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1. Introduction

Let T > 0 and Ω ⊂ IRd, d = 2, 3, be an open and bounded domain,
with a smooth boundary ∂Ω (of class C2 for instance). Let Q = Ω× (0, T ),
Σ = ∂Ω× (0, T ) and consider the controlled Boussinesq system,

(1)



∂y

∂t
− ν∆y + (y · ∇)y − γ(θ − θ0)ed +∇p = f0 + u0, in Q,

∂θ

∂t
− k∆θ + y · ∇θ = f̃0 + ũ0, in Q,

div y = 0, in Q,

y = 0, θ = 0, on Σ,

y(·, 0) = y0, θ(·, 0) = θ0, in Ω,

where y = (y1, y2, . . . , yd) denotes the velocity field, while p and θ are scalar
functions, representing the scalar pressure and the temperature of the fluid.

*This work was supported by CNCSIS Grant PN II ID 404/2007-2010.



286 ADRIANA-IOANA LEFTER 2

The densities of external forces are f0 = (f01, f02, . . . , f0d) and f̃0. The con-
stants ν, k > 0 are the kinematic viscosity coefficient and the thermic dif-
fusivity, respectively. Also, γ = g/θ0 > 0, where g is the gravitational con-
stant and θ0 > 0 is a constant reference temperature, while ed = (0, . . . , 0, 1)
is the dth unit vector of IRd. Finally, u0 = (u01, u02, . . . , u0d) and ũ0 are con-
trols distributed on Ω.

In this section we recall the functional framework and put the Boussinesq
system in an abstract form. In order to give a stability result we have to
prove first the global existence for the solution of the involved problem.
Because in the case d = 3 the strong solutions are in general only local,
in Section 2 we will give an existence result for weak solutions. Section 3
concerns the exponential feedback stabilization of the Boussinesq equations;
the solution remains in a closed convex set. The first stability result is global
and the control used is distributed on the entire domain. The second result
is a local stability one; the control belongs to a finite dimensional space and
it is distributed on a subdomain; the idea of proof is based on the method of
spectral decomposition, used by Barbu, Triggiani in [3] and by Lefter
in [8, 9] to obtain local internal stabilization results for Navier-Stokes and
MHD equations, respectively.

The scalar products of L2(Ω) and (L2(Ω))d will be denoted by (·, ·) and
the corresponding norms, by | · |. The norms of H1

0 (Ω) and (H1
0 (Ω))

d will
be denoted by ∥ · ∥ = |∇ · |. Recall the standard spaces (see e.g.[5, 10])

H = {y ∈ (L2(Ω))d; div y = 0 in Ω, y · n∂Ω = 0 on ∂Ω},
V = {y ∈ (H1

0 (Ω))
d; div y = 0 in Ω}.

Let HB = H × L2(Ω), VB = V ×H1
0 (Ω).

It is known thatH andHB are real Hilbert spaces endowed with L2-type
norms | · |, while V and VB are real Hilbert spaces endowed with H1

0 -type
norms ∥ · ∥. Denoting by V ′ the dual space of V and identifying H with
its own dual, we have V ⊂ H ⊂ V ′ algebraically and topologically, with
compact injections. Also, if V ′

B is the dual space of VB and if we identify HB

with its own dual, we have VB ⊂ HB ⊂ V ′
B algebraically and topologically,

with compact injections. Denote by (·, ·) the scalar products of H and HB

and the pairings between V and V ′ or between VB and V ′
B; denote by ∥·∥V ′

B

the norm of V ′
B.

Let A ∈ L(V, V ′), (Ay,w) =
∑d

i=1

∫
Ω∇yi · ∇widx, ∀y, w ∈ V be the

Stokes operator (L(X,Y ) is the space of linear continuous operators from
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X in Y ). We have (Ay, y) = ∥y∥2, ∀y ∈ V . Set D(A) = {y ∈ V ;Ay ∈ H}
and denote again by A the restriction of A to H.

Let A1 ∈ L(H1
0 (Ω),H

−1(Ω)), A1 = −∆. Then (A1θ, θ) = ∥θ∥2, ∀θ ∈
H1

0 (Ω). We set D(A1) = {θ ∈ H1
0 (Ω);A1θ ∈ L2(Ω)} and we denote again

by A1 the restriction of A1 to L2(Ω).

Let A ∈ L(VB, V
′
B) be defined by

(2) Az =
(
νAy

kA1θ

)
, ∀ z =

(
y

θ

)
∈ VB.

Let D(A) = D(A)×D(A1). The operator A maps D(A) into HB. Denote
by mνk = min{ν, k}.

Let b : V × V × V → IR be the trilinear continuous functional defined
by

b(y, v, w) =

d∑
i,j=1

∫
Ω
yi
∂vj
∂xi

wjdx, ∀y, v, w ∈ V.

Denoting by ∥·∥s the norm of the Sobolev space (Hs(Ω))d, the functional
b satisfies (see e.g. [5, 10])

b(y, w,w) = 0, b(y, v, w) = −b(y, w, v), ∀y, v, w ∈ V,(3)

|b(y, v, w)| ≤ Cb|y|
1
2 ∥y∥

1
2 |v|

1
2 ∥v∥

1
2 ∥w∥, ∀y, v, w ∈ V (for d = 2),(4)

|b(y, v, w)| ≤ Cbτ∥y∥∥v∥1+τ |w|, ∀y, w ∈ V, v ∈ D(A) (for d = 2)(5)

(where τ ∈ (0, 1); of course, Cbτ depends on τ),

|b(y, v, w)| ≤ Cb∥y∥∥v∥3/2|w|, ∀y, w ∈ V, v ∈ D(A) (for d = 3),(6)

|b(y, v, w)| ≤ Cb|y|1/2∥y∥1/2∥v∥∥w∥, ∀y, v, w ∈ V (for d = 3),(7)

|b(y, v, w)| ≤ Cb∥y∥∥v∥|w|1/2∥w∥1/2, ∀y, v, w ∈ V (for d = 3).(8)

Let b̄ : V ×H1
0 (Ω)×H1

0 (Ω) → IR be the trilinear continuous functional
defined by

b̄(y, θ, θ̃) =

d∑
i=1

∫
Ω
yi
∂θ

∂xi
θ̃dx, ∀ y ∈ V, ∀ θ, θ̃ ∈ H1

0 (Ω).

The application b̄ verifies relations analogous to (3)-(8).
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In the rest of the paper, we will denote by Cb the positive constants
arising in estimations of b or b̄ of the type (4)-(8). Other various positive
constants will be simply denoted by the symbol C.

Let B : VB → V ′
B be defined by

(9) (Bz, z̃) = b(y, y, ỹ) + b̄(y, θ, θ̃), ∀ z =
(
y

θ

)
, z̃ =

(
ỹ

θ̃

)
∈ VB.

Let us introduce R ∈ L(HB,HB) by

(10) Rz =
(
P (−γθed)

0

)
, ∀z =

(
y

θ

)
∈ HB

(P : (L2(Ω))d → H is the Leray projection). Using the notations (2), (9),
(10) and denoting also by

(11) F =

(
P (f0 − γθ0ed)

f̃0

)
, z0 =

(
y0
θ0

)
, z =

(
y

θ

)
, U =

(
Pu0
ũ0

)
,

the equations (1) rewrite

(12)


dz

dt
(t) +Az(t) +Bz(t) +Rz(t) = F (t) + U(t), t ∈ (0, T )

z(0) = z0.

Let ze =

(
ye
θe

)
∈ D(A) be fixed and define the linear continuous opera-

tor

A0 : VB → V ′
B, (A0z, z̃) = b(y, ye, ỹ) + b(ye, y, ỹ)

+ b̄(y, θe, θ̃) + b̄(ye, θ, θ̃), ∀z =
(
y

θ

)
, z̃ =

(
ỹ

θ̃

)
∈ VB.(13)

Hence A0 maps D(A) into HB.
In order to be useful for the stability of the Boussinesq equations, an

existence result must be stated for a slightly more complicated system, such
as:

(14)


dz

dt
(t) + (A+B +A0 +R+ G)z(t) + Φ(z(t)) ∋ F (t), t ∈ (0, T )

z(0) = z0,
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where G : HB → HB is a linear continuous operator (of norm M) and
Φ ⊂ HB ×HB is a maximal monotone operator. The term G + Φ usually
arises as a nonlinear feedback controller.

In the sequel, the symbol ⇀ will be used to denote the convergence in
the weak topology, while the strong convergence will be indicated by →.

2. An existence result for weak solutions

2.1. An auxiliary proposition

Let us state first a proposition which will be used in the proof of the
existence theorem for weak solutions.

Following the idea in [2], we introduce, for N ∈ IN∗, the truncated
operator

BN : VB → V ′
B, BNz =


Bz, if ∥z∥ ≤ N(
N

∥z∥

)2

Bz, if ∥z∥ > N.

Let Φλ : HB → HB, Φλ = 1
λ [I − (I + λΦ)−1], λ > 0, be the Yosida

approximation of the maximal monotone operator Φ (I : HB → HB is the
identity application).

Proposition 2.1. Let N ∈ IN∗ be fixed. Assume that Φ ⊂ HB × HB

is a maximal monotone operator, with 0 ∈ D(Φ), and that there exist two
constants α0 ≥ 0, α ∈ (0, 1) such that

(15) (Ah,Φλ(h)) ≥ −α0(1 + ∥h∥2)− α|Φλ(h)|2, ∀λ > 0, ∀h ∈ D(A).

Let G ∈ L(HB,HB), z0 ∈ D(A) ∩ D(Φ) and F ∈ W 1,1(0, T ;HB). Then
for all λ > 0 there exists an unique strong solution zλN ∈W 1,∞(0, T ;HB) ∩
L∞(0, T ;D(A)) ∩ C([0, T ];VB) for the problem

(16)


dzλN
dt

(t) +AzλN (t) +BNz
λ
N (t) +A0z

λ
N (t) +RzλN (t)

+GzλN (t) + Φλ(z
λ
N (t)) = F (t), a.e. t ∈ (0, T )

zλN (0) = z0.

Moreover, zλN is right differentiable, d+

dt z
λ
N (t) is right continuous and

d+

dt
zλN (t) +AzλN (t) +BNz

λ
N (t) +A0z

λ
N (t) +RzλN (t)

+ GzλN (t) + Φλ(z
λ
N (t)) = F (t), ∀t ∈ [0, T ).(17)
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Proof. The operator ΥN = A+BN+A0+R+αNI is maximal monotone
in HB ×HB, for a positive constant αN large enough, (see [7]), the Yosida
approximation Φλ is demicontinuous monotone, while the linear continuous
operator G : HB → HB is obviously hemicontinuous and bounded in HB.
Hence ([1, 4]) ΥN+Φλ+G is maximal monotone in HB×HB. By [1], Thms.
1.4, 1.6, p. 214-216, (16) has a unique solution zλN ∈ W 1,∞(0, T ;HB) veri-
fying relation (17). From G ∈ L(HB,HB), we also get GzλN ∈ L∞(0, T ;HB)

and consequently (A + BN + A0 + R)zλN + Φλ(z
λ
N ) = F − dzλN

dt − GzλN ∈
L∞(0, T ;HB). From here, the proof of Proposition 2.1 follows the one of
Proposition 3.4 in [7]. �

2.2. Weak solutions

Let K be a set satisfying the hypotheses
(hK) K ⊂ HB is closed and convex, 0 ∈ K and

(18) (I + λA)−1(K) ⊂ K, ∀λ > 0.

Introduce the indicator function of the set K,

IK : HB → HB, IK(h) =

{
0, for h ∈ K

+∞, for h ̸∈ K,

whose subdifferential is

∂IK(h) =


∅, h /∈ K

{0}, h ∈ int K

NK(h) = {z ∈ HB; (z, h− h′) ≥ 0, ∀h′ ∈ K}, h ∈ ∂K

(NK(h) is the normal cone at K in h). Then D(∂IK) = K and 0∈D(∂IK).
The Yosida approximation of ∂IK is

(∂IK)λ(h) =
1

λ
(h− PKh) =

1

λ
QKh, ∀h ∈ HB, ∀λ > 0,

where PK : HB → K is the orthogonal projection operator on K and
QK = I − PK . We recall that (∂IK)λ coincides with the Fréchet derivative
of the regularisation of IK ,

(IK)λ(h) =
1

2λ
|h− PKh|2 =

1

2λ
|QKh|2, λ > 0, h ∈ HB.
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Definition 2.1. Let z0 ∈ HB and F ∈ L2(0, T ;V ′
B). By a weak solution

for the perturbed Boussinesq equations

(19)


dz(t)

dt
+ (A+B +A0 +R+ G)z(t) + ∂IK(z(t))∋F (t), t∈(0, T )

z(0) = z0

we mean a function

z =

(
y

θ

)
∈ L2(0, T ;VB) ∩ Cw([0, T ];HB), with

dz

dt
∈ L1

loc(0, T ;V
′
B),

for which there exists a selection η ∈ L2(0, T ;V ′
B), η(t) ∈ ∂IK(z(t)), a.e.

t ∈ (0, T ), such that

(20)



(
dz

dt
(t), v

)
+ ν(y(t), v1)V + k(θ(t), v2)H1

0 (Ω) + b(y(t), y(t), v1)

+b̄(y(t), θ(t), v2) + b(y(t), ye, v1) + b(ye, y(t), v1) + b̄(y(t), θe, v2)

+b̄(ye, θ(t), v2)− γ(θ(t)ed, v1) + (Gz(t), v) + (η(t), v)

= (F (t), v), a.e. t ∈ (0, T ), ∀v =

(
v1
v2

)
∈ VB

z(0) = z0.

By (·, ·)V , (·, ·)H1
0 (Ω) we have denoted the scalar products in V and

H1
0 (Ω), respectively.
The space Cw([0, T ];HB) is a subspace of L∞(0, T ;HB) consisting of

weakly continuous functions; in particular the initial condition in (20) is
taken in this sense.

The existence of the weak solutions is ensured by the following theorem,

Theorem 2.1. Let T > 0 and let Ω ⊂ IRd, d = 2, 3, be an open,
bounded set, with a smooth boundary and let K ⊂ HB satisfy conditions
(hK). Suppose, in addition, that
(hP ) if d = 2 then there exists a constant τ ∈ (0, 1) such that PK takes

the bounded sets of HB in bounded sets in (H1+τ (Ω))3 and
if d = 3 then PK takes the bounded sets of HB in bounded sets

in (H3/2(Ω))4.

Let G ∈ L(HB, HB). Let z0 ∈ K and F ∈ L2(0, T ;HB). Then problem (19)
admits at least a weak solution z ∈ L2(0, T ;VB) ∩ Cw([0, T ];HB). More-
over, dz

dt ∈ L2(0, T ;V ′
B) for d = 2, dz

dt ∈ L4/3(0, T ;V ′
B) for d = 3, and

z(t) ∈ K, t ∈ [0, T ). If d = 2 the weak solution is unique.



292 ADRIANA-IOANA LEFTER 8

Proof. Because the Yosida approximation of ∂IK has a more convenient
form, let us analyze first an approximate problem, involving BN , (∂IK) 1

j
,

with N, j ∈ IN∗ and having more regular initial data zj0, Fj . Here (∂IK) 1
j
=

jQK is the Yosida approximation (∂IK)λ for λ = 1/j; the sequence 1/j ↘ 0.
Passing to the limit, first with j, then with N , we will get a weak solution
for problem (19).

Let z0 ∈ K = D(A) ∩KHB
and F ∈ L2(0, T ;HB). There exist two

sequences (zj0)j∈IN∗ ⊂ D(A) ∩ K, (Fj)j∈IN∗ ⊂ W 1,1(0, T ;HB), such that

zj0 → z0 in HB and Fj → F in L2(0, T ;HB).
Recalling (18) and applying [4], Prop. 4.5, p. 131 for the single valued

maximal monotone operator A ⊂ HB×HB, with D(A)
HB

= HB, we obtain

(21) (Ah, (∂IK)λ(h)) ≥ 0, ∀h ∈ D(A), ∀λ > 0.

Assume that j,N ∈ IN∗ are fixed. From Proposition 2.1 it results that
the problem

(22)


dzjN (t)

dt
+AzjN (t) +BNz

j
N (t) +A0z

j
N (t) +RzjN (t)

+GzjN (t) + (∂IK) 1
j
(zjN (t)) = Fj(t), a.e. t ∈ (0, T )

zjN (0) = zj0

admits an unique solution

zjN =

(
yjN
θjN

)
∈W 1,∞(0, T ;HB) ∩ L∞(0, T ;D(A)) ∩ C([0, T ];VB).

Let us first multiply equation (22) scalarly by zjN (t) and integrate it on
(0, t). Taking into account that the operator (∂IK) 1

j
is monotone and then

applying (3), (4) for d = 2 and (6) for d = 3, we get

1

2
|zjN (t)|2+ν

∫ t

0
∥yjN (s)∥2ds+k

∫ t

0
∥θjN (s)∥2ds≤1

2
|zj0|

2+

∫ t

0
(Fj(s), z

j
N (s))ds

−
∫ t

0
(GzjN (s), zjN (s))ds+

∫ t

0

(
γθjN (s)ed, y

j
N (s)

)
ds−

∫ t

0
b(yjN (s), ye, y

j
N (s))ds

−
∫ t

0
b̄(yjN (s), θe, θ

j
N (s))ds ≤ 1

2
|zj0|

2 +

∫ t

0
|Fj(s)||zjN (s)|ds

+
(
M +

γ

2

)∫ t

0
|zjN (s)|2ds+ Cb

∫ t

0
|yjN (s)|∥ye∥a∥yjN (s)∥ds
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+ Cb


∫ t

0
|yjN (s)|

1
2 ∥yjN (s)∥

1
2 |θjN (s)|

1
2 ∥θjN (s)∥

1
2 ∥θe∥ds, d = 2∫ t

0
∥yjN (s)∥∥θe∥3/2|θ

j
N (s)|ds, d = 3

≤ 1

2
|zj0|

2 +
1

2

∫ t

0
|Fj(s)|2ds+

(
M +

γ + 1

2

)∫ t

0
|zjN (s)|2ds

+ C

∫ t

0
|zjN (s)|∥ze∥a∥zjN (s)∥ds, where a = 1 if d = 2 and a = 3/2 if d = 3.

Hence,

1

2
|zjN (t)|2 +mνk

∫ t

0
∥zjN (s)∥2ds ≤ 1

2
|zj0|

2 +
1

2

∫ t

0
|Fj(s)|2ds

+ C

∫ t

0
|zjN (s)|2ds+ mνk

2

∫ t

0
∥zjN (s)∥2ds,

which yields

|zjN (t)|2 +mνk

∫ t

0
∥zjN (s)∥2ds ≤ |zj0|

2 +

∫ T

0
|Fj(s)|2ds+ C

∫ t

0
|zjN (s)|2ds.

By Gronwall’s inequality,

|zjN (t)|2 +mνk

∫ t

0
∥zjN (s)∥2ds(23)

≤ C
(
∥Fj∥2L2(0,T ;HB), |z

j
0|
2
)
≤ C, a.e. t ∈ (0, T ),

where C does not depend on N, j.
Let us now multiply (22) scalarly by (∂IK) 1

j
(zjN (t)) = ∇(IK) 1

j
(zjN (t)).

Recalling (21), after integrating on (0, t) we obtain that

(IK) 1
j
(zjN (t))− (IK) 1

j
(zj0) +

∫ t

0
(BNz

j
N (s), (∂IK) 1

j
(zjN (s)))ds

+

∫ t

0
(A0z

j
N (s), (∂IK) 1

j
(zjN (s)))ds+

∫ t

0
(RzjN (s), (∂IK) 1

j
(zjN (s)))ds

+

∫ t

0
(GzjN (s), (∂IK) 1

j
(zjN (s)))ds+

∫ t

0
|(∂IK) 1

j
(zjN (s))|2ds(24)

=

∫ t

0
(Fj(s), (∂IK) 1

j
(zjN (s)))ds.
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But (IK) 1
j
(h) = (j/2)|h − PKh|2 = (j/2)|QKh|2, ∀h ∈ HB, ∀j ∈ IN∗,

particularly, (IK) 1
j
(zj0) = 0 because zj0 ∈ K. Using also the relation

(∂IK) 1
j
= jQK and dividing by j in relation (24), we get

1

2
|QKz

j
N (t)|2 + j

∫ t

0
|QKz

j
N (s)|2ds =

∫ t

0
(Fj(s), QKz

j
N (s))ds

−
∫ t

0
(GzjN (s), QKz

j
N (s))ds−

∫ t

0
(RzjN (s), QKz

j
N (s))ds(25)

−
∫ t

0
(BNz

j
N (s), QKz

j
N (s))ds−

∫ t

0
(A0z

j
N (s), QKz

j
N (s))ds.

But

(Fj(s), QKz
j
N (s)) ≤ 3

j
|Fj(s)|2 +

j

12
|QKz

j
N (s)|2

and

(GzjN (s), QKz
j
N (s)) ≤M |zjN (s)||QKz

j
N (s)| ≤ 3M2

j
|zjN (s)|2+ j

12
|QKz

j
N (s)|2.

Let us denote by [QKz
j
N (s)]1 ∈ H, [QKz

j
N (s)]2 ∈ L2(Ω) the components of

QKz
j
N (s) ∈ HB. We have

− (RzjN (s), QKz
j
N (s)) = γ

(
θjN (s)ed,

[
QKz

j
N (s)

]
1

)
≤ γ|zjN (s)||QKz

j
N (s)| ≤ 3γ2

j
|zjN (s)|2 + j

12
|QKz

j
N (s)|2.

Denote also by [PKz
j
N (s)]1 ∈ H, [PKz

j
N (s)]2 ∈ L2(Ω) the components of

PKz
j
N (s) ∈ K ⊂ HB. From PKz

j
N (s) + QKz

j
N (s) = zjN (s) =

(
yjN (s)

θjN (s)

)
,

we obviously obtain that yjN (s) = [PKz
j
N (s)]1 + [QKz

j
N (s)]1 and θjN (s) =

[PKz
j
N (s)]2 + [QKz

j
N (s)]2.

Using (3), (5), (6) and the hypothesis (hP ), we infer

|(BNz
j
N (s), QKz

j
N (s))| ≤

∣∣∣b(yjN (s), yjN (s),
[
QKz

j
N (s)

]
1

)∣∣∣
+
∣∣∣b̄(yjN (s), θjN (s),

[
QKz

j
N (s)

]
2

)∣∣∣= ∣∣∣b(yjN (s),
[
PKz

j
N (s)

]
1
,
[
QKz

j
N (s)

]
1

)∣∣∣
+
∣∣∣b̄(yjN (s),

[
PKz

j
N (s)

]
2
,
[
QKz

j
N (s)

]
2

)∣∣∣ ≤ Cb∥yjN (s)∥
(∥∥∥[PKz

j
N (s)

]
1

∥∥∥
a
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·
∣∣∣[QKz

j
N (s)

]
1

∣∣∣+ ∥∥∥[PKz
j
N (s)

]
2

∥∥∥
a

∣∣∣[QKz
j
N (s)

]
2

∣∣∣)
≤ C∥zjN (s)∥

∥∥∥PKz
j
N (s)

∥∥∥
a

∣∣∣QKz
j
N (s)

∣∣∣ ≤ C

j
∥zjN (s)∥2 + j

12

∣∣∣QKz
j
N (s)

∣∣∣2 ,
where a = 3/2 if d = 3 and a = 1+τ , with τ ∈ (0, 1) given by (hP ), if d = 2
(τ being fixed, we have renoted Cbτ = Cb in (5)). C is a positive constant
independent of j,N .

Analogously, we get

− (A0z
j
N (s), QKz

j
N (s)) = −b

(
yjN (s), ye,

[
QKz

j
N (s)

]
1

)
− b

(
ye, y

j
N (s),

[
QKz

j
N (s)

]
1

)
− b̄

(
yjN (s), θe,

[
QKz

j
N (s)

]
2

)
− b̄

(
ye, θ

j
N (s),

[
QKz

j
N (s)

]
2

)
= −b

(
yjN (s), ye,

[
QKz

j
N (s)

]
1

)
− b̄

(
yjN (s), θe,

[
QKz

j
N (s)

]
2

)
− b

(
ye,
[
PKz

j
N (s)

]
1
,
[
QKz

j
N (s)

]
1

)
− b̄

(
ye,
[
PKz

j
N (s)

]
2
,
[
QKz

j
N (s)

]
2

)
≤ Cb∥yjN (s)∥

(
∥ye∥a

∣∣∣[QKz
j
N (s)

]
1

∣∣∣
+∥θe∥a

∣∣∣[QKz
j
N (s)

]
2

∣∣∣)+ Cb∥ye∥
(∥∥∥[PKz

j
N (s)

]
1

∥∥∥
a

∣∣∣[QKz
j
N (s)

]
1

∣∣∣
+
∥∥∥[PKz

j
N (s)

]
2

∥∥∥
a

∣∣∣[QKz
j
N (s)

]
2

∣∣∣) ≤ C∥zjN (s)∥∥ze∥a
∣∣∣QKz

j
N (s)

∣∣∣
+ C∥ze∥

∥∥∥PKz
j
N (s)

∥∥∥
a

∣∣∣QKz
j
N (s)

∣∣∣ ≤ j

6

∣∣∣QKz
j
N (s)

∣∣∣2 + C

j
(∥zjN (s)∥2 + 1)

(a has the same meaning as in the estimation of |(BNz
j
N (s), QKz

j
N (s))|).

Then relation (25) becomes

1

2
|QKz

j
N (t)|2 + j

∫ t

0
|QKz

j
N (s)|2ds ≤ j

2

∫ t

0
|QKz

j
N (s)|2ds

+
3

j

∫ t

0
|Fj(s)|2ds+

3(M2 + γ2)

j

∫ t

0
|zjN (s)|2ds+ C

j

∫ t

0
∥zjN (s)∥2ds

+
C

j

∫ t

0
ds ≤ C

j
+
j

2

∫ t

0
|QKz

j
N (s)|2ds, (by (23)).

By consequence,

1

2
|QKz

j
N (t)|2 + j

2

∫ t

0
|QKz

j
N (s)|2ds ≤ C

j
.
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Dropping the term (1/2)|QKz
j
N (t)|2 ≥ 0 and multiplying by j, we infer

(26)

∫ t

0
|(∂IK) 1

j
(zjN (s))|2ds ≤ C, a.e t ∈ (0, T ),

where C is a positive constant independent of j,N .

Relation (23) also implies∫ t

0
|GzjN (s)|2ds ≤M2

∫ t

0
|zjN (s)|2ds ≤ C, a.e t ∈ (0, T ),(27) ∫ t

0
|RzjN (s)|2ds ≤ γ2

∫ t

0
|zjN (s)|2ds ≤ C, a.e. t ∈ (0, T ),(28)

where C is a positive constant independent of j,N .

For d = 2, using (3), (4) and (23), we obtain

∥BNz
j
N (t)∥V ′

B
≤ C|zjN (t)|∥zjN (t)∥ ≤ C∥zjN (t)∥, hence

(29)

∫ T

0
∥BNz

j
N (t)∥2V ′

B
dt ≤ C, if d = 2.

If d = 3, from (7) and (23), it results that

∥BNz
j
N (t)∥V ′

B
≤ C|zjN (t)|1/2∥zjN (t)∥3/2 ≤ C∥zjN (t)∥3/2, so

(30)

∫ T

0
∥BNz

j
N (t)∥4/3

V ′
B
dt ≤ C, if d = 3.

From (26)-(30) and from the continuity of the operators A,A0 : VB →
V ′
B we get

∫ T

0

∥∥∥∥∥dzjNdt (t)

∥∥∥∥∥
2

V ′
B

dt ≤ C for d = 2;(31)

∫ T

0

∥∥∥∥∥dzjNdt (t)

∥∥∥∥∥
4/3

V ′
B

dt ≤ C for d = 3.(32)
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On a subsequence, renoted (zjN )j , we obtain for j → ∞,

zjN ⇀ zN in L2(0, T ;VB),

AzjN ⇀ AzN and A0z
j
N ⇀ A0zN in L2(0, T ;V ′

B),

GzjN ⇀ GzN and RzjN ⇀ RzN in L2(0, T ;HB),

dzjN
dt

⇀
dzN
dt

in

{
L2(0, T ;V ′

B), if d = 2

L4/3(0, T ;V ′
B), if d = 3,

BNz
j
N ⇀ βN in

{
L2(0, T ;V ′

B), if d = 2

L4/3(0, T ;V ′
B), if d = 3,

(33) (∂IK) 1
j
(zjN )⇀ ηN in L2(0, T ;HB).

In order to prove that βN = BNzN and ηN ∈ ∂IK(zN ), we use that for
a positive constant CN (depending on N , which is fixed as we pass to the
limit with j) large enough, BN satisfies the inequality (see [11], (2.6) p.
491)

|(BNw −BNv, w − v)| ≤ ν

2
∥w1 − v1∥2 +

k

2
∥w2 − v2∥2 + CN |w − v|2,

∀w =

(
w1

w2

)
∈ VB, ∀v =

(
v1
v2

)
∈ VB

and we get that, for j, k ∈ IN∗,

1

2

d

ds
|zjN (s)− zkN (s)|2 + ν

2
∥yjN (s)− ykN (s)∥2 + k

2
∥θjN (s)− θkN (s)∥2

≤ CN |zjN (s)− zkN (s)|2 + |(G(zjN (s)− zkN (s)), zjN (s)− zkN (s))|
+|(R(zjN (s)−zkN (s)), zjN (s)−zkN (s))|+|b(yjN (s)− ykN (s), ye, y

j
N (s)−ykN (s))|

+ |b̄(yjN (s)− ykN (s), θe, θ
j
N (s)− θkN (s))|+ |Fj(s)− Fk(s)||zjN (s)− zkN (s)|

≤ Cb∥yjN (s)− ykN (s)∥∥ye∥a|yjN (s)− ykN (s)|

+ Cb


|yjN (s)− ykN (s)|

1
2 ∥yjN (s)− ykN (s)∥

1
2 |θjN (s)− θkN (s)|

1
2

·∥θjN (s)− θkN (s)∥
1
2 ∥θe∥, d = 2

∥yjN (s)− ykN (s)∥|θjN (s)− θkN (s)|∥θe∥3/2, d = 3

+
1

2
|Fj(s)− Fk(s)|2 + C|zjN (s)− zkN (s)|2 ≤ 1

2
|Fj(s)− Fk(s)|2

+ C|zjN (s)− zkN (s)|2 + C∥zjN (s)− zkN (s)∥|zjN (s)− zkN (s)|∥ze∥a,
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where a = 1 if d = 2 and a = 3/2 if d = 3. This implies

1

2

d

ds
|zjN (s)− zkN (s)|2 + mνk

2
∥zjN (s)− zkN (s)∥2 ≤ 1

2
|Fj(s)− Fk(s)|2

+ C|zjN (s)− zkN (s)|2 + mνk

4
∥zjN (s)− zkN (s)∥2,

which is

d

ds
|zjN (s)− zkN (s)|2 + mνk

2
∥zjN (s)− zkN (s)∥2 ≤ |Fj(s)− Fk(s)|2

+ C|zjN (s)− zkN (s)|2.

After integrating on (0, t) and applying the Gronwall lemma, we get

|zjN (t)− zkN (t)|2 + mνk

2

∫ t

0
∥zjN (s)− zkN (s)∥2ds

≤ C

(
|zj0 − zk0 |2 +

∫ T

0
|Fj(s)− Fk(s)|2ds

)
, for all j, k ∈ IN∗.

Hence, for j → ∞,

(34) zjN → zN in L2(0, T ;VB) ∩ C([0, T ];HB).

Taking into account that

∥BNz
j
N (s)−BNzN (s)∥V ′

B
≤ C∥zjN (s)− zN (s)∥(∥zjN (s)∥+ ∥zN (s)∥),

relation (34) leads to BNz
j
N → BNzN in L1(0, T ;V ′

B).
On the other side, from (33), (34) and the maximal monotony of ∂IK

we obtain ηN (t) ∈ ∂IK(zN (t)), a.e. t ∈ (0, T ).
By consequence, the problem

(35)


dzN (t)

dt
+AzN (t) +BNzN (t) +A0zN (t) +RzN (t)

+GzN (t) + ∂IK(zN (t)) ∋ F (t), a.e. t ∈ (0, T )

zN (0) = z0

admits, for every N ∈ IN∗, a solution

zN ∈ L2(0, T ;VB) ∩ C([0, T ];HB), with

dzN
dt

, BNzN ∈

{
L2(0, T ;V ′

B), if d = 2

L4/3(0, T ;V ′
B), if d = 3

,

RzN ,GzN , ηN ∈ L2(0, T ;HB), where
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ηN (t)=F (t)−dzN
dt (t)−(A+BN+A0+R+G)zN (t)∈∂IK(zN (t)), a.e. t ∈ (0, T ).

Moreover, zN satisfies the estimates

|zN (t)|2 +mνk

∫ t

0
∥zN (s)∥2ds ≤ C, a.e. t ∈ (0, T ),(36) ∫ t

0
|ηN (s)|2ds+

∫ t

0
|RzN (s)|2ds+

∫ t

0
|GzN (s)|2ds ≤ C, a.e. t∈(0, T ),(37) ∫ T

0

(
∥BNzN (t)∥2V ′

B
+

∥∥∥∥dzNdt (t)

∥∥∥∥2
V ′
B

)
dt ≤ C, if d = 2,(38)

∫ T

0

(
∥BNzN (t)∥4/3

V ′
B
+

∥∥∥∥dzNdt (t)

∥∥∥∥4/3
V ′
B

)
dt ≤ C, if d = 3,(39)

where C is a positive constant, independent of N . Then, on a subsequence
renoted (zN )N , we obtain for N → ∞ that

(40) zN ⇀ z in L2(0, T ;VB), zN ⇀ z weakly * in L∞(0, T ;HB),

AzN ⇀ Az and A0zN ⇀ A0z in L2(0, T ;V ′
B),

RzN ⇀ Rz and GzN ⇀ Gz in L2(0, T ;HB),

dzN
dt

⇀
dz

dt
in

{
L2(0, T ;V ′

B), if d = 2

L4/3(0, T ;V ′
B), if d = 3,

(41)

BNzN ⇀ β in

{
L2(0, T ;V ′

B), if d = 2

L4/3(0, T ;V ′
B), if d = 3,

ηN ⇀ η in L2(0, T ;HB).

From (40), (41) and the compactness theorem of Aubin it follows that

(42) zN → z in L2(0, T ;HB).

The properties of ∂IK ensure that η(t) ∈ ∂IK(z(t)), a.e. t ∈ (0, T ). In
order to prove that β(t) = Bz(t), a.e. t ∈ (0, T ), consider EN = {t ∈
[0, T ]; ∥zN (t)∥ ≤ N}. Clearly, BNzN = BzN in EN and the Lebesgue
measure m([0, T ] \ EN ) = m({t ∈ [0, T ]; ∥zN (t)∥ > N}) ≤ C

N2 . Let ψ =(
ψ1

ψ2

)
∈ L∞(0, T ;VB), where VB = {ζ ∈ (C∞

0 (Ω))d; divζ = 0} ×C∞
0 (Ω); VB
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is dense in VB. Using (7) and (3) coupled with (8), we obtain∫ T

0
|(BNzN (t)−Bz(t), ψ(t))|dt

≤
∫
EN

[|b(yN (t)− y(t), yN (t), ψ1(t))|dt+ |b(y(t), yN (t)− y(t), ψ1(t))|]dt

+

∫
EN

[|b̄(yN (t)− y(t), θN (t), ψ2(t))|+ |b̄(y(t), θN (t)− θ(t), ψ2(t))|]dt

+

∫
[0,T ]\EN

[|(BNzN (t), ψ(t))|+ |(Bz(t), ψ(t))|]dt

≤ Cb

{∫ T

0
|yN (t)− y(t)|1/2∥yN (t)− y(t)∥1/2 [∥yN (t)∥+ ∥y(t)∥] ∥ψ1(t)∥dt

+

∫ T

0
|yN (t)− y(t)|1/2∥yN (t)− y(t)∥1/2∥θN (t)∥∥ψ2(t)∥dt

+

∫ T

0
∥y(t)∥|θN (t)− θ(t)|1/2∥θN (t)− θ(t)∥1/2∥ψ2(t)∥dt

}
+ Cb

∫
[0,T ]\EN

[
∥ψ1(t)∥

(
|yN (t)|1/2∥yN (t)∥3/2 + |y(t)|1/2∥y(t)∥3/2

)
+∥ψ2(t)∥

(
|yN (t)|1/2∥yN (t)∥1/2∥θN (t)∥+ |y(t)|1/2∥y(t)∥1/2∥θ(t)∥

)]
dt

≤ C

∫ T

0
|zN (t)− z(t)|1/2∥zN (t)− z(t)∥1/2 [∥zN (t)∥+ ∥z(t)∥] ∥ψ(t)∥dt

+ C

∫
[0,T ]\EN

∥ψ(t)∥
(
|zN (t)|1/2∥zN (t)∥3/2 + |z(t)|1/2∥z(t)∥3/2

)
dt

≤ C∥ψ∥L∞(0,T ;VB)

(∫ T

0
|zN (t)− z(t)|2dt

)1/4(∫ T

0
∥zN (t)− z(t)∥2dt

)1/4

·
[∫ T

0

(
∥zN (t)∥2 + ∥z(t)∥2

)
dt

]1/2
+ C∥ψ∥L∞(0,T ;VB)

[(∫ T

0
∥zN (t)∥2dt

)3/4

·

(∫
[0,T ]\EN

|zN (t)|2dt

)1/4

+

(∫ T

0
∥z(t)∥2dt

)3/4
(∫

[0,T ]\EN

|z(t)|2dt

)1/4 ]
.

Recalling (40), we obtain that∫ T

0
|(BNzN (t)−Bz(t), ψ(t))|dt
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≤ C∥ψ∥L∞(0,T ;VB)

[(∫ T

0
|zN (t)− z(t)|2dt

)1/4

+
1√
N

]

and by (42),

lim
N→∞

∫ T

0
(BNzN (t)−Bz(t), ψ(t))dt = 0, ∀ψ ∈ L∞(0, T ;VB).

Then β(t) = Bz(t), a.e. t ∈ (0, T ), which concludes the existence part of
Theorem 2.1.

If d = 2, the solution is unique. Indeed, if problem (19) has had two

solutions z1 =

(
y1
θ1

)
, z2 =

(
y2
θ2

)
, from the monotony of ∂IK and the

properties of b and b̄ it would follow that

1

2

d

dt
|z1(t)− z2(t)|2 +mνk∥z1(t)− z2(t)∥2

≤ −b(y1(t)− y2(t), y1(t), y1(t)− y2(t))

− b̄(y1(t)− y2(t), θ1(t), θ1(t)− θ2(t))− b(y1(t)− y2(t), ye, y1(t)− y2(t))

− b̄(y1(t)− y2(t), θe, θ1(t)− θ2(t))− (R(z1(t)− z2(t)), z1(t)− z2(t))

− (G(z1(t)− z2(t)), z1(t)− z2(t)) ≤ C|z1(t)− z2(t)|∥z1(t)− z2(t)∥∥z1(t)∥

+ C|z1(t)− z2(t)|∥z1(t)− z2(t)∥∥ze∥+
(γ
2
+M

)
|z1(t)− z2(t)|2

≤ C
(
∥z1(t)∥2 + 1

)
|z1(t)− z2(t)|2 +

mνk

2
∥z1(t)− z2(t)∥2.

Hence,


d

dt
|z1(t)− z2(t)|2 ≤ C

(
∥z1(t)∥2 + 1

)
|z1(t)− z2(t)|2

(z1 − z2)(0) = 0
and Gron-

wall’s lemma gives z1 ≡ z2. �

3. Feedback stabilization

3.1. Stability on closed convex sets

Let us consider the controlled system

(43)


dz

dt
(t) +Az(t) +Bz(t) +Rz(t) = Fe + U(t), t > 0

z(0) = z0,
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where z(t) =

(
y(t)

θ(t)

)
and z0 =

(
y0
θ0

)
∈ VB, Fe ∈ HB. Let ze =

(
ye
θe

)
∈

D(A) be a steady state solution for (43), i.e. ze satisfies

(44) Aze +Bze +Rze = Fe.

Let K ⊂ HB fullfill conditions (hK), Section 2.2. The interest is in finding
a feedback controller U such that z(t)− ze ∈ K, ∀t ≥ 0 and limt→∞ |z(t)−
ze| = 0 exponentially.

We set Z = z − ze =

(
y − ye
θ − θe

)
. Then the problem (43) transforms into


dZ

dt
(t) +AZ(t) +BZ(t) +A0Z(t) +RZ(t) = U(t), t > 0

Z(0) = z0 − ze,

where the operator A0 ∈ L(VB, V
′
B) is defined by relation (13), for ze in

(44).
The following global stability result takes place,

Theorem 3.1. Let Ω ⊂ IRd, d = 2, 3, be an open, bounded set, with a
smooth boundary. Let Fe ∈ HB, and let ze ∈ D(A) be a solution to (44).
Let K satisfy the hypothesis (hK). Assume that z0 − ze ∈ K and that PK

verifies relation (hP ), page 291. Then, for σ > 0 large enough, the problem

(45)


dZ

dt
(t) + (A+B +A0 +R)Z(t) + ∂IK(Z(t)) + σZ(t) ∋ 0, t > 0

Z(0) = Z0 = z0 − ze,

has at least a weak solution Z ∈ L2(0, T ;VB) ∩ Cw([0, T ];HB), with

dZ

dt
∈

{
L2(0, T ;V ′

B), if d = 2

L4/3(0, T ;V ′
B), if d = 3

, for all T > 0.

In addition, Z(t) ∈ K, t ≥ 0 and there exists δ = δ(σ) > 0 such that
limt→∞ |Z(t)|eδt = 0. If d = 2, the weak solution Z is unique.

Proof. Let, for the moment, σ > 0 be any fixed constant; the exact
interval in which σ takes values in order to accomplish stability will be
precised later. We apply Theorem 2.1 with Z0 = z0 − ze, F = 0 and
G ∈ L(HB, HB), G = σI. Then problem (45) has for any T > 0 at least one
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weak solution Z from the demanded spaces, and Z(t) ∈ K, t ∈ [0, T ). In
the bidimensional case the solution is unique.

For proving the exponential stability, we consider first the approximative
problem

(46)


dZN

dt
(t) + (A+BN +A0 +R+ σI)ZN (t) + ∂IK(ZN (t))∋0, t>0

ZN (0) = Z0 = z0 − ze,

with N ∈ IN∗, which admits for any T > 0 a solution (see the proof of
Theorem 2.1)

ZN =

(
YN
ΘN

)
∈ L2(0, T ;VB) ∩ C([0, T ];HB),

dZN

dt
∈

{
L2(0, T ;V ′

B), if d = 2

L4/3(0, T ;V ′
B), if d = 3

.

Moreover, on a subsequence, renoted (ZN )N , we have ZN ⇀ Z in
L2(0, T ;VB), ZN ⇀ Z weakly * in L∞(0, T ;HB), ZN → Z in L2(0, T ;HB),
Z being a weak solution for problem (45).

Let us multiply scalarly equation (46) by ZN (t) and use (3), (4), (6) and
the fact that ∂IK is a monotone operator, with 0 ∈ ∂IK(0) (0 ∈ K). We
obtain

1

2

d

dt
|ZN (t)|2 + ν∥YN (t)∥2 + k∥ΘN (t)∥2 + σ|ZN (t)|2 ≤ γ(ΘN (t)ed, YN (t))

− b(YN (t), ye, YN (t))− b̄(YN (t), θe,ΘN (t)) ≤ γ

2
|ZN (t)|2 + Cb∥YN (t)∥

· |YN (t)|∥ye∥a + Cb

{
|YN (t)|

1
2 ∥YN (t)∥

1
2 |ΘN (t)|

1
2 ∥ΘN (t)∥

1
2 ∥θe∥, d = 2

∥YN (t)∥|ΘN (t)|∥θe∥3/2, d = 3

≤ C∥ZN (t)∥|ZN (t)|∥ze∥a +
γ

2
|ZN (t)|2, where a =

{
1, d = 2

3/2, d = 3.

This yields

1

2

d

dt
|ZN (t)|2 +mνk∥ZN (t)∥2 + σ|ZN (t)|2 ≤ mνk

2
∥ZN (t)∥2

+

(
C2∥ze∥2a
2mνk

+
γ

2

)
|ZN (t)|2.
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It results that

d

dt
|ZN (t)|2 ≤ −2

(
σ − C2∥ze∥2a

2mνk
− γ

2

)
|ZN (t)|2, a.e. t > 0.

By consequence,

|ZN (t)|2 ≤ e−2δ1t|Z0|2, a.e. t ≥ 0, for all N ∈ IN∗,

where we take σ large enough, such that δ1 = σ − C2∥ze∥2a
2mνk

− γ
2 > 0.

Passing to the limit with N → ∞, it results that

|Z(t)|2 ≤ e−2δ1t|z0 − ze|2, a.e. t ≥ 0.

Choosing δ ∈ (0, δ1), it follows that limt→∞ |Z(t)|eδt = 0, which concludes
the proof. �

3.1.1 Particular case: Stability on finite dimensional sets
Let (fi)i∈IN∗ ⊂ V be an orthonormate basis of H composed of eigen-

functions of the Stokes operator A. Let (λi)i∈IN∗ be the corresponding
eigenvalues. We have Afi = λifi, i ∈ IN∗.

Let (ϑi)i∈IN∗ ⊂ H1
0 (Ω) be an orthonormate basis of L2(Ω) composed of

eigenfunctions of the operator A1 = −∆. Let (µi)i∈IN∗ be the corresponding
eigenvalues; hence A1ϑi = µiϑi, i ∈ IN∗.

Then E1
i =

(
fi
0

)
∈ VB, i ∈ IN∗ are eigenfunctions for the operator

A, corresponding to the eigenvalues νλi; also, E
2
i =

(
0

ϑi

)
∈ VB, i ∈ IN∗

are eigenfunctions for the operator A, corresponding to the eigenvalues
kµi. The set B=

{
E1

i , E
2
i ; i ∈ IN∗} is an orthonormate basis in HB and

νλi, kµi > 0, with i ∈ IN∗ are all the eigenvalues of A.
Let E1, E2, . . . , Er ∈ B, with r ∈ IN∗ and let K = linspan {Ei; i = 1, r}

⊂ HB. Then the properties (hK), (hP ) are satisfied. Moreover, ∂IK(·) =
K⊥ in the elements of K = ∂K.

Consequently, the stabilization Theorem 3.1 holds. �

3.2. Finite dimensional, compactly supported stabilizing feed-
back controllers

Let

(47) K = linspan {Ei; i = 1, r} ⊂ HB,
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where E1, E2, . . . , Er ∈ B, with r ∈ IN∗ are eigenfunctions for the operator
A.

Rearrange (if necessary) the eigenfunctions of the operator A such that
their sequence, (Ei)i∈IN∗ , has on the first r positions the generators of K.
Then any element W ∈ HB may be written as

W =
∞∑
i=1

WiEi, Wi = (W,Ei) ∈ IR, while PKW =
r∑

i=1

WiEi ∈ K.

Let (χi)i∈IN∗ be the eigenvalues corresponding to the eigenfunctions (Ei)i∈IN∗

We have χi > 0 and AEi = χiEi, i ∈ IN∗.
For the set K, given by (47), the hypotheses (hK) and (hP ) are verified.
Consider the controlled system

(48)


dz

dt
(t) +Az(t) +Bz(t) +Rz(t) = Fe + U(t), t > 0

z(0) = z0,

where z0 ∈ VB, Fe ∈ HB. Let ze ∈ D(A) be a stationary solution of (48),
i.e. ze satisfies (44). We intend to find a feedback controller U supported in
a subdomain of Ω, such that z(t)−ze ∈ K, t ≥ 0 and limt→∞ |z(t)−ze| = 0
exponentially.

Let Z = z − ze. Then problem (48) transforms into
dZ

dt
(t) +AZ(t) +BZ(t) +A0Z(t) +RZ(t) = U(t), t > 0

Z(0) = z0 − ze,

where A0 ∈ L(VB, V
′
B) is defined by relation (13), for ze in (44).

Consider the problem

(49)


dZ

dt
(t) + (A+B +A0 +R)Z(t) + ∂IK(Z(t))

−PmSPKZ(t) ∋ 0, t > 0

Z(0) = z0 − ze,

where the operator P : (L2(Ω))d+1 → HB is given by

P
(
h1
h2

)
=

(
Ph1
h2

)
, for all h1 ∈ (L2(Ω))d, h2 ∈ L2(Ω),
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with P : (L2(Ω))d → H the Leray projector. Given ω ⊂⊂ Ω, with a smooth
boundary, the application

m : (L2(ω))d+1 → (L2(Ω))d+1, (mU)(x) =

{
U(x), x ∈ ω

0, x ∈ Ω \ ω.

extends the functions of the subdomain (L2(ω))d+1 by 0 to the whole space
(L2(Ω))d+1. The operator S : K → (L2(ω))d+1 is a linear continuous oper-
ator.

The following local stability result holds,

Theorem 3.2. Let Ω ⊂ IRd, d = 2, 3 be an open, bounded set, with a
smooth boundary, and let an open subset ω ⊂⊂ Ω, with a smooth boundary.
Let Fe ∈ HB, ze ∈ D(A) satisfying (44) and K defined by (47). Then for
all δ > 0 there exist a linear continuous operator S : K → (L2(ω))d+1 and a
constant ρ > 0 such that if z0− ze ∈ K, with |z0− ze| < ρ, then the problem
(49) has at least one weak solution Z : [0,∞) → VB, having the property
that for all T > 0,

Z ∈ L2(0, T ;VB) ∩ Cw([0, T ];HB) and
dZ

dt
∈

{
L2(0, T ;V ′

B), if d = 2

L4/3(0, T ;V ′
B), if d = 3

;

in addition, Z(t) ∈ K, t ≥ 0 and limt→∞ |Z(t)|eδt = 0. If d = 2, the weak
solution Z is unique.

Proof. Theorem 2.1 implies that, for any linear continuous operator
S : K → (L2(ω))d+1, the problem (49) has for all T > 0 at least a weak

solution Z =

(
Y

Θ

)
(because G = −PmSPK is a composition of linear

continuous operators, hence linear continuous); if d = 2, the solution is
unique. The condition Z(t) ∈ K is verified on the whole existence interval
of Z.

In order to get an operator S which would ensure stability, let us start
from the problem

(50)


dZ

dt
(t) + (A+B +A0 +R)Z(t) + ∂IK(Z(t))− PmŪ(t)∋0, t>0

Z(0) = z0 − ze.
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We multiply equation (50) scalarly with Ei =

(
Ei1

Ei2

)
∈ H × L2(Ω),

i = 1, r and recall that ∂IK(·) = K⊥ in the elements of K = ∂K. Then,

d

dt
(Z(t), Ei) + (Z(t),AEi) + b (Y (t), Y (t), Ei1) + b̄ (Y (t),Θ(t), Ei2)

+ b (Y (t), ye, Ei1) + b (ye, Y (t), Ei1) + b̄ (Y (t), θe, Ei2)(51)

+ b̄ (ye,Θ(t), Ei2)− (γΘ(t)ed, Ei1) = (mŪ(t), Ei).

Denote (Z(t), Ei) = Zi(t), i = 1, r. Then the components of Z(t) are Y (t) =∑r
i=1 Zi(t)Ei1, Θ(t) =

∑r
i=1 Zi(t)Ei2 and we may rewrite (51) as

(52)


Z ′
i(t) + χiZi(t) +

r∑
j,k=1

cijkZj(t)Zk(t) +

r∑
j=1

gijZj(t)

= (mŪ(t), Ei), t > 0, i = 1, r

Zi(0) = Zi
0 = (z0 − ze, Ei),

where

cijk = b (Ej1, Ek1, Ei1) + b̄ (Ej1, Ek2, Ei2) ∈ IR, i, j, k = 1, r;

gij = b (Ej1, ye, Ei1) + b (ye, Ej1, Ei1) + b̄ (Ej1, θe, Ei2)

+ b̄ (ye, Ej2, Ei2)− γ(Ej2ed, Ei1) ∈ IR, i, j = 1, r.

In (52), we have a system of r nonlinear ordinary differential equations with
the unknowns Zi(t), i = 1, r.

From here on the proof follows closely the proof of Theorem 3.3, [6].
Let us resketch it. We will identify the linear space K with IRr by means
of the basis (Ei)i=1,r. We introduce the linear operators L : IRr → IRr and

H : (L2(ω))d+1 → IRr and the quadratic form B : IRr → IRr by:

Lv =

χivi +

r∑
j=1

gijvj


i=1,r

, Bv =

 r∑
j,k=1

cijkvjvk


i=1,r

,

for v = (vi)i=1,r ∈ IRr, while HU =
(
(mU,Ei)

)
i=1,r

, for U ∈ (L2(ω))d+1.

Consequently, the finite dimensional differential system (52) writes in vec-
torial form as

(53)

{
W ′(t) + LW (t) + BW (t) = HŪ(t), t > 0

W (0) =W0,
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where W (t) = (Zi(t))i=1,r ∈ IRr, W0 = (Zi
0)i=1,r ∈ IRr.

We linearize the system (53) in 0,

(54)

{
W ′(t) + LW (t) = HŪ(t), t > 0

W (0) =W0,

and consider the adjoint system,

(55) p′(t)− L∗p(t) = 0, t > 0,

where L∗ is the adjoint of L.
The finite dimensional linear system (54) is exactly controllable if and

only if (see [12]) the following unique continuation property takes place: for
the solution p of the adjoint system (55),

(56) H∗p(t) = 0, t > 0 implies p(t) = 0, t > 0,

where H∗ is the adjoint of H. In other words, if p = (pi)i=1,r, we have to
prove that

r∑
i=1

pi(t)Ei|ω = 0 in (L2(ω))d+1, t > 0

implies p1(t) = p2(t) = . . . = pr(t) = 0, t > 0,

relation that results (see [3]) from the fact that (Ei)i∈IN∗ is an orthonormate
system in (L2(Ω))d+1 ⊃ (L2(ω))d+1. Thus, the linearized system (54) is
controllable, which amounts to say ([12]) that it is completely stabilizable.
Hence for every ξ ∈ IR (and let us fix a ξ > 0) there exist a linear continuous
feedback S : IRr → (L2(ω))d+1 and a constant C1 > 0 such that the operator
norm

(57) ∥e−(L−HS)t∥ ≤ C1e
−ξt, t ≥ 0.

For the controller Ū = SW , the linearized system (54) is asimptotically
stable. The feedback Ū = SW also stabilizes the nonlinear system (53).
Indeed, the solution of the system

(58)

{
W ′(t) + (L −HS)W (t) + BW (t) = 0, t > 0

W (0) =W0,
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is given by the variation of constants formula,

W (t) = e−(L−HS)tW0 −
∫ t

0
e−(L−HS)(t−s)BW (s)ds, t ≥ 0.

We have to prove that W is defined on [0,∞) and that limt→∞ |W (t)| = 0
exponentially. There exists a constant γ0 > 0 such that |Bv| ≤ γ0|v|2, ∀v ∈
IRr (B is a quadratic form); by | · | we have here denoted the euclidian norm
of IRr. This implies, by means of (57), that

|W (t)| ≤ C1e
−ξt|W0|+ C1γ0

∫ t

0
e−ξ(t−s)|W (s)|2ds;

multiplying by eξt and applying Gronwall’s lemma, we get

(59) |W (t)| ≤ C1|W0|e
−ξt+C1γ0

∫ t

0
|W (s)|ds

, t > 0.

Take ρ1 ∈ (0, ξ
C1γ0

) and W0 with |W0| < ρ1
C1

. Assume, without loss

of generality, that ρ1
C1

≤ ρ1 (which amounts to say that C1 ≥ 1). We
prove that |W (t)| < ρ1, ∀t ≥ 0. Suppose that this is false. Because W
is a continuous function, there exists a T1 > 0 such that |W (t)| < ρ1
for t ∈ [0, T1) and |W (T1)| = ρ1. From (59), we get that, for t = T1,
|W (T1)| ≤ C1|W0|e(−ξ+C1γ0ρ1)T1 < ρ1, contradiction. Consequently, W is
defined on [0,∞) and

(60) |W (t)| < ρ1, ∀t ∈ [0,∞).

Relations (59) and (60) imply that

|W (t)| ≤ C1|W0|e(−ξ+C1γ0ρ1)t = C1|W0|e−δ1t, ∀t ≥ 0,

where δ1 = ξ − C1γ0ρ1 > 0. Then limt→∞ |W (t)|eδt = 0 for any δ ∈ (0, δ1).
But δ is arbitrary in (0, ξ), if ρ1 is small enough. Because ξ is also arbitrary,
we obtain that δ is arbitrary in (0,∞).

Hence, for the feedback Ū = SW the solution W of problem (53) is
defined on [0,∞) and limt→∞ |W (t)|eδt = 0. From Z(t) ∈ K, t ≥ 0 it
results that for the controller Ū = SPKZ, the solution Z of problem (50)
is, also, defined on [0,∞) and limt→∞ |Z(t)|eδt = 0. �
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