x)) a semi-Riemannian metric
on the spatial manifold M and let

@im 890jm + 8@km . asojk
2 oxk OxJ ozxm

i
Vik =

be its Christoffel symbols. Taking into account that we have the transfor-
mation rules

. 07 0xd oxF oz 02

p N OO0 g Ol
(3.6) Yor = Vik Ot OF1 OFT ox! 0z10%"’

we deduce that the local components
\ 1 .
Gl = it
define a spatial semispray G = (é(j)

(1)1) on JY(R,M). This is called the
canonical spatial semispray associated to the spatial metric o(x).

It is important to note that our notions of temporal and spatial semis-
pray naturally generalize the notion of semispray (or semigerbe in the
French terminology) which was defined since 1960’s (Dazord, Klein, Foulon,
de Leon, Miron and Anastasiei etc.) as a global vector field. Comparatively,
we point out that our temporal or spatial semisprays can be regarded in
the form

H=dt® Hy and G = dt ® G,

where the geometrical objects (similarly with the classical concepts of semis-
prays or semigerbes)

_ 0 G 9
H=5, = (15,7
and 9 5
Gl — yi ()

- . - 2 I
ox* G(l)l 8:1/{

cannot be regarded as global vector fields because they behave as the com-
ponents of some d-covector fields on the 1-jet space J'(R,M). In other
words, taking into account the transformation rules (1.2), they transform

by the laws
- dt ~ ot
H1 = fNHl and G1 = fNGl.
dt dt
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It is obvious now that, if we work only with particular transformations
(1.2) in which the time ¢ is absolute one (i.e. ¢ = t), then the geometrical
objects H1 and G become global vector fields and, consequently, we recover
the classical definition of a semispray or a semigerbe.

Definition 3.7. A pair S = (H, G), which consists of a temporal semis-
pray H and a spatial semispray G, is called a relativistic time dependent
semispray on the 1-jet space J*(R, M).

Remark 3.8. The geometrical concept of relativistic time dependent
semispray on the 1-jet space J'(R, M) naturally generalizes the already
classical notion of time dependent semispray on R x T'M, used by MIRON
and ANASTASIEI in [6].

Example 3.9. The pair S = (H,G), where H (respectively @) is the
canonical temporal (respectively spatial) semispray associated to the tem-
poral (respectively spatial) metric hiq(t) (respectively ¢;;(x)), is a relativis-
tic time dependent semispray on the 1-jet space J!(R, M). This is called
the canonical relativistic time dependent semispray associated to the pair of
metrics (h(t), p(x)).

In order to underline the importance of the canonical relativistic time
dependent semispray S associated to the pair of metrics (h11(t), ij(z)),
we give the following geometrical result which characterizes the relativistic
time dependent semisprays on 1-jet spaces:

Proposition 3.10. Let (R, hi1(t)) be a Riemannian manifold and let
(M, pij(x)) be a semi-Riemannian manifold. Let S = (H, G) be an arbitrary
relativistic time dependent semispray on the I-jet space J*(R,M). Then,
there exists a unique pair of d-tensors

_ (@) o)
T= (Tu)v S(l)l)
such that .
S=8§-T,

where S = (H,G) s the canonical relativistic time dependent semispray
associated to the pair of metrics (h(t), p(x)).

Proof. Taking into account that the difference between two temporal
(respectively spatial) semisprays is a d-tensor (see the relations (3.2) and
(3.5)), we find the required result. O
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Now, let us fix on the 1-jet space J (R, M) an arbitrary relativistic time
dependent semispray

8 = (H,6) = (B, 2%y, G, (12" o) )
Definition 3.11. A smooth curve c:t € I C R — ¢(t) = (2%(t)) € M,
which verifies the second order differential equations (SODES)

?xt ) (kg G2 W (, ke do
B0 g T 2Han (t’m (t)’dt> +2G0), (w (t)’dt> =0

where i run from 1 to n, is called a harmonic curve of the relativistic time
dependent semispray S = (H, Q).

Remark 3.12. The SODEs (3.7) are invariant under a transformation
of coordinates given by (1.2). It follows that the form of equations (3.7),

which give the harmonic curves of a relativistic time dependent semispray
S = (H,G), have a global character on the 1-jet space J*(R, M).

Remark 3.13. The equations of the harmonic curves (3.7) naturally
generalize the equations of the paths of a time dependent semispray from
classical non-autonomous Lagrangian geometry [6].

Example 3.14. The equations of the harmonic curves of the canonical
relativistic time dependent semispray S = (H, () associated to the pair of
metrics (h(t), p(x)) are
d?zt NG da? dz*

3.8 - — Hy (t)— i -~ ).

These are the equations of the affine maps between the Riemannian man-
ifold (R, h11(t)) and the semi-Riemannian manifold (M, ¢;;(z)). We point
out that the affine maps between the manifolds (R, h11(t)) and (M, ¢;;(x))
are curves which carry the geodesics of the temporal manifold (R, hi1(t))
into the geodesics on the spatial manifold (M, ¢;;(x)).

Remark 3.15. Multiplying the equations (3.8) with h'! = 1/hy; # 0,
we obtain the equivalent equations
d*z’ 1, dat dz? dx*
t - RS g
Qe @) "t
These are exactly the classical equations of the harmonic maps between the

manifolds (R, h11(t)) and (M, p;i;(z)) (see [4]). For this reason, we used the
terminology of harmonic curves for the solutions of the SODEs (3.7).

+ 7;‘16
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Remark 3.16. The jet geometrical concept of harmonic curve of a
relativistic time dependent semispray S = (H,G) is intimately connected
by the Fuler-Lagrange equations produced by a relativistic time dependent
Lagrangian £ = L+/h11(t), where L : JY(R, M) — R. The connection is
given by the fact that the Euler-Lagrange equations of any non-degenerate
Lagrangian £ can be written in the form (3.7). For example, the Euler-
Lagrange equations of the jet Lagrangian

Eharmonic = hll(t)()pij (J:)yiy‘{ V hll(t)7

where y! = da'/dt, are exactly the equations of the affine maps (3.8). The
equations (3.8) are in fact the equations (3.7) for the particular relativistic
time dependent semispray S = (H,G) associated to the pair of metrics

(h(t), p(2)).
In this context, using the notations from Proposition 3.10, we immedi-
ately deduce the following interesting result:

Corollary 3.17. The equations (3.7) of the harmonic curves of a rela-
tivistic time dependent semispray S = (H,G) on the 1-jet space J'(R, M)
can be always rewritten in the following equivalent generalized Poisson form.:

R dxt : dzd dzF : dzF
11 _ gl il i | F ky =2

where

Fi — opll [T(i)

(i)
w1+ 5(1)1} :

4. Jet nonlinear connections. Adapted bases

We have seen that the transformation rules of the canonical bases of vec-
tor fields (2.1) or covector fields (2.2) imply complicated transformation
rules for the local components of diverse geometrical objects (as the classi-
cal tensors, for example) on the 1-jet space J!(R, M). For such a reason,
it is necessary to construct that so called the adapted bases attached to
a nonlinear connection on J*(R, M). These adapted bases have the qual-
ity to simplify the transformation rules of the local components of the jet
geometrical objects taken in study.

In order to do this geometrical construction, let us consider an arbitrary
point u € E = JY(R, M) and let us take the differential map

Tsu - T.E — T(t,m)(R X M)
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produced by the canonical projection
m:E—RxM, n(u) = (t, ).
The differential map ., generates the vector subspace
V= Kermy, C T, F,

whose dimension is dimg V,, = n, V v € E, because m,, is a surjection.
Moreover, a basis in the vector subspace V,, is given by

G}

It follows that the mapV :u € E — V,, C T, F is a differential distribution
on JY(R, M), which is called the wvertical distribution of the 1-jet space
E = JYR, M).

Definition 4.1. A nonlinear connection on the 1-jet space E = J*(R, M)
is a differential distribution

H:uek—H,CT,FE
which verifies the equalities
T.FE=H,®V,, YuecFE.

The differential distribution H is also called the horizontal distribution
of the 1-jet space J(R, M).

Remark 4.2. (i) It is obvious that the dimension of a horizontal dis-
tribution is dimgp H, = n+ 1, Vu € E.

(ii) The set X (FE) of the vector fields on E = J'(R, M) decomposes in
the direct sum

(4.1) X(E)=T(H) & T(V),

where I'(H) (respectively I'(V)) represents the set of the horizontal (respec-
tively vertical) sections.

Taking into account that a given nonlinear connection H on the 1-jet
space E = J1(R, M) produces the isomorphisms

7T>k,u|Hu : Hy — Tﬂ'(u)(R X M), VuéekFE,

by direct local computations, we deduce the following geometrical results:
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Proposition 4.3. (i) There exist some unique linearly independent hor-
izontal vector fields 6/6t, §/0x* € T'(H) having the properties

J 0 o 0
(ii) With respect to the natural basis {0/0t,0/9a",0/0y}} C X(E), the
horizontal vector fields 6 /6t and §/5x° have the local expressions
0 _0 i 9 6 _ 9 G) 9

- == — and — = . —,
ot Ot OF oy oxt Ozt 1)z oy}

((f))l (respectively N((f))l) are defined on the domains of
the induced local charts on E = JY(R, M) and they are called the temporal
(respectively spatial) components of the nonlinear connection H.

(4.3)

where the functions M

(#i7) The local components M (f )1 and N ((f))i transform on every intersec-

tion of preceding induced local charts on E by the rules

2 o~k ~;
U _ 0 ()T 0TT  dtoyr
Y it =i (7) 55~ 7o
and
(4.5) N(k) ) dt 3$i37§k B ox’ 8@{9

WL Wi g ozt oxd 07t Ot

(iv) To give a nonlinear connection H on the 1-jet space J'(R, M) is
equivalent to give a set of local functions

_ () A0)
I'= (M(1)17N(1)¢>
on E = JY(R, M), which transform by the rules (4.4) and (4.5).
Example 4.4. Let (R,h11(t)) be a Riemannian manifold and let
(M, ij(x)) be a semi-Riemannian manifolds. Let us consider the Christo-

ffel symbols H{;(t) and 'y;k(x) Then, using the transformation rules (1.2),
(3.3), and (3.6), we deduce that the set of local functions

H— (A7) ar()

r= (M NG
where M((f))l = —Hllly{ and N((f))z = ’y‘ghy{”, represents a nonlinear connec-
tion on the 1-jet space J!(R, M). This jet nonlinear connection is called the
canonical nonlinear connection attached to the pair of metrics (h(t), o(x)).
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In the sequel, let us fix I' = (M((f))I,N((f))i) a nonlinear connection on

the 1-jet space E = J'(R, M). The nonlinear connection I' produces the
horizontal vector fields (4.3) and the covector fields

(4.6) oyt = dy} + M) dt + N{{) da?.

It is easy to see now that the set of vector fields

y o 0
(4.7) {(St’dxi’ayi} C X(E)

represents a basis in the set of vector fields on J!(R, M) and the set of
covector fields

(4.8) {dt,dz", 5y;} C X*(E)

represents its dual basis in the set of 1-forms on J(R, M).

Definition 4.5. The dual bases (4.7) and (4.8) are called the adapted
bases attached to the nonlinear connection I' on the 1-jet space E = J(R, M).

The big advantage of the adapted bases produced by the nonlinear con-
nection I' is that the transformation laws of their elements are simple and
natural.

Proposition 4.6. The local transformation laws of the elements of the
adapted bases (4.7) and (4.8), associated to the nonlinear connection T' =

(M((f))l, N((f))z.), are classical tensorial ones:

o _dis
5t dg St
1) G
(4.9) ox’ ox' 67
o _ov'dt o
\ 8y§ ozt d?@g?{
and
dt = d—fd”tv
d% ;
i 9 o~
(4.10) dz' = gfjd:i]
i b dt —
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Proof. Using the properties (4.2), we immediately deduce that we have

o\ _ 9 _did dt &
\st) "ot dtar \atst )

In other words, the temporal horizontal vector field

§ dté
— ~e'(H)NI'(V
5 @ STHNIY)
is also a vertical vector field. Taking into account the decomposition (4.1),
it follows the required result.
By analogy, we treat the spatial horizontal vector fields §/dz".
Finally, let us remark that we have the equalities

. 5\~ VAN P )
6 125 H —_ dt+6 H — d +(5 I 5~]
Y1 U (5t) 25 (5 ) T yl (8@{) n

dt o ozt § . [ 0xFdt O
= J 1 _
oy} (d 5t)dt+(5 <8~ 7 52 k)dx +5y1<8~1dt8 )5
Ozt dt

= o9 dt 7
O

Corollary 4.7. Any d-tensor field D = (Dll((jl))((lg ") on the I-jet space

JYR, M) is a classical tensor field on J*(R, M).

Proof. Using the adapted bases attached to a nonlinear connection
I' and taking into account the transformation rules (2.3) of a d-tensor, it
follows that a d-tensor D = (Di]z((jl))((ll;) can be regarded as a global geo-
metrical object (a classical tensor) on the 1-jet space J!(R, M), by putting

D= D“(J)( )

0 )
1k(1)(0)... 5

0
®5l’ ®ﬁ®dt®d$ ®5y1®
(]

Remark 4.8. The utilization of parentheses for certain indices of the

local components DM((J ))((13._ of the distinguished tensor D on J(R, M) is
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suitable for contractions. To illustrate this fact, we give the following ex-
amples:

(i) The fundamental metrical d-tensor produced by a relativistic time
dependent Lagrangian function (see Example 2.4) produces the geometrical
object

G = Gy oyt @ oyl

(ii) The canonical Liouville d-tensor field of the 1-jet space J'(R, M)
(see Example 2.5) is represented by the geometrical object

)9 .0
c=cl) L =y 2.
Doy, ~ "oy

(iii) The h-normalization d-tensor field of the 1-jet space J'(R, M) (see
Example 2.6) has the representative object

_ 4 9 i_y 9 i,
Jh = J(l)ljayZi Rdt Q dr! = hllayi R dt ® dx ;

(iv) The h-canonical Liouville d-tensor field of the 1-jet space J(R, M)
(see Example 2.7) is equivalent to the geometrical object

Ly, = L% él@dwmﬁ:hn%;1®dWMﬁ:C®h.
1 G

5. Relativistic time dependent semisprays and jet nonlinear
connections

In this Section we study the geometrical relations between relativistic
time dependent semisprays and nonlinear connections on the 1-jet space
JY(R, M). In this direction, we prove the following geometrical results:

Proposition 5.1. (i) The temporal semisprays H = (H((f))l) and ?he

sets of temporal components of nonlinear connections I'iemporar = (M((f))l)

are in one-to-one correspondence on the 1-jet space J*(R, M), via:

MY —2H

(4) (4)
(1) ! Hy

(Hr M1~ 271
(ii) The spatial semisprays G = (ngl))l) and the sets of spatial compo-
()

nents of nonlinear connections I gpqtia = (N(l)k) are connected on the 1-jet
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space J1(R, M), via the relations:

(4)
N0 %% o) _1yG) o,
(k= "ok M1~ N mmY1 -

Proof. The Proposition is an immediate consequence of the local trans-
formation laws (3.2) and (4.4), respectively (3.5), (4.5) and (1.2). O

Definition 5.2. The nonlinear connection I's on the 1-jet space J' (R, M),
whose components are

%) 6 v 9%
(5.1) Ts= | My, =2H7,, N} = ot |

is called the canonical jet nonlinear connection produced by the relativistic
time dependent semispray

_ _ (g9 oW
§=(1,6) = (H{),,61),) -

Definition 5.3. The relativistic time dependent semispray Sr on the
1-jet vector bundle J!(R, M), whose components are

g 1o A L) om
(5.2) Sr = (Hdn = §M(f)1, Gy = iN(f)myl ) ’

is called the canonical relativistic time dependent semispray produced by the
jet monlinear connection

Remark 5.4. The canonical jet nonlinear connection (5.1) produced by
the relativistic time dependent semispray S is a natural generalization of the
canonical nonlinear connection N induced by a time-dependent semispray
G in the classical non-autonomous Lagrangian geometry [6].

Remark 5.5. The formulas (5.2) can offer us other interesting examples
of jet relativistic time dependent semisprays.
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It is obvious that the equations (3.7) of the harmonic curves of the
canonical relativistic time dependent semispray (5.2) produced by the jet

nonlinear connection I' = (M ((f))l, N ((f)) ) have the form

d2z7 ) k de’k ( ) & dz*\ dz™

Definition 5.6. The smooth curves c(t) = (2%(t)) which are solutions

for the equations (5.3) are called the autoparallel harmonic curves of the jet
nonlinear connection I.

Remark 5.7. The geometrical concept of autoparallel harmonic curve
of a jet nonlinear connection I' naturally generalizes the concept of path of
a time-dependent nonlinear connection N from the classical non-autono-
mous Lagrangian geometry [6] or that of autoparallel curve of a nonlinear
connection N from the classical autonomous (time independent) Lagrangian
geometry [3].

Example 5.8. The autoparallel harmonic curves of the particular jet
nonlinear connection (see Example 4.4)

f\:( A7) N((f)z>

attached to the pair of metrics (h11(t), ¢ij(x)) are exactly the affine maps
between the manifolds (R, h11(t)) and (M, ¢;j(x)).

6. Conclusion

At the end of this paper we would like to point out that the jet rela-
tivistic geometrical objects (d-tensors, semisprays, nonlinear connections)
constructed in this paper represent the main ingredients for the development
of a relativistic rheonomic Lagrangian theory of gravitational field (the work
in progress and the final purpose of this paper). This gravitational theory is
provided only by a given time dependent Lagrangian £ = Ly/hq1(t), where
L : J' (R, M) — R is a non-degenerate Lagrangian function. In other words,
the matrix g = (g45), where

hi1(t) O?L
2 oyioy]’

gij(t,z,y) =
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is invertible, having the inverse g~! = (¢*!). A such geometrical and physi-
cal theory has in the central role the Euler-Lagrange equations [7], [§]

&’z () ko k (@) ko k
pre +2H(1)1 (t,x ,yl) +2G(1)1 (t,x ,yl) =0,

where the geometrical objects (we use notations already given)

i 1 i
H((l))1 = _§H111 (t)yla

respectively

_ hllgik 82L j oL 82L oL 1

_ - = e 11 71 l
(1)1 4 8.13]8y]fy1 axk + 8t8ylf + akall(t) +2h Hllgklyl 5

represent a temporal semispray, respectively spatial semispray. These ge-
ometrical objects produce, via the formulas (5.1), a canonical nonlinear
connection )
J
)y _ 2%
D1 Y1)k ayllc

)1
o
|
<l
I
[\
2o
Nl

which is necessary for the construction of the gravitational potential [§]
Gr = hidt @ dt + gijdz' @ da? + h' (1) gij(t, z,y)dyt @ 5y{,
where dy} = dyt + M((gldt + N((gjdxj.

Consequently, the gravitational potential G is provided only by the
relativistic rheonomic Lagrangian £ = L+/hi1(t), having in this way an
intrinsic geometrical character. Moreover, the gravitational potential G, is
governed by some natural generalized Finstein equations which are exposed
in [8] and which generalize the already classical Einstein equations from the
theory proposed by MIRON and ANASTASIEI in [6].
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