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Abstract. In this paper, a main theorem dealing with | C,1 |, summability factors
has been generalized under more weaker conditions for | C,a, 8 |, summability factors.
This theorem also includes some new results.
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1. Introduction

A positive sequence (by,) is said to be almost increasing if there exists a
positive increasing sequence ¢, and two positive constants A and B such that
Acy, < b, < Be, (see [1]). Obviously every increasing sequence is almost
increasing. However, the converse need not be true as can be seen by taking
an example, say b, = ne=U" . A sequence (dy,) of positive numbers is said
to be d-quasi monotone, if d,, > 0 ultimately and Ad,, = d,, — dp+1 > —0n,
where (d,,) is a sequence of positive numbers (see [2]). Let > a, be a given
infinite series with partial sums (s;,). We denote by u%? and t&° the n-th
Cesaro means of order (a, ), with aw + 8 > —1, of the sequence (s,) and
(nay), respectively, i.e., (see [5])

n

1 _
(1) ug’ = o8 Z An= Al sy,
n v=0

1 o~
(2) tof = “aih Z AST) Avay,
A” v=1
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where
(3) A%HP = O(n**tF), a+p > —1, A8‘+6 =1 and A*TP =0 for n>0.

The series ) | a,, is said to be summable | C, o, § |, k > 1, if (see [6])

[e.9]
(4) >~y < oo
n=1

Since to7 = n(ud” — uz_ﬁl) (see [6]), condition (4) can also be written as

o0

1 (0%
) St < oo

n=1

If we take 8 = 0, then | C,a, |, summability reduces to | C,a |, (see
[7]) summability. Also,if we take f = 0 and a = 1, then we have | C,1 |,
summability. It should be noted that obviously (C, «,0) mean is the same
as (C, o) mean. MAZHAR [8] has obtained the following theorem for | C, 1 |,
summability factors of infinite series.

Theorem A. Let (X,,) be a positive non-decreasing sequence such that
| AX, |= O(X,/n) and A\, = 0 as n — oo. Suppose that there exists a
sequence of numbers (Ay) such that it is 0-quasi-monotone with Y noy, X, <
00, Y. A, X, is convergent and | AN, |< A, for all n. If

"1
(6) Z - | tn "= O(Xm) as m — o,

n=1

then the series Y app is summable | C,1 |,k > 1.

2. The main result

The aim of this paper is to generalize Theorem A under more weaker con-
ditions for | C, «, B |, summability, by taking an almost increasing sequence
instead of a positive non-decreasing sequence. We shall prove the following
theorem.

Theorem. Let (X,,) be an almost increasing sequence such that | AX,, |=
O(X,/n) and A\, — 0 as n — oo. Suppose that there exists a sequence
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of numbers (Ay,) such that it is §-quasi-monotone with Y nopX, < oo,
> A X, is convergent and | AN, |< Ay for all n. If the sequence (Hﬁ’ﬁ)
defined by

(7) 008 = t2P |, a=1,8> -1
(8) 0% = max |97, 0<a<1, B> -1
1<v<n

satisfies the condition

m

09 = O(X,,) as m — oo,

(9)

B\H

n=1

then the series ) apAn is summable | C,a, B |, for 0 < a <1, § > —1,
a+pB>0andk > 1.

It should be noted that if we take (X,) as a positive non-decreasing
sequence, « = 1 and 8 = 0, then we get Theorem A. In this case condition
(9) reduces to condition (6).

We need the following lemmas for the proof of our theorem.

Lemma 1 ([3]). Let (X,) be an almost increasing sequence such that
n| AX, |= O0(X,). If (Ay) is a §-quasi-monotone with Y nd, X, < oo and
> Ap X, is convergent, then

(10) nAp X, =0(1) as n— oo,
(11) > Xy | A4, |< o
n=1

Lemma 2 ([4]). If0<a<1,8>—1and1<v <n, then

m
148 —1 48
(12) | Z ATy Aay |< max | ZO A% Aba, |
3. Proof of the theorem

Let (Tp ) be the n-th (C, «, ) mean of the sequence (nay\,). Then, by
(2), we have

T A&+BZAQ lAﬁvav Ao-
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First, applying Abel’s transformation and then using Lemma 2, we have
that

n—1
T8 — A;BE:IA)\UZA“ 1 ABpa,, + WZAQ 1 ABva,,

1 n—1 v B
| T3P | < WZ | ANy || ZA%—;Aﬁ
n v=1 p=1

ﬁ ]ZAO‘ L APva, |

n—1
< o L ATANST | A% 4] 2 7

—T’ﬁ—i-T , say.

Since | T;Z’lﬁ + Tffzﬂ F< 2k( Tﬁ’lﬂ * + | Trf‘zﬁ ), in order to complete the
proof of the theorem, by (5), it is sufficient to show that

— 1
Z—]Tﬁ"f\k<oo for r=1,2.
n bl

n=1

Whenever k > 1, we can apply Holder’s inequality with indices k and &/,
where % + % =1, we get that

m+1 m+1
«f |k - CATOSPAN, |F
Z | Ty I°< Z | Aa+6 ZA”AUGU A |
n= 2
o 1 k-1
B 1 ak, Bk )
_0(1)2n1+(0{+5 {ZU VPR A, (05 } {ZA}
m m+1 1
. a+P8)k a,B\k
_0(1)21)( A, (027) _Zﬂnu(wmk
m o0 dx
_ a+B)k a,B\k _ar
_0(1)2_:111( " A (097) /U 21+ (atB)k
= 0(1) Y A7) = 0(1) Y vA, - (63°)!
v=1 v=1
m—1 v ™1
B a,B8yk a,B)k
=0(1) Y A(vA )Z};(@p ) +0(1)mf4mz;(9v )
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m—1 m—1
=0(1) Y v | A4 | Xy +0(1) Y AyXy + O(1)mAm X,
v=1 v=1

=0(1) as m — oo,

in view of hypotheses of the theorem and Lemma 1. Similarly, we have that
m
1
— =0(1

O()

ol gy

n

— a,ﬂ
ne Zymv\

Zymvyz (95K

[e.9]

=0(1)> | AN | X, =0(1 ZAX < 0.

v=1

NE

n=1

i Mj

Therefore, we get that

— 1
ZE\Tﬁf\k<oo for r=1,2, by (5).

n=1

This completes the proof of the theorem. If we take 8 = 0, then we get a
new result for | C, « |, summability factors. Also, if we take § =0, a =1
and X,, = logn, then we obtain a result of MAZHAR [8] dealing with | C,1 |
summability factors.
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