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1. Introduction

Let T > 0 and Q ¢ R?% d = 2,3, be an open and bounded domain,
with a smooth boundary 9 (of class C? for instance). Let Q = Q x (0,7T),
¥ =09 x (0,T) and consider the controlled Boussinesq system,

W Ay Vg A0 )eat = fo+uo, Q.
%—kA9+y-V9:fo+ﬂo inQ
(1) ot ’ ,
div y =0, n @,
y=0, 6=0, on X,
[y(.0) =30, 6(-,0) = o, in £,

where y = (y1, Y2, - - ., yq) denotes the velocity field, while p and 0 are scalar
functions, representing the scalar pressure and the temperature of the fluid.
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The densities of external forces are fy = (fo1, fo2,- - -, foq) and fo. The con-
stants v, k > 0 are the kinematic viscosity coefficient and the thermic dif-
fusivity, respectively. Also, v = g/6° > 0, where g is the gravitational con-
stant and #° > 0 is a constant reference temperature, while eg = (0,...,0,1)
is the d** unit vector of R?. Finally, ug = (uo1, ug2, - . . , toq) and iy are con-
trols distributed on €.

In this section we recall the functional framework and put the Boussinesq
system in an abstract form. In order to give a stability result we have to
prove first the global existence for the solution of the involved problem.
Because in the case d = 3 the strong solutions are in general only local,
in Section 2 we will give an existence result for weak solutions. Section 3
concerns the exponential feedback stabilization of the Boussinesq equations;
the solution remains in a closed convex set. The first stability result is global
and the control used is distributed on the entire domain. The second result
is a local stability one; the control belongs to a finite dimensional space and
it is distributed on a subdomain; the idea of proof is based on the method of
spectral decomposition, used by BARBU, TRIGGIANI in [3] and by LEFTER
in [8, 9] to obtain local internal stabilization results for Navier-Stokes and
MHD equations, respectively.

The scalar products of L?(2) and (L%(Q))¢ will be denoted by (-, -) and
the corresponding norms, by |- |. The norms of HZ(Q) and (HE(Q2))?
be denoted by || - || = |V - |. Recall the standard spaces (see e.g.[5, 1

)¢ will
0])
H={yec (L*Q)%divy=0in Q,y ngg =0 on 9N},

V = {y e (H}(Q)% div y = 0 in Q}.

Let Hp = H x L?(Q2), Vg =V x H}(Q).

It is known that H and Hp are real Hilbert spaces endowed with L?-type
norms | - |, while V and Vj are real Hilbert spaces endowed with Hg-type
norms || - ||. Denoting by V’ the dual space of V and identifying H with
its own dual, we have V. C H C V' algebraically and topologically, with
compact injections. Also, if V} is the dual space of Vp and if we identify Hp
with its own dual, we have Vg C Hp C V}, algebraically and topologically,
with compact injections. Denote by (-, -) the scalar products of H and Hp
and the pairings between V and V' or between Vg and V}; denote by || - vy,
the norm of V.

Let A € L(V,V'), (Ay,w) = %, Jo, Vi - Vwdz, Yy,w € V be the
Stokes operator (L(X,Y) is the space of linear continuous operators from
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X inY). We have (Ay,y) = ||y||>, Yy € V. Set D(A) = {y € V; Ay € H}
and denote again by A the restriction of A to H.

Let A; € L(HL(Q), H (), Ay = —A. Then (A10,0) = ||0]]?, VO €
HE(Q). We set D(A1) = {0 € H}(Q); A10 € L?(Q)} and we denote again
by A the restriction of A; to L*(Q).

Let A € L(Vp,V}) be defined by

2) = </:;141y9>’ V= <Z> € Vp.

Let D(A) = D(A) x D(A;). The operator A maps D(A) into Hp. Denote
by myx = min{v, k}.

Let b: V xV xV — IR be the trilinear continuous functional defined
by
d ov;
b(y,v,w) = ijglfﬂyiaxjiwjdx, Yy, v,w € V.
Denoting by ||-||s the norm of the Sobolev space (H*(£2))?, the functional
b satisfies (see e.g. [5, 10])
(3) b(y7w7w) = 07 b(yavaw) = _b(y7w7v)a V.%U,w S ‘/a
S S N |
4) by, v,w)| < Colyl2|lyllz|v]z|lo]| 2 [Jw]], Vy,v,w eV (for d = 2),
5) 1oy, v,0)| < Corllyllolsrwl, Yy,w € Vo € D(A) (for d =2)

(where 7 € (0,1); of course, Cy, depends on 7),

6)  [byv.w)| < Cyllylllvlslwl, Wy, w € Vv € D(A) (for d = 3),
(T [byv,w)] < Colyl Iyl [ellllw], Yy, v,w € V (for d = 3),
(8)  [byv.w)| < Cyllylllollw]2]jew] /2, ¥y, v,w € V (for d = 3).

Let b:V x H}(2) x H}(Q) — R be the trilinear continuous functional
defined by

d
b(y,0,0) = Z/Qyigjédw, VyeV,Vo,0cHH (.
i=1 ¢

The application b verifies relations analogous to (3)-(8).
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In the rest of the paper, we will denote by Cj, the positive constants
arising in estimations of b or b of the type (4)-(8). Other various positive
constants will be simply denoted by the symbol C.

Let B : Vg — V}, be defined by

©)  (Bz2) = bly,y,3) + by, 6,8), ¥ = = (g) so (’Z) € Vi.

Let us introduce R € L(Hp, Hg) by

(10) Rz = (P (geed)>, V= <Z> € Hp

(P : (L?(Q))* — H is the Leray projection). Using the notations (2), (9),
(10) and denoting also by

o e (), e ). ()0 (),

the equations (1) rewrite

d
12) d—j(t) + Ax(t) + B2(t) + Re(t) = F(t) + U(t), te(0,T)
z(0) = zp.
Let 2z, = <Z€) € D(A) be fixed and define the linear continuous opera-
tor ‘
-/40 : VB — Vé? (AO«% 2) = b(y’ye,g) + b(y&yag)
(13) + b(y, 0e, 0) + b(ye, 0,0), Yz = (Z), Z= <g> € Vg.

Hence Ay maps D(A) into Hp.

In order to be useful for the stability of the Boussinesq equations, an
existence result must be stated for a slightly more complicated system, such
as:

%(t) +(A+B+Ag+R+G)z(t) + ®(2(t)) > F(t), t € (0,T)

z(0) = 2o,

(14)



) ON THE FEEDBACK STABILIZATION OF BOUSSINESQ EQUATIONS 289

where G : Hgp — Hp is a linear continuous operator (of norm M) and
® C Hp x Hp is a maximal monotone operator. The term G + ® usually
arises as a nonlinear feedback controller.

In the sequel, the symbol — will be used to denote the convergence in
the weak topology, while the strong convergence will be indicated by —.

2. An existence result for weak solutions

2.1. An auxiliary proposition
Let us state first a proposition which will be used in the proof of the
existence theorem for weak solutions.
Following the idea in [2], we introduce, for N € IN*, the truncated
operator

Bz, if ||| < N
BN:VB%V,,BNZ: N 2
B <) Bz, if|z|| > N.

1]

Let @) : Hg — Hp, ®y = 3[I — (I + A®)7!], A > 0, be the Yosida
approximation of the maximal monotone operator ® (I : Hgp — Hp is the
identity application).

Proposition 2.1. Let N € IN* be fized. Assume that ® C Hp x Hp
is a mazimal monotone operator, with 0 € D(®), and that there exist two
constants ag > 0, o € (0,1) such that

(15)  (Ah,®x(h)) > —ag(1 + ||h]*) — a|®r(h)|?, YA > 0,Vh € D(A).

Let G € L(Hp,Hp), zo € D(A) N D(®) and F € WHY(0,T; Hg). Then
for all A > 0 there exists an unique strong solution zf{, € W0, T; Hg) N
L>(0,T; D(A)) N C([0,T]; VB) for the problem

d A
%(t) + AZN () + By () + Aoz () + Ry (t)

(16) HGA(E) + Br(2A () = F(b), ae. te(0,T)
273 (0) = 20.

Moreover, z])\‘, 1s right differentiable, %z])\‘,(t) is right continuous and

d+
Ezﬁv(t) + Az (t) + By (t) + Agzn (t) + R (t)

(17) + Gan(t) + Pa(2n(t) = F(t), Vt € [0,T).
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Proof. The operator Ty = A+By+Ag+R+an! is maximal monotone
in Hg x Hp, for a positive constant oy large enough, (see [7]), the Yosida
approximation @, is demicontinuous monotone, while the linear continuous
operator G : Hg — Hp is obviously hemicontinuous and bounded in Hpg.
Hence ([1, 4]) Ty +P)+G is maximal monotone in Hpg x Hg. By [1], Thms.
1.4, 1.6, p. 214-216, (16) has a unique solution Z]){, € Whe(0,T; Hg) veri-
fying relation (17). From G € L(Hp, Hp), we also get Gz € L>(0,T; Hp)
and consequently (A + By + Ag + R)zx + @a(23) = F — d;?\’ -Gz €
L>(0,T; Hg). From here, the proof of Proposition 2.1 follows the one of
Proposition 3.4 in [7]. O

2.2. Weak solutions

Let K be a set satisfying the hypotheses
(hk) K C Hp is closed and convex, 0 € K and

(18) (I +XA)YK)C K, VA >0.
Introduce the indicator function of the set K,

0, for he K

Ix : Hg — Hp, Ix(h) =
KB 5, Ix(h) {—l—oo, for h € K,

whose subdifferential is

0, h¢ K
oIk (h) = < {0}, h € int K
Ng(h) ={z € Hp;(2,h—h') >0, VW € K}, hec oK

(Ng(h) is the normal cone at K in h). Then D(0Ix) = K and 0€D(dIk).
The Yosida approximation of I is

1
A
where Pg : Hgp — K is the orthogonal projection operator on K and

Qx = I — Pg. We recall that (0l )y coincides with the Fréchet derivative
of the regularisation of I,

1
(8IK),\(h) (h — PKh) = XQKh’ Vh € Hg, VA > 0,

1 1
Ix)n(h) = —|h — Ph|?> = —|Qxh|?, A h e Hg.
(I )A(h) 2)\l whl 2)\lQKI, >0, he Hp
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Definition 2.1. Let zp € Hg and F € L?(0,T;V}). By a weak solution
for the perturbed Boussinesq equations

(19) dizit) + (A+ B+ Ao + R+ G)2(t) + 0l (2(1)) 3 F (1), 1€(0, T)

2(0) = 2o

we mean a function

d
z = <Z> (S L2(07T7 VB) N Cw([O,T],HB), with dii S LllOC(O’T; Vé)’

for which there exists a selection 7 € L?(0,T; V%), n(t) € 0lk(2(t)), a.e.
t € (0,T), such that

+B(y(t)7 H(t)’ U2) + b(y(t)’ Ye, Ul) + b(ye) y(t) 1) + E(y(t)’ ‘9@, U2)
(20) § +b(ye, 0(t), v2) — v(0(t)ea, v1) + (Gz(t),v) + (n(t), v)

= (F(t),v), ae. t € (0,T), Yv= (Z;) €Vp

<Z(t), U) +v(y(t), vi)v + k(O(t), v2) g1y + 0y (1), y(t), v1)

2(0) = 2o.

\

By (-, )v, ("')Hé(Q) we have denoted the scalar products in V and
HE(9), respectively.

The space Cy([0,T]; Hg) is a subspace of L*(0,T; Hp) consisting of
weakly continuous functions; in particular the initial condition in (20) is
taken in this sense.

The existence of the weak solutions is ensured by the following theorem,

Theorem 2.1. Let T > 0 and let @ ¢ RY, d = 2,3, be an open,
bounded set, with a smooth boundary and let K C Hp satisfy conditions
(hk). Suppose, in addition, that

(hp) if d =2 then there exists a constant T € (0,1) such that Pk takes
the bounded sets of Hp in bounded sets in (H'T7())3 and
if d = 3 then Pk takes the bounded sets of Hg in bounded sets
in (H3/2(Q))*.
Let G € L(Hp,Hp). Let 20 € K and F € L*(0,T; Hg). Then problem (19)
admits at least a weak solution z € L*(0,T;Vg) N Cyw([0,T]; Hg). More-
over, % € L*0,T;VE) ford = 2, fl—i € LY3(0,T;V}) ford = 3, and
z(t) e K, t € [0,T). If d =2 the weak solution is unique.
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Proof. Because the Yosida approximation of dIx has a more convenient

form, let us analyze first an approximate problem, involving By, (0Ix)1,
. J
with NV, j € IN* and having more regular initial data z{, F;. Here (0Ix)1 =
J
JjQr is the Yosida approximation (0 )y for A = 1/j; the sequence 1/5 \ 0.
Passing to the limit, first with j, then with IV, we will get a weak solution
for problem (19).
————H

Let 20 € K = D(A)NK " and F € L*(0,T; Hp). There exist two
sequences (2})jen+ C D(A) N K, (F})jen= C WH(0,T; Hp), such that
2} — 20 in Hp and F; — F in L*(0,T; Hp).

Recalling (18) and applying [4], Prop. 4.5, p. 131 for the single valued

maximal monotone operator A C Hg x Hg, with D(A) ° = Hp, we obtain
(21) (Ah, (0Ik)x(h)) >0, Vh € D(A), VA > 0.

Assume that j, N € IN* are fixed. From Proposition 2.1 it results that
the problem

dz{jt(t) + A2 (1) + By 2l () + Aozl (1) + R2%4 (1)
(22) +G2 (1) + (8IK)%(sz(t)) = Fj(t), ae te(0,T)
23.(0) = 2]

admits an unique solution

, j
. (‘Zﬁ) € W0, T Hy) 1 L(0, T D(A) 1 C((0.T]: Vi),

Let us first multiply equation (22) scalarly by zf\,(t) and integrate it on

(0,t). Taking into account that the operator (0Ix )1 is monotone and then
J

applying (3), (4) for d = 2 and (6) for d = 3, we get

1 to to 1 t .

sl [k Psek [ @Pas<g iR+ [ F. o)

t . .
- [(@=hte) Aoas+ |

t_ A 1 t )
- [ B0 B s < 152 + [ 1F @) s

(R )eas s () o= [ B ()i ()

t t
. | |
+(M+3) [ 1A+ Co [ Al (<) ds
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/ A ()12 [k ()1 2104 () 2 [0 () 1 0c s, d =2

S et e tsyas, a=3

1
< Sl + /|F |ds+<M+>/|J )2ds

+ c/ 12 (5) ||| zellall 22 (5)||ds, where a =1 if d =2 and a = 3/2 if d = 3.
0

_l’_

Hence,
Lo L e 1o L[ 2
SO +mun [ 14 (0)lPds < IR+ 5 [ IF(s)Pds
0 0

t moe [t
¢ [ kol + T2t [ s)Pds
0 0

which yields

‘ t . T ¢
) + mu / 1, (5)\Pds < |4 + / |F(s)|2ds + C / 12, () 2ds.
0 0 0

By Gronwall’s inequality,

. t .
23) | (0 + mu /0 124, (5) | 2ds
< C (IF 122075110 12[2) < C. e t € (0.7,

where C' does not depend on NV, j.
Let us now multiply (22) scalarly by (0Ix)1(z N(t)) V(Ikg)i(z N(t))
J J

Recalling (21), after integrating on (0,t) we obtain that

(Ir)y (A O) = (1)1 () + [ By, 01) (hs))is

1
J J

t

+ [ (Ao (s). 0110 (s + [ (Re(). 0] ()i
@)+ [ Gt 010,
- [ 010)

0

(=4 (5)))ds + / OTk): (e (s) P

S

(2 (5)))ds.

1
J
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But (Ix)1(h) = (5/2)lh — Pxh? = (§/2)|Qxh|*, Vh € Hp, ¥j € IN*,
particularly, (Ix)1 (zé) = 0 because zg € K. Using also the relation
J
(0Ik)1 = jQk and dividing by j in relation (24), we get
J

SQu (P + / Qi (5)[2ds = /0 (F3(s), Quc 2y (3))ds

@)~ [ (O QuAe)ds— [ RA().Quesho)s
= [ Behs). Qe (e)ds = [ (Aosh (o), Quh ().
0 0
But . 3 . '
(F3(s), Queak(9)) < S ) + {51Qnc ok (5)P
and

(G5h(5): Quesh(5) < MIA @)1 Quesh (9] < -1 ()P 1 QnA ()P

Let us denote by [QKng(s)]l € H, [QKZ‘;V(S)]Q € L*(Q) the components of
Qkz)(s) € Hg. We have

— (R} (5), Qh (9)) = 7 (0 (s)ea, |24 (s)] )
) : 2 i )
<A @Queh ()] < TR + QA G,
Denote also by [PKng(S)]l € H, [PKng(S)]z € L?*(Q) the components of
j j J(g) = oI (g) = yn(s)
Przy(s) € K € Hp. From Pray(s) + Qray(s) = zy(s) = | ,
(s

O (s)

we obviously obtain that yN( ) = [PKz?V(s)]l + [QKZ )1 and ¢ V(s) =

[Prez (s)]2 + [Qr v (5)]a-
Using (3), (5), (6) and the hypothesis (hp), we infer

|(Bn 24 (5), QKzN(s))\ < ] ( N (5) ik (5). [QKZ?V( )L)‘
+ ‘[} <yN( ), 0 |:QKZN ]2)‘ ( {PKZN )} [QKZ{V( )L)‘
s e, [orsia | < i s,

a
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|laxk@] | +[[[Pesia], | |[@xst ] )
‘2

< Cll o) [Pash()] Qe )] < SIA G + 4 x|

where a = 3/2if d =3 and a = 1+ 7, with 7 € (0,1) given by (hp), if d =2
(7 being fixed, we have renoted Cy, = C} in (5)). C' is a positive constant
independent of j, N.

Analogously, we get

)], [Qxh()],) < Gullvk (9)l (||y la ([Qm( 9] |
e ||@xh@)] )+ el ([[[Pesica)] | [[@xsito] |
|| [Pr@)] |, ||@xh@)],]) < Clehs) el |@ucio(s)]

(5)

)|+ SR+

et Jaschin] < 2 s

(a has the same meaning as in the estimation of |(Bnz}(s), Qk 2 (5))])-
Then relation (25) becomes

1 . ‘ t . : t .
Sk + 5 / 1Qry(s)|2ds < 2 / Q= (s)Pds

/|F )2ds + M) M2+” /\ 2ds+/ 120 ()]s
j/ds< /IQ K2l (s) 2ds, (by (23).

By consequence,

1 X . t ) C
2100F +2 [ 1Quesh(s)Pds < .
0 J
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Dropping the term (1/2)\QKng(t)]2 > 0 and multiplying by j, we infer

(26) /0 \(8IK)%(Z§V(S))|2ds <C, aete(0,T),

where C is a positive constant independent of j, V.
Relation (23) also implies

t . t
(27) /0 G2 (s)2ds < M2/0 12 (5)[2ds < C, ae t € (0,T),

t . t
(28) /0 R, (5)2ds < 42 /0 2 (s)2ds < C, ae. t € (0,T),

where C is a positive constant independent of j, V.
For d = 2, using (3), (4) and (23), we obtain

IBn 24 (t)llvy, < ClaA Ol @] < Cllzd (1), hence

T .
(29) /O HBszv(t)H%/édt <C,ifd=2.

If d =3, from (7) and (23), it results that

IBn2 (D), < Cla O 220112 < Cll (]2, so

T .
30 By (®)[Y2dt < ©, if d = 3.
N V.
0 B

From (26)-(30) and from the continuity of the operators A, 4y : Vg —
V[ we get

T dzj
(31) / Nl dt<c ford—2
o @,
B
T dz] 4/3
(32) / LNl dt<c ford=3
o | Y
VB
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On a subsequence, renoted (zfv) j» we obtain for j — oo,
2}y — 2y in L2(0,T; V),
Azfv — Azy and Aozfv — Apzy in L(0,T;V3),
gz{\, — Gzy and Rz{v — Rzy in LQ(O,T; Hp),
dzly  dew {L2(0,T;V]’3), if d =2
dt dt LA3(0,T; V), ifd=3,
L*(0,T; V), if d=2

Byl — in
NEy N {L4/3(0,T;Vé), if d =3,

(33) (8IK)%(2N) — gy in L*(0,T; Hp).

In order to prove that Sy = Byzy and ny € 9lx(zn), we use that for
a positive constant Cy (depending on N, which is fixed as we pass to the
limit with j) large enough, By satisfies the inequality (see [11], (2.6) p
491)

v k
|(Byw = Byv,w —v)| < lwr ~ vi]* + 5 llw2 = v2||* + Cnlw — of,

YV = <“’1> € Vg, Yo = <”1> € Vg
wo V2

and we get that, for j, k € IN*,

31 H )~ RO + ) —sh I+ 510() — o5 I
< Cnl24,(5) — )P + 1G(A(5) — K (5, () = ()
IR (s (5) 2 (5)), 22 ()= (DB (5) — (), e i (5) o
1B ()~ (5). O, O () — 08, (5)) 5 (s) — Bh(s)] () — 24
< () — e (5) el (5) — o)
[y (3) = K (8) 2wk () = wk (112104 (s) = OR (5)]2
+G | 10 () — O (s) B 0], d =2
I(6) = 1 5 = 1y =3
+ 315 (3) = Fu()? 4 Cl(s) — () < 3 1Fs(s) — Fu(s)?

+ Ol (5) — 2K ()2 + Ol (5) — 2k (s >|||zN< s) — 2K ()| 2ellas

(s))]
(s)]
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where a =1 if d = 2 and a = 3/2 if d = 3. This implies

1d 1

S sy =k (s) 2w Tk -
5ol () = () + ;

5 2 (s) = 2N )I® < SIF5(s) = Fuls)?

j myk j
+ Oz (s) — 2x(s)* + 1 [BROEEAOI
which is
d myk

Zslan(s) = () + ==z (s) = 2R ()P < [Fy(s) = Fils)[?
+ Clajy(s) = 2k ().
After integrating on (0,¢) and applying the Gronwall lemma, we get

t
(0 = RO + T [ 1) - o) 1Pas

, T
< C’<\zé — 22 —i—/ |Fj(s) — Fk(s)\2d5>, for all j,k € IN*.
0
Hence, for j — oo,
(34) 2y — 2y in L2(0,T; V) N C([0,T); Hp).
Taking into account that
[Br2k(s) — Byan(3)llvy < Cllzk(s) — zn ()] + Iz ()],

relation (34) leads to BNng — Byzy in LY(0, T3 V}).

On the other side, from (33), (34) and the maximal monotony of 0k
we obtain ny(t) € Ik (2n(t)), a.e. t € (0,T).

By consequence, the problem

dzgt(t) + Azn(t) + Byan(t) + Aozn (t) + Ran(t)
(35) +Gan(t) + Ik (2n(t) 3 F(t), ae. te(0,T)
Zn(0) = 2o

admits, for every N € IN*, a solution

2y € L*(0,T; V) N C([0,T]; Hg), with
dzy L*0,T;VE), ifd=2
TR BNZN )
dt LY3(0,T;V}), ifd=3
Rzn,Gzn,ny € L*(0,T; Hg), where
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nN(t):F(t)—djéV (t)—(A+Bn+A)+R+G)zn(t)€0Ik (2N (1)), ae. t € (0,T).
Moreover, zy satisfies the estimates

¢
(36) |zn(t)? —l—m,,k/ |zn (s)||?ds < C, a.e. t € (0,T),
0

t t t
(37) / I () 2ds+ / Reen(s)2ds+ / Gan(s)ds < C, ae. t€(0,T),
0 0 0

T d 2

69 [ (IBvenl, + || Ja<c ita=,
0 BTy,
T d 4/3

) [ (Imxevon + || ) a<cita=s,

where C' is a positive constant, independent of N. Then, on a subsequence
renoted (zy)n, we obtain for N — oo that

(40) 2y — z in L*(0,T; V), 2y — z weakly * in L>(0,T; Hp),

Azy — Az and Agzy — Agz in L*(0,T; V}),
Rzy — Rz and Gzy — Gz in L*(0,T; Hp),
dzy  dz . | L*(0,T;V}), ifd=2
a4 ™ {L4/3(O,T; Vh), ifd=3,
L%(0,T; V), ifd=2
LY30,T; V), ifd=3,
ny — nin L*(0,T; Hp).

BNZN—\ﬁin {

From (40), (41) and the compactness theorem of Aubin it follows that
(42) zn — zin L?(0,T; Hp).

The properties of 0l ensure that n(t) € dIx(z(t)), a.e. t € (0,7). In
order to prove that B(t) = Bz(t), a.e. t € (0,T), consider Ex = {t €
[0,T7; lzn(t)]] < N}. Clearly, Byzy = Bzy in Ey and the Lebesgue
measure m([0,T] \ Ex) = m({t € [0,T];||zn(t)|| > N}) < % Let ¢ =

(Zl) € L>(0,T;Vg), where Vg = {¢ € (C§5°(2))%; div¢ = 0} x C§°(Q); Vg
2
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is dense in V. Using (7) and (3) coupled with (8), we obtain
[ 1yentt) - B0, v
</ bt (6) = yl6)syr(®): r ()t + by ),y (®) = (0,0 (0)) e
+ [ [Plan () = (0 On (2) 00+ [By(0): O (1) = ), (el
/) T\ENMBNZN( ) b)) + |(Ba(e), w(t))ar
<cb{ / [y (8) = y Ol () =y g (0] + Iy (@] 11 (1) e
/ un (8) — g1y () — y(®)12 105 (1) | 2 (0)l|dt
/ lyt) 6 (2) — 6(t) 20 (1) - <>u1/2||¢2<t>||dt}
+C /[0 . [nwl( ) (o Ol O + [y 2y @)12)
I ()] (ryN< OI2lyn @12 10x 0] + [y 2y 0] | at
<c / 2w (t) = 2O lan (t) = 2172 Dl @l + 1@ o) e

+C ol (\zN<t>\1/2HzN<t>HS/2 IO ()2)
[OvT]\EN

T 1/4
< Ollll ooz (/O an () |dt> (/ lon(t) — =(t ||2dt)

| UOT O =0 dt] N + CllYll Lo 017vp) [ </o ||ZN(t)H2dt>3/4

3/4 ) 1/4
. (/[O,T]\EN 2 (1) dt) (/ 12l dt) (/[O,T]\EN 12(2)] dt) ]

Recalling (40), we obtain that

1/4

T
/0 (Brew(t) — Ba(t), (1))t
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T 1/4 )
< CllWll Lo o,1;vp) [(/0 lzn(t) — z(t)|2dt) + 7%

and by (42),

T
— 00 0

Then ((t) = Bz(t), a.e. t € (0,7), which concludes the existence part of
Theorem 2.1.

If d = 2, the solution is unique. Indeed, if problem (19) has had two
solutions z; = <‘Zl), z9 = <‘Z2), from the monotony of 0lx and the

1 2

properties of b and b it would follow that

< =b(y1(t) — y2(t), y1(t), ya(t) — y2(t))
— b(y1(t) — y2(t), 01(t), 01(t) — Oa(t)) — b(y1(t) — y2(t), Ye, Y1 (t) — ya(t))
—b(y1(t) — y2(t), 0c, 01(t) — O2(t)) — (R(21(1) — 22(1)), 21(t) — 22(1))

)

1
— (G(a1(t) = 22(), 51 (1) = 22(8)) < Clar(t) — 22|21 (8) — 2221 ()]
+ Claa(t) = () 121(8) = 22Ol zell + (5 + M) |2 (t) = z2(0)

<C (HZ1(t)||2 + 1) |z1(t) — ZQ(t)|2 + 5 (t) — zg(t)|]2.
L1211 = 22 < C (@I +1) 21(8) = 2a(8)
Hence, < dt - and Gron-
(Zl — 2’2)(0) = 0
wall’s lemma gives z; = 2». O

3. Feedback stabilization

3.1. Stability on closed convex sets

Let us consider the controlled system

) {Z(t) + A(t) + B2(t) + R2(t) = Fo + U(t), >0
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[yt ~ (o (Ve
where z(t) = <9(t)> and zp = <90> € Vg, F, € Hg. Let z, = <06> €

D(A) be a steady state solution for (43), i.e. z. satisfies
(44) Az + Bz, + Rz, = F.

Let K C Hp fullfill conditions (hx), Section 2.2. The interest is in finding

a feedback controller U such that z(t) — z. € K, Vt > 0 and limy;_, |2(t) —

ze| = 0 exponentially.
Weset Z =2— 2z, = (y_ye

9_0 > Then the problem (43) transforms into
— Ve

%(t) ©AZ(#) + BZ() + AoZ(t) + RZ(E) = U(t), >0

Z(0) = zp — ze,

where the operator Ay € L(Vp,V}) is defined by relation (13), for z. in
(44).
The following global stability result takes place,

Theorem 3.1. Let Q c R?, d = 2,3, be an open, bounded set, with a
smooth boundary. Let F, € Hp, and let z. € D(A) be a solution to (44).
Let K satisfy the hypothesis (hg). Assume that zg — ze € K and that Pk
verifies relation (hp), page 291. Then, for o > 0 large enough, the problem

(15) %(t) +(A+B+ A +R)Z(t) +0Ik(Z(t)) + 0 Z(t) 30, >0

Z(O) = Z(] =20 — Re,

has at least a weak solution Z € L*(0,T;Vg) N Cyw([0,T]; Hp), with

dZ _ | L*(0,T;V} if d =2
— 4(,’ V5), Zf , for all T > 0.

dt LY3(0,T5 V), ifd=3

In addition, Z(t) € K, t > 0 and there exists 6 = 6(o) > 0 such that
limy o0 |Z(t)]€% = 0. If d = 2, the weak solution Z is unique.

Proof. Let, for the moment, o > 0 be any fixed constant; the exact
interval in which o takes values in order to accomplish stability will be
precised later. We apply Theorem 2.1 with Zy = 25 — 2z, F' = 0 and
G € L(Hp,Hp), G = ol. Then problem (45) has for any 7' > 0 at least one
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weak solution Z from the demanded spaces, and Z(t) € K, t € [0,T). In
the bidimensional case the solution is unique.

For proving the exponential stability, we consider first the approximative
problem

dz
(46) d—tN(t) + (A+ By + Ao+ R+ al)Zn(t) + 0Ix(ZN(t))20, >0

Zn(0) = Zo = 20 — Ze,

with N € IN*, which admits for any 7" > 0 a solution (see the proof of
Theorem 2.1)

Y
N = <®N> € L*(0,T;Vs)nC([0,T]; Hp),
N

dZn L*(0,T;V}), ifd=2
dt LY3(0,T;V}), ifd=3

Moreover, on a subsequence, renoted (Zy )y, we have Zy — Z in
L?(0,T;Vg), Zy — Z weakly * in L>(0,T; Hg), Zy — Z in L*(0,T; Hp),
Z being a weak solution for problem (45).

Let us multiply scalarly equation (46) by Zxy(t) and use (3), (4), (6) and
the fact that 0l is a monotone operator, with 0 € Ik (0) (0 € K). We
obtain

1d
2dt
= b(Yn (1), ye, Y (1)) — b(Yn (£), O, On (1)) < %|ZN(t)|2 + Gyl Y (1)

Zn@OF + vIYn 07 + EllOon ()1 + ol Zn (t)]* < v(On(t)ed, Yn(t)

Yn@)2 | Yn (@) [On ()2 |On@)]2[0e], d=2
Y@l + 0, d VORI | 1716, | -
YN (6)][[©8 (£)[16e 1325 d=3

1, d=2

< ClZn )1 Zx )] ]1zella + g\ZN@)P, where a = {3 PRI

This yields
1d
2 dt
C?||ze||?
+ (” la ;) |Zn (8.

2myg

m
Zy (O + mul Zy(0)]]° + ol Zn () < =1 Zx (0]
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It results that

2 2
%|ZN(75)‘2 < -2 <O’ _ c HZeHa . g

=) 1Zn (), ae. t > 0.
el 1) 12y (0, e £

By consequence,

1Zn())? < 214 752, ae. t >0, for all N € IN*,

2 2
where we take o large enough, such that §; = o — %zek‘l“

Passing to the limit with N — oo, it results that

_ 2
1>0.

1Z(t)|? < e 21|z — 2|2, ae. t > 0.

Choosing 6§ € (0,6;), it follows that lim; o |Z(t)]e® = 0, which concludes
the proof. O

3.1.1 Particular case: Stability on finite dimensional sets

Let (fi)iem= C V be an orthonormate basis of H composed of eigen-
functions of the Stokes operator A. Let (\;);ew+ be the corresponding
eigenvalues. We have Af; = \;f;, i € IN*.

Let (¥;)ienv+ C Hg(Q2) be an orthonormate basis of L?(£2) composed of
eigenfunctions of the operator A1 = —A. Let (u;);env+ be the corresponding
eigenvalues; hence A19; = u;9;, i € IN*.

Then EZ1 = <]3> € Vg, i € IN* are eigenfunctions for the operator

0
A, corresponding to the eigenvalues v);; also, EZ2 = (19) € Vg, i € N*
i

are eigenfunctions for the operator A, corresponding to the eigenvalues
kui. The set B= {E}, E?; i € N*} is an orthonormate basis in Hp and
vi, ku; >0, with ¢ € IN* are all the eigenvalues of A.

Let Ey1, Fs,...,E, € B, with r € IN* and let K = linspan {FE;; i = 1,r}
C Hp. Then the properties (hg), (hp) are satisfied. Moreover, Ik () =
K™ in the elements of K = 0K.

Consequently, the stabilization Theorem 3.1 holds. ]

3.2. Finite dimensional, compactly supported stabilizing feed-
back controllers

Let

(47) K = linspan {E;; i =1,r} C Hp,
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where F1, Fo, ..., E. € B, with r € IN* are eigenfunctions for the operator
A.

Rearrange (if necessary) the eigenfunctions of the operator A such that
their sequence, (E;);ew+, has on the first r positions the generators of K.
Then any element W € Hp may be written as

W =Y W;E;, W;=(W,E;) € R, while PxW => W;E; € K.
=1 =1

Let (x;);ew+ be the eigenvalues corresponding to the eigenfunctions (E;);en+
We have y; > 0 and AE; = x; F;, i € IN*.
For the set K, given by (47), the hypotheses (hx) and (hp) are verified.
Consider the controlled system

" 9 0) + Ac(t) + B2(t) + R=(t) = B+ U(), 150
2(0) = 2o,

where zg € Vi, F, € Hp. Let z. € D(A) be a stationary solution of (48),
i.e. z, satisfies (44). We intend to find a feedback controller U supported in
a subdomain of €2, such that z(t) —z. € K, t > 0 and limy_, |2(t) —2¢| =0
exponentially.

Let Z = z — z.. Then problem (48) transforms into

W)+ AZ(1) + BZ() + AZ(0) + RZ(1) = U(1), 1> 0
Z(0) = zp — z,

where Ay € L(Vp, V}) is defined by relation (13), for z, in (44).
Consider the problem

%(t) +(A+B+Ag+R)Z(t) + 0k (Z(t))
(49) —~PmSPxZ(t) 3 0, t>0
Z(0) = zp — ze,

where the operator P : (L?(Q))%*! — Hp is given by

p<h1> - (Ph1>,for all hy € (L*(Q))%, ha € L*(),
hQ h2



306 ADRIANA-IOANA LEFTER 22

with P : (L?(2))? — H the Leray projector. Given w CC Q, with a smooth
boundary, the application

m (P = (@)™, () () = {U“)’ e
0, r€Q\w.
extends the functions of the subdomain (L?(w))¥*! by 0 to the whole space
(L%(Q))%*1. The operator S : K — (L?(w))?*! is a linear continuous oper-
ator.
The following local stability result holds,

Theorem 3.2. Let Q@ ¢ R, d = 2,3 be an open, bounded set, with a
smooth boundary, and let an open subset w CC 2, with a smooth boundary.
Let F, € Hp, z. € D(A) satisfying (44) and K defined by (47). Then for
all § > 0 there exist a linear continuous operator S : K — (L*(w))?*! and a
constant p > 0 such that if zg — z. € K, with |z — z¢| < p, then the problem
(49) has at least one weak solution Z : [0,00) — Vg, having the property
that for all T > 0,

dZ | L*(0,T;V}) ifd =2
Z e L*0,T;Vg) N Cyw([0,T]; H d— € o Bh :
( B) ([ ] B) an dt {L4/3(0,T; Vé), ifd=3

in addition, Z(t) € K, t > 0 and limy_,o |Z(t)[e® = 0. If d = 2, the weak
solution Z is unique.

Proof. Theorem 2.1 implies that, for any linear continuous operator
S : K — (L*(w))%*!, the problem (49) has for all T > 0 at least a weak

)

continuous operators, hence linear continuous); if d = 2, the solution is
unique. The condition Z(t) € K is verified on the whole existence interval
of Z.

In order to get an operator S which would ensure stability, let us start
from the problem

Y
solution Z = > (because G = —PmSPyg is a composition of linear

(50) Z—f(t) + (A+ B+ Ao+ R)Z(t) + 0Ix (Z(t)) — PmU(t)>0,t>0

Z(0) = zp — ze.
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E;
We multiply equation (50) scalarly with E; = <E 1) € H x L*(Q),
i2

i = 1,7 and recall that Ok (-) = K+ in the elements of K = K. Then,

%(Z(t)v Ei) + (Z(t), AE) +b(Y (1), Y (1), Ein) + b (Y (1), O(t), Ei)
( +b(Ye, Y (1), Ei1) + b (Y (), bc, Ei2)

(51) +b( t)7y67 zl)

+b(ye, O(t), Eiz) — (v0(t)eq, Ein) = (mU (1), E;).
Denote (Z(t), E;) = Z;(t), i = 1,r. Then the components of Z(t) are Y (t) =
Yoil1 Zi(t)Eir, ©(t) = > Zi(t)Ei» and we may rewrite (51) as

Z@,( +Xz z Z zng +ng

=(m ( ) i), t>0, 1= 1,7‘
Zi(0) = Z8 = (20 — 2e, E),

(52)

where

cijk = b(Ej1, Ex1, Ea) + b(Ej1, B, Ei) € R, 4,5,k =1,
gm—b( 15 Yes zl)+b(yea j17 )+b( j17067E22)
+ b (Ye, Ej2, Ei2) — v(Ejoeq, En) € R, 0,5 =1,7.

In (52), we have a system of r nonlinear ordinary differential equations with
the unknowns Z;(t), i = 1,r.

From here on the proof follows closely the proof of Theorem 3.3, [6].
Let us resketch it. We will identify the linear space K with IR" by means
of the basis (E;);_17. We introduce the linear operators £ : R" — IR" and

H : (L?(w))4*! — IR" and the quadratic form B : R" — IR" by:

r T
Lv=| xv; + Zgijvj , Bv= Z CijkUj Uk )
j=1 i=1,r k=1 i=1,r
for v = (v;),_15 € R", while HU = ((mU, E})),_1=, for U € (L*(w))*.

Consequently, the finite dimensional differential system (52) writes in vec-
torial form as

(53) {W’“) +LW(t) +BW(t) = HU(t), t >0

W(0) = Wo,
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where W (t) = (Zi(t))i:ﬁ eR", Wy = (Zé)izﬁ eR".
We linearize the system (53) in 0,
(54) W'(t) + LW (t) = HU(t), t >0
W(0) = Wy,
and consider the adjoint system,
(55) p(t) = L7p(t) =0, t >0,

where £* is the adjoint of L.

The finite dimensional linear system (54) is exactly controllable if and
only if (see [12]) the following unique continuation property takes place: for
the solution p of the adjoint system (55),

(56) H*p(t) =0, t > 0 implies p(t) =0, ¢t > 0,

where H* is the adjoint of H. In other words, if p = (p;) we have to

prove that

i=1,r

> pi®)Ey, =0in (L*(w))™,t>0
=1
implies p1(t) = pa(t) = ... =p(t) =0, t >0,

relation that results (see [3]) from the fact that (E;);en+ is an orthonormate
system in (L%(Q))4T! O (L?(w))™!. Thus, the linearized system (54) is
controllable, which amounts to say ([12]) that it is completely stabilizable.
Hence for every ¢ € IR (and let us fix a £ > 0) there exist a linear continuous
feedback S : R™ — (L?(w))®*! and a constant C; > 0 such that the operator
norm

(57) e~ (E=H | < Cre &, t > 0.

For the controller U = SW, the linearized system (54) is asimptotically
stable. The feedback U = SW also stabilizes the nonlinear system (53).
Indeed, the solution of the system

(58) {W/(t) +(L-HS)W(t) +BW(t) =0, t >0

W(0) = Wo,
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is given by the variation of constants formula,

t

W(t) = e~ E-HY, —/ e LM =) B (5)ds, t > 0.
0

We have to prove that W is defined on [0, 00) and that lim; . |W ()| =0

exponentially. There exists a constant o > 0 such that |[Bv| < ylv|?, Yv €

R" (B is a quadratic form); by |-| we have here denoted the euclidian norm
of IR". This implies, by means of (57), that

t
W(e)] < Cae ¥Wal + Crop [ &S0 (s) P
0
multiplying by et and applying Gronwall’s lemma, we get

t
e+ i / W (s)ds
0

(59) (W (t)] < Ci[Wole , t>0.

Take p; € (0, %70) and Wy with [Wy| < &-. Assume, without loss

of generality, that é—ll < p1 (which amounts to say that C; > 1). We

prove that |W(t)| < p1, ¥t > 0. Suppose that this is false. Because W
is a continuous function, there exists a 77 > 0 such that |[W(t)] < p
for t € [0,71) and |W(T1)| = p1. From (59), we get that, for ¢ = T7,
(W (T1)| < Cy|Wolel=6+C10p)T < py | contradiction. Consequently, W is
defined on [0, c0) and

(60) (W (t)] < p1, Vt € [0,00).
Relations (59) and (60) imply that
W ()] < C1[WoleT8TOM0E = ¢y [Wple ™, vt > 0,

where §; = & — C1yop1 > 0. Then limy_,o, |[W(t)]e? = 0 for any § € (0, 61).
But § is arbitrary in (0, &), if p; is small enough. Because £ is also arbitrary,
we obtain that ¢ is arbitrary in (0, co).

Hence, for the feedback U = SW the solution W of problem (53) is
defined on [0,00) and limy .o |W (t)[e® = 0. From Z(t) € K, t > 0 it
results that for the controller U = SPk Z, the solution Z of problem (50)
is, also, defined on [0, 00) and limy o | Z(t)]e% = 0. O
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