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1. Introduction

In [54], TANNO classified connected almost contact metric manifolds
whose automorphism groups possess the maximum dimension. For such
a manifold, the sectional curvature of plane sections containing £ is a cons-
tant, say c. He showed that they can be divided into three classes: (1)
homogeneous normal contact Riemannian manifolds with ¢ > 0, (2) global
Riemannian products of a line or a circle with a Kaehler manifold of con-
stant holomorphic sectional curvature if ¢ = 0 and (3) a warped product
space R xy C™ if ¢ < 0. It is known that the manifolds of class (1) are cha-
racterized by admitting a Sasakian structure, while the manifolds of class
(2) are characterized by admitting a cosymplectic structure. KENMOTSU
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[30] characterized the differential geometric properties of the manifolds of
class (3); the structure so obtained is now known as Kenmotsu structure.
In general, these structures are not Sasakian [30]. In the Gray-Hervella cla-
ssification of almost Hermitian manifolds [25], there appears a class, Wy, of
Hermitian manifolds which are closely related to locally conformal Kaehler
manifolds [61, 24]. An almost contact metric structure on a manifold M
is called a trans-Sasakian structure [46] if the product manifold M x R
belongs to the class Wy. The class Cg @ C5 [34] coincides with the class
of trans-Sasakian structures of type («,/3). We note that trans-Sasakian
structures include cosymplectic [5], a-Sasakian [28], Sasakian, -Kenmotsu
[28], Kenmotsu and normal locally conformal almost cosymplectic [35] or f-
Kenmotsu [43] structures. Moreover, these structures provide a large class
of generalized quasi-Sasakian structures also [59, Proposition 2].

On the other hand, on the basis of the studies done in [1], [7], [15],
[16], [17], [21], [23] etc., there is a strong feeling that the concepts of
pseudosymmetry, quasi Einstein and 7-Finstein are closely related on 3-
dimensional contact, Sasakian, Kenmotsu and trans-Sasakian manifolds.
Keeping this fact in mind, we present a systematic study of 7-Einstein trans-
Sasakian manifolds. Section 2 contains a brief review of trans-Sasakian
manifolds and its particular cases. In this section we also find eight nece-
ssary and sufficient conditions for the structure vector field to be an eigen-
vector field of the Ricci operator (cf. Lemma 2.2). In Section 3, among
others we show that for a 3-dimensional almost contact metric manifold
(M, p,&,n,9), the conditions of being normal, trans-K-contact, trans-Sasa-
kian are all equivalent to V& o ¢ = p o V¢ (cf. Theorem 3.5). In particular,
the conditions of being quasi-Sasakian, normal with 0 = 25 = div&, trans-
K-contact of type («,0), trans-Sasakian of type («,0), and Cg-class are
all equivalent to V&€ = — ayp, where 2a = Trace(¢V¢) (cf. Theorem 3.9).
In section 4, we study n-Einstein trans-Sasakian manifolds using concepts
of quasi-Einstein and pseudo symmetric manifolds. We present fifteen ne-
cessary and sufficient conditions for a 3-dimensional trans-Sasakian mani-
fold to be n-Einstein (cf. Theorem 4.19).

2. Trans-Sasakian manifolds

Let M be a differentiable manifold of odd dimension 2n +1 (n > 1). A
1-form n on M is called a contact form if n A (dn)™ # 0 everywhere on M,
and M equipped with a contact form 7 is a contact manifold. Since rank of
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dn is 2n on the Grassmann algebra A\ T, M at each point p € M, therefore
there exists a unique global vector field &, called the characteristic vector
field, such that n(¢) =1, dn(&,-) = 0, and consequently £¢n =0, £edn =0,
where £¢ denotes the Lie differentiation by §. In 1953, CHERN [14] proved
that the structural group of a (2n+ 1)-dimensional contact manifold can be
reduced to U(n) x 1. A (2n + 1)-dimensional differentiable manifold M is
called an almost contact manifold [26] if its structural group can be reduced
to U (n) x 1. Equivalently, there is an almost contact structure (¢,&,n) [49]
consisting of a tensor field ¢ of type (1,1), a vector field £, and a 1-form n
satisfying

(2.1) P?=—T+n®¢& n€) =1, ¢{=0, nop=0.

First and one of the remaining three relations of (2.1) imply the other two
relations of (2.1). An almost contact structure is normal [50] if the torsion
tensor [¢, ¢] + 2dn ® £, where [p, ¢] is the Nijenhuis tensor of ¢, vanishes
identically. We say that the almost contact structure (¢, &,n) has rank r if
and only if the 1-form 7 has rank r. Consequently, (¢, &, n) has rank r = 2s
if (dn)s1 # 0 and n A (dn)® = 0, and has rank r = 2s + 1 if n A (dn)® # 0 and
(dn)™' = 0.

Let g be a compatible Riemannian metric with (¢, &, n), that is,
(2.2) gXY)=g(@X, oY) +n(X)n(), X, YeXx(M),

where X(M) is the Lie algebra of vector fields in M. Then, M becomes
an almost contact metric manifold equipped with an almost contact metric
structure (¢,&,1,g). The equation (2.2) is equivalent to

(2.3) 9(X,¢Y) =—g(pX,Y) alongwith g(X, &) =n(X), X,Y € X(M).

Let M be an almost contact manifold equipped with an almost con-
tact structure (p,&,n). Let g be any Riemannian metric compatible with
(p,&,m). For a nonconstant positive function o on M, the pseudo-conformal
deformation g% of g, defined by

(2.4) ¢ =og+(1—-0)n®mn,

is also compatible with (¢,&,7n). Note that g is also a pseudo-conformal
deformation of ¢g?. In particular, in dimension 3, we have the following
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Proposition 2.1 ([41], [42, p. 42]). Let M be an almost contact 3-
manifold equipped with an almost contact structure (p,&,n). Then two Rie-
mannian metrics are compatible with (p,&,n) if and only if one of them is
a pseudo-conformal deformation of the other.

An almost contact metric structure becomes a contact metric structure
if ® = dn, where ® is the fundamental 2-form given by

O (X,)Y)=9g(X,pY), X, YeXx(M).

In a contact metric manifold M, the (1, 1)-tensor field A defined by 2h =
L¢p, which is the Lie derivative of ¢ in the characteristic direction &, is
symmetric and satisfies

(2.5) h& =0, ho+@h=0, V&= —p— ph, trace(h) = trace(¢h) = 0.

A contact metric manifold is called a K-contact manifold [53] if the cha-
racteristic vector field £ is a Killing vector field. An almost contact metric
manifold is a K -contact manifold if and only if V& = — ¢, where V is the
Levi-Civita connection. A K-contact manifold is a contact metric manifold,
while the converse is true if h = 0. In a K-contact manifold, the curvature
tensor R satisfies

(Vxe)Y = R, X)Y, X, Y e X(M).

A normal contact metric manifold is a Sasakian manifold. An almost con-
tact metric manifold is Sasakian if and only if [51]

(26)  (Vxo)V =g(X,Y)E—n(Y)X, XY €X(M).

Also, a contact metric manifold M is Sasakian if and only if the curvature
tensor R satisfies the equation

(2.7) R(X,YV)¢=n(V)X —n(X)Y, X,Y e X(M).

A Sasakian manifold is always a K-contact manifold and the converse is
true in the dimension three. Thus a 3-dimensional contact metric manifold
is Sasakian if and only if h = 0.

An almost contact metric structure (¢, &, 7, g) on M is a trans-Sasakian
structure [46, 8] if

(2.8) (Vxp)Y =a(g(X,Y)§—n(Y)X)+B(g(pX,Y)E—n(Y)pX)
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for some smooth functions o and 8 on M, and we say that the trans-
Sasakian structure is of type (o, ). The formula (2.8) is equivalent to

(Vx®) (Y, 2) = a(g(X,Z2)n(Y)-9g(X,Y)n(2))
(2.9) —B(g(X,pZ)n(Y) —g(X,9Y)n(2)),

for all X,Y,Z € X (M). Trans-Sasakian manifolds are always normal [46].

A trans-Sasakian structure of type («, 3) is reduced to be a

o Sasakian structure ([51], [5]) if (o, 5) = (1,0),
e Kenmotsu structure [30] if (o, 8) = (0,1),

o cosymplectic structure [5] if (o, 5) = (0,0).

More generally a trans-Sasakian manifold of type («,0) with nonzero
constant « is homothetic to a Sasakian manifold and is called a homoth-
etic Sasakian manifold or a-Sasakian manifold [28]. Analogously, a ho-
mothetic Kenmotsu manifold (or [-Kenmotsu manifold) [28] is a trans-
Sasakian manifold of type (0, ) with nonzero constant g [28].

In the classification of almost contact metric structures/manifolds, there
appear two classes namely Cg-class and Cs-class [34]. The class C¢ @ Cs
[34] coincides with the class of trans-Sasakian structures/manifolds of type
(ar, B). A trans-Sasakian manifold of type («, ) is of Cs-class if « = 0. The
manifolds belonging to the class Cs are also known as f-Kenmotsu manifolds
[43] or a normal locally conformal almost cosymplectic manifolds (cf. [35],
[45]). The class Cs contains the class of f-Kenmotsu manifolds. On the
other hand, a trans-Sasakian manifold of type («, 3) is of Cg-class if 8 = 0.
a-Sasakian manifolds belong to the Cg-class. The cosymplectic manifolds
are common to the Cg-class and the Cs-class.

A transformation in an n-dimensional Riemannian manifold M, which
transforms every geodesic circle of M into a geodesic circle, is called a con-
circular transformation ([33], [64]). A concircular transformation is always
a conformal transformation [33]. Thus, the geometry of concircular trans-
formations, that is, the concircular geometry, is a generalization of inversive
geometry in the sense that the change of metric is more general than that
induced by a circle preserving diffeomorphism (see also [4]). It is interesting
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to note that KIRICHENKO [31] obtained Kenmotsu structures from cosym-
plectic structures (that is, Vi = 0 (cf. [5]) by the canonical concircular
transformations [64].

In a (2n + 1)-dimensional trans-Sasakian manifold M, the following re-
sults are known [21]

R(X,Y)é=(o” = 5%) (Y)X = n(X)Y) +2a8 (n(Y )pX —n(X)pY)

(2.10) +(Ya) pX — (Xa) oY + (Y §) ¢°X — (XB) %Y,
(2.11) S (X,€) = (2n (% — 5%) — €8) 1 (X) — (20 — 1) XB — (pX) a,
(2.12) Q¢ = (2n (aQ — ﬁQ) —£B) € — (2n — 1) grad B + ¢ (grad a)
for all X,Y € X (M), where R and S are curvature and Ricci curvature
tensors, while @ is the Ricci operator given by S(X,Y) = g(QX,Y).

In a trans-Sasakian manifold of type («a, 8), the functions a and  cannot
be arbitrary and satisfy [21, Eq. (9)]
(2.13) 208+ &a = 0;

thus a trans-Sasakian structure of type (a, 8) with o a nonzero constant is
always a-Sasakian. This conclusion is also obtained by a different method
in [8]. In particular, in a trans-Sasakian manifold of type (a,0), it follows
that da (€) = 0. The relation (2.13) was first/also obtained by OLSZAK [42,
Eq. (16)] for the 3-dimensional case.

From (2.11) and (2.13), it follows that
(2.14) S (&€ =2n(a® - B> —¢p).
We close this section with the following

Lemma 2.2. Let M be a (2n+ 1)-dimensional trans-Sasakian mani-
fold. Then the following statements are equivalent:
(1) The structure vector field € is an eigenvector field of the Ricci operator

O

) For each X € X (M), which is orthogonal to the structure vector field &,

[\

(
(2.15) g((2n—1)grad 8 — pgrada, X) = 0.
(3) The functions o and B satisfy

(

2.16) (2n —1)grad f — pgrada = (2n — 1) (£¢6) €.
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4) For each X € X (M),
17) (20— 1) XG + (pX) @ = (20— 1) (€8) n(X).

5) The functions o and B satisfy

[\]

[\]

18) (2n —1)pgrad B+ grada = (€a) €.
6) For each X € X (M),
19) Xa— (20— 1) (pX) = (€a) n(X).

7) For each X € X (M), which is orthogonal to the structure vector field &,

[\]

[\]

.20) g((2n—1)pgrad 4+ grada, X) = 0.

8) The Ricci operator satisfies

(
(
(
(
(
(
(
(
(
(
(
(

2.21) Q¢ =2n(a® - B2 —¢€B) &
9) We have
2.22) n(Qyp — ¢Q) = 0.

Proof. Equivalence of (1) and (2) follows from (2.12). It is easy to
verify the equivalence of (2), (3) and (4). Similarly, (5), (6) and (7) are
equivalent. Operating ¢ to (2.16) we get (2.18) and operating ¢ to (2.18)
we get (2.16); Thus (3) and (5) are equivalent. Equivalence of (2.16) and
(2.21) follows from (2.12). In last, we note that (8) implies (9) and (9)
implies (5). O

In [58], it is proved that a pseudo projective @-recurrent trans-Sasakian
manifold which satisfies pgrada = (2n — 1) grad § is an Einstein mani-
fold. We remark that the condition pgrad a = (2n — 1) grad 8 on a trans-
Sasakian manifold is a very strong condition on the manifold making the
structure vector field £ an eigenvector field of the Ricci operator (), provided
that df (§) = 0. Further it is proved that in a pseudo projective p-recurrent
trans-Sasakian manifold the characteristic vector field £ and the vector field
p associated to the 1-form are opposite directional. Thus in a pseudo pro-
jective ¢-recurrent trans-Sasakian manifold all the equivalent statements of
Lemma 2.2 are equivalent to the condition of p being an eigenvector field
of the Ricci operator Q.
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3. Trans-K-contact manifolds

Definition 3.1. An almost contact metric structure (resp. manifold)
is called a trans-K -contact structure (resp. manifold) of type (c, B) [59] if
it satisfies

(3.1) Vx§{=—apX+ (X -n(X)E), XeX(M)

for some smooth functions «, S on M. In particular, if « = 1 and 5 = 0,
then a trans-K-contact structure (resp. manifold) reduces to a K-contact
structure (resp. manifold).

Proposition 3.2. In a trans-K-contact manifold, integral curves (tra-
jectories) of the structure vector field £ are geodesics.

Proof. From (3.1), it follows that V¢£ = 0. O

An almost contact metric manifold is a trans- K-contact manifold if and
only if

(32)  (Vxn)Y =—ag(pX,Y) + g (¢ X,¢Y), XY € X(M).
It is easy to show that (3.2) is equivalent to

(3.3) dn=a® alongwith Leg=20(g—n®n).

In a trans-K-contact manifold, it follows that [59, Proposition 2]

(34)  Len=0 and  Bg(pX,Y) = (Vyn)(pX) + ag(pX, ¢Y),
for all X,Y € X(M).

A trans-Sasakian structure is always a trans-K-contact structure and is
normal. In particular, a Sasakian manifold is always a K-contact manifold.

Now, we need the following
Definition 3.3. An almost contact metric manifold M is generalized
quasi-Sasakian [36] if
3de(X,Y,Z) = n(X)(Vyn)(eZ) — (Vzn)(¥Y))
V) (Vzn)(eX) = (Vxn)(pZ))
Z) (Vxn)(eY) = (Vyn)(pX)),
for all X,Y,Z € X (M).
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A necessary and sufficient condition for an almost contact metric mani-
fold to be trans-Sasakian is given in the following

Theorem 3.4 ([59, Theorem 3|). An almost contact metric manifold is
trans-Sasakian if and only if it is normal, trans-K -contact and generalized
quasi-Sasakian.

Next, we show the following

Theorem 3.5. Let M be a 3-dimensional almost contact metric mani-
fold. Then the following four statements are equivalent:

1

(
(2
(
(

M is normal.
M satisfies VE o o = p o VE.

3) M 1is trans-K -contact.

)
)
)
4) M is trans-Sasakian of type (a, §).

In any of these three cases
1 1.,
a=g Trace (pVE), 8= 3 divé.

Proof. Let (M,p,&,1n,9) be a 3-dimensional almost contact metric
manifold. Then [42, Proposition 1], [29, Eq. (1.5)]

(3.5) (Vxp)Y =g (pVxEY)E—n(Y) eV, XeX(M).

It is known that [42, Proposition 2| a 3-dimensional almost contact metric
manifold M is normal if and only if

(3.6) Vex§=¢Vx§,  XeX(M),

which is equivalent to [42, Proposition 2]

(3.7) Vx§=—apX+5(X -n(X)¢), Xex(M),
where o and 8 are the functions defined by

(3.8) 2a0 = Trace(pVE) = Trace {X — ¢V x&},
(3.9) 26 = div€ = Trace {X — Vx¢}.
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Thus the statements (1), (2) and (3) are equivalent. Obviously, (4) implies
(3). In view of (3.5) and (3.7), it follows that

(3.10) (Vxo)Y =a(g(X,Y)E—n(Y)X)+B(g(pX,Y)E—n(Y)pX),
for all X,Y € X(M). This concludes the proof. O

Corollary 3.6 ([5, Corollary 6.5]). Every 3-dimensional K -contact ma-
nifold is Sasakian.

Problem 3.7. It would be interesting to obtain an Example of a trans-
K-contact manifold, which is not trans-Sasakian.

Next, we have

Definition 3.8 ([3]). An almost contact metric manifold M is quasi-
Sasakian if it is normal and d® = 0.

In [42, Remark 2], Olszak characterized a 3-dimensional quasi-Sasakian
manifolds. He stated that an almost contact metric 3-manifold M is quasi-
Sasakian if and only if V& = —ayp for some function  on M. We can
rephrase this characterization as the following

Theorem 3.9. Let M be a 3-dimensional almost contact metric mani-
fold equipped with an almost contact metric structure (v,&,n,q). Then the
following statement are equivalent:

Remark 3.10. Note that in a quasi-Sasakian 3-manifold, it follows that
da (€) = 0. In particular, if « is constant then a quasi-Sasakian 3-manifold
is a-Sasakian. Moreover, if & = 1, it becomes Sasakian.
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In [44], OLszAK also obtained necessary and sufficient conditions for a
3-dimensional quasi-Sasakian manifold to be conformally flat.

In [34], MARRERO showed the nonexistence of proper trans-Sasakian
manifolds of dimension greater than 3. More precisely, he proved that a
trans-Sasakian manifold of dimension > 5 is either a-Sasakian, or of Cs-
class (f-Kenmotsu) or cosymplectic ([34, Theorem 4.8],[62, Theorem 4.8]).
On the other hand, he showed the following method for construction of
proper trans-Sasakian 3-manifolds (see also [41]).

Proposition 3.11 ([34, Proposition 4.2], [41]). Let M be a Sasakian
3-manifold and o a nonconstant positive function on M. Then a pseudo-
conformal deformation g° induces a trans-Sasakian structure (p,&,1,9%) of
type (1/0,(1/2) € (Ino)) on M. Thus, if do (§) # 0, then g% induces a proper
trans-Sasakian structure (p,&,n,9%), which is neither of Cg-class nor of Cs-
class. If do (§) = 0, then (M, p,&,n,9°) is quasi-Sasakian. Conversely,
every quasi-Sasakian 3-manifold can be obtained in this way [41].

4. n-Einstein trans-Sasakian manifolds

We begin this section with the following

Definition 4.1 ([40],[5, p. 105]). An almost contact metric manifold
M is said to be n-Finstein if the Ricci tensor S satisfies

(4.1) S=ag+b®n,

where a and b are some smooth functions on the manifold. In particular, if
b =0 then M is an FEinstein manifold.

Definition 4.2 ([56]). The k-nullity distribution N (k) of a Riemannian
manifold M is defined by

N(k) : p = Ny(k) = {U € T,M | R(X,Y)U = k(g (Y, U) X — g (X,U)Y)},

for all X,Y € X(M), where k is some smooth function. A contact metric
manifold is said to be an N (k)-contact metric manifold [6] if the structure
vector field £ belongs to the k-nullity distribution N (k).

In 1990, BLAIR, KOUFOGIORGOS and SHARMA [7] proved that on a
3-dimensional contact metric manifold M equipped with a contact metric
structure (¢, &,n, g) the following conditions are equivalent:
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(1) M is n-Einstein,
(2) Qv = pQ, where @ is the Ricci operator and

(3) M is an N(k)-contact metric manifold.

More precisely, in a 3-dimensional N (k)-contact metric manifold, we have

r r
(4.2) Q:(i—k)1+(3k—§)n®§.
A 3-dimensional contact metric manifold M satisfying one of the conditions
(1), (2) or (3) is either Sasakian or flat or of constant {-sectional curvature
k < 1 and constant ¢-sectional curvature —k or locally isometric to a left-
invariant metric on the Lie group SU(2) or SL(2,R) (cf. [7], [5, p. 105]).

It is known that a K-contact manifold is Sasakian if either its dimension
is three [5, Corollary 6.5], or it is compact Einstein [10, Theorem A] or
compact n-Einstein with a > —2 ([38], [10, Theorem 7.2]). The conclusions
of Theorems A and 7.2 of [10] are still true if the condition of compactness
is weakened to completeness [52, Proposition 1].

For Sasakian manifolds, we have the following

Proposition 4.3 ([65, Proposition 5.3]). Every Sasakian space form is
n-FEinstein.

Proposition 4.4. In an n-Einstein K -contact (in particular, Sasakian)
manifold of dimension > 3, a and b are constants ([55], [65, Proposition 5.4],
[48]).

A necessary and sufficient condition for a K-contact manifold to be
n-Einstein is given in the following;:

Proposition 4.5 ([55, Proposition 2.2]). A K-contact manifold is n-
FEinstein if and only if (R(X,£)-S)(U, V) =b{n(U)g(V,X)+n(V)g(U, X)—
UV In(X)}, X,U,V € X(M) for some function b on M.

For Kenmotsu manifolds, we have the following
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Proposition 4.6 ([30, Proposition 8, Corollary 9]). Let M be a (2n + 1)-
dimensional Kenmotsu manifold. If M is n-FEinstein, we have

(4.3) a+b=—2n.
Moreover, if n > 1, then
(4.4) X (b) +2bn (X) =0, XeX(M).

Consequently, in an n-Einstein Kenmotsu manifold M of dimension greater
than 3, if one of a and b is constant, then M reduces to be an FEinstein
manifold.

Example 4.7. From (4.2), we see that every 3-dimensional Sasakian
manifold is n-Einstein and its Ricci tensor is given by

r r
= -0+ (1-5)om
5 g+ 5 nen
where 7 is the scalar curvature of the manifold.

Example 4.8 ([20]). Every 3-dimensional Kenmotsu manifold is 7-
Einstein and its Ricci tensor S is given by

S=(5+1)9-(3+5)r+6)nen,
where 7 is the scalar curvature of the manifold.

Proposition 4.9. Let (M, ¢,£,n,9) be a (2n+1)-dimensional n-FEinstein
trans-Sasakian manifold. Then
r r

(45) 5= (5- — (@ = B2 = £8)) g~ (5. —(2n + D(a* - B2 ¢B) ) n @,
Proof. In view of (4.1) and (2.14) we have

(4.6) a+b=2n(a®-p*—¢EB).

Also from (4.1), it follows that

(4.7) r=2n+1)a+0b.
From (4.6) and (4.7) we get
a=g-—(a=B=¢8), b=—o-+(n+1)(a’ 5 —¢h);

thus (4.1) becomes (4.5). O
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Remark 4.10. In a (2n + 1)-dimensional n-Einstein trans-Sasakian
manifold, we see that Q¢ = 2n (oz2 —p% - 56) ¢, Consequently, in this
case, all nine statements of Lemma 2.2 are true.

Example 4.11 ([8]). Let (z,y, z) be Cartesian coordinates in R3, then
(¢, €,1,9) given by

§=0/0z, n=dz — ydzx,

0 -1 0 e+y? 0 —y
Y = 1 0 O R g = 0 e? 0
0 —y O —y 0 1

is a trans-Sasakian structure of type (o, 8) = (—=1/(2¢?),1/2) in R3.

Example 4.12. The Example 4.11 gives a 3-dimensional 7-Einstein
trans-Sasakian manifold.

Now, we consider a well known generalization of the concept of an 7-
Einstein almost contact metric manifold in the following

Definition 4.13 ([12]). A non-flat n-dimensional Riemannian manifold
(M, g) is said to be a quasi Einstein manifold if its Ricci tensor S satisfies

(4.8) S=ag+bn®n
or equivalently, its Ricci operator () satisfies
(4.9) Q=al+m®¢

for some smooth functions a and b, where 7 is a nonzero 1-form such that

(4.10) g(X, &) =n(X), g(&§=n()=1

for the associated vector field £. The 1-form 7 is called the associated 1-
form and the unit vector field ¢ is called the generator of the quasi Einstein
manifold.

CHEN and YANO [13] defined a Riemannian manifold (M, g) to be of
quasi-constant curvature if it is conformally flat manifold and its Riemann-
Christoffel curvature tensor R of type (0,4) satisfies the condition

b {g(X, W)T(Y)T(Z) — g(X, Z)T(Y)T(W)
(111) +g(Y, YT(X)T(W) — gV, W)T(X)T(2)}
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for all X|Y,Z, W € X (M), where a, b are some smooth functions and T is
a non-zero 1-form defined by ¢g(X, p) = T(X), X € X (M) for a unit vector
field p. On the other hand, VRANCEANU [63] defined a Riemannian manifold
(M, g) to be of almost constant curvature if M satisfies (4.11). Later on,
it was pointed out by MOCANU [37] that the manifold introduced by Chen
and Yano and the manifold introduced by Vranceanu were identical, as it
can be verified that if the curvature tensor R is of the form (4.11), then the
manifold is conformally flat. Thus, a Riemannian manifold is said to be of
quasi-constant curvature if the curvature tensor R satisfies (4.11). If b = 0,
then the manifold reduces to a manifold of constant curvature.

Example 4.14. A manifold of quasi-constant curvature is a quasi Ein-
stein manifold [18, Example 1]. Conversely, a conformally flat quasi Einstein
manifold of dimension n (n > 3) is a manifold of quasi-constant curvature
[19, Theorem 4].

Let (M, g) be a semi-Riemannian manifold with its Levi-Civita connec-
tion V. A tensor field F of type (1, 3) is known to be curvature-like provided
that F' satisfies the symmetric properties of the curvature tensor R. For
example, the tensor R, given by

(4.12) Ry (X,Y)Z = (XN Y)Z =g(Y,2)X —g(X,Z)Y, X,Y € X (M),

is a trivial example of a curvature like tensor. Sometimes, the symbol
R, seems to be much more convenient than the symbol (X Ay, Y)Z. For
example, a semi-Riemannian manifold (M, g) is of constant curvature c if
and only if R = cR,.

It is well known that every curvature-like tensor field F' acts on the
algebra T! (M) of all tensor fields on M of type (1,s) as a derivation [39,
p. 44]:

(F-P)(Xy,....,Xs;Y,X) = F(X,Y){P(X1,...,Xs)}

S
> P(Xy,...,F(X,Y)X,...,X,),
j=1

for all Xi,...,Xs € X(M), P € TL(M). The derivative F - P of P by
F is a tensor field of type (1,s+ 2). A semi-Riemannian manifold (M, g)
is said to be semi-symmetric if R - R = 0. Obviously, locally symmetric
spaces (VR = 0) are semi-symmetric. More generally, a semi-Riemannian
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manifold (M, g) is said to be pseudo-symmetric (in the sense of R. Deszcz)
[22] if R- R and R, - R in M are linearly dependent, that is, if there exists
a real valued smooth function L : M — R such that R- R = LR, - R is
true on the set U = {x € M : R # ﬁRg at z}. In particular, if L
is constant, M is called a pseudo-symmetric space of constant type [32]. A
pseudo-symmetric space is said to be proper if it is not semi-symmetric. For

details we refer to [9, 1].

In the literature, there is also another notion of pseudo-symmetry. A
semi-Riemannian manifold (M, g) is said to be pseudo-symmetric in the
sense of CHAKI [11] if

(VR)(X15X27X37X4;X) = 2W(X)R(X17X27X37X4)
+ w(X1) R((X, X2, X3, X4) + w(X2) R((X1, X, X3, X4)
+W(X3)R((X1,X2,X, X4) 7L(AJ(‘X[;).R((AXE,)(2,)(3,)()7

for all X1, Xo, X3, X4; X € X (M), where w is a 1-form on (M, g). Of course,
both the definitions of pseudo-symmetry for a semi-Riemannian manifold
are not equivalent. For example, in contact geometry, every Sasakian space
form is pseudo-symmetric in the sense of Deszcz [2, Theorem 2.3], but a
Sasakian manifold cannot be pseudo-symmetric in the sense of Chaki [57,
Theorem 1]. We assume the pseudo-symmetry always in the sense of Deszcz,
unless specifically stated otherwise.

For 3-dimensional Riemannian manifolds, the following characteriza-
tions of pseudosymmetry are known (cf. [32, 17]).

Proposition 4.15. A 3-dimensional Riemannian manifold (M, g) is
pseudo-symmetric if and only if it is quasi-Einstein, that is, if and only
if there exists a 1-form n such that the Ricci tensor field S satisfies S =
ag + bn ®n for some smooth functions a and b.

Proposition 4.16. A 3-dimensional Riemannian manifold (M, g) is a
pseudo-symmetric space of constant type if and only if there exists a 1-form
n such that the Ricci tensor field S is expressed as S = ag + bn ® n, where
a is a smooth function and a + b|n||* is a constant (provided that n # 0).

Remark 4.17 ([17]). The preceding Proposition can be rephrased as
follows: A 3-dimensional Riemannian manifold is a pseudo-symmetric space
of constant type with R-R = L R,- R if and only if the principal Ricci curva-
tures (eigenvalues of the Ricci tensor) locally satisfy the following relations
(up to numeration): p; = pa, p3 = 2L.
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Corollary 4.18. FEvery 3-dimensional n-FEinstein almost contact metric
manifold is always pseudo-symmetric. In particular, each 3-dimensional
Sasakian manifold is pseudo-symmetric.

HASHIMOTO and SEKIZAWA [27] investigated 3-dimensional conformally
flat (irreducible) pseudo-symmetric spaces of constant type. Their (local)
classification says such spaces are warped products with 1-dimensional base
and constant curvature fiber. One can see that [17] every 3-dimensional
warped product with 1-dimensional base and 2-dimensional fiber admits a
trans-Sasakian structure of type (o, 3) with a = 0.

Now, we give a comprehensive characterization of 3-dimensional trans-
Sasakian manifolds to be n-Einstein.

Theorem 4.19. Let M be a 3-dimensional almost contact metric ma-
nifold. If M satisfies any one of the following statements:

(a) M is normal,

b) M satisfies V& o o = po VE,

)
(b)
(¢) M is trans-K -contact of type («, 3),
(d) M is trans-Sasakian of type («, B8);

then the following statements are equivalent:
(1) M is n-Einstein.
(2) The Ricci tensor S is given by

(4.13)  S= (g—(aZ—ﬂ2—§B)>g— (%—B(aQ—ﬁQ—fﬂ)M@n-

(3) The Ricci operator @Q is given by

(4.14) Q:( (a2—52—§@)>1— (g—3(a2—ﬂ2—€6)>n®€-

r
2
(4) The curvature tensor R is given by

RIXY)Z = (5 -2(a®~ 5 ~€)) (49, 2) X — g(X,2)Y)

(415) = (5-3(a*= 5= €8) ) {9 (V. 2)n(X)E — g (X, 2)n(Y))
+ n(Y)n(2)X —n(X)n(2)Y},
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for all X,Y,7Z € X (M).

(5) The structure tensor ¢ and the Ricci operator Q commute, that is,

(4.16) PQ = Qep.

(6) We have

(4.17) n(eQ — Q) = 0.

(7) We have

(4.18) grad o + ¢ (grad ) = 0.

(8) For each X € X (M),

(4.19) Xa— (pX) B = (§a) n(X).
(9) For each X € X (M), which is orthogonal to the structure vector field &,
(4.20) g (grad a + pgrad 8, X) = 0.
(10) We have

(4.21) ¢ (grada) —grad B = — (§B) &.
(11) We have

(4.22) XB+ (pX) o= (£8) n(X),

for every X € X (M).
(12) We have

(4.23) g (grad 8 — pgrad o, X)) = 0,

for every X € X (M) orthogonal to the structure vector field &.
(13) The Ricci operator satisfies

(4.24) Q¢ =2(a’ - % —¢p) ¢

(14) The structure vector field € is an eigenvector field of the Ricci operator
Q.

(15) M is pseudo-symmetric.

(16) The structure vector field & is a harmonic section of the unit tangent
sphere bundle T1 M .
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Proof. From Theorem 3.5 the statements (a), (b), (c), and (d) are
equivalent. The equivalence of the statements (1), (2) and (3) follows by
putting n = 1 in (4.5). The equivalence of the statements (1), (2) and
(3) also follows from [21, Theorem 5.1]. Since the conformal curvature
tensor vanishes in a 3-dimensional Riemannian manifold, therefore we get |7,

Eq.(3.3)]
RX,Y)Z = g(Y,2)QX —g(X,Z2)QY +S(Y,Z)X — S (X,Z)Y
~ SV 2) X —g(X,2)Y),
where 7 is the scalar curvature. Using (2) and (3) in the above equation,
we get the statement (4). The statement (4) implies (2).

The statements (5), (6), and (7) are equivalent by [17, Proposition 3.4].
The statements (7)—(14) are equivalent by Lemma 2.2. In last, the equiva-
lence of statements (14), (15) and (16) is true by [17, Theorem 3.1]. O

Remark 4.20. For different combinations of « and (3, from Theo-
rem 4.19, we can find several results for 3-dimensional K-contact, (or Sasa-
kian), Kenmotsu, f-Kenmotsu and quasi-Sasakian manifolds. For example,
for a 3-dimensional K-contact (and hence Sasakian) manifold, the following
equivalent statements are true:

(1) M is n-Einstein.
(2) The Ricci tensor S is given by

r T
(4.25) S—<§—1)g—<§—3)n®n.
(3) The Ricci operator @ is given by

r r
(4.26) Q:<§—1>I—<§—3>n®§.
(4) The curvature tensor R is given by

R(X,Y)Z = (5—2)(9 Y,2)X —g(X,2)Y)

(
(4.27) ( ~3){(g X)§ - g (X, 2)n(Y)g)
n(Y)n(2)X ( ) (Z2)Y},
for all vector fields X, Y and Z in M.
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(5) The structure tensor ¢ and the Ricci operator ) commute, that is,

(4.28) Q= Q.

(6) The Ricci operator satisfies

(4.29) Q¢ = 2¢.

(7) The structure vector field £ is an eigenvector field of the Ricci operator
Q.

(8) M is pseudo-symmetric.

(9) The structure vector field £ is a harmonic section of the unit tangent
sphere bundle 77 M.

In a quasi Einstein manifold M if the generator & belongs to some k-
nullity distribution N(k), then M is said to be an N(k)-quasi Einstein
manifold [60]. In an N (k)-quasi Einstein manifold, & is not arbitrary and
is always given by [47, Lemma 2.1]

a+b
4. k= .
(4.:30) n—1

If in an n-Einstein almost contact metric manifold, the structure vector
field & belongs to the k-nullity distribution N(k), then we say that M is an
N (k)-n-Einstein manifold.

Now, we state a Corollary of the Theorem 4.19.

Corollary 4.21. A trans-Sasakian 3-manifold M, satisfying any of the
statements (1)—(16) of Theorem 4.19, is an N (k)-n-Einstein manifold with
k=a?— 5 - ¢B.

Proof. From (4.15) we get R(X,Y)¢ = (a? =32 —£8)(n(Y) X —n(X)Y),
X,Y € X(M), which entails the proof. O
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