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Abstract. First, we extend the notion of second order differential equations (SODE)
on a smooth manifold to anchored Banach vector bundles. Then we define the Banach
Lie algebroids as Lie algebroids structures modeled on anchored Banach vector bundles
and prove that they form a category.
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Introduction

Lie algebroids are related to many areas of geometry ([2], [7]) and has
recently become an object of extensive studies. See [6] for basic defini-
tions, examples and references. In 1996, Weinstein [8] proposed some
applications of the Lie algebroids in Analytical Mechanics. New theoreti-
cal developments followed. See the survey [5] by de Leon, Marrero and
Martinez about Mechanics on Lie algebroids.

In [1], we gave a construction of a semispray associated to a regular
Lagrangian on a Lie algebroid.

In this paper, we consider the notion of Lie algebroid in the category
of Banach vector bundles, that is vector bundles over smooth Banach ma-
nifolds whose type fibres are Banach spaces. Such a Banach vector bundle
over base M is called anchored if there exists a morphism from it to the
tangent bundle TM . First, we extend the usual notion of second order
differential equations (SODE) to anchored Banach vector bundles and we
show that if a Banach vector bundle admits a homogeneous SODE it is
necessarily anchored. Then we define the Banach Lie algebroids as Lie
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algebroid structures modeled on anchored Banach vector bundles. In our
setting only one from three equivalent definitions of a morphism of Lie
algebroids is working. Using it we show that the Banach Lie algebroids
form a category.

1. Anchored Banach vector bundles

LetM be a smooth i.e. C∞ Banach manifold modeled on a Banach space
M and let π : E → M be a Banach vector bundle whose type fiber is a
Banach space E. We denote by τ : TM →M the tangent bundle of M .

Definition 1.1. We say that the vector bundle π : E → M is an
anchored vector bundle if there exists a vector bundle morphism ρ : E →
TM . The morphism ρ will be called the anchor map.

Let F(M) be the ring of smooth real functions on M . We denote by
Γ(E) the F(M)-module of smooth sections in the vector bundle (E, π,M)
and by X (M) the module of smooth sections in the tangent bundle of M
(vector fields on M).

The vector bundle morphism ρ induces an F(M)-module morphism
which will be denoted also by ρ : Γ(E) → X (M), ρ(s)(x) = ρ(s(x)),
x ∈M, s ∈ Γ(E).

Let {(U,φ), (V, ψ), . . .} be an atlas on M . Restricting U, V if necessary
we may choose a vector bundle atlas {(π−1(U), φ), (π−1(V ), ψ), . . .} with
φ : π−1(U) → U×E given by φ(u) = (π(u), φπ(u)), where φπ(u) : Eπ(u) → E
is a toplinear isomorphism. Here Eπ(u) is the fiber of (E, π,M) in u ∈ E.
The given atlas on M together with a vector bundle atlas induce a smooth
atlas {(π−1(U), ϕ), (π−1(U), ψ), . . .} on E such that E becomes a Banach
manifold modeled on the Banach space M × E. The map ϕ : π−1(U) →
φ(U) × E is given by ϕ(u) = (φ(π(u)), φπ(u)(u)), u ∈ E. For a section

s : U → π−1(U), its local representation ϕ ◦ s ◦ φ−1 : φ(U) → φ(U) × E
given by (ϕ ◦ s ◦ φ−1)(φ(x)) = (φπ(s(x)), φπ(s(x))(s(x)) = (φ(x), φx(s(x)))
is completely determined by the map sφ : φ(U) → E given by sφ(φ(x)) =
φx(s(x)) which will be called the local representative (shortly l.r.) of s. On
U ∩V we may speak also of the l.r. sψ of a section s : U ∪V → π−1(U ∩V )
given by sψ(ψ(x)) = ψx(s(x)). It is clear that we have

(1.1) sψ(ψ(x)) = ψx ◦ ϕ
−1
x (sφ(φ(x))), x ∈ U ∪ V.
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For a vector field X : U → τ−1(U) we have a l.r. Xφ : φ(U) → M and on
U ∩ V we have also a l.r. Xψ and one holds

(1.2) Xψ(ψ(x)) = d(ψ ◦ φ−1)(φ(x))(Xφ(φ(x))), x ∈ U ∩ V,

where d means Frechet differentiation.

Locally, ρ reduces to a morphism U ×E → U ×M, (x, v) → (x, ρU (x)v)
with ρU (x) ∈ L(E,M), the space of continuous linear maps from E to M.
We call ρU (x) the l.r. of ρ. On overlaps of local charts one easily gets

(1.3) ρV (x) ◦ ψx ◦ φ−1
x = d(ψ ◦ φ−1)(φ(x)) ◦ ρU (x), x ∈ U ∩ V

Example 1.2. 1. The tangent bundle of M is trivially anchored vector
bundle with ρ = I (identity).

2. Let A be a tensor field of type (1, 1) onM . It is regarded as a section
of the bundle of linear mappings L(TM, TM) →M and also as a morphism
A : TM → TM . In other words, A may be thought as an anchor map.

3. Any subbundle of TM is an anchored vector bundle with the anchor
the inclusion map in TM .

4. Let π : E → M be only a submersion. The subspaces VuE =
π−1(x), π(u) = x of TE over E denoted by V E form a subbundle called
the vertical subbundle. By Example 3) this is an anchored Banach vector
bundle.

The anchored vector bundles over the same base M form a category.
The objects are the pairs (E, ρE) with ρE the anchor of E and a morphism
f : (E, ρE) → (F, ρF ) is a vector bundle morphism f : E → F which verifies
the condition ρF ◦ f = ρE .

2. Semisprays in an anchored vector bundle

Let (E, π,M) be an anchored vector bundle with the anchor map ρ and
let π∗ : TE → TM be the differential (tangent map) of π.

We denote by τE : TE → E the tangent bundle of E .

Definition 2.1. A section S : E → TE will be called a semispray if

(i) τE ◦ S = identity on E,

(ii) π∗ ◦ S = ρ.
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The condition (i) says that S is a vector field on E. The condition (ii)
can be written also in the form π∗,u(S(u)) = ρ(u) = (ρ ◦ τE)(S(u)), u ∈ E.
When E = TM and ρ = identity on TM , S is simultaneously a vector field
on TM and a section in the vector bundle π∗ : TTM → TM i.e. it is a
second-order vector field on M in terminology from [3, p.96]. Such a vector
field is frequently called a second order differential equation (SODE) on M
or a semispray .

As we will see below, in our context S is no more related to a second
order differential equation on M and so the corresponding terminology is
inadequate.

Let c : J → E for ◦ ∈ J ⊂ R a curve on E. The differential of c
is c∗ : J × R → TE and using ı : J → J × R, t → (t, 1), t ∈ J we set
c′(t) = c∗ ◦ ı. Then in general π ◦ c is a curve on M and we have that
(π ◦ c)′(t) = π∗,c(t) ◦ c′(t).

Definition 2.2. A curve c on E will be called admissible if (π ◦ c)′(t) =
ρ(c(t)), ∀t ∈ J.

Locally, if c : J → φ(U) × E, t → (x(t), w(t)) then π ◦ c : J → φ(U) is
t→ x(t), t ∈ J and it follows that c is an admissible curve if and only if

(2.1)
dx

dt
= ρU (x(t))w(t), t ∈ J

Theorem 2.3. A vector field S on E is a semispray if and only if all
its integral curves are admissible curves.

Proof. Let S be a semispray. A curve c : J → E is an integral curve of
S if c′(t) = S(c(t)). It follows π∗◦c′(t) = (π∗◦S)(c(t)) or (π◦c)′(t) = ρ(c(t)),
that is c is an admissible curve. Conversely, let S be a vector field on E
whose integral curves are admissible. For every u ∈ E there exists an unique
integral curve c : J → E of S such that c(0) = u and c′(0) = S(u). We have
π∗ ◦ c′(0) = (π∗ ◦ S)(u), (π ◦ c)′(0) = (π∗ ◦ S)(u) and π∗ ◦ S = ρ(u) since c
is admissible. �

We restrict to a local chart (U,φ) on M. Then TU ≃ φ(U)×M, E|U ≃
φ(U)× E and TE|U ≃ (φ(U)× E)×M× E.

The l.r. of a vector field on E is Sφ : φ(U) × E → φ(U) × E × M ×
E, Sφ(x, u) = (x, u, S1

φ(x, u), S
2
φ(x, u)). As l.r. of π∗ is φ(U) × E × M ×

E → φ(U) ×M, (x, u, y, v) → (x, y) the condition π∗ ◦ S = ρ translates to
S1
φ(x, u) = (x, ρU (x)u). We set for convenience S2

φ(x, u) = −2Gφ(x, u) and
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so the l.r. of a semispray for the anchored vector bundle (E, π,M) with the
anchor ρ is given as follows:

(2.2) Sφ(x, u) = (x, u, ρU (x)u,−2Gφ(x, u)).

Let (V, ψ) be another local chart and let us set h = ψ ◦ φ−1 : φ(U ∩
V ) → ψ(U ∩ V ). Then h∗ : φ(U ∪ V ) × M → ψ(U ∩ V ) × M is given by
(x, v) → (x, dh(x)(v)), x ∈ φ(U ∪ V ), v ∈ M.

Let us denote by H : φ(U ∩ V )× E → ψ(U ∩ V )× E the map given by
H(x, u) = (h(x),M(x)u), where M(x) = ψx ◦ φ−1

x ∈ L(E,E). Then H∗ is
locally given as the pair (H,H ′): φ(U∪V )×E×M×E → ψ(U∪V )×E×M×E,
where the derivative H ′(x, u) is given by the Jacobian matrix operating on
the column vector t(y, w) with y ∈ M and w ∈ E. Thus (H,H ′) takes the
form (x, u, y, v) → (h(x),M(x)u, h′(x)y,M ′(x)(y)(u) +M(x)v) with prime
being denoted the Frechet derivative.

If Sψ is l.r. of S in the chart (V, ψ), necessarily we have (H,H ′)◦Sφ = Sψ
with Sψ(x, u) = (h(x),M(x)u, ρU (h(x))M(x)u,−2Gψ(h(x),M(x)u)).

Computing (H,H ′) ◦ Sφ and identifying with Sψ one finds

ρV (h(x))M(x)(u) = h′(x)ρU (x)(u)

Gψ(h(x),M(x)u) = M(x)Gφ(x, u)−
1

2
M ′(x)(ρU (x)u)u.(2.3)

The first equation (2.3) is just (1.3) and the second provides the connection
between the l.r. Gφ and Gψ on overlaps. We have

Theorem 2.4. A vector field S on E is a semispray if and only if it has
l.r. Sφ in the form (2.2) and the functions involved in (2.2) satisfy (2.3) on
overlaps of local charts.

Proof. The ”if” part was proved in the above. The converse is obvious.�
We denote by hλ : E → E, hλ(ux) = λux, λ ∈ R, λ > 0, x ∈ M, the

homothety of factor λ.

Definition 2.5. We say that a semispray S is a spray if the following
equality holds

(2.4) S ◦ hλ = λ(hλ)∗ ◦ S.

Locally, (2.4) is equivalent to

(2.5) Gφ(x, λv) = λ2Gφ(x, v), (x, v) ∈ U × E.
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Indeed, (S◦hλ)(u) = S(λu) = (x, λv, ρU (λv),−2Gφ(x, λv) and λ(hλ)∗S(u) =
(x, λv, λρU (v),−2λ2Gφ(x, λv)). Since ρU is a linear mapping, (2.4) implies
(2.5) and conversely. We look at (2.5). If we fix x ∈ U and omit the index
φ we get a mapping G : E → E that verifies G(λv) = λrG(v) for all λ > 0
and r = 2. We say that such a map is positively homogeneous of degree r.

For such mapping the following Euler type theorem holds.

Theorem 2.6. Suppose that a mapping G : E → E is differentiable away
from the origin of E. Then the following two statements are equivalent:
(i) G is positively homogeneous of degree r,
(ii) dGv(v) = rG(v), for all v ∈ E\{0}.

Proof. Suppose (i) holds. Fix v ∈ E and differentiate the equation
G(λy) = λrG(v) with respect to the parameter λ. We get dGλv(λv) =
rλr−1G(v) and for λ = 1, dGv(v) = rG(v), that is (ii) holds.

Conversely, suppose (ii), fix v and consider the mapping λ → G(λv)

with λ > 0. By the chain rule, we have dG(λv)
dλ = dGλv(v) =

1
λdGλv(λv) =

r
λG(λv), that is the mapping λ → G(λv) is a solution of the differential

equation d
dλG(λv) −

r
λG(λv) = 0. The integrating factor 1

λr then gives
G(λv) = λrC, where the integrating constant C is depending on our fixed
v. Setting λ = 1, we get C = G(v) and so G(λv) = λrG(v), that is (i)
holds, q.e.d. �

The proof of Theorem 2.6 shows also that if G : E → E is of class C1 on E
and positively homogeneous of degree 1, then it is linear and G(v) = dGv(v).
Moreover, if G is C2 on E and is positively homogeneous of degree 2, then
it is quadratic, that is 2G(v) = d2vG(v, v).

Returning to the (2.5) we note that if Gφ is of class C2 in the points
(x, 0), then it is quadratic in v. Thus S satisfying (2.4) reduces to a
quadratic spray. In order to avoid this reduction we have to delete from E
the image of the null section in the vector bundle π : E →M.

Now, we show that if for a vector bundle E → M there exists a vector
field S0 on E that satisfies (2.4) then π : E → M is an anchored vector
bundle and S0 is a spray.

Let be S0(x, v) = (x, v, S01(x, v), S0,2(x, v)) in a local chart on E. Then
S0(hλu) = S0(x, λv) = (x, λv, S01(x, λv), S02(x, λv)) and (hλ)∗S0(u) =
(x, λv, S01(x, v), λS02(x, v)). The condition (2.4) implies S01(x, λv) =
λS01(x, v) and S02(x, λv) = λ2S02(x, v). It follows that S01 is a linear map
with respect to v. Hence we may put S01(x, v) = ρU (x)v, ρU (x) ∈ L(E,M).
Using {ρU (x), x ∈M} one defines a morphism ρ : E → TM. Thus E →M
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is an anchored vector bundle. As (π∗ ◦S0)(u) = (x, S01(x, v)) = (x, ρU (x)v)
we have π∗ ◦S0 = ρ and as τE ◦S0=indentity automatically holds it follows
that S0 is a spray.

3. Category of Banach Lie algebroids

Let π : E → M be an anchored Banach vector bundle with the anchor
ρE : E → TM and the induced morphism ρE : Γ(E) → X (M).

Assume there exists defined a bracket [, ]E on the space Γ(E) that pro-
vides a structure of real Lie algebra on Γ(E).

Definition 3.1. The triplet (E, ρE , [, ]E) is called a Banach Lie alge-
broid if
(i) ρ : (Γ(E), [, ]E) → (X (M), [, ]) is a Lie algebra homomorphism and
(ii) [s1, fs2]E = f [s1, s2]E+ρE(s1)(f)s2, for every f ∈ F(M) and s1, s2 ∈

Γ(E).

Example 3.2. 1. The tangent bundle τ : TM → M is a Banach Lie
algebroid with the anchor the identity map and the usual Lie bracket of
vector fields on M .

2. For any submersion π : E →M , the vertical bundle V E over E is an
anchored Banach vector bundle. As the Lie bracket of two vertical vector
fields is again a vertical vector field it follows that (V E, i, [, ]V E), where
i : V E → TE is the inclusion map, is a Banach Lie algebroid. This applies,
in particular, to any Banach vector bundle π : E →M.

Let Ωq(E) := Γ(ΛqE∗) be the F(M)− module of differential forms of
degree q. In particular, Ωq(TM) will be denoted by Ωq(M). The differential
operator dE : Ωq(E) → Ωq+1(E) is given by the formula

(dEω)(s0, . . . , sq) =
∑

i=0,...,q

(−1)iρE(si)ω(s0, . . . , ŝi, . . . , sq)

+
∑

0≤i<j≤q
(−1)i+jω([si, sj ]E , s0, . . . ŝi, . . . , ŝj , . . . , sq)(3.1)

for s1, . . . , sq ∈ Γ(E), where hat over a symbol means that symbol must be
deleted.

For Lie algebroids constructed on vector bundles with finite dimensional
fibres there exist three different but equivalent notions of morphisms.

For Banach Lie algebroids only one of them is working. We give it
here. For a detailed discussion on Lie algebroids morphisms see [4]. Let
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(E′, π′,M) be a Banach vector bundle and (E′, ρE′ , [, ]E′) a Banach Lie
algebroids based on it.

Definition 3.3. A vector bundle morphism f : E → E′ over f0 :
M → M ′ is a morphism of the Banach Lie algebroids (E, ρE , [, ]E) and
(E′, ρE′ , [, ]E′) if the map induced on forms f∗ : Ωq(E′) → Ωq(E) defined
by (f∗ω′)x(s1, . . . , sq) = ω′

f0(x)
(fs1, . . . , fsq), s1, . . . , s2 ∈ Γ(E) commutes

with the differential i.e.

(3.2) dE ◦ f∗ = f∗ ◦ dE′ .

Using this definition it is easy to prove

Theorem 3.4. The Banach Lie algebroids with the morphisms defined
in the above, form a category.
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