
ANALELE ŞTIINŢIFICE ALE UNIVERSITĂŢII “AL.I. CUZA” DIN IAŞI (S.N.)
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Abstract. In the present paper we study the properties of dual structures on the
prolongations of a Lie algebroid. We introduce the dynamical covariant derivative on
Lie algebroids and prove that the nonlinear connection induced by a regular Lagrangian
is compatible with the metric and symplectic structures. The notions of mechanical
structure and semi-Hamiltonian section are introduced on the prolongation of the Lie
algebroid to its dual bundle and their properties are investigated. Finally, we prove the
equivalence between the metric nonlinear connection and semi-Hamiltonian section, using
the Legendre transformation induced by a regular Hamiltonian.
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1. Introduction

It is well known that the cotangent bundle of a differentiable manifoldM
plays a very important role in the symplectic geometry and its applications,
since this carries a canonical symplectic structure induced by the Liouville
form. The Hamiltonian formalism seems to be more straightforward that
the Lagrangian formalism, because on the tangent bundle one cannot natu-
rally define a symplectic structure. On the contrary, the tangent bundle has
a naturally defined integrable tangent structure, which together with the
notion of semispray (second order differential equation vector field) induce
a nonlinear connection [4].
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The notion of Lie algebroid (E, π,M) (Mackenzie [12]) is a generaliza-
tion of the concepts of Lie algebra and integrable distribution. The notion
of prolongation of a Lie algebroid [8] over the vector bundle projections of a
vector bundle and its dual generalize the concepts of tangent and cotangent
bundle. Weinstein [24] gives a generalized theory of Lagrangian systems
on Lie algebroids and obtains the equations of motion, using the Poisson
structure on the dual and Legendre transformation induced by a regular
Lagrangian. The same equations were later obtained by Martinez [13]
using a modified version of symplectic formalism, in which the bundles tan-
gent to E and E∗ are replaced by the prolongations T E and T E∗. In the
last years diverse aspects of these subjects were studied by many authors.
In [11] the aspects of Hamiltonian formalism on the prolongation of a Lie
algebroid over the vector bundle projection of the dual bundle, and equi-
valence with the Lagrangian formalism are presented. In [1], [6], [7], [14],
[18], [20], [23] the geometric properties of connections on Lie algebroids are
investigated and in [9], [19], [22] the study of geometric structures on its
dual is presented. For applications of Lie algebroids to optimal control see
[6], [21].

The purpose of this paper is to study the dual structures induced by
the regular Lagrangians and Hamiltonians on the prolongations of Lie al-
gebroids. The paper is organized as follows. The second section contains
the known results on a Lie algebroid and its prolongation over the vector
bundle projection. In section three, we introduce the notion of dynamical
covariant derivative (see [2], [3], [5], [10] for the case of tangent bundle) on
T E induced by a semispray. We prove that the canonical nonlinear con-
nection induced by a regular Lagrangian is the unique connection which is
metric and compatible with the symplectic structure.

In section four we study the properties of connections on T E∗ and in-
troduce the notion of almost complex structure and characterize the inte-
grability conditions in terms of torsion and curvature of the connection.
We introduce some generalizations of the Hamilton sections, as mechanical
structures and semi-Hamiltonian sections and characterize their properties.

In the last part, using the diffeomorpfism from T E∗ to T E [11], induced
by a regular Hamiltonian, we transfer many geometrical structures between
these spaces (see [15], [16], [17] for the case of tangent and cotangent bun-
dles). Thus, a semispray on T E is transformed into a semi-Hamiltonian sec-
tion on T E∗ if and only if the nonlinear connection determined by semispray
is the canonical nonlinear connection induced by the regular Lagrangian,
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via Legendre transformation.

2. Preliminaries on Lie algebroids

Let M be a differentiable, n-dimensional manifold and (TM, πM ,M)
its tangent bundle. A Lie algebroid over the manifold M is the triple
(E, [·, ·]E , σ) where π : E → M is a vector bundle of rank m over M,
whose C∞(M)-module of sections Γ(E) is equipped with a Lie algebra
structure [·, ·]E and σ : E → TM is a vector bundle homomorphism (called
the anchor) which induces a Lie algebra homomorphism (also denoted σ)
from Γ(E) to χ(M), satisfying the Leibniz rule [s1, fs2]E = f [s1, s2]E +
(σ(s1)f)s2, for every f ∈ C∞(M) and s1, s2 ∈ Γ(E). Therefore, we get

σ[s1, s2]E=[σ(s1), σ(s2)]; [s1, [s2, s3]E ]E+[s2, [s3, s1]E ]E+[s3, [s1, s2]E ]E=0.

If ω ∈
∧k(E∗) then the exterior derivative dEω ∈

∧k+1(E∗) is given by the
formula

dEω(s1, ..., sk+1) =
k+1∑
i=1

(−1)i+1σ(si)ω(s1, ...,
ˆ
si, ..., sk+1)

+
∑

1≤i<j≤k+1

(−1)i+jω([si,sj ]E , s1, ...,
ˆ
si, ...,

ˆ
sj , ...sk+1),

where si ∈ Γ(E), i = 1, k + 1, and it follows that (dE)2 = 0. Also, for
ξ ∈ Γ(E) one can define the Lie derivative with respect to ξ by Lξ =
iξ ◦ dE + dE ◦ iξ, where iξ is the contraction with ξ. If we take the local
coordinates (xi) on an open subset U ⊂ M , a local basis {sα} of sections
of the bundle π−1(U) → U generates local coordinates (xi, yα) on E. The
local functions σiα(x), L

γ
αβ(x) on M given by

σ(sα) = σiα
∂

∂xi
, [sα, sβ ]E = Lγαβsγ , i = 1, n, α, β, γ = 1,m,

are called the structure functions of the Lie algebroid, and satisfy the so
called structure equations on Lie algebroid

σjα
∂σiβ
∂xj

− σjβ
∂σiα
∂xj

= σiγL
γ
αβ ,

∑
(α,β,γ)

(
σiα
∂Lδβγ
∂xi

+ LδαηL
η
βγ

)
= 0.
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2.1. The prolongation of a Lie algebroid over the vector bundle
projection

Let (E, π,M) be a vector bundle. For the projection π : E → M we can
construct the prolongation of E (see [8], [13], [11] ). The associated vector
bundle is (T E, π2, E) where T E = ∪w∈ETwE with

TwE = {(ux, vw) ∈ Ex × TwE | σ(ux) = Twπ(vw), π(w) = x ∈M},

and the projection π2(ux, vw) = πE(vw) = w, where πE : TE → E is the
tangent projection. We have also the canonical projection π1 : T E → E
given by π1(u, v) = u. The projection onto the second factor σ1 : T E →
TE, σ1(u, v) = v will be the anchor of a new Lie algebroid over the mani-
fold E. An element of T E is said to be vertical if it is in the kernel of
the projection π1. We will denote (V T E, π2|V T E

, E) the vertical bundle of
(T E, π2, E). The local basis of Γ(T E) is given by {Xα,Vα}, where [13]

Xα(u) =
(
sα(π(u)), σ

i
α

∂

∂xi

∣∣∣∣
u

)
, Vα(u) =

(
0,

∂

∂yα

∣∣∣∣
u

)
,

and (∂/∂xi, ∂/∂yα) is the local basis on TE. The structure functions of T E
are given by the following formulas

σ1(Xα) = σiα
∂

∂xi
, σ1(Vα) =

∂

∂yα
,

[Xα,Xβ ]T E = LγαβXγ , [Xα,Vβ]T E = 0, [Vα,Vβ ]T E = 0.

The differential of sections of (T E)∗ is determined by dEXα = −1
2L

α
βγX β ∧

X γ , dEVα = 0.Other canonical geometric objects (see [11]) are Euler section
C = yαVα and the vertical endomorphism or tangent structure J = Xα⊗Vα.
A section S of T E is called semispray (or second order differential equation
-SODE ) if J(S) = C. In local coordinates a semispray has the expression
S(x, y) = yαXα + Sα(x, y)Vα.

A nonlinear connection N on T E is an m−dimensional distribution
(called horizontal distribution) N : u ∈ E → HTuE ⊂ T E that is supple-
mentary to the vertical distribution. This means that we have the following
decomposition TuE = HTuE⊕V TuE, for u ∈ E. A connection N on T E in-
duces two projectors h, v : T E → T E such that h(ρ) = ρh and v(ρ) = ρv for
every ρ ∈ Γ(T E), where h = 1

2(id+N), v = 1
2(id−N). Locally, a connection

can be expressed as N(Xα) = Xα − 2Nβ
αVβ , N(Vβ) = −Vβ , where Nβ

α (x, y)
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are the local coefficients of N . The sections δα = (Xα)h = Xα − Nβ
αVβ ,

generate a basis of HT E. The frame {δα,Vα} is a local basis of T E called
the Berwald basis. The dual basis is {Xα, δVα} where δVα = Vα−Nα

β X β .
The Lie brackets of the Berwald basis {δα,Vα} are [20]

[δα, δβ ]T E = Lγαβδγ +Rγ
αβVγ , [δα,Vβ ]T E =

∂Nγ
α

∂yβ
Vγ , [Vα,Vβ ]T E = 0,

Rγ
αβ = σiβ

∂Nγ
α

∂xi
− σiα

∂Nγ
β

∂xi
−N ε

β

∂Nγ
α

∂yε
+N ε

α

∂Nγ
β

∂yε
+ LεαβN

γ
ε .(2.1)

The curvature of a connection N on T E is given by Ω = −Nh where h is
the horizontal projector and Nh is the Nijenhuis tensor of h. In the local
coordinates we have Ω = −1

2R
γ
αβX

α ∧ X β ⊗ Vγ , where Rγ
αβ are given by

(2.1) and represent the local coordinate functions of the curvature.
A semispray S with local coefficients Sα determines an associated non-

linear connection N = −LSJ with local coefficients

(2.2) Nβ
α =

1

2

(
−∂S

β

∂yα
+ yεLβαε

)
.

Let us consider a regular Lagrangian L on E, i.e. the matrix gαβ = ∂2L
∂yα∂yβ

has constant rank m and is called the metric tensor of the space (E,L).
The symplectic structure induced by the regular Lagrangian is [13]

ωL =
∂2L

∂yα∂yβ
Vβ ∧ Xα +

1

2

(
∂2L

∂xi∂yβ
σiα − ∂2L

∂xi∂yα
σiβ −

∂L

∂yγ
Lγαβ

)
Xα ∧ X β .

and one can associate to L a remarkable Lagrangian semispray, given by

(2.3) Sε = gεβ
(
σiβ
∂L

∂xi
− σiα

∂2L

∂xi∂yβ
yα − Lθβαy

α ∂L

∂yθ

)
,

where gαβg
βγ = δγα.

The connection N with the coefficients given by (2.2), determined by
the Lagrangian semispray from (2.3) will be called a canonical nonlinear
connection induced by a regular Lagrangian L. Its coefficients are given by

Nα
β =

1

2
gαε

[
S(gεβ) + σiβ

∂2L

∂xi∂yε
− σiε

∂2L

∂xi∂yβ
− Lγβε

∂L

∂yγ
(2.4)

+
(
gγεL

γ
βθ + gγβL

γ
εθ

)
yθ
]
.
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3. Dynamical covariant derivative

Let us consider a semispray S and the associated nonlinear connection
N with the coefficients (2.2).

Definition 1. The dynamical covariant derivative that corresponds to
S is defined by ∇ : Γ(V T E) → Γ(V T E) through

∇ (ραVα) =
[
S(ρα)− 1

2

(
∂Sα

∂yβ
+ Lαβεy

ε

)
ρβ
]
Vα.

With respect to the local frame of V T E we have

∇ (Vα) = −1

2

(
∂Sβ

∂yα
+ Lβαεy

ε

)
Vβ .

In the case of standard Lie algebroid (E = TM, σ = id, Lαβγ = 0) we obtain
the covariant derivative D from [2] or Γ-derivative in [10] (other point of
view in given in [23]). Dynamical covariant derivative has the following
properties

∇(ρ1 + ρ2) = ∇ρ1 +∇ρ2, ρ1, ρ2 ∈ Γ(V T E),

∇(fρ) = S(f)ρ+ f∇ρ, ρ ∈ Γ(V T E), f ∈ C∞(M).

It is not difficult to extend the action of ∇ to the algebra of E -tensor by
requiring for ∇ to preserve the tensor product. A E-tensor means a tensor
on T E, whose components, under a change of coordinates on T E behave
like the components of a tensor on the base manifold E. For the metric g
on V T E (i.e. a (2, 0)-type symmetric tensor g = gαβVα ⊗ Vβ of rank m
on V T E) we have (∇g)(ρ1, ρ2) = S(g(ρ1, ρ2))− g(∇ρ1, ρ2)− g(ρ1,∇ρ2). In
local coordinates we get

(∇g)(Vα,Vβ) = S(gαβ) +
1

2

∂Sγ

∂yα
gγβ +

1

2

∂Sγ

∂yβ
gγα +

1

2
yε
(
gγβL

γ
αε + gγαL

γ
βε

)
,

which is equivalent to

(∇g)(Vα,Vβ) = S(gαβ)− gγβN
γ
α − gγαN

γ
β + yε

(
gγβL

γ
αε + gγαL

γ
βε

)
.

Definition 2. ∇ is compatible with the metric g if ∇g = 0 that is

S(g(ρ1, ρ2)) = g(∇ρ1, ρ2) + g(ρ1,∇ρ2).



7 DUAL STRUCTURES ON THE PROLONGATIONS OF A LIE ALGEBROID379

Let g be the metric tensor induced by a regular Lagrangian L. As in
[23] we obtain:

Theorem 1. The dynamical covariant derivative induced by a Lagran-
gian semispray is compatible with g.

Theorem 2. A nonlinear connection induced by a semispray satisfying

(3.5) ∇g = 0,

(3.6) ωL(hρ,hν) = 0, ∀ρ, ν ∈ Γ(T E\{0}).

can only be the canonical nonlinear connection induced by a regular La-
grangian.

Proof. The equation ωL(hρ,hν) = 0 yields [23]

N[α,β] =
1

2
(Nαβ −Nβα) =

1

2

(
∂2L

∂xi∂yα
σiβ −

∂2L

∂xi∂yβ
σiα +

∂L

∂yε
Lεαβ

)
,

where Nαβ := gαγN
γ
β . It follows that the skew symmetric part of Nαβ is

uniquely determined by the condition (3.6). The symmetric part of Nαβ is
completely determined by the metric condition (3.5). Indeed, we get

2N(αβ) = Nαβ +Nβα = S(gαβ) +
(
gγβL

γ
αε + gγαL

γ
βε

)
yε.

The equations (3.5) and (3.6) uniquely determine the coefficients of the
nonlinear connection Nγ

β = gγαNαβ = gγα(N(αβ)+N[αβ]), and it results the
canonical nonlinear connection (2.4). For the particular case of (TM, [, ], id)
see for instance [2]. ⊓⊔

4. The prolongation of a Lie algebroid to its dual bundle

Let τ : E∗ →M be the dual bundle of π : E →M and (E, [·, ·]E , σ) a Lie
algebroid structure over M. One can construct a Lie algebroid structure
over E∗, by taking the prolongation over τ : E∗ → M (see [8], [11], [9]).
The associated vector bundle is (T E∗, τ1, E

∗) where T E∗ =
∪
u∗∈E∗ Tu∗E∗,

Tu∗E∗ = {(ux, vu∗) ∈ Ex × Tu∗E
∗|σ(ux) = Tu∗τ(vu∗), τ (u

∗) = x ∈M},

and the projection τ1 : T E∗ → E∗, τ1(ux, vu∗) = u∗. The anchor is the
projection σ1 : T E∗ → TE∗, σ1(u, v) = v. Notice that if T τ : T E∗ →
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E, T τ(u, v) = u then (V T E∗, τ1|V T E∗ , E∗) with V T E∗ = KerT τ is a
subbundle of (T E∗, τ1, E

∗), called the vertical subbundle. If (qi, µα) are local
coordinates on E∗ at u∗ and {sα} is a local basis of sections of π : E →M
then a local basis of Γ(T E∗) is {Qα,Pα} where [11]

Qα(u
∗) =

(
sα(τ(u

∗)), σiα
∂

∂qi
|u∗
)
, Pα(u∗) =

(
0,

∂

∂µα
|u∗
)
.

The structure functions on T E∗ are given by the following formulas

σ1(Qα) = σiα
∂

∂qi
, σ1(Pα) =

∂

∂µα
,

[Qα,Qβ ]T E∗ = LγαβQγ , [Qα,Pα]T E∗ = 0, [Pα,Pβ ]T E∗ = 0,

and therefore

dEQγ = −1

2
LγαβQ

α ∧Qβ, dEPα = 0, dEqi = σiαQα, dEµα = Pα,

where {Qα,Pα} is the dual basis of {Qα,Pα}. In local coordinates the
Liouville section is given by θE = µαQα. The canonical symplectic structure
ωE is defined by ωE = −dEθE . It follows that ωE is a non degenerate
2-section, dEωE = 0 and ωE = Qα ∧ Pα + 1

2µαL
α
βγQβ ∧ Qγ . The Liouville-

Hamilton section C has local expression C = µαPα. We remark that V T E∗

is Lagrangian for ωE , i.e. ωE(ρ1, ρ2) = 0, for every vertical sections ρ1, ρ2 ∈
Γ(V T E∗). A nonlinear connection on T E∗ is an almost product structure
N on τ1 : T E∗ → E∗(i.e. a bundle morphism N : T E∗ → T E∗, such that
N 2 = id) smooth on T E∗\{0} such that V T E∗ = ker(id + N ). If N is a
connection on T E∗ then HT E∗ = ker(id−N ) is the horizontal distribution
associated to N and T E∗ = V T E∗ ⊕ HT E∗. A connection N on T E∗

induces two projectors h, v : T E∗ → T E∗ such that h(ρ) = ρh and v(ρ) = ρv

for every ρ ∈ Γ(T E∗), given by h = 1
2(id + N ) and v = 1

2(id − N ). The
local sections {Pα}α=1,m define a local frame of V T E∗, and the sections

δ∗α = (Qα)
h = Qα + NαβPβ , generate a local frame of HT E∗. The frame

{δ∗α,Pα} is a local basis of T E∗ called Berwald basis. The dual basis is
{Qα, δPα} where δPα = Pα −NαβQβ . A connection N is called symmetric
if HT E∗ is Lagrangian for ωE , that is ωE(hρ1,hρ2) = 0, ∀ρ1, ρ2 ∈ Γ(T E∗),
and it follows that N is symmetric if and only if Nαβ −Nβα = µγL

γ
αβ . The

Lie brackets of the adapted basis {δ∗α,Pα} are [9]

[δ∗α, δ
∗
β ]T E∗ = Lγαβδ

∗
γ +RαβγPγ ; [δ∗α,Pβ ]T E∗ = −∂Nαγ

∂µβ
Pγ ; [Pα,Pβ ]T E∗ = 0,
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(4.7) Rαβγ = δ∗α(Nβγ)− δ∗β(Nαγ)− LεαβNεγ .

The curvature of a connection N on T E∗ is given by Ω = −Nh where h is
horizontal projector and Nh is the Nijenhuis tensor of h. In local coordinates
Ω = −1

2RαβγQα ∧Qβ ⊗Pγ , where Rαβγ is given by (4.7) and is called the
curvature tensor of N . The curvature is an obstruction to the integrability
of HT E∗, understanding that a vanishing curvature entails that horizontal
sections are closed under the Lie algebroid bracket of T E∗.

Definition 3. An almost tangent structure J on T E∗ is a bundle
morphism J : T E∗ → T E∗ of τ1 : T E∗ → E∗ of rank m, such that
J 2 = 0. An almost tangent structure J on T E∗ is called adapted if
imJ = kerJ = V T E∗.

Locally, an adapted almost tangent structure is given by J = tαβQα ⊗
Pβ , where the matrix (tαβ(x, µ)) is nondegenerate. It follows that J is an
integrable structure if and only if [9]

(4.8)
∂tαγ

∂µβ
=
∂tβγ

∂µα
,

where tαγtγβ = δαβ . An adapted almost tangent structure J on T E∗ is
called symmetric if

ωE(J ρ1, ρ2) = ωE(J ρ2, ρ1), ∀ρ1, ρ2 ∈ Γ(T E∗).

Locally, this requires the symmetry of tαβ . If g is a pseudo-Riemannian
metric on the vertical subbundle V T E∗ (i.e. a (0, 2)-type symmetric E-
tensor g = gαβ(q, µ)Pα ⊗Pβ of rank m on T E∗) then there exists a unique
symmetric adapted almost tangent structure on T E∗ such that

(4.9) g(J ρ,J υ) = −ωE(J ρ, υ), ∀ρ1, ρ2 ∈ Γ(T E∗),

and we say that J is induced by the metric g. Locally, the relation (4.9)
implies tαβ = gαβ .

The torsion of a connection N is the vector valued two form T := [J ,h]
where h is the horizontal projector and [J ,h] is the Frolicher-Nijenhuis
bracket. The torsion T is a semibasic vector-valued form. Its local ex-
pression is [9]

T =
1

2
TαβγQα ∧Qβ ⊗ Pγ ,
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Tαβγ = tαϵ
∂Nβγ

∂µε
− tβϵ

∂Nαγ

∂µε
+ δ∗α(tβγ)− δ∗β(tαγ)− Lϵαβtϵγ .

Let us consider the linear mapping F : T E∗ → T E∗ given by F(hρ) = J ρ,
F(J ρ) = −hρ, where ρ ∈ Γ(T E∗) and h is the horizontal projector induced
by nonlinear connection.

Proposition 1. The mapping F has the properties:

a) F is an almost complex structure F ◦ F = −id.
b) Locally it is given by F = tαβPβ ⊗Qα − tαβδ∗α ⊗ δPβ .

Proof. It follows by definition that

(F ◦ F)(hρ) = F(J (ρ)) = −hρ, (F ◦ F)(J ρ) = F(−hρ) = −J ρ,

F(δ∗α) = tαβPβ , F(Pα) = −tαβδ∗β ,

which concludes the proof. �

Proposition 2. The almost complex structure is integrable if and only
if the torsion and curvature of the connection satisfy the relations Tαβγ = 0,

Rαβγ = tαε
∂tβγ
∂µε

− tβε
∂tαγ

∂µε
.

Proof. Let NF be the Nijenjuis tensor of the almost complex structure.
We get

NF (δ
∗
α, δ

∗
β) = Nγαβδ

∗
γ +Nαβ(γ)Pγ , NF (δ

∗
α,Pβ) = N(β)γ

α δ∗γ +N
(β)
α(γ)P

γ ,

NF (Pα,Pβ) = −tεαtβτNF (δ
∗
ε , δ

∗
τ ),

where

Nγαβ = Tαβεt
εγ , Nαβ(γ) = tαε

∂tβγ
∂µε

− tβε
∂tαγ
∂µε

−Rαβγ ,

Nαβ(γ) = N(ε)τ
α tεβtγτ , Nγαβ = N

(ε)
α(τ)t

τγtβε,

which ends the proof. �

Definition 4. Let J be an adapted almost tangent structure on T E∗.
A section ρ of T E∗ is called J− regular if

(4.10) J [ρ,J ν]T E∗ = −J ν, ∀ν ∈ Γ(T E∗).
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Locally, the section ρ = ξαQα + ρβPβ is J−regular if and only if [9]

tαβ = ∂ξβ

∂µα
, where tαβtαγ = δβγ . We have to remark that if the equation

(4.10) is satisfied for any section ν ∈ Γ(T E∗) with rank[tαβ ] = m, then J
is an integrable structure. Indeed, we have

∂tαβ

∂µγ
=

∂2ξβ

∂µγ∂µα
=

∂2ξβ

∂µα∂µγ
=
∂tγβ

∂µα
,

and using (4.8) it follows that J is integrable.

Remark 1. Let J be an adapted almost tangent structure on T E∗. If
ρ is a J−regular section of T E∗ then

(4.11) N = −LρJ ,

is a connection on T E∗.

Its local coefficients are given by [9]

(4.12) Nαβ =
1

2

(
tαγ

∂ρβ
∂µγ

− σiαtγβ
∂ξγ

∂qi
− ρ(tαβ) + ξγtλβL

λ
γα

)
.

Definition 5. A section ψ on T E∗ is called a Hamilton section if it is
J−regular and LψωE = 0, where ωE is the canonical symplectic section.

If ψ=ξαQα+ραPα then the condition LψωE = 0 is expressed locally by

i)
∂ξβ

∂µα
=
∂ξα

∂µβ
,

ii) σiα
∂ξβ

∂qi
+
∂ρα
∂µβ

= ξγLβγα + µεL
ε
γα

∂ξγ

∂µβ
,(4.13)

iii) σiβ
∂ρα
∂qi

− σiα
∂ρβ
∂qi

= µεξ
γ

(
σiβ
∂Lεγα
∂qi

− σiα
∂Lεγβ
∂qi

+ LενγL
ν
αβ

)
+ µε

∂ξγ

∂qi
(
σiβL

ε
γα − σiαL

ε
γβ

)
− ργL

γ
αβ .

Now, we deal with some generalizations of the Hamilton sections (see
for instance [17] and its references for the particular case of the cotangent
bundle).
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Definition 6. The section ψ = ξαQα + ραPα on T E∗ defines a me-
chanical structure if ψ is J−regular and ωE(J ρ1, ρ2) = ωE(J ρ2, ρ1), for
any ρ1, ρ2 ∈ Γ(T E∗).

The definition is equivalent with the symmetry of tαβ = ∂ξβ

∂µα
, which

means that the property (4.13) i) is fulfilled.

Proposition 3. The section ψ on T E∗ defines a mechanical structure
if and only if LψωE(ν1, ν2) = 0, whenever ν1, ν2 ∈ Γ(V T E∗).

Proof. Let us consider ρ1, ρ2 ∈ Γ(T E∗) and ν1 = J ρ1, ν2 = J ρ2. Then

LψωE(J ρ1,J ρ2) = ψ(ωE(J ρ1,J ρ2)− ωE((LψJ ρ1,J ρ2)
− ωE((J ρ1,LψJ ρ2) = ωE((Nρ1,J ρ2) + ωE((J ρ1,Nρ2).

Considering Nρ1, Nρ2 for ρ1, ρ2 in previous relation and using the proper-
ties JN = J , NJ = −J and N 2 = id we obtain

LψωE(J ρ1,J ρ2) = LψωE(JNρ1,JNρ2) = ωE(ρ1,J ρ2) + ωE(J ρ1, ρ2),

which ends the proof. �

Definition 7. The section ψ on T E∗ is a semi-Hamilton section if ψ is
J−regular and iυ(LψωE) = 0, whenever υ ∈ Γ(V T E∗).

We have to remark that in the case of a semi-Hamilton section on T E∗

only the conditions (4.13), i) and ii) are satisfied. Let us consider a section
ψ defining a mechanical structure on T E∗, then we can find the other
connection. Indeed, we consider g(ρ1, ρ2) = −ωE(J ρ1, ρ2), for ρ1, ρ2 ∈
Γ(T E∗). It follows that g(ρ1, ρ2) = g(ρ2, ρ1) and g(υ, ρ) = 0 whenever υ ∈
Γ(V T E∗). The local coordinate expression of g is given by g = gαβQα⊗Qβ .

Proposition 4. If ψ defines a mechanical structure on T E∗ then the
section N ′ defined by

(4.14) ωE(N ′ρ1, ρ2) = (Lψg)(ρ1, ρ2), ρ1, ρ2 ∈ Γ(T E∗),

determines a connection on T E∗.

Proof. First, we prove that the following relation holds

(Lψg)(ρ1, ρ2) = −(LψωE)(J ρ1, ρ2) + ωE(Nρ1, ρ2).



13 DUAL STRUCTURES ON THE PROLONGATIONS OF A LIE ALGEBROID385

Indeed, we get

(Lψg)(ρ1, ρ2) = ψ(g(ρ1, ρ2))− g(Lψρ1, ρ2)− g(ρ1,Lψρ2)
= −ψ(ωE(J ρ1, ρ2)) + ωE(J (Lψρ1), ρ2) + ωE(J ρ1,Lψρ2).

But the relation

ψ(ωE(J ρ1, ρ2)) = (LψωE)(J ρ1, ρ2) + ωE(Lψ(J ρ1), ρ2) + ωE(J ρ1,Lψρ2),

yields (Lψg)(ρ1, ρ2) = −(LψωE)(J ρ1, ρ2) + ωE(−(LψJ )ρ1, ρ2). Also, it
follows

(4.15) (LψωE)(J ρ1, ρ2) = ωE((N −N ′)ρ1, ρ2).

But,

ωE(N ′J ρ1, ρ2) = (Lψg)(J ρ1, ρ2) = ψ(g(J ρ1, ρ2))− g((LψJ )ρ1, ρ2)

− g(J ρ1,Lψρ2) = g(Nρ1, ρ2) = −ωE(JNρ1, ρ2) = −ωE(J ρ1, ρ2),

whence N ′J = −J . Next

ωE(JN ′ρ1, ρ2) = −ωE(N ′ρ1,J ρ2) = −(Lψg)(ρ1,J ρ2)
= (LψωE)(J ρ1,J ρ2)− ωE(Nρ1,J ρ2) = ωE(JNρ1, ρ2) = ωE(J ρ1, ρ2),

whence JN ′ = J , which ends the proof. �
In local coordinates the connection N ′ has the coefficients given by

N ′
αβ=

1

2

(
−ψtαβ − σiβ

∂ξε

∂qi
tεα − σiα

∂ξε

∂qi
tεβ+ξ

γLεγβtεα + ξγLεγαtεβ + µεL
ε
βα

)
.

Using the relation (4.15) we obtain

Remark 2. In the case that ψ is both semi-Hamiltonian and mechani-
cal, and moreover Hamiltonian, the connections N and N ′ coincide.

5. Duality between Lagrangian and Hamiltonian formalism

Let us consider a regular Hamiltonian H : E∗ → R i.e. the matrix
gαβ(q, µ) = ∂2H

∂µα∂µβ
, is nondegenerate. Any regular HamiltonianH on E∗ in-

duces a pseudo-Riemannian metric on V T E∗ (the metric tensor is gαβ(q, µ))
therefore, it induces a unique symmetric adapted almost tangent structure
(denoted JH) such that (4.9) is verified. Moreover, this is a tangent struc-
ture i.e., JH is integrable. A J−regular section induced by the regular
Hamiltonian H is given by ρ = ∂H

∂µα
Qα + ραPα. Since ωE is a symplectic

section and dH ∈ Γ(T E∗), we get [11]
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Remark 3. There exists a unique section ρH ∈ Γ(T E∗) such as

iρHωE = dH,

and ρH is a Hamilton section in the sense of (4.13).

With respect to the local basis {Qα,Pα}, the local expression of ρH is

ρH =
∂H
∂µα

Qα − (σiα
∂H
∂qi

+ µγL
γ
αβ

∂H
∂µβ

)Pα.

Corollary 1. The symmetric nonlinear connection N = −LρHJH has
the coefficients given by

Nαβ =
1

2
(σiγ{gαβ ,H} − ∂2H

∂qi∂µε
(σiβgαε + σiαgβε)

+ µγL
γ
εκ

∂H
∂µε

∂gαβ
∂µκ

+ µγL
γ
αβ +

∂H
∂µδ

(gαεL
ε
δβ + gβεL

ε
δα)),

where

{gαβ ,H} =
∂gαβ
∂µγ

∂H
∂qi

−
∂gαβ
∂qi

∂H
∂µγ

,

is the Poisson bracket.

We have a local diffeomorphism Φ to E∗ to E given locally by

(5.16) xi = qi, yα = ξα(q, µ) =
∂H
∂µα

,

and its inverse Φ−1 has the following local coordinates expression

(5.17) qi = xi, µα = ζα(x, y) =
∂L
∂yα

,

where L(x, y) = ζαy
α − H(x, µ) and the components ζα(x, y) define an 1-

section on E. From the condition for Φ−1 to be the inverse of Φ we get the
following formulas

(5.18)


Vβ(ζα) ◦ Φ = gαβ , Xβ(ζα) ◦ Φ = −gαγQβ(ξ

γ),

Φ∗Pα = (gαβ ◦ Φ−1)Vβ , Φ∗(Qα) = Xα + (Qα(ξ
β) ◦ Φ−1)Vβ ,

Φ−1
∗ (Vα) = gαβPβ , Φ−1

∗ (Xα) = Qα − gγεQα(ξ
ε)Pγ ,

where Φ∗ is the tangent map of Φ [11] and gαβ = ∂ξα/∂µβ , g
αβgβγ = δαγ .



15 DUAL STRUCTURES ON THE PROLONGATIONS OF A LIE ALGEBROID387

Theorem 3. Let ρ be a J−regular section on T E∗ induced by the re-
gular Hamiltonian H, and Φ : E∗ → E the diffeomorpfism given by (5.16),
then the section Φ∗ρ is a semispray on T E whose induced connection N is
the image by Φ of the connection N defined by ρ.

Proof. Let us consider ρ = ξαQα + ραPα and we obtain the semispray

ϑ = Φ∗ρ = ξα(Xα + (Qα(ξ
β) ◦Φ−1)Vβ) + ρα(g

αβ ◦Φ−1)Vβ = yαXα + ϑαVα,

where ϑα is given by

ϑα ◦ Φ = ξβQβ(ξ
α) + ρβPβ(ξα) = ρ(ξα).

Considering Φ̃ the map induced by Φ at the level of tensors and using (5.18)
we obtain Φ̃J = J, which yields N = −LϑJ = −LΦ∗ρΦ̃J = −Φ̃(LρJ ) =

Φ̃N , thus N is the image of N by Φ̃. �
This theorem shows that the splitting V T E∗ ⊕HT E∗ defined by N is

mapped by Φ∗ into the spliting V T E ⊕HT E defined by N , and it follows:

Corollary 2. The following relations hold

Φ∗δ
∗
α = δα, Φ−1

∗ δα = δ∗α,

Nαβ(q, µ) = − (Nγ
α(x, y) +Qα(ξ

γ)) gβγ ,

Rαβγg
αε = Rε

βγ ◦ Φ, Rε
βγ

∂ζα
∂yε

= Rαβγ ◦ Φ−1,

Nβ
α ◦ Φ = −δ∗α(ξβ), Nαβ ◦ Φ−1 = −δα(ζβ).

Proof. We have on one hand Φ−1
∗ (δα) = δ∗α = Qα + NαγPγ , and

on the other hand Φ−1
∗ (δα) = Φ−1

∗ (Xα − Nβ
αVβ) = Qα − gγεQα(ξ

α)Pγ −
Nβ
αgβγPγ . Therefore, we get Nαγ = − (N ε

α +Qα(ξ
ε)) gγε. Next, since Φ−1

is a diffeomorphism, we obtain

[Φ−1
∗ (δα),Φ

−1
∗ (δβ)]T E∗ = LγαβΦ

−1
∗ (δγ) +Rγ

αβΦ
−1
∗ (Vγ),

[Φ−1
∗ (δα),Φ

−1
∗ (δβ)]T E∗ = [δ∗α, δ

∗
β ]T E∗ = Lγαβδ

∗
γ +RαβγPγ ,

and using (5.18) it follows the relation between the curvature tensors of
connections N on T E and N on T E∗. By direct computation the other
relations are obtained. �

Let us consider S a semispray on T E and Φ−1 : E → E∗ the diffeomor-
phism given by (5.17). Then we set:
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Theorem 4. The section ρ = Φ−1
∗ S is a semi-Hamiltonian section on

T E∗ if and only if the nonlinear connection on T E induced by semispray
is the canonical nonlinear connection induced by the regular Lagrangian.

Proof. Considering S = yαXα + SαVα we have from (5.18)

Φ−1
∗ S = ξαQα + (−ξαgγεQα(ξ

ε) + Sαgαγ)Pγ .

The conditions (4.13) i), ii) and (5.18) lead to

gθβ (Xθ(ζα)−Xα(ζθ) + Vθ(Sε)gεα + ξεXε(gαθ)
+SεVε(gαθ) + ζεL

ε
αθ) + yεLβαε = 0,

and using (2.2) it follows

Xα(ζθ)−Xθ(ζα) = S(gαθ)− 2N ε
θ gεα + yβLεθβgεα + yβLεαβgεθ + ζεL

ε
αθ,

which concludes that (change α with θ and totalizing)

S(gαθ)−N ε
θ gεα −N ε

αgεθ + yβ
(
Lεθβgεα + Lεαβgεθ

)
= 0

(3.5)⇔ ∇g (Vα,Vθ) = 0,

and Xα(ζθ)−Xθ(ζα) = N ε
θ gεα −N ε

αgεθ + ζεL
ε
αθ, which is equivalent with

N ε
θ gεα−N ε

αgεθ+
∂2L

∂xi∂yα
σiβ −

∂2L

∂xi∂yβ
σiα−

∂L

∂yε
Lεαβ = 0

(3.6)⇔ ωL(hρ,hν) = 0.

From the Theorem 2 we get that the section ρ = Φ−1
∗ S is semi-Hamiltonian

if and only if the connection induced by semispray is the canonical nonlinear
connection (2.4). When ρ = Φ−1

∗ S is a Hamiltonian section we have the
same result, but moreover, the condition (4.13) iii) seems to lead to the third
Helmholtz condition on a Lie algebroid [23] and the work is in progress. �
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ton and Lagrange Spaces, Fundamental Theories of Physics, 118, Kluwer Academic

Publishers Group, Dordrecht, 2001.

17. Oproiu, V. – Regular vector fields and connections on cotangent bundle, An. Stiinţ.
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