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Abstract. In this paper we present a bundle of pairs of volume forms VZ. We
describe horizontal lift of a tensor of type (1;1) and we show that horizontal lift of
an almost complex structure on a manifold M is an almost complex structure on the
bundle V2. Next we give conditions under which the almost complex structure on V2
is integrable. In the second part we find horizontal lift of vector fields, tensor fields of
type (0;2) and (2;0), Riemannian metrics and we determine a family of a ¢-connections
on the bundle of pairs of volume forms. At the end, we consider some properties of the
horizontally lifted vector fields and certain infinitesimal transformations.
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1. Introduction

Throughout the paper we assume that indices 7, k, ... will run over the
range 1,2,3,...,n and «,(,... will run over the range 0,1,2,...,n,
n + 1. The Einstein summation convention will be used with respect to
these systems of indices.

In [7] THOMAS made a construction of a vector bundle of volume form.
DHOOGHE gave some interesting properties of this bundle in [1]. Using
Thomas construction in this paper we introduce a bundle of pairs of volume
forms V2.

Let M be an orientable n-dimensional manifold and (z*) a set of coor-
dinates on a neighbourhood U C M. Then volume forms w and v on U are
determined as w(z®)dzt A... Ada™ and v(zt)dzt A ... Adz", where w, v are
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positive C*°-functions. The union of all pairs of volume forms (w, v) forms a
bundle over M, which is generated by the set of all saturated neighborhoods
equipped with the coordinates (w,z!,...,2" v) and let 7 : V> — M be a
projection of the bundle. We call this bundle a bundle of pairs of volume
forms and we denote this one by V2. We identify pairs of volume forms
with sections of the bundle V2.

Let ' = ¢(x') be an orientation-preserving transition functions on
M. Then the lifted transition functions on the bundle of pairs of volume
forms V? are given by the following formula w’' = wJ(¢)(z?), =¥ = ¢(x?),
v' = vJ(¢)(x?), where J(¢) is the Jacobian of the map ¢. Since we consider
only positive volume forms, then we can put 2° = Inw, 2"*! = Inv and
then we introduce a new system (2%, 2!, ..., 2" 2"*!) as local coordinates
on V2. The transition functions in terms of these coordinates system are

2% =20 + InJ(¢)(zh),
v = g(a’),
x(n-i—l)’ _ xn—H + lnj<¢)(xz)

Then the Jacobi matrix of transition functions on V? is given by

1 9
’ al'j/
ox® oxt
J

— 1

_0 oxJ _

2. The horizontal lift of a tensor field of type (1,1) and the
horizontal lift of an almost complex structure
At the beginning of this chapter, we are going to consider the horizontal
lift of a tensor field of type (1,1). Let (F]Z) be components of a tensor F' on
the manifold M in the local coordinate system (U, z*). For these tensor we
have the following theorem.

Theorem 2.1. Let F = (F;) be a tensor of type (1,1) on the manifold
M and let (Ffj) be components of a linear connection ¥V on M. Then
o rhergE
F=10 F; 0],
k k it
-1 I —T5F; 0
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define a tensor of type (1,1) on the bundle of pairs of volume forms V2.
The tensor F will be called a horizontal lift of F.

Proof. We are going to check that the geometric object F' = (FZJ)
satisfies the transformation rule of the tensor of type (1,1). We have

Gl

o 0T 0wy g, 0r' 0T, 01 0c ]
*kJxp' O’ tkaz o 9xP Ozt Ozt Oz
b xt
0 0J oz 97 %xp,' axtaz ' oxt "
x’L w’L x@ .TZ
L 0xt OxP' + Oxt™ * OxP P’ Tk Gpp’ TR |

K b k!
0 Fp/k/ - Fp/ Fb/k/ 1
o ! i =o'
N 0 K F;;l b k! O - [F’Bl:| ’
71 7Fp’k’ - Fp/ Fb’k’ 0

O

In the next part of this chapter we study some properties of the horizon-

tally lifted tensor field F. First, we show that horizontal lift of an almost

complex structure is an almost complex structure on the bundle of pairs of
volume forms.

Theorem 2.2. Let F' = (FZ]) be an almost complex structure on the
manifold M. Then horizontally lifted tensor field F is an almost complex
structure on the bundle of pairs of volume forms V2.

Proof. We have

[t TR ThEE T T o
=10 F'F} 0|=-TIp.
0 —Th +ThF - F?sz'] - kaF]th] -1

Thus F is an almost complex structure on V2. O
Now, we give the conditions under which the horizontally lifted almost

complex structure is integrable. First we recall the definition of a Nijenhuis
tensor.
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Definition 2.1 ([3]). Let F' be a tensor field of type (1,1) and let X,
Y be the vector fields on a manifold M. Then

N(X,Y)=F(FX,FY)-F(X,Y)-F(X,FY)—-F(FX,Y)
is said to be a Nijenhuis tensor of the tensor F' on the manifold M.

We need the following lemma to prove a next theorem.

Lemma 2.1. Let (F}) be components of a tensor field F of type (1,1) on
the manifold M. Let (Ff]) be components of the connection V on M. Then
nonzero components (N;’B) of the Nijenhuis tensor N of the horizontally
lifted tensor I are given by

Ng = NZ—FI — [leﬂ?” _ Fit|d:| [_de(sg‘ + FidF]T + F]d(slr + 5?5:‘] s

Tk _ ATk

where (NZ’;) are components of the Nijenhuis tensor of F.

We recall (]2]) that the linear connection V is locally volume preserving
at p € M if there exists an neighbourhood U of p and a volume form w on
U such that Vw = 0. The integrability conditions of the existence of such a
volume form in local coordinates (z%) on a neighbourhood p € M are given
by

Tjii = Ty = 0,

where the (Ffj) are the coefficients of V ([6]). The connection is called
globally volume preserving if such a volume forme exists on the manifold M.
For a locally volume preserving connection we have

Theorem 2.3. Let V be a symmetric, locally volume preserving
connection on the manifold M. Then the almost complex structure F on M
1s integrable if and only if the horizontally lifted almost complex structure
F is integrable on the bundle of pairs of volume forms V2.

Proof. Let the almost complex structure F' be integrable one on the
manifold M. Then the Nijenhuis tensor N of the tensor F' vanishes. From
the assumption that V is the volume preserving connection and from
lemma 2.1 we have that the Nijenhuis tensor N of the horizontally lifted
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tensor I vanishes, too. So, we obtain that the horizontally lifted almost
complex structure F is integrable on the bundle of pairs of volume forms V2.

From the other hand let F be the integrable almost complex structure
on V2. Then N is the zero tensor and from lemma 2.1 we get

0=N;=N[

hence F' is the integrable almost complex structure on the manifold M. [J

3. Horizontal lift of some geometric objects to the bundle of
pairs of volume forms 12

MozGAwA and MIERNOWSKI in ([4]) gave the horizontal lifts of vector
fields, tensor field of type (0,2) and (2,0) and Riemannian metrics to the
bundle of volume forms. Now, we are going to give formula for horizontal
lifts of vector field, tensor fields of type (0,2) and (2,0) and Riemannian
metrics to the bundle of pairs of volume forms V2. At the beginning we
consider the problem of horizontal lift of vector fields to V2.

Theorem 3.1. Let v = o' 821' be a vector field on the manifold M and

let V = (FZ) be a linear symmetric connection on the manifold M. Then

R

_ i
0= -5 — : v
i 52,0 ozt ik §gnt1’

is globally defined a vector field on V? called a horizontal lift of the vector
field on the bundle of pairs of volume forms V2.

Proof. We check the transformation rule of the vector fields for the
components (%) of the object v. We have

7" = —vika + ;gdvd = —vd/ngt/,
K _ Zﬂfazvd _—s
B = o 4 DLt = T,
Hence @ is the vector field on the bundle V2. O

Now, we are going to describe a horizontal lift of Riemannian metric to
the bundle of pairs of volume forms.



362 ANNA GASIOR 6

Theorem 3.2. Let (I‘fj) be the coefficients of the symmetric connection
V and let (gij) be coefficients of a tensor g of type (0,2) on M. Then

1 rk 0
g=|T% g+ Qkak;F;t %,
0 Tk 1

is globally defined (0,2)-tensor on V?* called the horizontal lift of the tensor
of type (0,2) to the bundle V2.

Proof. It is sufficient to check the transformation for the object g. For
the nonzero coefficients (g,3) we have

_ 0x0 920
goor = wwﬂoo =1,

gi’O’ = + = =7 +

01 w03 owt o, 0]
ozt " oxi kT Py

0J 9J 03 ot ,0x" 9T
OxV Oxd’ Ozt fzi’ T T oxt §gi’ T U
d a9k
OO g+ 20T
L0101 01, 01 0]
"ozt Oz’ Oxi’ I OxV OxJ’
oJ

+ 2WF§;V —2

/ 0J / aJ r
+ 2 |:F§/t/ - :| |:F§’s’ :| — gi’j’ + 2F§’t’1—‘;’s”

girjr =

ox? - 029

so g is the tensor field of type (0,2) on the bundle of volume forms V2. [
The horizontally lifted tensor field of type (0,2) has the following pro-
perty.

Corollary 3.1. Let V be a symmetric connection and let g be a posi-
tively defined tensor of type (0,2) on the manifold M. Then the horizontal

lift of the tensor g to the bundle of pairs of volume forms V? is the positively
defined tensor of type (0,2) on V2.
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In the next part of this chapter we give formulas for the horizontal lift
of a tensor fields of the type (2,0) and a 1-form to the bundle of pairs of

volume forms V2. We have the following theorem.
Theorem 3.3. Let h = (h¥) be a tensor of type (2,0) on the manifold
M. Then the geometric object
_ [RYDRTY, —RVTY RYTRTY,
h=| —h9Tk, hii —hUTE,
hATETE  —hUTE  hHTE rgt,
is globally defined (2,0)-tensor on the bundle of pairs of volume forms V2.
The tensor h is called the horizontal lift of tensor h to the bundle V2.
Proof. Let (h®%) be the coefficients of the object h. We show that the
transformation rule of the tensor fields of the type (2,0) follows for h. For

the coefficients h%* we have

01 o D g, 03 91 1y

0z 2" - -
aB _ 700 99
W =R G D 92d 0ar

Iz Oz xd Ox
= RYTYIN, — 2§Jhdﬂrt aa Jd ;;r hr
=Tt Tk, — aafl, W'Tr, — aa‘i Il
+ a2 T~

U ’
- hpd Ft/t/Fd/k/ - ho 0 3

oz" 920 - oz - ozt 97 - 1" oz" 9
hozﬂ — 7hd0 el hdr — hdj t hdr
927 9P 921" T 9ud our 9t it T gud gpr
AN BJ aJ AN /
_ b i'b i b 740
= —n''Tt, + o b,h axb,h = —n"'Th, =h
Oz (1) 90" _ 0J 02" - oY aJ
e T peB . 2 P pdBf T pndlf hde
gz 0xP 92 0P T 0aP o
o0J 0] dr it ok aJ
o SV ) u o vy,
aJ al / aJ al / aJ al /
2 a y + h T — 255 h Y Ty
83 83 y 03 0T .y
* 507 5" T a7 5"

(— k! - Y
— ha b a/t/Fb’k‘/ — h(n+1) 0 .
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For the components k%7 and A1 we get

Az 027’ TaB Az 027’

Zdr il Tl
h* =h'7 =h'7 |

Ox® OxP 9z Oxr
0tV 9ad" - 5 0T 9T hr 4 0x7. patd _ 01 Ou’ Br
x> OxP Oxd Ox" Oxd Oz Ox”
ijl r al it ~(n 137
- Wh dl—‘f’t — —h J FZ/t/ — h( +1) J .

At the end we have

9 (n+1) ax(n+1)’,a5 B aJ ij}}dT ijﬁd,n+1 4 9J

En+1,d + Bn+1,n+1

Oz™ oxP oz Ox" 0xd Ozxd
BRI AR b |
02 O W oz h (Fb/t/ aazb')

6 J a/b/ t/ 8 J a/b/ t/ 8 J k/./ 8 J
+ 8xblh <Fa/t/ - 8xa/> + h <Fa/t/ - 8xa/ Fb/k.l - 81-1),

= WYY D = R (1)

Hence, h is the tensor field of type (2,0) on the bundle V2. ]
Now, we will examine a problem of a horizontal lift of a 1-form to the

bundle of pairs of volume forms V?. We have

Theorem 3.4. Let (I‘f]) be the coefficients of a symmetric connection
V and let (wij) be coefficients of a 1-form w on the manifold M. Then
w = (w; + 2T%)dx® + da® + da™*t is a 1-form on V? which is called the
horizontal lift of the 1-form w to the bundle of pairs of volume forms V?

Proof. This is sufficient to check the transformation rule for the 1-
form. O

Using theorems 3.3 and 3.4 one can prove that the horizontally lifted
tensor field of type (2,0) has the following property.

Corollary 3.2. Let V be a symmetric connection and let h be a tensor
h of type (2,0) on the manifold M. Then the horizontal lift h of a tensor h
is unique and such that

1. h(r,7) =0,

2. h(r,w0) = h(w,7) =0,
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3. h(@,¢) = (h(w, )",
where @, ¢ are the horizontal lift of the 1-form w, ¢ to the bundle V*, 7 =0
and (h(w, $))V = (h(w, ¢)) o T, respectively.

From the theorem 3.2 and the corollary 3.1 we obtain that the horizon-
tally lifted tensor field g of type (0,2) is nonsingular and positively defined.
By multiplication one can directly check that (§)"'og = go (g)~! = L.
Hence we have the following theorem.

Theorem 3.5. Let g be a Riemannian metric on M. Then g is a
Riemannian metric on V? and

—\—1 __ 1 a a 8 (9

@7 =070 525 © a0 * ggnit © gt

From the above theorem we know that horizontal lift of a Riemannian
metric g is a Riemannian metric on the bundle V? we can calculate coeffi-
cients of the Levi-Civita connection. The proof of next theorem follows

from the direct calculations of coefficients of the Levi-Civita connection.

Theorem 3.6. LetV = (Ff’]) be the symmetric linear connection and let
g = (gij) be the Riemannian metric on the manifold M. Then the nonzero

coefficients of the Levi-Civita connection V for g are given by

= 8 . :' 8 . 1 dm k k 3
Vo ort vz@xo — 99 (de“ B Fik|d> ox™

Lo k k 9 9
— 359 I <de\i - Fik|d> 920 + Oxntl |7

=z 0 = 0 - dm (Tt t k ¢ 9
Vi o Vi ot [F?J + 9" (Cana = Laga) U507 + Fiﬁ?)] Fye
1 -
+ |5+ Ty )1~ 20T, - T8

S a a 8 a
_gdtrts(rtdﬂa - F2t|d)(F§k6i + F?k(sj)} ((%0 + (‘93:”“) ;

=~ 8 =~ 8 1 dm k k a
Vgt = Vrigg = 59" (s~ Thia) g

L gt (pk k 9 9
- 59 Ly, (de\i - Fik|d> 920 + Oan+1l )

where (g) = (gi;)~" and V = (f’fj) is the Levi-Civita connection for the
metric g on M.
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For the symmetric, volume preserving and linear connection we have

Corollary 3.3. Let V = (Ffj) be the symmetric, volume preserving,
linear connection and g = (gi;) be the Riemannian metric on M. Then the
nonzero coefficients of the Levi-Civita connection for the horizontally lifted
Riemannian metric g are given by

= = T a a
_ _ k dtTs 1k s Tt
Vi0j = V;0; = [sz‘ (1 —29 Ftsrdk) - F”PU] <6$0 * aan)

where (g7) = (gi;)~" and V = (ffj) is the Levi-Clivita connection for the
metric g on M.

At the end of this chapter we determine a family of a t-connections on
the bundle of pairs of volume forms V2, where ¢ € [0, 1].

Theorem 3.7. Let V = (Ffj) and Vi = (<I>fj) be the symmetric
connections on the manifold M. Then the nonzero coefficients of a
connection V1 are given by the formulas

_ 9 -0
Viiges = Vigg
t d 1t ¢ r d 78 o
= [1(Tly; = 4Tl + (= Ty T ( 575 + ot
0
k k

where t € [0,1]. The connection V1 is called the t—connection on the bundle
of pairs of volume forms V2.

Proof. We are going to check that the coefficients (@gg) of V1 satisfy
the transformation rule of the connection. The transformation rule for the
zero coefficients of the connection Vi follow from simple calculation. We
check this rule for the nonzero coefficients of the object ((i)gg). Now, we

. . I /
consider the coefficients ®Y J

— 0 oz 9z° . ,
oy = 927 927 [t (Fgam - darfk) +(1-1) (Ffmm - derlgr)}
0] o) 9%

Azt oz 9 L9
Ox¥0xi"  Oxd Ozt Oz’

b b
927 97 Db [t(I)da + (1 — t)rda} +
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NI
oz¥oxd ~ Ozl 9x¥ OxI’
T8y = @Th |+ (=0 |17
92J Ozt Oz° (11 Bz dxk 9z 92l
0x40ze 9xt Oz’ 0x240z20x* 0z¢ Oxi" Oz
-y O’z 0a" Ox! Oxt PPz Oxt  O°J ) 9Paf
0zd0zk 0x¢ Ox¥ Oxs' OxeOx Oxi"  Ox¥Oxi’  Oxd Ox¥ Oz’

=t Ff/k/ _(I)/ /F ’k/:| (1_t> |:Ff/j/|3/ _szlrjmj| —i—j-;;/]-/7

_ }

i§ls’ T S ip' T rm/

+1

5
where
- 0*J 9z dx° (11 Pz 0ab 92 9
L e Wl I 0x10x99z% 0z 0x7 Oz
-y Ox¢_ 0a" Ozt 0ot %x” oat  0*J 01 9%
0xdoxk Ox¢ dx¥ Oxs' Oxedx” Oxd  Oxt'Oxi’  Oxd OxV OxI’

In the next part of the prove we use the following equality.

9?2z¢  Oz" B oz 9%z" 9z
Oxldxk 9z~ Oz Hz¢ Hzv Oxd’
92z¢ 9z 9z xF 9%z OxC
0xd0xk 0z OxV Oz Ox*Ox" Oz
oz¢  9%x"  9zV 9z dxF 8%z Ox°
 9zk 92 0xv 02 dx¥ Az Dx*dx” D’
9%x"  9%2¢ dx*’
929 0x’ Hxadx DT
92z Bz B ox" 9%z Oz
x99zt 9z~ Oz Ox? dxs Oxb’
Oz 0z 0J Ot oz 9%z 0z 9J 0z® 9] 9%a°

0299z Ozt Ox 9xi" —  Ox¢ 9xV x5 Oxb Oz Oxd ~ Oz Ox¥ Oxd

We obtain from above identity

Yy =t [Thy = OFThw] + (=) [T = TimT?, ]

i'p' = 'm!

Now, we observe that
sn+l _ 50
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and
82 xn—&-l 82 1:0

OxV oxd"  Oxt 9xd"’

so we have
5 (n+1)/ _ t/ / t / / b
(I)i/j/ — t <F’i/t/|j/ - (I),?Ijlrclt/) + (1 - t) (Ff,j,'p/ — Ff’b,r‘jlclc> .

At the end we check the transformation rule for the coefficients @f}/j,, and
we get

o' 97 oz _, 9zt 9%t

él'f//'/ = ———— D —_—
v ox¥ 9xd’ Ok Y + Oz Oz 7'
ozt Ozt dx ozr 5%
= - t(I)]-C- 1-—t¢ Fk> t 1—-t)|———+
ozt 9xi" Oxk ( i+ i ) 1+ )] Oxd 9z 27’

| 02" 0af ox* . 02F 9%x?
T 02t 8xd’ Oxk T T 9zd at a7

(-t ozt 97 dx¥ +8:1;’“’ 0%z
97 Oxd dzk Y Oxd Ozt 7'

] =0k, + (1 -1k,

We proved that V; satisfy the transformation rule of the connection, so V;
is the connection on the bundle of pairs of volume forms V2. O

4. Some properties of a horizontally lifted vector field on the
bundle of pairs of volume forms V?

In this chapter we give some properties of the horizontally lifted vector
fields X on the bundle of pairs of volume forms V2. Let us consider under
which assumptions the horizontally lifted vector field X is a Killing field on
the bundle of pairs of volume forms V2. We have

Theorem 4.1. Let V be the symmetric, locally volume preserving connec-
tion on the Riemannian manifold (M, g). Then the horizontally lifted vector
field X is the Killing field on the Riemannian manifold (V?,g) if and only
if the vector field X is the Killing field on the Riemannian manifold (M, g).

Proof. Let X be the Killing field on the Riemannian manifold (M, g).
Then we have
Lxgij =0,
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where L is a Lie derivative ([3]). We have to show that
L5Gap = 0.

The coefficients of the Lie derivative of the horizontally lifted Riemannian
metric g are the following

LxGoo = X*Gooja + Ja0 X[y + Joa X[y = 0,
Lxgoo = X* (Piﬂd - let|b) =0,
LxGn+10 = X* (Tiqd - Ftdtw) =0,
LxGntint1 = X Gnitnstja T Jant1X[ny1 T Inr1aX[msy =0,
LxGoc = X Guela + 9ac Xy + ga X,
+2XTy, (Flsz\d - F§k|b> +2X Ty, (Fiﬂd - FZw:) = LxGe-

Using the assumptions we get that all coefficients of £ ¢g are equal to zero,
so X is a Killing filed on V2.

Let X be the Killing filed on the bundle of pairs of volume forms V2.
Then we have L5g = 0 and from the firs part of the proof we get 0 =
L 5 Gbe = Lx gbe, 0 X is the Killing filed on the manifold (M, g). O

YAMAUCHI in ([8]) studied certain types of an infinitesimal transforma-
tions on a tangent bundle. Now, we show that the horizontally lifted vector
field X is an infinitesimal fibre-preserving transformation on the bundle of
pairs of volume forms V2.

Theorem 4.2. Let X be the vector filed on the manifold M and let X
be the horizontal lift of X to the bundle of pairs of volume forms V2. Then
X is the infinitesimal fibre-preserving transformations on V2.

Proof. Since the fibres of the bundle V? form a trivial foliation we
have ([5]) that the horizontally lifted vector field is the fibre-preserving
infinitesimal transformation on V? if and only if the coordinates X', ..., X"
of the vector field X = XO% + X! 821' + X+l axfﬂ depend only of the
coordinates (z',22,...,2"). From the above and theorem 3.1 we get that
the horizontally lifted vector field X is the fibre-preserving infinitesimal
transformation on the bundle V. O

In the next part of this chapter, we prove that the horizontally lifted

vector field X is an infinitesimal affine transformation of the t-connection
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Vi ift =1 and X is an infinitesimal affine transformation of the connection
V1 on the manifold M. We have the following theorem.

Theorem 4.3. Let V be a locally volume preserving, symmetric connec-
tion, V1 be a linear connection and let X be a vector field on the manifold
M. If Vi is a t-connection on V?, then the horizontally lifted vector field
X is the infinitesimal affine transformation of the t-connection ift = 1 and
X is the infinitesimal affine transformation of the connection V1 on M.

Proof. Let ¢t = 1. Then the nonzero coefficients of the t-connection V;
are given by the following formulas

N R , g\ [ O 0 . 0
Viiger = Vg = (T — 25Th) <8:UO et ) Fr

where V = (Ffj) and V; = (@f]) Then from ([8]) we get
ﬁXq)fj =0.

Let X be the infinitesimal affine transformation of the connection Vi =
(@fj) For the t-connection V; = @lﬁ and the horizontally lifted vector
field X we have that the nonzero coefficients of the Lie derivative of the
t-connection Vi = (i)zﬁ) are given by

£X(i)21 = ﬁX(i)Z;H = _F?uﬁXq);;h
LB = Lx®.

From the above calculations and the assumptions we get that £ XCTJZM =
0. Hence the horizontally lifted vector field X is the infinitesimal affine
transformation on V2. U

At the end of this chapter we show that the horizontally lifted vector
field X is never an infinitesimal projective transformation and it is never
an infinitesimal conformal transformation.

Theorem 4.4. Let V be the symmetric connection and let V1 be the
linear connection on the manifold M. Then the horizontally lifted vector
field X is never the infinitesimal projective transformation on V2.

Proof. A vector field X is an infinitesimal projective transformation
on a Riemannian manifold (M, g) if and only if exist a non-zero 1-form ¢
such that ([8])

LxT}; = ¢i05 + ¢,
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where V = (T fj) is a connection on M.
For the horizontally lifted vector fields such a non-zero 1-form does

not exist, so X is never the infinitesimal projective transformation on the
manifold (V2 g). O

Lemma 4.1. Let V be the symmetric, locally volume preserving con-
nection on the Riemannian manifold (M,g). If a nonzero function o ex-
ists on M and Lxg = 290 then LxgJa = 20" gap, LJa0 = LxGant1 =
L5 Gn+1n+1 = 0, where oV = pom, where w: V* — M is the projection of
the bundle.

Using the above lemma we get the following

Theorem 4.5. Let X be the vector field on the Riemannian manifold
(M, g) and let V be the symmetric, locally volume preserving connection on
the manifold M. Then the horizontally lifted vector field X on the bundle V?
18 never the infinitesimal conformal transformation on the bundle of pairs
of volume forms V2.

Proof. Let X be the infinitesimal conformal transformation on the
bundle of pairs of volume forms V2. Then there are exist a nonzero function
o such that £ = 2pg. In particular we have £ ¢goo = 20900. But from the
Lemma 4.1 we obtain £ggoo = 0. We have that goo = 1, so ¢ = 0 and this
is contradiction of the assumption that X is the infinitesimal conformal
transformation on V2. O
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