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Abstract. In this paper we prove that a characterization of hilbertian norms es-
tablished in smooth normed spaces X with dimX > 3 also holds in two dimensional
spaces.
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1. Introduction

Let X be a real smooth linear normed space, that is there exists

ety — [
t—0 2t

for all 2,y € X. Usually, this limit is denoted by n/(x;y). It is well known,
that n(x;-) is a linear continuous functional on X and n/(z;z) = ||z|?
for every x € X. Therefore, X is a smooth space (see [1], [2]). Using
an euclidean property of heights of a triangle, in [4] it is established the
following characterization of hilbertian norms:

Theorem 1. In a smooth real linear normed space X with dimX > 3
the norm is hilbertian if and only
1) () (@y)n' (@ -y z) — [Jz)*n'(z - y;y)]
=n'(z;9)[lylI*n' (z — y, ) — ' (y; 2)n/ (z — y;y)], Y,y € X.

In the present paper we show that this result is also true if dimX = 2.
Our goals is to find the smooth norms of a two dimensional space X which
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have the property (1). For this we use an idea of [3] taking into account
that n/(z;-) is a linear functional for any x € X. Thus, if x = (z1,x2),
y = (Y1,92), 21,22,41,y2 € R, then

(2) n'(z;y) = A(x1, 22)y1 + B(z1, 22)y2,
and
(3) HQTHQ = A(z1,22)21 + B(21, 72) 22,

where A, B are two real function on R?. Moreover, since n’(tz;y) = tn'(x;y),
for all £ € R, we also have
(4) A(t.%'l, tiCQ) = tA(.%’l, 1‘2),

B(txy,tre) = tB(x1,x2), forallt € R.

2. Proof of Theorem 1 in two dimensional spaces
Taking into account the equalities (2) and (3), the property (1) becomes

(A(y1, y2)z1 + B(y1, y2)22) [(A(21, 22)y1 + B(21, 22)Y2)

(A(z1 —y1, 22 — y2)o1 + B(21 — Y1, 72 — Y2)22) — (A1, T2) 71
+ B(w1, 22)72)(A(21 — Y1, 72 — y2)y1 + B(21 — Y1, 22 — ¥2)y2)]
= (A(w1, 22)y1 + B(21, 2)y2) [(A(y1, y2)y1 + B(y1, y2)y2)
(A(z1 —y1, 22 — y2)71 + B(21 — Y1, 72 — Y2)22) — (A(y1,¥2)21
+ B(y1,y2)x2) (A1 — y1, 22 — y2)y1 + B(z1 — y1, 12 — y2)y2)].

If x = (1,t), y = (0,t), t € R, we obtain

(A(0,t) +tB(0,t))[tB(1,t)(A(1,0) + tB(1,0)) — tB(1,0)(A(1,¢t) + tB(1,t))]
=tB(1,t)[tB(0,t)(A(1,0) + tB(1,0)) — tB(1,0)(A(0,t) + tB(0,))].

By (4) we get

(A(0,1) +tB(0,1))[B(1,
=tB(1,1)[B(0,1)(A(1,

t)(A(1,0) +tB(1,0)) — B(1,0)(A(1,t) + tB(1,t))]
) +tB(1,0)) — B(1,0)(A(0,1) + tB(0,1))],
that is,

(5) (A(0,1) + tB(0,1))(A(1,0)B(1,t) — B(1,0)A(1, 1))
= tB(1,)(A(1,0)B(0,1) — A(0,1)B(1,0)).
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Therefore, if B(1,t) # 0, we obtain

A(1,t)  A(0,1)(tB(1,0) + A(1,0))
B(1,t)  B(1,0)(tB(0,1) + A(0,1))’

A(Lt)
B(1,t)’

whenever t # — Eg 3, B(0,1) # 0. Hence, the function ¢t —

is a real function of homographic type, i.e.

A(l,t)  at+p
B(L,t)  yt+a

teR,

,ﬁBu¢»¢at¢—%,

where a = A(0,1)A(1,0), 8 = A(0,1)B(1,0), v = B(0,1)B(1,0).
On the other hand if z; # 0,29 # 0 and B(1, ) # 0 we have

x axg + px
n'(x,y)=x1B <1,2> —$1B< 2) [ 2+ B Y1+ Yo .
T x1

Yx9 + QT
By (3) it follows

A1, 22
Wyl + Y2

7:21

Z2

7;1)

Bx? + 201 w9 + VI3
ary + yxo '

(6) lz]]* = 21B(1

Since the norm is differentiable it is well known that

0 (1 0 (1
Arn) = 5 (Gl ) Blaras) = o2 (Ghal?).

and so, denoting B(1,t) = f(t), t € R, by usual computations we find

1 1 202 — 249 2,2
01 (2) = 5 (5ol ) = 5of @2\ (202 — By)a? + 209w, 32 + 723
T T (axy + y22)?
,f ( > Bat + 20w x2 + a3
axy + 22 ’
ie.
1 f ﬂ 2(axy +yx2)? — (202 — By)1? — 20y2172 — Y3
axy + Y2

=f ( > (Bxl + 2ax1x0 + ’yx2)
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Dividing by Bz? + 2ax122 + o3 we obtain the following simple differential
equation f—(tt)) = tha. Thus, it follows that f(t) = (vt + «)k, where k is a
real constant. In fact, k = [|(1,0) 2.

Now, we return to the relation (6) and so we get

(7) |lz[* = k(BzF + 202122 + ya3).

If B(1,t) = 0, then from (3) it follows that ||(1,¢)||*> = A(1,¢) > 0. In
this case we consider the function ¢(t) = A(1,t), t € R. Similarly, we obtain
the same equality (7). Also, since the norm is a continuous function, the
equality (7) also holds if 2y =0 or w3 =0 or 2 = —%.

Finally, we established (7) for all (z1,z2) € R%.
Therefore, the norm is obviously hilbertian.

Remark. Since a norm is hilbertian if its restriction to every two
dimensional linear subspace is hilbertian, the above proof can be considered
as a new proof of Theorem 4 in [4] for any linear normed space.

REFERENCES

1. BArBU, V.; PrREcupPANU, T. — Convexity and Optimization in Banach Spaces, D.
Reidel Publ. Comp., Dordrecht, 1986.

2. HoLMES, R.B. — Geometric Functional Analysis and Its Applications, Graduate Texts
in Mathematics, Springer-Verlag, New York-Heidelberg-Berlin, 1975.

3. Precupanu, T. — Ortogonality in linear spaces, (in Romanian), St. Cerc. Mat., 6
(1972), 881-889.

4. PrecuprAaNU, T.; IONICA, 1. — Heights of a triangle in a linear normed space and
Hilbertian norms, An. Stiing. Univ. ?ALIL Cuza” lagi. Mat. (N.S.), 55 (2009), 35-47.

Received: 15.111.2009 Department of Mathematics,
University ”Al.1. Cuza”,

11, Bd. Carol I, 700506, Ilasi,

ROMANIA

tprecup Quaic.ro



