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Abstract. In the present paper we study the properties of dual structures on the
prolongations of a Lie algebroid. We introduce the dynamical covariant derivative on
Lie algebroids and prove that the nonlinear connection induced by a regular Lagrangian
is compatible with the metric and symplectic structures. The notions of mechanical
structure and semi-Hamiltonian section are introduced on the prolongation of the Lie
algebroid to its dual bundle and their properties are investigated. Finally, we prove the
equivalence between the metric nonlinear connection and semi-Hamiltonian section, using
the Legendre transformation induced by a regular Hamiltonian.
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1. Introduction

It is well known that the cotangent bundle of a differentiable manifold M
plays a very important role in the symplectic geometry and its applications,
since this carries a canonical symplectic structure induced by the Liouville
form. The Hamiltonian formalism seems to be more straightforward that
the Lagrangian formalism, because on the tangent bundle one cannot natu-
rally define a symplectic structure. On the contrary, the tangent bundle has
a naturally defined integrable tangent structure, which together with the
notion of semispray (second order differential equation vector field) induce
a nonlinear connection [4].
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The notion of Lie algebroid (E, 7, M) (MACKENZIE [12]) is a generaliza-
tion of the concepts of Lie algebra and integrable distribution. The notion
of prolongation of a Lie algebroid [8] over the vector bundle projections of a
vector bundle and its dual generalize the concepts of tangent and cotangent
bundle. WEINSTEIN [24] gives a generalized theory of Lagrangian systems
on Lie algebroids and obtains the equations of motion, using the Poisson
structure on the dual and Legendre transformation induced by a regular
Lagrangian. The same equations were later obtained by MARTINEZ [13]
using a modified version of symplectic formalism, in which the bundles tan-
gent to ' and E* are replaced by the prolongations 7FE and 7 E*. In the
last years diverse aspects of these subjects were studied by many authors.
In [11] the aspects of Hamiltonian formalism on the prolongation of a Lie
algebroid over the vector bundle projection of the dual bundle, and equi-
valence with the Lagrangian formalism are presented. In [1], [6], [7], [14],
[18], [20], [23] the geometric properties of connections on Lie algebroids are
investigated and in [9], [19], [22] the study of geometric structures on its
dual is presented. For applications of Lie algebroids to optimal control see
[6], [21].

The purpose of this paper is to study the dual structures induced by
the regular Lagrangians and Hamiltonians on the prolongations of Lie al-
gebroids. The paper is organized as follows. The second section contains
the known results on a Lie algebroid and its prolongation over the vector
bundle projection. In section three, we introduce the notion of dynamical
covariant derivative (see [2], [3], [5], [10] for the case of tangent bundle) on
TE induced by a semispray. We prove that the canonical nonlinear con-
nection induced by a regular Lagrangian is the unique connection which is
metric and compatible with the symplectic structure.

In section four we study the properties of connections on 7E* and in-
troduce the notion of almost complex structure and characterize the inte-
grability conditions in terms of torsion and curvature of the connection.
We introduce some generalizations of the Hamilton sections, as mechanical
structures and semi-Hamiltonian sections and characterize their properties.

In the last part, using the diffeomorpfism from 7 E* to T E [11], induced
by a regular Hamiltonian, we transfer many geometrical structures between
these spaces (see [15], [16], [17] for the case of tangent and cotangent bun-
dles). Thus, a semispray on 7 E is transformed into a semi-Hamiltonian sec-
tion on T E* if and only if the nonlinear connection determined by semispray
is the canonical nonlinear connection induced by the regular Lagrangian,
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via Legendre transformation.

2. Preliminaries on Lie algebroids

Let M be a differentiable, n-dimensional manifold and (7'M, mwpr, M)
its tangent bundle. A Lie algebroid over the manifold M 1is the triple
(E,[,"]g,0) where # : E — M is a vector bundle of rank m over M,
whose C°°(M)-module of sections I'(E) is equipped with a Lie algebra
structure [-,-]g and o : E — T'M is a vector bundle homomorphism (called
the anchor) which induces a Lie algebra homomorphism (also denoted o)
from I'(E) to x(M), satisfying the Leibniz rule [s1, fso]p = f[s1,s2]E +
(o(s1)f)s2, for every f € C®°(M) and s1, sg € I'(E). Therefore, we get

ols1, s2)e=[o(s1),0(s2)]: [s1,[s2,83]ElE+[s2, [53, s1)E]E+[83, [s1, s2] £] E=0.

If w € \"(E*) then the exterior derivative d?w € \*™(E*) is given by the
formula

k+1 )
dPw(sy, ..., spp1) = Z(—l)”la(si)w(sl, veey Siy ey Sktl)
i=1
+ Z (—1)i+jw([si,sj]E,sl,...,si,...,sj,...skﬂ),
1<i<j<k+1

where s; € T'(E), i = 1,k + 1, and it follows that (d®)? = 0. Also, for
¢ € I'(E) one can define the Lie derivative with respect to & by L¢ =
i¢ O d¥ +d¥ o i¢, where i¢ is the contraction with £. If we take the local
coordinates (z%) on an open subset U C M, a local basis {s,} of sections
of the bundle 7~1(U) — U generates local coordinates (z¢,y*) on E. The
local functions o (), Llﬁ (z) on M given by

9
oxt’

0(Sa) = O'é [Sa,S8]lE = LZ(BSV, i=1,n, a,B,7v=1,m,

are called the structure functions of the Lie algebroid, and satisfy the so
called structure equations on Lie algebroid

do’ ;0o ; § : , 0L
Jé] i9%a _ iy ¢ By o L7 =
Ué@ — 06% = O"‘/Laﬂ7 ( - ) (Ua axz +Loz7]Lﬂ’7> - 0
a? 77
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2.1. The prolongation of a Lie algebroid over the vector bundle
projection
Let (E,m, M) be a vector bundle. For the projection 7 : E — M we can

construct the prolongation of E (see [8], [13], [11] ). The associated vector
bundle is (T E, my, E) where TE = UyepTyFE with

TowE = {(ug,vy) € Ex X TyE | 0(uy) = Tym(vy), w(w)=x € M},

and the projection ma(uy, vy) = Tp(vy) = w, where g : TE — FE is the
tangent projection. We have also the canonical projection 7y : TE — E
given by 71(u,v) = u. The projection onto the second factor o! : TE —
TE, o' (u,v) = v will be the anchor of a new Lie algebroid over the mani-
fold E. An element of TFE is said to be vertical if it is in the kernel of
the projection 7. We will denote (VT E, my,,,,, ) the vertical bundle of
(TE,m2, E). The local basis of I'(TE) is given by {X, Vs }, where [13]

2] wo=(o )

Xa - a ’ é g
(1) = (salm(w) ok
and (9/0z%,0/0y®) is the local basis on TE. The structure functions of 7E
are given by the following formulas

0 (Xa) = ol 5 (Ve) = o

[Xaa X,B]TE - LZYBX’W [XOH V,B]TE - 07 [VCH VB]TE =0.

The differential of sections of (7T E)* is determined by dZx® = —%Lgv?{ BA
X7, dPV® = 0. Other canonical geometric objects (see [11]) are Euler section
C = y*V, and the vertical endomorphism or tangent structure J = X*®V,.
A section S of TFE is called semispray (or second order differential equation
-SODE) if J(S) = C. In local coordinates a semispray has the expression
S(x,y) = y* Xy + S¥(x,y)Va-

A nonlinear connection N on TE is an m—dimensional distribution
(called horizontal distribution) N :uw € E — HT,E C TE that is supple-
mentary to the vertical distribution. This means that we have the following
decomposition T, F = HT,E®V T E, for u € E. A connection N on T E in-
duces two projectors h, v : TE — T E such that h(p) = p" and v(p) = p" for
every p € I'(TE), where h = £(id+N), v = $(id—N). Locally, a connection
can be expressed as N(X,) = X, — 2N§V5, N(Vg) = —V3, where No’?(m,y)
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are the local coefficients of N. The sections §, = (Xa)h =X, — Ngv[g,
generate a basis of HT E. The frame {dq, Vo } is a local basis of TE called
the Berwald basis. The dual basis is {X'®,V*} where 0V = V% — NgX 8,
The Lie brackets of the Berwald basis {dq, Vo } are [20]

ONJ
[0as 0pl7E = L g0y + Rl 5Vas [0, VelTE = Tyﬂuy’ Vo, VslTe = 0,
ONY . 8]\7; AN aNg
21) RV, =cb—r —ogt —2 — N5E—2 c LEsN7.
( ) Raﬁ 0-:3 oxt Oa oxt B ays +Na ays + aBle

The curvature of a connection N on TE is given by 2 = —Ny, where h is
the horizontal projector and Ny, is the Nijenhuis tensor of h. In the local
coordinates we have () = —%Rlﬁ?{ AN XP® V,, where Rzﬁ are given by
(2.1) and represent the local coordinate functions of the curvature.

A semispray S with local coefficients S determines an associated non-

linear connection N = —LgJ with local coefficients
1/ 08P
(2.2) NF = 5 <_aya - ny§5> .
Let us consider a regular Lagrangian L on FE, i.e. the matrix g,g = (%ﬁfigyﬁ

has constant rank m and is called the metric tensor of the space (F,L).
The symplectic structure induced by the regular Lagrangian is [13]
9L
~ OyeoyP

VOA XY +

1< L 0’L , 0L
wr

- _ _ Yy B
2 \ 0xi0yP Ta Ox' Oy g oy L0‘5> X5 XD

and one can associate to L a remarkable Lagrangian semispray, given by

9L 92 OL
2. e _ B i gt ' o LG o

where g,39°7 = da.

The connection N with the coefficients given by (2.2), determined by
the Lagrangian semispray from (2.3) will be called a canonical nonlinear
connection induced by a regular Lagrangian L. Its coefficients are given by

B o’L ;0L ., oL

1 .
24) N§ = Zg* bAoAz 98 Ben
(2.4) 8 59 [5(95,8) +op Dz dyE Te 0zioyPs Be oy

+ (gwnge + gvﬁLze) ye} :
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3. Dynamical covariant derivative

Let us consider a semispray S and the associated nonlinear connection
N with the coefficients (2.2).

Definition 1. The dynamical covariant derivative that corresponds to
S is defined by V: I'(VTE) — I'(VTE) through

1 [08*
Vi) = 560 - 3 (G + L) o

With respect to the local frame of VT E we have

1(0s?
2 \ Oy~

V (Vo) = + L§5y5> Vs.

In the case of standard Lie algebroid (E = TM, o = id, L§ = 0) we obtain
the covariant derivative D from [2] or I-derivative in [10] (other point of
view in given in [23]). Dynamical covariant derivative has the following
properties

V(p1+p2) =Vp1+Vp2, p1,p2 € '(VTE),
V(fp)=S(f)p+fVp, pel(VTE), feC®M).

It is not difficult to extend the action of V to the algebra of E -tensor by
requiring for V to preserve the tensor product. A F-tensor means a tensor
on TFE, whose components, under a change of coordinates on T E behave
like the components of a tensor on the base manifold F. For the metric g
on VTE (ie. a (2,0)-type symmetric tensor g = gogV* ® VB of rank m
on VTE) we have (Vg)(p1, p2) = S(g(p1,p2)) — 9(Vp1, p2) — g(p1, Vp2). In
local coordinates we get

1087 1087 1

_ - = - P Y Y
(Vg)(Va, Vs) = S(gas) + 5 aye 918 T 5 g, F et 3y (ngag + g'yaLge) ,

which is equivalent to
(V9)(Vas Vs) = S(9ap) — 948Na — 9ra N5 +y° (!hﬁLZw + gvaLEg) :
Definition 2. V is compatible with the metric g if Vg = 0 that is

S(g(p1,p2)) = 9(Vp1,p2) + g(p1, Vp2).
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Let g be the metric tensor induced by a regular Lagrangian L. As in
[23] we obtain:

Theorem 1. The dynamical covariant derivative induced by a Lagran-
gian semispray is compatible with g.

Theorem 2. A nonlinear connection induced by a semispray satisfying

(3.5) Vg =0,

(3.6) wr(hp,hv) =0, Vp,v e T'(TE\{0}).

can only be the canonical nonlinear connection induced by a regular La-
grangian.

Proof. The equation wy,(hp, hr) = 0 yields [23]

L(PL L PL 0L
2 axiﬁyaaﬁ &ﬂ@yﬁao‘ oy B )

1
Nia,g) = 5(Nag = Npa) =

where N,g = gang. It follows that the skew symmetric part of N,z is
uniquely determined by the condition (3.6). The symmetric part of N,g is
completely determined by the metric condition (3.5). Indeed, we get

2N(ap) = Nag + Na = S(gap) + (gvﬂLlE + ng}E) Yy

The equations (3.5) and (3.6) uniquely determine the coefficients of the
nonlinear connection Ng = g7 Nag = 97 (N(ap) + N[ag)), and it results the
canonical nonlinear connection (2.4). For the particular case of (T'M, [, ], id)
see for instance [2]. 0

4. The prolongation of a Lie algebroid to its dual bundle

Let 7 : E* — M be the dual bundle of 7 : E — M and (F, [-,-]g,0) a Lie
algebroid structure over M. One can construct a Lie algebroid structure
over E*, by taking the prolongation over 7 : E* — M (see [8], [11], [9]).
The associated vector bundle is (7 E*, 11, E*) where TE* = (J,«c g« Tux E”,

T B = {(ug,vy+) € By X Ty« E*|0(uy) = Ty T(vy+ ), 7 (u*) = x € M},

and the projection 71 : TE* — E* | 7i(ug,v,+) = u*. The anchor is the
projection o' : TE* — TE*, o'(u,v) = v. Notice that if 77 : TE* —
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E, Tt(u,v) = u then (VTE*, 7 y1g-, E*) with VTE* = KerTT is a
subbundle of (T E*, 71, E*), called the vertical subbundle. If (¢*, 1) are local
coordinates on E* at u* and {s,} is a local basis of sections of 7 : E — M
then a local basis of I'(TE*) is {Qq, P*} where [11]

0
The structure functions on 7 E* are given by the following formulas

Qu") = (salrtw .ol ) - P07) = (0.5
9 o

1 _ i Y lipay - 2
9 (QCY) _O-aaqz‘v a (P ) aﬂa’

[Qou Q,B]TE* - LZ[QQ’W [Qom ,Pa]TE* = 07 [7)047 Pﬁ]TE* = 07

and therefore

1PQ = L 1,Q°NQ, d"Pa=0, "¢ =0iQ% d"pu="Pa,
where {Q% Py} is the dual basis of {Q,, P*}. In local coordinates the
Liouwille section is given by 0 = 1, Q%. The canonical symplectic structure
wg is defined by wg = —dP0g. It follows that wg is a non degenerate
2-section, dfwp = 0 and wg = Q* A P, + %,uangQﬂ A Q7. The Liouville-
Hamilton section C has local expression C = o P*. We remark that VT E*
is Lagrangian for wg, i.e. wg(p1, p2) = 0, for every vertical sections p1, p2 €
I'(VTE*). A nonlinear connection on 7E* is an almost product structure
N on 7 : TE* — E*(i.e. a bundle morphism N : TE* — T E*, such that
N? = id) smooth on TE*\{0} such that VT E* = ker(id + N). If N is a
connection on T E* then HT E* = ker(id—N') is the horizontal distribution
associated to N and TE* = VTE* @ HTE*. A connection N on T E*
induces two projectors h, v : TE* — T E* such that h(p) = p" and v(p) = p"
for every p € I'(TE*), given by h = 3(id + N) and v = 3(id — N). The
local sections {P*},_17; define a local frame of VTE*, and the sections
6 = (Qu)P = Q4 + Nagpﬁ, generate a local frame of HT E*. The frame
{0%,P*} is a local basis of TE* called Berwald basis. The dual basis is
{Q%, 6Py} where 0Py = Po — Nog Q8. A connection N is called symmetric
if HT E* is Lagrangian for wg, that is wg(hpi,hpe) = 0, Vp1, p2 € T(T E*),
and it follows that A is symmetric if and only if Nog — Nga = MWLlﬁ' The
Lie brackets of the adapted basis {J}, P“} are [9]
ON,

[527 5E]TE* = Llﬂ&; + Raﬁwpv; [5;7 ,PB]TE* = - a,u,a’y ,P’y; [Paa PIB]TE* =0,
B
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(4.7) Rapy = 0a(Nay) = 05(Nay) — L gNey-

The curvature of a connection A on T E* is given by = —N}, where h is
horizontal projector and Ny, is the Nijenhuis tensor of h. In local coordinates
0= —%Rag,y 0 A Q8 @ P7, where Rasy is given by (4.7) and is called the
curvature tensor of N'. The curvature is an obstruction to the integrability
of HT E*, understanding that a vanishing curvature entails that horizontal
sections are closed under the Lie algebroid bracket of T E*.

Definition 3. An almost tangent structure J on 7 E* is a bundle
morphism J : TE* — TE* of i; : TE* — E* of rank m, such that
J? = 0. An almost tangent structure J on TE* is called adapted if
mJ =ker J = VTE*.

Locally, an adapted almost tangent structure is given by J = t,3Q0% ®
PP, where the matrix (to5(z, 1)) is nondegenerate. It follows that J is an
integrable structure if and only if [9]

ot othr

4.8 = :
(4.8) ops  Opa

where t*7t,5 = 5%. An adapted almost tangent structure J on 7 E* is
called symmetric if

we(Jp1,p2) = we(JTp2,p1), Vp1,p2 € T(TE").

Locally, this requires the symmetry of t,g. If g is a pseudo-Riemannian
metric on the vertical subbundle VT E* (i.e. a (0,2)-type symmetric E-
tensor g = g*%(q, 1) Pa ® Pg of rank m on T E*) then there exists a unique
symmetric adapted almost tangent structure on 7 E* such that

(49> g(Jp, jU) - —(UE(j,O, U)? VPIHOQ € F(TE*)7

and we say that J is induced by the metric g. Locally, the relation (4.9)
implies t*# = g8,

The torsion of a connection A is the vector valued two form T" := [J, ]
where h is the horizontal projector and [J,h] is the Frolicher-Nijenhuis
bracket. The torsion T is a semibasic vector-valued form. Its local ex-
pression is [9]

1
T = 5 Tap, Q% A 9 P,
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ON3 ON,
Tepy = toe Tt 4+ 65 (tpy) — 05 (tary) — LS gter-
By Opie B Ot (Bv) 5( v) Bley

Let us consider the linear mapping F : T E* — T E* given by F(hp) = Jp,
F(Tp) = —hp, where p € I'(T E*) and h is the horizontal projector induced
by nonlinear connection.

Proposition 1. The mapping F has the properties:
a) F is an almost complex structure F o F = —id.
b) Locally it is given by F = tangB ® Q% — t*85r @ 0Ps.

Proof. It follows by definition that
(FoF)(hp) = F(T(p)) = —hp, (FoF)(Tp)=F(=hp)=-Tp,
F(03) = tagP’,  F(PY) = -’53,
which concludes the proof. O
Proposition 2. The almost complex structure is integrable if and only

if the torsion and curvature of the connection satisfy the relations Tig, = 0,

— Otpy Otary
Ralg,}, = tae e tﬁs e

Proof. Let Nr be the Nijenjuis tensor of the almost complex structure.
We get

Nz(6, 5/3) = Nlﬁdv + NQB(V)P77 Nz(0s, 7)8) - Ngﬁ)ydv + Né(v)P’y’
NF(P*, PP) =~ "N (5%, 57),

ENVYT
where
3tﬁ,y atm
Nog = Tapet™, Nag(y) =tacy = —toe g~ — Rasy,
Nas) = N teptor, N = NGt g,
which ends the proof. U

Definition 4. Let J be an adapted almost tangent structure on 7 E*.
A section p of TE* is called J— regular if

(4.10) Jlp, TvlTe- = -Jv, Yv eI'(TE").
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Locally, the section p = £¥Q,, + psP” is J—regular if and only if [9]

toh = %, where to‘ﬁtw = 6:? . We have to remark that if the equation

(4.10) is satisfied for any section v € T'(T E*) with rank[t®®] = m, then J
is an integrable structure. Indeed, we have

o8 0%¢P 9%¢P ovP

Oy Oy Ota  Opadiy,  Opa’

and using (4.8) it follows that J is integrable.

Remark 1. Let J be an adapted almost tangent structure on 7 E*. If
p is a J —regular section of T E* then

(4.11) N=-L,T,
is a connection on T E*.

Its local coefficients are given by [9]

L(, Ops ., 0€ \
(4.12) Nag = 9 (ta’yam — Oatyp dq — p(tas) + fvt)\ﬁLva :

Definition 5. A section ¥ on T E* is called a Hamilton section if it is
J—regular and Lywg = 0, where wg is the canonical symplectic section.

If p=£%Qq + pa P then the condition Lywg = 0 is expressed locally by

, o
Ol 8/1157
y 088 Opa o0&
4.13 L =L LEg—
( ) ”) On 8(]7’ + aﬂﬁ g Yo + He Yo 3#5’
{ Ipa i 8,05 i 8L€0¢ i 8L65 e U
iii) op o " aq nl | o 8(;" — o, aqz + Ly Log
85’7 i TE i TE Y
- S (05150 = 0alip) = prLog-

Now, we deal with some generalizations of the Hamilton sections (see
for instance [17] and its references for the particular case of the cotangent
bundle).
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Definition 6. The section ¢ = {YQ, + poP* on TE* defines a me-
chanical structure if ¢ is J—regular and wg(Jp1, p2) = we(Jp2, p1), for
any p1,p2 € D(TE™").

The definition is equivalent with the symmetry of t*# = g%, which
means that the property (4.13) 7) is fulfilled.

Proposition 3. The section ) on T E* defines a mechanical structure
if and only if Lywr(vi,v2) =0, whenever vy,vy € T(VTE").

Proof. Let us consider p1, pa € I'(TE*) and vy = Jp1, v2 = J p2. Then

Lywp(Tp1, Tp2) = v(we(Tp1, Tp2) —we((LyTp1, T p2)
—we((Tp1, Ly T p2) = we((Np1, Tp2) + we((Tp1,Np2).

Considering N p1, N po for p1, po in previous relation and using the proper-

ties TN = J, NJ = —J and N? = id we obtain

Lywp(Tp1, Tp2) = Lywr(TNp1, TN p2) = we(p1, Tp2) +we(JT p1, p2),
which ends the proof. O

Definition 7. The section ¥ on T E* is a semi-Hamilton section if v is
J—regular and i,(Lywg) = 0, whenever v € I'(VT E*).

We have to remark that in the case of a semi-Hamilton section on 7 E*
only the conditions (4.13), i) and ii) are satisfied. Let us consider a section
1 defining a mechanical structure on 7 E*, then we can find the other
connection. Indeed, we consider g(p1,p2) = —wgr(Jp1,p2), for p1,p2 €
[(TE*). It follows that g(p1, p2) = g(p2, p1) and g(v, p) = 0 whenever v €
I'(VTE*). The local coordinate expression of g is given by g = g,3Q*® -,

Proposition 4. If ¢ defines a mechanical structure on T E* then the
section N defined by

(4.14) wp(N'p1, p2) = (Lyg)(p1,p2),  p1,p2 € T(TE"),

determines a connection on T E*.

Proof. First, we prove that the following relation holds

(Lyg)(p1,p2) = —(Lywr) (T p1, p2) + we(Np1, p2).
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Indeed, we get

(Lyg)(p1:p2) = ¥(9(p1,p2)) — 9(Lyp1, p2) — g(p1, Lyp2)
= —p(wr(Tp1,p2)) +wp(T (Lyp1), p2) +we(T p1, Lyp2).

But the relation
Y(we(Tp1,p2) = (Lywr) (T p1, p2) + WE(Ly(Tp1), p2) + we(T p1, Lyp2),

yields (Lyg)(p1,p2) = —(Lywr)(Tp1,p2) + we(—(LyT)p1,p2). Also, it
follows

(4.15) (Lywr)(Tp1, p2) = we((N = N")p1, p2).

But,

wpN'Tp1, p2) = (Lyg)(Tp1,p2) = w(g(Tp1, p2)) — 9((LypT)p1, p2)
— g(Tp1, Lyp2) = gNp1, p2) = —we(TNp1, p2) = —we(Tp1, p2),

whence N'J = —J. Next

we(TN'p1, p2) = —wp(N'p1, Tp2) = —(Lyg)(p1, T p2)

= (Lywp)(Tp1, T p2) — weNp1, Tp2) = we(TNp1, p2) = we(T p1, p2),
whence JN’ = J, which ends the proof. O

In local coordinates the connection N/ has the coefficients given by

1 i 0¢° i 0¢°
Clkﬂzi <—’1/}talg — O'Baiqitga — 04 an

teﬁ"‘f’yL;ﬁtaa + g’nyyatﬁiﬁ + /‘LEL%Q) .

Using the relation (4.15) we obtain

Remark 2. In the case that ¢ is both semi-Hamiltonian and mechani-
cal, and moreover Hamiltonian, the connections N and N’ coincide.

5. Duality between Lagrangian and Hamiltonian formalism

Let us consizder a regular Hamiltonian H : E* — R i.e. the matrix
9P (q, 1) = 33&75{#5, is nondegenerate. Any regular Hamiltonian H on E* in-

duces a pseudo-Riemannian metric on VT E* (the metric tensor is g*°(q, i)
therefore, it induces a unique symmetric adapted almost tangent structure
(denoted J3) such that (4.9) is verified. Moreover, this is a tangent struc-
ture i.e., Jy is integrable. A J—regular section induced by the regular
Hamiltonian H is given by p = %Qa + paPY. Since wg is a symplectic

section and dH € I'(TE*), we get [11]
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Remark 3. There exists a unique section py € I'(TE*) such as
’iprE = dH,
and py is a Hamilton section in the sense of (4.13).

With respect to the local basis {Qq, P}, the local expression of py is

oH oH oH
7 Qa

a'ua aaqz + Hy aﬁaluﬂ)

PH — (o
Corollary 1. The symmetric nonlinear connection N' = —L,, Ty has

the coefficients given by

Moo= Lo P*H ;
aB = 5(07{%577{} - M(Uﬁgas + 05,98¢)
OH O0gap OH
+ MngnaTta D1t Nszg + 875(9%1335 + 95:L54))

where

0gap OH B 8ga56i
oy 9¢°  9q* Oy’

{gaﬁﬂH} =

1s the Poisson bracket.

We have a local diffeomorphism ® to £* to F given locally by

L
e’

(5.16) ' =q, y*=£(q,np)

and its inverse ®~! has the following local coordinates expression

oL

(5'17) qi = xiv Ha = Coc(x7y) = TW?

where L(z,y) = (oy* — H(x, 1) and the components (,(z,y) define an 1-
section on E. From the condition for ®~! to be the inverse of ® we get the
following formulas

Vﬂ((a) 0od = 9ap, Xﬁ(Ca) 0d = *ga'yQ,B({y)v
(5.18) { P = (g™ 0 V5, D.(Qy) = Xo + (Qa(£P) 0 1)V,
(I)le(VOz) = gaﬁpﬁ7 @;1(.)(',1) = Qa — g%Qa({E)'P’Y,

where ®, is the tangent map of ® [11] and g** = &% [Opg, gaﬁggq, = 05.
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Theorem 3. Let p be a J—reqular section on T E* induced by the re-
gular Hamiltonian H, and ® : E* — E the diffeomorpfism given by (5.16),
then the section ®.p is a semispray on T E whose induced connection N is
the image by ® of the connection N defined by p.

Proof. Let us consider p = £¥Q,, + po P and we obtain the semispray
9= @up = £ (Xa + (Qa(€”) 0 ©71)V5) + pal9™” 0 ©7)Vg = X + 0V,
where 9% is given by

9% 0 ® = €7 Qu(E%) + pgP’ (6%) = p(£%).
Considering ® the map induced by ® at the level of tensors and using (5.18)
we obtain ®J = J, which yields N = —LyJ = —L3,,2T = —®(L,T) =
®N, thus N is the image of N by ®. O

This theorem shows that the splitting VT E* & HT E* defined by N is
mapped by &, into the spliting VT E® HTE defined by N, and it follows:

Corollary 2. The following relations hold

D08 =60, B0, =07,

Naﬁ(‘]a/") = - (N(Z(:L"y) + Qa(gv))gﬁ’ya
. 0Ca
"oy
NEo® = —65(¢%), Nagodt=—8,((s).

Raprg™ =Rp,0®, R = Rapy © L

Proof. We have on one hand ®;1(d,) = 6 = Q, + Ny, P7, and
on the other hand ®;1(5,) = &, (X, — NaﬂVg) = Q4 — 97 Qa(§Y)PT —
Naﬁggﬂ”. Therefore, we get Noy = — (NS + Qa(£9)) gre. Next, since &1
is a diffeomorphism, we obtain

[ (0a), @1 (3p)]7E+ = L5 @51 (0y) + Ry 5 (Vy),

*

[(13;1(5(1)’ ¢;1(5ﬁ)]7E* = [527 62]7717* = Llﬁ&; + Raﬁwp’yv

and using (5.18) it follows the relation between the curvature tensors of
connections N on TFE and N on TE*. By direct computation the other
relations are obtained. O

Let us consider S a semispray on 7F and ®~!' : E — E* the diffeomor-
phism given by (5.17). Then we set:
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Theorem 4. The section p = ®,1S is a semi-Hamiltonian section on
TE* if and only if the nonlinear connection on TE induced by semispray
18 the canonical nonlinear connection induced by the reqular Lagrangian.

Proof. Considering § = y*X, + SV, we have from (5.18)
(I)*_ls =£"Qa + (€791 Qa(£7) + 8%gay) P.
The conditions (4.13) 7), 4i) and (5.18) lead to

9% (Xp(Ca) — Xa(Co) + Vo(S%)gea + E5X-(gan)
+8V:(gao) + CLig) + ¥ LY. =0,

and using (2.2) it follows

Xa(Co) — Xo(Ca) = S(9ap) — 2N§gea + Y Lipgea + Y L ggeo + C-Lip,

which concludes that (change o with 6 and totalizing)

3.5
S(Qa@) - Nggaa - Ncgygsﬁ + yﬁ (Lgﬁgaoz + Liggse) =0 (<:>) Vg (Vaa VG) =0,

and Xa(CG) - XG((@() = Ngegsoz — NS

«

geo + G LSy, which is equivalent with

0’L 0’L ., OL )
5— L ——=——L¢ 0 &) wr,(hp, hv) = 0.

N§gea — Nogeo + Dt Dy 03 (%ciayﬂ% aiyg af —

From the Theorem 2 we get that the section p = &, 1S is semi-Hamiltonian
if and only if the connection induced by semispray is the canonical nonlinear
connection (2.4). When p = ®,1S is a Hamiltonian section we have the
same result, but moreover, the condition (4.13) iii) seems to lead to the third
Helmholtz condition on a Lie algebroid [23] and the work is in progress. O
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