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Abstract. Let G be a locally compact abelian group (non-compact, non-discrete)
with Haar measure and 1 < p < co. The purpose of this paper is to study the space of
multipliers on Ly, ., (G) and characterize it as the algebra of all multipliers of the closely
related Banach algebra of tempered elements in Ly, ., (G).
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1. Introduction and preliminaries

The multipliers of type (p,p) and multipliers of the group L,-algebras
(L} (G)) were studied and developed by MCKENNON [10,11,12] and
GRIFFIN [8] where the multipliers are identified as the operators commuting
with the translation operators. In [3], FEICHTINGER showed that Banach
algebra of all continuous linear operators on B which commute with left
translations can be identified with the algebra of all right multipliers of the
algebra of its tempered elements where B is a translation invariant Banach
space of functions on locally compact groups. In this paper, the ideas and
the methods in [2,3,8-12,14,16] are used frequently for the generalization of
the results of McKennon and Griffin concerning multipliers of type (p,p) to
weighted Lebesgue spaces Ly, (G) for 1 < p < oo.

Let G be locally compact abelian group with Haar measure A. For a
Beurling weight w on G, i.e. a continuous function w satisfying w (z) > 1,
and w (z +y) < w (z)w (y), for all z,y € G, it was set for 1 < p < oo such
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that L, (G) = {f|fw € L, (G)} ([15]). It is a Banach space under the
natural norm

1l = ([ 1 @ 0 ()i <x>)’l’

and an essential Banach Lj,, (G)-module under convolution ([5]). It is
known that C. (G), the space of complex-valued continuous functions with
compact support, is dense in Ly, (G) ([13]).

Throughout the paper, the symbols B), ,, and M,, ,, will stand for Banach
algebra of all bounded linear operators on Ly, (G) and the subset of By, ,,
consisting of these operators which commute with all translation operators,
respectively. Let Homp, (a) (Lpw (G), Lpw (G)) denote the space of all
module homomorphisms of L, (G)-module Ly, (G), that is, an operator
T € By satisfies T (f x g) = f*T (g), forall f € L1, (G) and g € Ly, (G).
The module homomorphisms space, called the multipliers space

Hole,w(G) (Lp,w (G) s Lpw (@) = HOle,w(G) (Lp,w (@)

is a Banach Lj,, (G)-module by (foT)(g) = f*T (9) = T (f *g), for all
f €L, (G)and g € Ly, (G).

Now, let us briefly describe the content of this paper. In section 2,
we will construct the p-temperate (tempered) functions space for weighted
Lebesgue spaces. In section 3, we will characterize the multipliers space of
L, (G) as a certain Banach algebra and generalize the results of
McKennon to L, (G). Finally in section 4, we will exhibit an isometric
isomorphism between the Banach algebra M, ,, and the normed algebra
M ,, of all multipliers on the group Ly ,-algebra, L, , (G).

2. The space L}, (G) and its basic properties

Definition 1. A function f € L, (G) is said to be p—temperate (tem-
pered) if (hx f) (z) = [oh(t) f (¢ x) dX () exists for A-almost all z € G
whenever h € C.. (G) and it satisfies the following:

(2.1) sup{||h>|< flpw s b€ Ca(@), IR, < 1} < .

The space of all such functions is denoted by L;w (G) and the number
given by (2.1) will be written as HfH;w. It is easy to see that the function

t . t . .
[/, 18 @ norm and L, ,, (G) is a normed space under this norm.
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In [3, Section 2], he considered Banach function spaces B C L} . (G)
satisfying the following conditions:

(I) (B,]|||) is an essential two-sided Banach module over a suitable
Beurling algebra L. (G) with respect to convolution,

(II) BN L, (GQ) is dense in B as well as in L} (G),

(IIl) B* B C L} (G) in the sense that for all f, g € B, (fxg)(x) =

loc

Jof (W) g (y~'z) dy exists La.e. and f g isin L}, (G)
and he stated the following theorem.

Theorem 1 ([3, Theorem 2.5]). Let B be a solid BF-space satisfying
(III). Then f € B is tempered iff g* f is in B for all g € B. Moreover the

extended multiplication on Bt is given by ordinary convolution.

At the end of Section 2 in [3], he mentioned that if B C L' (G)+ L? (G)
and G is unimodular, then B satisfies (III) and as a result B = L, (G) on a
unimodular group G proves Theorem 2.5 for 1 < p < 2. Therefore, we can
write an equivalent definition to Definition 1: a function f € Ly, (G) is
said to be p — temperate (tempered) if (h = f) (x) = [ h () f (7 z) dX ()
exists for A-almost all z € G whenever h € L, (G) and it satisfies the
following:

sup{[|h * fllpw : h € Lpw(G), [|hllpw <1} < oo,

for1§p§2and%ELT(G)WhereTE[q,oo]and%:%—%zo.

~—

Proposition 1. L! , (G) is a dense subspace of Ly, (G).

Proof. Let us take any g € C, (G). Since C. (G) * Ly (G) C Ly (G)
and SUp|p) <1 [h*gll,., < oo, we get Cc(G) C L}, (G). Therefore, by
using the inclusion C.. (G) C L}, (G) C Ly (G) and C, (G) = Ly (G),
we have L?  (G) = Ly (G). Also each element of L1, (G) N Ly (G) is a
tempered function. O

Also, note that f € Ly, (G) is tempered if and only if the map g — gx* f
(convolution operator) from C,(G) into L, ., (G) can be extended for all
g € C.(G) to a bounded operator on Ly, (G) whose norm is just HfH;w
Now, this situation shall be considered.

—
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Proposition 2. For each f € L;,w (G), there is precisely one bounded
linear operator on Ly, (G) defined as Wy (g) = g * f, for all g € L, (G).

Proof. For each f € L}, (G), if we use the equality Wy (g) = g* f, for
all g € Ly (G), then Wy is well defined, bounded and linear by the density
of Cc (G) in Ly (G) and the definition of L, (G) spaces. Also

(2.2) Wil = sup [[Wy(g)ll,,, = sup X g * Fllpo = 1 llp -

lgll,,<1 9l w<

Proposition 3. (L! ,(G), HHZU}) is a normed algebra under the convo-
lution.

Proof. The proof is a special case of the proof of [3, Theorem 1.1]. O

Since (L}, (G), ||H;w) is a normed algebra under the convolution,
L}, ., (G) spaces are also called as group—Ly,, (G) algebras. We know that
Ly (G) is an essential Banach L, ,, (G)-module under convolution. There-
fore, the next proposition can be given without its proof. Or, an alternative
proof can be derived from the proof of [3, Theorem 1.1].

Proposition 4. L}, (G) is a normed module over Ly ,, (G) under con-
volution and invariant under translation.

In [3,8], it is shown that L! (G) is not a Banach space with the norm ||H;
unless p = 1. Similarly, L , (G) is not a Banach space with ||H;w in most
cases unless p = 1. If p = 1, we have already L{ ,, (G) = L1, (G) as L1, (G)
is a Banach algebra and also Lj , (G) = {f € Law (G) : fe Loo,w(@)}.
Several particular cases can be seen in [3,10].

Proposition 5. L;w (@) is a Banach algebra with respect to the norm
t
M-l = M-l + 11

Proof. Let us take a Cauchy sequence {f,} C L}, , (G). Then for each
e > 0, there exists a positive integer ng such that ||| f, — fm|||;w < g, for

all n,m > ng. Since HHH;UJ > |l we have || f, = finll,,, < € for the
same € and ng. By this way, we have a Cauchy sequence in Ly, ,, (G). Since
L, (G) is a Banach space, there exists an element of Ly, ., (G), say f, such
that lim, || fo — fl|,,, = 0. Also, for each positive integer n, we can form a
Cauchy sequence {Wy, } C B, ., due to Proposition 2. Completeness of B, ,,

gives rise to an operator W € B,,,, such that lim, |[Wy, — W| = 0. Let us

t
‘p,w :
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take g € Cc (G) with |g|,,, < 1. Since Ly (G) is a L1 4 (G)-module, we
can write limy, || f, x g — f * g”pw = 0. Therefore we get

(23) g% Fllpy =i g % Full < Tin [l < lim [y, | = W] < oo

bw — b,w —

and HfH;w = Sup|g <1 lg* fll, < W] < oo by (2.3). This implies
that f € L , (G). Also, for any h € C. (@), we have

(2.4) W (h) = limWy, (h) = limf, x h = limf « h = Wy (h).

Since C. (G) is a dense subspace of L, , (G), we get W = W;. Besides this,
tim | fo = £l = B (= Fllp+ 1 = £l

(2.5) = tim (|1 =l + W5, = Wyll) =0

can be written. Hence L}, (G) is a Banach space.
On the other hand, by using the Propositions 2 and 3, we get

17 % 9l = 1 % Gl + 1 % 9l < IWg (Dl + 11 gl
26) < IWyll1F o+ 1 9l = gl 10+ 1
o (1T 171 ) < gl LI

t t
v 19150

=llg

for any f,g € L, (G). Then L! , (G) is a Banach algebra under the
convolution. O

Remark 1. A general proof of the preceding proposition for locally
compact groups can be found in [3]. Also, being essential Banach L1 ., (G)-
module property of ij’w (G) spaces is discussed in Theorem 2.5 and the
following remark in [3].

Proposition 6. The set

(2.7) S = span {Wy.y | feL,(G),ge€Ce(G)}

is a complete subalgebra of By, and has a bounded approximate identity.
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Proof. By the definition of 3, it is easy to see that & is a complete
subalgebra of B), ,, under the operator norm with the usual composition. Let
K be a compact neighbourhood of the identity of G with w (y) < A, for all
y € K. Let F' be the family of all neighborhoods of the identity contained
in K. For U,V € F, define V < U if U C V. Then clearly (F,<) is a
directed set. For every U € F, there exists a positive continuous function
hy on G such that [ hy (z)dX(x) = 1, the support of hy is contained
in U and [lhyll;,, < A for each U € F. This net {hy}ycp is a bounded
approximate identity for Ly, (G) ([17]). If {h,} denotes the product net
of {hv}ycp with itself i.e., hy = hy * hy, then {h,} is again a bounded
approximate identity for Ly ,, (G). It can be seen that the net {th} is in
S and lim, [|[W), || < A2, Also, for each f € C.(G) C L, ., (G), we have

(2.8)  [[Wyll= sup [[Wy(R)l,, = sup 1Hf*th,w <Al -

pw
Al <1 17llp 00 <

Again, for all f,g € L}, , (G) and h € Ly, (G), we see that
(2.9) Wy =Wy)(h)=hx*f—hxg=hx*(f—g)=Ws_4(h).

Let f € L}, (G) and g € C, (G). Since S is a complete subalgebra of By,
by using (2.8) and (2.9), we get

B [We, © Wy — Wiegl| = T [ (Woun, — ) 0

< [ Wyt | 1W< T lg + oy = gl W] =01

Consequently, we have lim, HW;M ol — TH =0, for all T € &. [l

Proposition 7. S is a complete subalgebra of Homp, ,(ay (Lpw (G))-

Proof. We know that {Wy,, | f € L., (G),ue C. (G)} is a funda-
mental set for . Therefore it is enough to take a Wy € 3 where f €
L, ., (G). Since Ly, (G) is a Banach Ly ,, (G) -module we have Wy (g * h) =
gxhxf = gxWyg(h), for all g € L1,4(G), h € Lyw(G). Thus Wy
belongs to Homp, () (Lpw (G)). Since Homp, (a) (Lpw (G)) is a Ba-
nach space under the usual operator norm, J is a complete subalgebra of
Homp, () (Lpw (G))- O

Proposition 8. S is an essential Banach L1 ,,(G)-module by (goWy)(u)
=Wy (g*u), for alluw € Ly (G) and g € L1, (G).
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Proof. Since {Wy. | fe Ll , (G),g€C.(G)} is a fundamental set
for 3, it is enough to take a Wy € ¥ where f € L}, (G). Let us take any
g € L1y (G) and define g o Wy : Ly (G) = Lpw (G) by (go Wy) (u) =
Wy (g * u) for each w € Ly, (G). In this case

lgo Wil = sup [(goWs) (W, < IWilllgliw =110 19l

lleallp o <

is found. As a result, ¥ is a Banach L; ,, (G) -module. Since any bounded
approximate identity {e,}, (eq > 0) of Li, (G) is also an approximate
identity for L, ., (G) ([17]), for any Wy., € 3, we have

lea © Wieg = Wiigll = WP [(ea © Wyig = Wiig) (W), ,,
Ullp <

(2.10) = sup |uxeqx frg—ux*fxgl,,
el ,, <1

= sup |jux fll,, llea xg—glli,
lall 0y <

<l llea* g = gl
for all w € L, (G). Therefore S is an essential Banach Li,, (G) -module
by the factorization theorem for Banach modules in [1, Corollary 15.3]. O

Remark 2. An alternative proof for general Banach spaces can be seen
in the ”only if” part of [4, Proposition 1.1]. Since L}, (G) C S and S
is an essential Banach L, (G) -module, another discussion about not be-
ing essential Banach L, (G) -module property of L} , (G) spaces can be
derived.

Also for any f € L1, (G) and Wy, € S, we have

lim||f— foW, | = lim( sup 1f xu—hyx(fxu),,)
7 T ull,, <1 ’
(2.11) < lim( sup [f =y flly, lull, )
T ull, <1

< lmllf = by S, = 0.

So fe L1,,(G) oS, and fe I by Proposition 8. That is to say Ly ., (G) C .
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3. Identification for the multipliers spaces of L; , (G)-module
with the multipliers space of certain normed algebra

Proposition 9. Fach multiplier of Ly .,(G) is also a multiplier
ofL;w(G).

Proof. Let f € Ly, (G),g9 € L}, (G) and T € Homy, () (Lpw (G)).
Then, we get
IT @) = s {lhxT @), heC(G),lhl,, <1}
= swp{IIT (b 9)ll,, : heCe(G),lhl,, <1}

t
< IT1Hglly . < oo

Since C. (G) is dense in Ly, (G), we can find a sequence {f,} C C.(G)
such that lim, || f, — f|,,, = 0 and lim, || fo xg — f xg|,,, = 0 by (2.2).
Also, by the first part of the proof, we have

lim | # T (9) — £ T (9)] = 0

andf*T(g):hmnfn*T(g):hmnT(fn*g):T(f*g)' U

Lemma 1. For every T in Homp, () (Lpw (G)), ToW €S, for all
Wes.

Proof. Let T € Homp, () (Lpw (G)), f € L, (G) and g € C.(G).
Since the set span {Wy.y | f € L, (G),g € Cc(G)} is dense in S, for the
proof, it is enough to show that T o Wy,, € S. By Proposition 9, we get

(T'oWyag) (h) =T (h* fxg) =h*xT (f *g) =Wr(reg)(h) = Wyer(p) (h),
forall h € Ly, (G). Thus To W €  for any W € S. O

Theorem 2. Let G be a locally compact abelian group and 1 < p < oo.
Then M (S, SY), the space of multipliers on Banach algebra S, is algebraically
isomorphic and topologically homeomorphic to Homp, . (q)(Lpuw(G))-

Proof. Define a mapping ¥ : Homp,  (q) (Lpw (G)) — M (S,3) by
U (T) = pr for each T' € Homyp, () (Lpw (G)) where pr (S) =T o S, for
all S € §. Note that U is well-defined and moreover since pr (So K) =
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ToSoK =pr(S)oK,forall S,K €, we have U (T) = pr € M (3,9).
It is obvious that the mapping V¥ is linear.
If we define a set P such that

(3.1) P={W(f): WeS, feLpw(G)},

then by Proposition 9 and the density of C.(G) in L, ,(G), it is easy to show
that Pis dense in Ly, (G) . Therefore, for any 71, T € Homyp, , (c)(Lpw(G))
if ¥ (Th) = pr, = ¥ (T2) = pr,, then we have 71 = 75 on P. By the density
of Pin Ly, (G), the mapping ¥ is injective.

Also, for any T'€ Homyp, (@) (Lpw (G)) and S € 3, we have

[TosS| = sup [(ToS)(@)lyw=sup [T(S(9)lpw
911,00 <1 gl <1
(3.2) < TN sup (1S (9)ll,. = ITIS]]
911,00 <1

by Lemma 1 and

HIOTH = sup HPT (S)H = sup ”T ° SH
ses IS ses 15l

by (3.2). On the other hand, since {th} is a bounded approximate identity
for the space &, by Proposition 6 we get

< |7

1T o S| |70 W, || [T o Wi, || _ IT]
lpz | = sup > sup > sup = >
ses ISl v W | 5 A2 A?
and hence ”A%” < |lpr|l < |IT||. Finally we will show that the mapping

V:Homp, ) (Lpw (G)) = M (3,S) is onto.

Let p be an element of M (3,3) and {hy} approximate identity for
L1 (G). Since S C Homyp, (@) (Lpw (G)) and phy € S, for any f €
Ly (G) and g € Ly, (G), we have

(3.3) phu (f = g) = (f o (phv)) (9) -
Also M (S,9) C Homy, ,(q) (3,S) implies that
(3.4) p(f=hu)(g) = (f o (phv))(9)-

Therefore by (3.3) and (3.4) we get

(3.5) phy (f xg) = (f o (phv)) (9) = p(f * hv) (g) -
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So for each f € L1, (G) and g € Ly, (G)

lim|lp(f *ho) (9) = pf (9llp = lUmll(p (f *hv) = pf) (9)
= limllp(f+ho = £) (90

tim [|p (f * P = £ 191,

ol lim [1f % Ao = £l 1900 = 05

o0

IN

IN

is obtained. Thus by (3.5), we get
lim (phy) (f * g) = lim (f o (phv)) (9) = limp (f * hur) (9) = pf (9).-

Since the space L, ,, (G) is an essential Banach L ,, (G)-module, the limit of
(phu) (f *g) = (f o (phr)) (g) exists and equal to f+T' (g) € Ly, (G) where
T is an operator in Homp, (a) (Lpw (G)). Since limy (phy) (f *g) =
limy (f o (phy)) (9) = pf(g) exists, we can write f o T = pf, for all
f€Liw(G). Then hyoT oW = (phy) oW = p (hy o W) can be written
for all W € 3. By Proposition 8, for all W € S we get To W = p (W) or
pr (W) = p(W). Therefore pr = p. O

4. The relationship between M, ,, and M;w

At the beginning of the paper, we defined M, ,, and m,,,, spaces as:
t L7t ¢ _ t
Mp,w = {T’T . Lp,w(G) - Lp,w(G)v T(f * g) - f * T(g),Vf,g € Lp,w(G>}
and
Mp,w = {T‘T : Lp,w(G) - Lp,w(G)a TLx(f) = LxT(f) s vf € Lp,w(G)}~

where L, f(y) = f(y—x). It is easy to see that the space M;’w is a
normed algebra under usual operator norm and M, ,, is a complete subal-
gebra of By, 4.

Proposition 10. Let T be in M, .

(1) T commutes with convolution by elements of L1, (G).

(i) if f € Ly, (G), T (f) € L, (G).
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(t3i) if f € Lpw (G) and g € Lf,yw (G), then T (fxg) = f*T(g).

Proof. The proof of (i) follows from [3, Lemma 2.1] and the others can
be proved by the same methods used in Proposition 9. U

Lemma 2. For each T € M?

pw

andV €S,
sup {70 V (), ¢ 1 € Ly (G). [l < 1} < TV

Proof. Let us define D = {W;: f e L} ,(G),W; € S} and take any
W € 3. Then, by definition of 3, we can find a Wy € span{Wy., | f €
L}, ,(G),g € Cc(G)} such that [|[W; — W|| < e for any € > 0. This says that
D is a dense subspace of & and ||[Wy|| = HfH;W for all Wy € D. Therefore,
if 7' : D — By, is defined by 7' (Wy) = Wyy, for all Wy € D, then n’ is
bounded. So, we can find a unique extension of 7/, say m, such that 7 : & —
Bypw. Let h e L, (G) with Al < 1and {fp} C L} ., (G) be a sequence
such the Wy, € D for each positive integer n and there exist V' € < such
that

(4.1) lim | Wy, — V|| = 0.

Also, since we have Wy (Lo f) = g% Ly f = Ly (f xg) = LW, (f) for each
[ € Lpw(G) and W, € S, we can see that I C M., and V € M, . So,
by Proposition 10, the equality

(VoWn)(9) =V (Wr(g) =V (gxh)=gx*V(h)=Wyau(9)

can be written for all g € Ly, (G), i.e. Vo W), = Wy 4. Since Wy, (n) =
Wy, o Wy, for each positive integer n, the equality

Wy, () =V (I, = [[Wiwy,0 — W) = W5, o Wi~V o

p,w
= [[(Wg, =V) Wil
is found by (2.2) and (2.9). Using (4.1), we get

lim Wy, (h) =V (Rl < lim [Wy, = V][ [Wy]| = 0.

Consequently, for T' € M}

p7w’

(4.2) lim | T (Wy, (h) =T (V (R)],,,, = 0.

p?w
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Since Wry,) (9) = g+ T (fu) =T (g * f) =T (Wy, (9)) = (T o Wy,) (g) for
each n € N, and for all g € L, (G), we can write Wp(s,) = T o Wy, and
7w (Wy,) = 7" (Wy,) = Wp,) =T o Wy,. As a result, by (4.1)

hm [T 0 Wy, —x (V)] = lim ||z (Wy,) — 7 (V)] = 0
is found. Therefore, since lim, [[(T o Wy, ) (h) — = (V) (R)], ,, = 0, we get
(4.3) lim |lg « (7' Wy, ) (h)) = g+ (7 (V) (W)]l,,,, = 0,

for all ¢ € C.(G). Using (4.2) and (4.3), we get g x (7 (V) (h)) = g *
(ToV)(h), forall g € C.(G) and thus 7 (V') (h) = (T o V') (h) by [6, 20.15].
Consequently 7 (V) and (T o V) coincide on L}, , (G). The normed algebra
property of Lf , (G) and (4.1) show that

(T o V)(W)llpw = Im(V) (W) llpw = Timflw (W, ) (7)[lp,w = Tm|[Wrg,) (A) |
=l |75 T (fa)llp < ol oo i (1T ()0

exists. Hence by [h],,, < 1, (2.2) and (4.1), we get|(T o V) (R)[,, <

T Y || ol o = 1T Y [[ W, || < T (V- O
Proposition 11. For all T € M}, V € S and f € Lt , (G),
(T o V) (Dl < ITIIV ()l -

Proof. Let € be a positive number. Since & is a Banach algebra with
a bounded approximate identity, Cohen’s factorization theorem [7, 32.26]
implies that there exist P and S in S such that |P]| =1, ||V — S| < € and
V =PoS. Thus

1S (Dllpw = NS =V V) (Nl < NS =V) (Dl + 1V (D)l
< el fllpw + 1V (P p

and

(T V) ()l

170 (Po8)) (F)llpw = (T 0 P) (S (£l
IT1 1P (215 + 1V (Dl )
= TN (= 1 s + 1V ()

can be found by Lemma 2. Therefore, it follows that |7 (V (f))]|
IV (e -

IN

<
pw —
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Lemma 3. E={V (f): feLl,(G),V €S} is a dense subspace of
Ly (G).

Proof. Let ¢ > 0 and g € L, (G) . Since C, (G) is a dense subspace of
Lpw (G), there exists f € C (G) such that |lg — f||,,, < §. By Proposition
6, while {th} is the bounded approximate identity for 3, we get Wy, (f) €
Ly, (G). Since the net {h,} is an approximate identity for L, ., (G),

tn [ W, () = £, = lim oy + £ = 71, =0

is found. Thus, for some index =, Hth (f) — f”p’w < 5. So, {th (f)} C
E and W, (f) — ng,w <e. O

Lemma 4. Let V be in By, and D be a dense subset of Ly, (G) such
that V (hx f) = hxV(f), for allh € C.(G) and f € D. Then V is in My .

Proof. Let us take any x € G. By using the same method in [6, 20.15],
we can find a net { fo} C C¢ (G) such that limg [|Lzh — fo ]|, ,, = 0, for all
h € Ly, (G). Since V is bounded, we get lim, ||V (Lyh) — V (foa * h)
0 and limg, |V (Lgh) — fo x V (h)
any h € D, we get

Hnw -

I pw = 0 by the hypothesis. Therefore for

IV(Lah) = LoV (W) |[paw = Eim |V (Lah) =V (fo  B)+V (fo * h) = LoV (h)

pw
< Hm||V(Loh) = fo V(R) [pat
+lim| fo %V (h) = LaV () [pw = 0,
by using the property of V. Since D = Ly, (G) , we get V' € M. H

Theorem 3. Let w : M, ,, — Mziw be a mapping defined by w (T) = wr
such that w (T) (f) = wr (f) =T (f), for all T € My, and f € L, . Then
w s an isometric isomorphism of M, ., onto Mg’w. Furthermore, if T is an
operator in M! . . then there exists some S € M,,, such that ws (V (f)) =

p7w7

T(V(f)) for all V€S and f € L, .

Proof. The map w is well-defined by Proposition 10. Since Lfg,w

dense subset of L, ,, it is easy to see that w is linear and injective. Let
T be an arbitrary element of M;;w. It follows from Proposition 11 and
Lemma 3 that there exists a unique operator S € B, ,, such that S(V (f)) =

is a
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T(V(f)),forallV € Sand f € Lt . Forhe C.(G),V € Sand f € L},
Proposition 10 implies that

SV () = SV (h#f)) =TV (hxf)=ThxV(f)
(4.4) — W T(V(f)=hxSV(f).

By Lemma 3, Lemma 4 and (4.4), we get S € M,p,. Consequently,
ws(V(g9) =8V (g)=T(V(g), forall V € Fand g € L},

On the other hand, suppose that wg (h) # T (h) for some h el ,(G).
Then there exists g € C.(G) such that g x (wg(h) =T (h)) # O and
llg * (ws (h) (M)l # 0. Since h € Ly, (G) C Lyw(G), there
exists {h, } C C (G) such that lim, ||k, — R|,,, = 0. By Lemma 3, we
get

lg * (ws (h) =T (M)llp0y = llg* (ws =T) (W), = ws =T) (g*h)ll,
= h*(ws =T) (9l
(4.5) = lim |y (ws = T) (9),

= hTanH(wS— T) (hi * 9|l
— tim s - T) (Wi, (9]0

Since W, (g) € E and E = Ly, it follows that ||g * (ws (h) — T (Do =

0. Thus, with this contradiction we get w (S) = wg =T or w is surjective.
Now, let us show that w is an isometry. Take any T from M, ,, let

felt pw and € be a positive number. Let us choose g € L;’w for which

||g||p’w <1 and |wrp (f)||;w < |lg * wr ()l + € Then by proposition 11,
we get,

grwr (f) =g*T(f) =T(g*f) =T Wy (g)) = (T o Ws)(g).
So, this implies with (2.2) that
(4.6) flwr (£l

A

Hg * wr (f)”p,w t+e
1T o Wp) (D0 + < ITIIW gl + €

t
< T f1p 0 + &

Therefore |lwr|| = ||w(T)|| < ||T]|. Conversely, with Proposition 11 and
Lemma 3, for all T' € M, .,
1T} = supdIT (V (W)l = V (R) € BNV (W)l < 1}

= sup{flor (V (W), : V (R) € B[V (D), 0 <1} < lwrl],



15 ON MULTIPLIERS OF THE GROUP Ly, ,,(G)-ALGEBRAS 267

is found. As a result, ||wr|| = |7 and M., = M, ,,. O
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