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Abstract. In this paper, we study the uniform boundedness and uniform ultimate
boundedness of solutions of the third-order delay differential equation

(*)
...
x +φ(x, ẋ)ẍ+ g(ẋ(t− r(t))) + f(x(t− r(t))) = p(t, x, ẋ, ẍ),

where 0 ≤ r(t) ≤ γ, γ is a positive constant, φ(x, ẋ), g(ẋ), f(x) and p(t, x, ẋ, ẍ) are contin-
uous functions. We obtain some sufficient conditions which ensure that all the solutions
of Eq.(*) are uniformly bounded and uniformly ultimately bounded. Our result revise
and improve some earlier results.
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1. Introduction

Recently, Tunc [14] considered the delay differential equation

(1.1)
...
x +φ(x, ẋ)ẍ+ g(ẋ(t− r(t))) + f(x(t− r(t))) = p(t, x, ẋ, ẍ),

or the equivalent system form

ẋ = y

ẏ = z(1.2)

ż = −φ(x, y)z − g(y)− f(x) +

∫ t

t−r(t)
g′(y(s))z(s)ds
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+

∫ t

t−r(t)
f ′(x(s))y(s)ds+ p(t, x, y, z),

where 0 ≤ r(t) ≤ γ, γ is a positive constant, φ(x, y), g(y), f(x) and p(t, x, y, z)
are continuous functions; g(0) = f(0) = 0. The derivative ∂

∂xφ(x, y) ≡
φx(x, y) exist and is also continuous. The functions f and g are also as-
sumed differentiable. He obtained the following result.

Theorem A ([14, Theorem 2]). Assume the following conditions are
fulfilled. There are positive constants a, b, c, c0,m, γ, β, L and M such that

(i) ab− c > 0,

(ii) f(x) sgnx > 0 for all x ̸= 0, sup{f ′(x)} = c, |f ′(x)| ≤ L for all

x, f(x)x ≥ c0(x ̸= 0),

(iii) g(y)
y ≥ b for all y ̸= 0, |g′(y)| ≤ M for all y,

(iv) 0 ≤ r(t) ≤ γ, r′(t) ≤ β, 0 < β < 1,

(v) φ(x, y) ≥ a, yφx(x, y) ≤ 0 for all x and y,

(vi) 0 ≤ g(y)
y − b ≤ min

{√
c0
8 , ab−c

8a
√
b

}
(y ̸= 0),

(vii) |p(t, x, y, z)| ≤ m for all t ∈ [0,∞), for all x, y, z.

Then the solutions of (1.1) are uniformly bounded and uniformly ulti-
mately bounded, provided that

γ < min

{
15c0

8(L+M)
,

3(ab− c)(1− β)

4[L(1 + µ+ ab− c+ a+ a2) + (L+M)(µ+ a2)(1− β)]
,

7(ab− c)(1− β)

8[bM(1 + µ+ ab− c+ a+ a2 + b(L+M)(1 + a)(1− β)]

}
with µ = ab+c

2b .
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We point out that the above Theorem A is not applicable to all equations
of the general form (1.1). For example, consider the equation

...
x (t) +

(
2 + e−x(t)ẋ(t)

)
ẍ(t) + 4ẋ(t− r(t)) +

ẋ(t− r(t))

1 + ẋ2(t− r(t))

+ x(t− r(t)) +
x(t− r(t))

1 + x2(t− r(t))
=

2

1 + t2 + x2(t) + ẋ2(t) + ẍ2(t)

or its equivalent system form

ẋ = y

ẏ = z

ż = − (2 + exy) z −
(
4y +

y

1 + y2

)
−
(
x+

x

1 + x2

)
+

∫ t

t−r(t)

(
4 +

1− y2

(1 + y2)2

)
z(s)ds+

∫ t

t−r(t)

(
1 +

1− x2

(1 + x2)2

)
y(s)ds

+
1

1 + t2 + x2 + y2 + z2
.

Following Theorem A it is easily verified that with a = 2, b = 4, c = 2,
c0 = 1, L = 2, M = 5, all the hypotheses of Theorem A are true except (vi)
because g(y) = 4y + 4y

1+y2
, then

g(y)

y
− 4 =

4

1 + y2
> min

{
1

8
,
3

16

}
for some values of y,

which leads to a contradiction.

The purpose of this paper is to study the uniform boundedness and
uniform ultimate boundedness of (1.1). The most effective method to study
the uniform boundedness and uniform ultimate boundedness of (1.1) is the
Lyapunov’s direct (or second) method. See [1-18] and the references therein.
Thus, by using a more general Lyapunov function, our result improves some
known results in [12] and [15], and revise a result in [14].

Before we state our main result, we shall give an important boundedness
criteria for the general non-autonomous delay differential systems.

First consider a system of delay differential equations

(1.3) ˙̄x = F (t, x̄t), x̄t = x̄(t+ θ), −r ≤ θ ≤ 0,
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where F : R×CH −→ Rn is a continuous mapping, and takes bounded sets
into bounded sets. Here F (t, 0) = 0 and CH := {ϕ ∈ C([−r, 0],Rn) : ∥ϕ∥ ≤
H}. The following lemma is a well-known result obtained by Burton [3].

Lemma 1.1 ([3]). Let V (t, ϕ) : R× C −→ R be continuous and locally
Lipschitz in ϕ. If

(i) W (|x̄(t)|) ≤ V (t, x̄t) ≤ W1(|x̄(t)|) +W2

(∫ t
t−r W3(|x̄(s)|)ds

)
, and

(ii) V̇(1.3) ≤ −W3(|x̄(t)|)+M , for some M > 0 where W (r), Wi(i = 1, 2, 3)

are wedges then the solutions of (1.3) are uniformly bounded and uniformly
ultimately bounded for bound B.

2. Main result

Our main result in this paper is the following theorem which revises and
improves a result in [14].

Theorem 2.1. Further to the basic assumptions on φ, f, g, h and p, as-
sume that the following conditions are satisfied (a, b, c,m, ϵ, β, γ, δ, δ0, L,M -
some positive constants;)

(i) φ(x, y) ≥ a+ ϵ, yφx(x, y) ≤ 0 for all x and y;

(ii) g(y)
y ≥ b for all y ̸= 0;

(iii) f(x)
x ≥ δ0 (x ̸= 0), f ′(x) ≤ c;

(iv) ab− c > 0;

(v) |f ′(x)| ≤ L, |g′(y)| ≤ M, for all x, y;

(vi) 0 < β < 1, 0 ≤ r(t) ≤ γ, r′(t) ≤ β; and

(vii) |p(t, x, y, z)| ≤ m+ δ(|x|+ |y|+ |z|) for some m, δ > 0.

Then the solutions of system (1.2) are uniformly bounded and uniformly
ultimately bounded, provided that γ satisfies

γ < min

{
δ0

L+M
,

2µ1(1− β)

a(1− β)(L+M) + L(αab+ a+ 1)
,

2ϵµ2(1− β)

δ0[(1− β)(L+M) +M(αab+ a+ 1)]

}
.
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Proof. Consider the Lyapunov functional

2V (xt, yt, zt) = 2a

∫ x

0
f(ξ)dξ + 2

∫ y

0
g(η)dη + 2a

∫ y

0
νφ(x, ν)dν

+ αab2x2 + z2 − αaby2 + 2αa2bxy + 2αabxz + 2ayz + 2yf(x)(2.4)

+ λ

∫ 0

−r(t)

∫ t

t+s
y2(θ)dθds+ τ

∫ 0

−r(t)

∫ t

t+s
z2(θ)dθds,

where α is a positive constant satisfying

0 < α < min


δ0(ab− c)

ab

[
aδ0 +

(
g(y)
y − b

)2] , δ0
ab(φ(x, y)− a)

,
1

a

 ,

λ and τ are positive constants which will be determined later. Our target
is to show that V (xt, yt, zt) satisfies the conditions of Lemma 1.1. First, by
(1.2) and (2.1), we have

d

dt
V (xt, yt, zt)=− αabf(x)x−

{
a
g(y)

y
− f ′(x)− αa2b

}
y2 − {φ(x, y)− a}z2

− αab

{
g(y)

y
− b

}
xy − αab{φ(x, y)− a}xz + ay

∫ y

0
νφx(x, ν)dν

+ (αabx+ ay + z)

[∫ t

t−r(t)
f ′(x(s))y(s)ds+

∫ t

t−r(t)
g′(y(s))z(s)ds

]

+ λy2r(t) + τz2r(t)− λ(1− r′(t))

∫ t

t−r(t)
y2(θ)dθ

− τ(1− r′(t))

∫ t

t−r(t)
z2(θ)dθ + (αabx+ ay + z)p(t, x, y, z).

Since yφx(x, y) ≤ 0, and using conditions (ii), (vi), (vii) of Theorem 2.1 and
2uv ≤ u2 + v2 we obtain

d

dt
V (xt, yt, zt) ≤ −αabf(x)x−

{
ab− c− αa2b

}
y2 − {φ(x, y)− a}z2

− αab

{
g(y)

y
− b

}
xy − αab{φ(x, y)− a}xz + 1

2
αab(L+M)γx2

+ λγy2 + τγz2 +
1

2
a(L+M)γy2 +

1

2
(L+M)γz2
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+
1

2
L(αab+ a+ 1)

∫ t

t−r(t)
y2(s)ds+

1

2
M(αab+ a+ 1)

∫ t

t−r(t)
z2(s)ds

− λ(1− β)

∫ t

t−r(t)
y2(s)ds− τ(1− β)

∫ t

t−r(t)
z2(s)ds

+ (αab|x|+ a|y|+ |z|)|p(t, x, y, z)|.

Using conditions (iii) and (vi) of Theorem 2.1, after some rearrangement,
we obtain

d

dt
V (xt, yt, zt) ≤ −1

2
αab {δ0 − (L+M)γ}x2

− 1

4
αabδ0

{
[x+ 2δ−1

0 (φ(x, y)− a)z]2 +

[
x+ 2δ−1

0

(
g(y)

y
− b

)
y

]2}
− δ−1

0 (φ(x, y)− a)[δ0 − αab(φ(x, y)− a)]z2

+

{
1

2
a(L+M)γ + λγ

}
y2 +

{
1

2
a(L+M)γ + τγ

}
z2

+

{
1

2
L(αab+ a+ 1)− λ(1− β)

}∫ t

t−r(t)
y2(s)ds

+

{
1

2
M(αab+ a+ 1)− τ(1− β)

}∫ t

t−r(t)
z2(s)ds

+ (αab|x|+ a|y|+ |z|)[m+ δ(|x|+ |y|+ |z|)]

−

{
ab− c− αab

(
a+ δ−1

0

[
g(y)

y
− b

]2)}
y2.

If we choose

0 < α < min


δ0(ab− c)

ab

[
aδ0 +

(
g(y)
y − b

)2] , δ0
ab(φ(x, y)− a)


there exits some positive constants µ1 and µ2 such that

d

dt
V (xt, yt, zt) ≤ −1

2
αab {δ0 − (L+M)γ}x2 − µ1y

2 − ϵµ2δ
−1
0 z2

+
1

2
{a(L+M) + 2λ} γy2 + 1

2
{L+M + 2τ} γz2
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+
1

2
{L(αab+ a+ 1)− 2λ(1− β)}

∫ t

t−r(t)
y2(s)ds

+
1

2
{M(αab+ a+ 1)− 2τ(1− β)}

∫ t

t−r(t)
z2(s)ds

+ (αab|x|+ a|y|+ |z|)[m+ δ(|x|+ |y|+ |z|)].

Further simplification yields

d

dt
V (xt, yt, zt) ≤ −1

2
αab {δ0 − (L+M)γ}x2

−
{
µ1 −

1

2
[a(L+M) + 2λ] γ

}
y2

−
{
ϵµ2δ

−1
0 − 1

2
[L+M + 2τ ] γ

}
z2

+
1

2
{L(αab+ a+ 1)− 2λ(1− β)}

∫ t

t−r(t)
y2(s)ds

+
1

2
{M(αab+ a+ 1)− 2τ(1− β)}

∫ t

t−r(t)
z2(s)ds

+m(αab|x|+ a|y|+ |z|)+δ(αab|x|+a|y|+|z|)(|x|+|y|+|z|).

Now, if we choose

λ =
L(αab+ a+ 1)

2(1− β)
> 0, τ =

M(αab+ a+ 1)

2(1− β)
> 0

and

γ < min

{
δ0

L+M
,

2µ1(1− β)

a(1− β)(L+M) + L(αab+ a+ 1)
,

2ϵµ2(1− β)

δ0[(1− β)(L+M) +M(αab+ a+ 1)]

}
,

we get

d

dt
V (xt, yt, zt) ≤ −η(x2 + y2 + z2) +m(αab|x|+ a|y|+ |z|)

+ δ(αab|x|+ a|y|+ |z|)(|x|+ |y|+ |z|)
≤ −(η − δ∆)(x2 + y2 + z2) +m(αab|x|+ a|y|+ |z|),
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where ∆ = 1
2 max {4αab+ a+ 1, αab+ 4a+ 1, αab+ a+ 3} . If we choose

δ < η
∆ , then there is some θ > 0 such that

d

dt
V (xt, yt, zt) ≤ −θ(x2 + y2 + z2) + kθ(|x|+ |y|+ |z|)

= −θ

2
(x2 + y2 + z2)− θ

2

{
(|x| − k)2 + (|y| − k)2 + (|z| − k)2

}
+

3θ

2
k2

≤ −θ

2

(
x2 + y2 + z2

)
+

3θ

2
k2, for some k, θ > 0.

Thus, condition (ii) of Lemma 1.1 is satisfied by taking W3(r) =
(
θ
2

)
r2 and

M =
(
3θ
2

)
k2. Next, we show that condition (i) of Lemma 1.1 is satisfied.

We note that by conditions imposed on f, g and φ we have

2a

∫ x

0
f(ξ)dξ + 2

∫ y

0
g(η)dη + 2a

∫ y

0
νφ(x, ν)dν

+ αab2x2 + z2 − αaby2 + 2αa2bxy + 2αabxz + 2ayz + 2yf(x)

= αab(1− αa)x2 + a

{
2

∫ x

0
f(ξ)dξ − 1

ab
f2(x)

}
+ ab

{
a−

1
2 y + a−

1
2 b−1f(x)

}2
+

{
2

∫ y

0
g(ν)dν − by2

}
+ a

{
2

∫ y

0
vφ(x, ν)dν − ay2

}
+ (αabx+ ay + z)2

≥ αab(1− αa)x2 + a

{
2

∫ x

0

[
1− 1

ab
f ′(ξ)

]
f(ξ)dξ − 1

ab
f2(0)

}
+ 2

∫ y

0

(
g(v)

v
− b

)
vdv + 2a

∫ y

0
(φ(x, v)− a)vdv + (αabx+ ay + z)2.

Using conditions (i), (ii), (iii) and (iv) of Theorem 2.1, we obtain

V (xt, yt, zt) ≥
1

2
αab(1− αa)x2 + aδ0

(
1− c

ab

)
x2

+ ϵay2 + (αabx+ ay + z)2.

But 1 − αa > 0 since we can choose α such that 0 < α < 1
a . Also, by

condition (iv) of Theorem 2.1, 1 − c
ab > 0. Hence we can easily check that

V (xt, yt, zt) satisfies condition (i) of Lemma 1.1. This completes the proof
of Theorem 2.1.
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Remark 2.1. It is clear that Theorem 2.1 is an improvement and exten-
sion of Theorem A. In particular, from our theorem we see that hypothesis
(vi) assumed in Theorem A is not necessary for the uniform boundedness
and uniform ultimate boundedness of solutions of (1.1).
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15. Tunç, C. – Stability and boundedness of solutions of nonlinear differential equations

of third-order with delay, Differ. Uravn. Protsessy Upr., 3 (2007), 1–13.

16. Te.jumo. la, H.O. – A note on the boundedness and the stability of solutions of certain

third-order differential equations, Ann. Mat. Pura Appl., 92 (1972), 65–75.

17. Yoshizawa, T. – Stability theory by Liapunov’s second method, Publications of the

Mathematical Society of Japan, The Mathematical Society of Japan, Tokyo, 1966.

18. Zhu, Y.F. – On stability, boundedness and existence of periodic solution of a kind of

third order nonlinear delay differential system, Ann. Differential Equations, 8 (1992),

249–259.

Received: 12.VIII.2008 Department of Mathematics,

Revised: 6.III.2009 College of Natural Sciences,

University of Agriculture,

Abeokuta,

NIGERIA

moomeike@yahoo.com


