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Abstract. In the present paper, we define vertical Chern type classes on complex
Finsler bundles, as an extension of the v-cohomology groups theory on complex Finsler
manifolds. These classes are introduced in a classical way by using closed differential forms
with respect to the conjugated vertical differential in terms of the vertical curvature form
of Chern-Finsler linear connection. Also, some invariance properties of these classes are
studied.
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1. Introduction and preliminaries

In the real case, the idea of decomposing the exterior derivative for a
foliated manifold, into three differential operators and the study of their
cohomology is due to Vaisman (see [12]). There, it is proved a Poincaré
type Lemma for the differential operator d

′′
, corresponding to (0, 1) foliated

type. In the case of complex analytic foliated manifolds, this idea has
the origin in a paper by Vaisman [13], where is proved that a (p, q, r, s)
differential form can be considered to be of (p+ q, r+ s) complex type and
of (p, q + r + s) mixed type (see also [14]) and some decompositions of the
exterior derivative are obtained. Also, it is proved a Poincaré type Lemma
for the differential operator d̃

′′
, corresponding to (0, 1) mixed type (for

details see [13]). Latter, in [10] is studied a decomposition of the exterior
differential for the complex type forms on complex Finsler manifolds and it
is proved a Grothendieck-Dolbeault type Lemma for the conjugated vertical
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differential operator d
′′v which appears in the decomposition of the operator

d
′′
corresponding to (0, 1) complex type. Also, the v-cohomology groups of

a complex Finsler manifold are defined. Some extensions of these results on
the total space of a complex Finsler bundle are made in [7].

The main purpose of this paper is to define vertical Chern type classes on
complex Finsler bundles. Also, some invariance properties of these classes
are studied.

In the first section, following [2], [4], [6], [9], we briefly recall some
basic notions about complex Finsler bundles and we make a short review
on the v-cohomology (see [7], [10]) and the Chern-Finsler linear connection
(see [3]) of a complex Finsler bundle (E,L). In the second section we define
vertical Chern type classes as v-cohomology classes represented by d

′′v-
closed forms which are constructed using the vertical part of the curvature
of Chern-Finsler connection. Finally, we remark that these classes are not
topological invariants, but are metric invariants. We notice that similar
horizontal invariants on complex Finsler bundles are studied in [8], but
with respect to partial Bott complex connection.

Let π : E → M be a holomorphic vector bundle over a complex manifold
M , where dimCM = n and rank E = m. Let (U, zk), k = 1, ..., n be a local
chart on M and s = {sa}, a = 1, ...,m be a local frame for the sections of E
over U . It is well known that this chart induces canonically another one on E
of the form (π−1(U), u = (zk, ηa)), k = 1, ..., n, a = 1, ...,m, where s = ηasa
is a section on Ez = π−1(z), for all z ∈ M . If (π−1(U

′
), u

′
= (z

′k, η
′a)) is

another local chart on E then the transition laws of these coordinates are

(1) z
′k = z

′k(z), η
′a = Ma

b (z) η
b,

where Ma
b (z), a, b = 1, ...,m are holomorphic functions and det(Ma

b ) ̸= 0.
As we already know [2], [6] and [9], the total space E has a structure of

m+n dimensional complex manifold because the transition functionsMa
b (z)

are holomorphic. Consider the complexified tangent bundle TCE of the real
tangent bundle TRE and its decomposition TCE = T

′
E ⊕ T

′′
E, where T

′
E

and T
′′
E = T ′E are the holomorphic and antiholomorphic tangent bundles

of E, respectively. The vertical holomorphic tangent bundle V E = kerπ∗
is the relative tangent bundle of the holomorphic projection π. A local
frame field on VuE is { ∂

∂ηa }, a = 1, ...,m. The vertical distribution VuE is
isomorphic to the sections module of E in u.

A supplementary subbundle of V E in T
′
E, i.e. T

′
E = HE⊕V E is called

a complex nonlinear connection, briefly c.n.c. A local base for the horizontal
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distribution HuE, called adapted for the c.n.c. is { δ
δzk

= ∂
∂zk

−Na
k

∂
∂ηa }, k =

1, ..., n, where Na
k (z, η) are the coefficients of the c.n.c.

In the following we consider the abreviate notations: ∂k = ∂
∂zk

, δk = δ
δzk

and
.
∂a=

∂
∂ηa . The adapted bases denoted by {δk := δ

δzk
} and {

.
∂a:=

∂
∂ηa },

for the distributions HE and V E are obtained respectively by conjugation
anywhere. Also, we notice that the adapted cobases are given by

(2) {dzk}, {δηa = dηa +Na
k dz

k}, {dzk}, {δηa = dηa +N
a
kdz

k}.

Definition 1 ([6]). A strictly pseudoconvex complex Finsler structure
on E, is a positive real valued smooth function F 2 = L : E → R+ ∪ {0}
which satisfies the following conditions:

(i) L is smooth on E − {0};

(ii) L(z, η) ≥ 0 and L(z, η) = 0 ⇔ η = 0;

(iii) L(z, λη) = |λ|2 L(z, η), ∀ λ ∈ C;

(iv) the complex Hessian (hab) = (
.
∂a

.
∂b (L)) is positive definite and de-

termines a Hermitian metric tensor on the fibers of vertical bundle
V E − {zero section}.

Definition 2. The pair (E,L) is called a complex Finsler bundle.

According to [2], [9] a c.n.c. on (E,L) related only to the complex
Finsler structure L is the canonical (or Chern-Finsler) c.n.c., locally given
by

(3)
CF

Na
k= hca∂k

.
∂c (L).

Throughout this paper, we consider only adapted local frames and
coframes with respect to the Chern-Finsler c.n.c.

Vertical cohomology. Let us consider F p,q,r,s(E) the set of all (p, q, r, s)-
forms with complex values on E, locally defined by

(4) ω =
∑

ωIAJBdz
I ∧ δηA ∧ dzJ ∧ δηB,

where I = (i1, ..., ip) ; A = (a1, ..., aq) ; J = (j1, ..., jr) ; B = (b1, ..., bs) and
the sum is on the indices i1 ≤ ... ≤ ip ; a1 ≤ ... ≤ aq ; j1 ≤ ... ≤ jr and
b1 ≤ ... ≤ bs.
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The exterior derivative of ω ∈ F p,q,r,s(E) has the decomposition d =
d
′
+ d

′′
where d

′
= d

′h + d
′v + ∂3 + ∂4 , d

′′
= d

′′h + d
′′v + ∂1 + ∂2 and

d
′h : F p,q,r,s → F p+1,q,r,s, d

′v : F p,q,r,s → F p,q+1,r,s,

d
′′h : F p,q,r,s → F p,q,r+1,s, d

′′v : F p,q,r,s → F p,q,r,s+1,

∂1 : F
p,q,r,s → F p+1,q−1,r+1,s, ∂2 : F

p,q,r,s → F p+1,q−1,r,s+1,

∂3 : F
p,q,r,s → F p+1,q,r+1,s−1, ∂4 : F

p,q,r,s → F p,q+1,r+1.s−1.

The conjugated vertical differential operator d
′′v is locally given by

(5) d
′′vω =

∑
a

.
∂a (ωIAJB)δη

a ∧ dzI ∧ δηA ∧ dzJ ∧ δηB

and satisfies d
′′v(ω ∧ θ) = d

′′vω ∧ θ + (−1)degωω ∧ d
′′vθ, for any ω ∈ F p,q,r,s

and θ ∈ F p
′
,q

′
,r

′
,s

′
.

This operator has the property (d
′′v)2 = 0 and satisfies a Grothendieck-

Dolbeault type Lemma, namely

Theorem 1 ([7]). Let ω be a d
′′v-closed (p, q, r, s)-form defined on a

neighborhood U on E and s ≥ 1. Then there exists a (p, q, r, s− 1) -form θ
defined on some neighborhood U

′ ⊂ U and such that d
′′vθ = ω on U

′
.

We notice that the original proof of the above Theorem is inspired by [12]
and firstly appeared in [10] for the case when E = T

′
M is the holomorphic

tangent bundle of a complex Finsler manifold (M,F ). Also, it may be found
in [9], p. 89.

The v-cohomology groups of a complex Finsler bundle with coefficients
in the sheaf Φp,q,r of germs of (p, q, r, 0)-forms are given by

(6) Hs(E,Φp,q,r) = Zp,q,r,s/d
′′vF p,q,r,s−1(E),

where Zp,q,r,s is the space of d
′′v- closed (p, q, r, s)-forms.

The Chern-Finsler linear connection. Following [3], we identify
the holomorphic local frame field s = {sa}, a = 1, ...,m of E, with the
one of pull-back bundle Ẽ = π∗E, which is canonically isomorphic to V E
by π∗sa ↔

.
∂a. Then, Ẽ admits a Hermitian structure hL induced by the

complex Finsler structure L on E, defined by

(7) hL(Z,W ) = habZ
aW

b
, Z,W ∈ Γ(Ẽ).
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Let ∇ : Γ(Ẽ) → A1(Ẽ) be the Hermitian connection of the bundle (Ẽ, hL),
i.e. ∇ = ∇′

+∇′′
is the unique connection on the bundle (Ẽ, hL) satisfying

the conditions

(8) ∇′′
= d

′′
, dhL(Z,W ) = hL(∇Z,W ) + hL(Z,∇W ), Z,W ∈ Γ(Ẽ).

Definition 3 ([1]). The Hermitian connection ∇ on (Ẽ, hL) is called
the Chern-Finsler linear connection of the bundle (E,L).

With respect to the adapted coframes of the Chern-Finsler c.n.c., the
(1, 0)-connection form ω = (ωa

b ) of ∇ is locally defined by

(9) ωa
b = La

bkdz
k + Ca

bcδη
c

with the local coefficients La
bk = hcaδk(hbc) and Ca

bc = hda
.
∂c (hbd).

Thus, we have the decomposition ω = ωh + ωv, where

(10) (ωa
b )

h = La
bkdz

k, (ωa
b )

v = Ca
bcδη

c.

The (1, 1)-curvature form R = (Ra
b ) of ∇ is locally given by

(11) Ra
b = d

′′
ωa
b .

Using the decomposition d
′′
= d

′′h + d
′′v + ∂1 + ∂2, a straightforward

calculus leads to the following decomposition of the curvature R

(12) R = Rhh +Rhv +Rvh +Rvv

i.e. in a horizontal component Rhh, two mixed components Rhv , Rvh and a
vertical component Rvv. Also, we notice that with respect to a holomorphic
local frame field s = {sa} the vertical part of the curvature is given by

(13) Rvvsb = (Ra
bcd

δηc ∧ δηd)sa,

where Ra
bcd

= −
.
∂d (Ca

bc). It will be important in our study.

2. Vertical Chern type classes

Using a similar argument from real Finsler geometry (see [11]), let us
consider (ωa

b )
v = Ca

bcδη
c ∈ F 0,1,0,0(E) the vertical part of (1, 0)-connection

form of ∇ and (Ra
b )

vv ∈ F 0,1,0,1(E) the vertical part of (1, 1)-curvature
form of ∇. According to the local expression of (Ra

b )
vv, we obtain (Ra

b )
vv =

Ra
bcd

δηc ∧ δηd = −
.
∂d (Ca

bc)δη
c ∧ δηd = d

′′v(ωa
b )

v.

Taking into account the relation (d
′′v)2 = 0, we have
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Proposition 1. Rvv is a d
′′v-closed differential form.

Let gl(m,C) ≈ Cm×m be the Lie algebra of the linear general group
GL(m,C).

Definition 4 ([15]). A symmetric polynomial f ∈ Sj(Gl(m,C)) is in-
variant if f(a−1X1a, ..., a

−1Xja) = f(X1, ..., Xj) for any a ∈ Gl(m,C) and
Xj ∈ gl(m,C).

Proposition 2 ([15]). The algebra of invariant symmetric polynomi-
als on gl(m,C) is generated by the elementary symmetric functions fj ∈
Sj(Gl(m,C)) given by

(14) det(Im − 1

2πi
X) =

m∑
j=0

fj(X) = 1− 1

2πi
trX + ...+ (− 1

2πi
)m detX.

Proposition 3. With respect to an adapted local frame of E, the ver-
tical curvature form of Chern-Finsler linear connection transforms at local
changes coordinates by

(15) R
′vv = M−1RvvM , M ∈ Gl(m,C).

Proof. From [9], we know that the change rules of the vertical vector
fields and of the vertical differentials are respectively

(16)
.
∂a= M b

a(z)
.
∂

′

b,
.
∂a= M b

a(z)
.
∂

′

b, δη
a = Ma

b (z)δη
′b , δηa = M

a
b (z)δη

′b,

whereM b
a(z) are holomorphic functions, which represent the transition func-

tions of E.

On the other hand, at coordinates changes, the vertical coefficients Ca
bc

transform by the rule C
′a
bc = Ma

pM
q
bM

r
cC

p
qr. Thus, we have

(R
′p
q )

vv = −
.
∂

′

s (C
′p
qr)δη

′r ∧ δη
′s

= −Md
s

.
∂d (Mp

aM
b
qM

c
rC

a
bc)M

r
c δη

c ∧M s
d
δηd

= −M b
q

.
∂d (Ca

bc)δη
c ∧ δηdMp

a

= M b
q (R

a
b )

vvMp
a

and this end the proof. �
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In the following we consider the (0, j, 0, j)-forms
v
γj (E,L) = fj(R

vv)
with complex values on E, defined by the relation

(17) det

(
Im − 1

2πi
Rvv

)
=

m∑
j=0

v
γj (E,L).

According to Proposition 2, we have

(18)
v
γj (E,L) =

(−1)j

(2πi)jj!

∑
a,b

δ
b1...bj
a1...aj (R

a1
b1
)vv ∧ ... ∧ (R

aj
bj
)vv.

Occurs

Proposition 4. The differential forms
v
γj (E,L) are d

′′v-closed.

The differential forms given by (18) are called vertical Chern type forms
of the complex Finsler bundle (E,L).

According to Proposition 4 and (6), these forms define the following
vertical cohomology classes

(19)
v
cj (E,L) = [

v
γj (E,L)] ∈ Hj(E,Φ0,j,0)

and these are called vertical Chern type classes of (E,L).

In particular, the first vertical Chern type class of (E,L) is represented
by the (0, 1, 0, 1)-form

(20)
v
γ1 (E,L) = − 1

2πi
Ra

acd
δηc ∧ δηd.

Given a complex Finsler structure L on E, according to [5], we consider
h

′
L = µhL a new Hermitian structure on Ẽ, where µ is a positive real

valued function on E. With respect to a fixed local holomorphic frame
field s = {sa}, a = 1, ...,m of Ẽ, we calculate the vertical (1, 0)- connection
forms ωv = (ωa

b )
v and ω

′v = (ω
′a
b )v of hL and h

′
L, respectively. Taking

into account (9) it follows (ωa
b )

v = hcad
′vhbc and (ω

′a
b )v = 1

µh
cad

′v(µhbc) =

hcad
′vhbc +

d
′vµ
µ δab . Thus, we have

(21) (ω
′a
b )v = (ωa

b )
v + d

′v(logµ)δab .
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The relation between the vertical (1, 1)-curvature forms Rvv = (Ra
b )

vv and
R

′vv = (R
′a
b )

vv of hL and h
′
L, respectively, can be obtained by applying d

′′v,
namely

(22) (R
′a
b )

vv = (Ra
b )

vv + d
′′vd

′v(logµ)δab .

The relation (22) leads to

Proposition 5. The first vertical Chern type class of (E,L) is invariant
by conformal changes on the pull-back bundle Ẽ.

In fact the above proposition remains valid for all higher vertical Chern
type classes, namely we can state the following

Proposition 6. The vertical Chern type classes
v
cj (E,L) are invariant

by conformal changes on the pull-back bundle Ẽ.

Proof. It is classical that for a square matrix A of order p we have

det(A− λI) =

p∑
j=0

(−1)j∆p−j(A)λj ,

where ∆j(A) =
1
j!

∑
α,β δ

β1...βj
α1...αja

α1
β1

· ... ·aαj

βj
is the sum of the principal minors

of order j of the matrix A (see for instance [15], p. 235). If we denote by I
the identity endomorphism of Ẽ then, taking into account d

′′v∆j(R
vv) = 0,

by direct calculations we have

fj(R
′vv) = fj(R

vv + d
′′vd

′v(log µ)⊗ I)

= fj(R
vv) +

(−1)j

(2πi)jj!

j∑
k=1

∆j−k(R
vv) ∧ (d

′′vd
′v(logµ))k

= fj(R
vv) + d

′′v

(
(−1)j

(2πi)jj!

j∑
k=1

∆j−k(R
vv) ∧ d

′v logµ ∧ (d
′′vd

′v(logµ))k−1

)

which says that fj(R
′vv) and fj(R

vv) are in the same d
′′v-cohomology class.�

Finally, we consider a more general situation. Let Lt : E → R+ , 0 ≤
t ≤ 1, be a family of complex Finsler structures on the bundle E. To each
Finsler structure we associate the Chern-Finsler connection. We have
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Theorem 2. The vertical Chern type classes
v
cj (E,L) do not depend

on the choice of the complex Finsler structure in the family {Lt}0≤t≤1.

Proof. According to the first section, each complex Finsler structure
Lt on E, induces a Hermitian structure hLt on pull-back bundle Ẽ. If
we consider Cj(Ẽ, hL) = fj(R) the classical Chern form of order j of the

Hermitian bundle Ẽ, a straightforward calculus (see [16] p. 21), leads to

(23) Cj(Ẽ, hL1)− Cj(Ẽ, hL0) =

∫ 1

0

d

dt
(Cj(Ẽ, hLt))dt = d

′
d
′′
α

for a (j − 1, j − 1)-form α on E.

Using (12) and (18), it is easy to check that
v
γj (E,L) = vvCj(Ẽ, hL).

Now, taking into account the decompositions of d
′
and d

′′
and the rela-

tion d
′vd

′′v + d
′′vd

′v = 0 (see [7], [10]), if we consider in the relation (23)
all differential forms being (p, q, r, s)-forms on E by equating the v v-type
components, we get

v
γj (E,L1)−

v
γj (E,L0) = d

′vd
′′vβ = −d

′′vd
′vβ,

where β is a (0, j − 1, 0, j − 1)-form on E, and this end the proof. �
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