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1. Introduction

Left-invariant control affine systems constitute an important class of sys-
tems, extensively used in many control applications. In this paper we classi-
fy, under local detached feedback equivalence, the full-rank left-invariant
control affine systems evolving on (real) semisimple three-dimensional Lie
groups.

We reduce the problem of classifying such systems to that of classify-
ing the affine subspaces of the associated Lie algebras. Accordingly, we
need only classify the affine subspaces of the pseudo-orthogonal Lie algebra
so(2, 1) and the orthogonal Lie algebra so(3). Central to this classification
are some invariant level sets in so(2, 1) and so(3), on which the respective
Lie algebra automorphisms act transitively. A tabulation of the results is
included as an appendix.
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2. Invariant control systems and equivalence

A left-invariant control affine system Σ is a control system of the form

ġ = gΞ(1, u) = g (A+ u1B1 + · · ·+ uℓBℓ) , g ∈ G, u ∈ Rℓ.

Here G is a (real, finite-dimensional) Lie group with Lie algebra g. Also,
the parametrisation map Ξ(1, ·) : Rℓ → g is an injective affine map (i.e.,
B1, . . . , Bℓ are linearly independent). The “product” gΞ(1, u) is to be un-
derstood as T1Lg ·Ξ(1, u), where Lg : G → G, h 7→ gh is the left translation
by g. Note that the dynamics Ξ : G × Rℓ → TG is invariant under left
translations, i.e., Ξ(g, u) = gΞ(1, u). We shall denote such a system by
Σ = (G,Ξ) (cf. [2]).

The admissible controls are piecewise-continuous maps u(·) : [0, T ] →
Rℓ. A trajectory for an admissible control u(·) : [0, T ] → Rℓ is an absolutely
continuous curve g(·) : [0, T ] → G such that ġ(t) = g(t)Ξ(1, u(t)) for almost
every t ∈ [0, T ]. We say that a system Σ is controllable if for any g0, g1 ∈ G,
there exists a trajectory g(·) : [0, T ] → G such that g(0) = g0 and g(T ) = g1.
For more details about (invariant) control systems see, e.g., [1], [10], [11],
[15].

The image set Γ = imΞ(1, ·), called the trace of Σ, is an affine subspace
of g. Accordingly, Γ = A + Γ0 = A + ⟨B1, . . . , Bℓ⟩. A system Σ is called
homogeneous if A ∈ Γ0, and inhomogeneous otherwise. Furthermore, Σ
is said to have full rank if its trace generates the whole Lie algebra (i.e.,
the smallest Lie algebra containing Γ is g). Henceforth, we assume that
all systems under consideration have full rank. (The full-rank condition is
necessary for a system to be controllable.)

An important equivalence relation for invariant control systems is that of
detached feedback equivalence. Two systems are detached feedback equiva-
lent if there exists a “detached” feedback transformation which transforms
the first system to the second (see [3], [9]). Two detached feedback equi-
valent control systems have the same set of trajectories (up to a diffeomor-
phism in the state space) which are parametrised differently by admissible
controls. More precisely, let Σ = (G,Ξ) and Σ′ = (G′,Ξ′) be left-invariant
control affine systems. Σ and Σ′ are called locally detached feedback equi-
valent (shortly DFloc-equivalent) at points a ∈ G and a′ ∈ G′ if there exist
open neighbourhoods N and N ′ of a and a′, respectively, and a (local)
diffeomorphism Φ : N × Rℓ → N ′ × Rℓ′ , (g, u) 7→ (ϕ(g), φ(u)) such that
ϕ(a) = a′ and Tgϕ · Ξ(g, u) = Ξ′(ϕ(g), φ(u)) for g ∈ N and u ∈ Rℓ (i.e., the
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diagram

N × Rℓ
ϕ×φ

//

Ξ

��

N ′ × Rℓ′

Ξ′

��

TN
Tϕ

// TN ′

commutes).
Any DFloc-equivalence between two control systems can be reduced to

an equivalence between neighbourhoods of the identity. More precisely, Σ
and Σ′ are DFloc-equivalent at a ∈ G and a′ ∈ G′ if and only if they are
DFloc-equivalent at 1 ∈ G and 1 ∈ G′ ([3]). Henceforth, we will assume that
any DFloc-equivalence is between neighbourhoods of identity. We recall an
algebraic characterization of this equivalence.

Proposition 1 ([3]). Σ and Σ′ are DFloc-equivalent if and only if there
exists a Lie algebra isomorphism ψ : g → g′ such that ψ · Γ = Γ′.

For the purpose of classification, we may assume that Σ and Σ′ have
the same Lie algebra g. We will say that two affine subspaces Γ and Γ′ are
L-equivalent if there exists a Lie algebra automorphism ψ : g → g such that
ψ · Γ = Γ′. Then Σ and Σ′ are DFloc-equivalent if and only if their traces
Γ and Γ′ are L-equivalent. This reduces the problem of classifying under
DFloc-equivalence to that of classifying under L-equivalence. Suppose {Γi :
i ∈ I} is an exhaustive collection of (non-equivalent) class representatives
(i.e., any affine subspace is L-equivalent to exactly one Γi). For each i ∈ I,
we can easily find a system Σi = (G,Ξi) with trace Γi. Then any system Σ
is DFloc-equivalent to exactly one Σi.

3. Affine subspaces of semisimple three-dimensional Lie alge-
bras

Up to isomorphism, there are only two semisimple (in fact simple) three-
dimensional Lie algebras. (In the Bianchi-Behr classification these are types
V III and IX; see [12], [13], [14] and the references therein.) These two
algebras are the pseudo-orthogonal Lie algebra so(2, 1) and the orthogonal
Lie algebra so(3).

An affine subspace Γ of a Lie algebra g is written as

Γ = A+ Γ0 = A+ ⟨B1, B2, . . . , Bℓ⟩
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where A,B1, . . . , Bℓ ∈ g. Let Γ1 and Γ2 be two affine subspaces of g. Γ1 and
Γ2 are L-equivalent if there exists a Lie algebra automorphism ψ ∈ Aut(g)
such that ψ ·Γ1 = Γ2. L-equivalence is a genuine equivalence relation. (Note
that Γ1 = A1 + Γ0

1 and Γ2 = A2 + Γ0
2 are L-equivalent if and only if there

exists an automorphism ψ such that ψ ·Γ0
1 = Γ0

2 and ψ ·A1 ∈ Γ2.) An affine
subspace Γ is said to have full rank if it generates the whole Lie algebra.
The full-rank property is invariant under L-equivalence. Henceforth, we
assume that all affine subspaces under consideration have full rank.

In this paper we classify, under L-equivalence, all (full-rank) affine sub-
spaces of so(2, 1) and so(3). Clearly, if Γ1 and Γ2 are L-equivalent, then
they are necessarily of the same dimension. Furthermore, 0 ∈ Γ1 if and
only if 0 ∈ Γ2. We shall find it convenient to refer to an ℓ-dimensional
affine subspace Γ as an (ℓ, 0)-affine subspace when 0 ∈ Γ (i.e., Γ is a vector
subspace) and as an (ℓ, 1)-affine subspace, otherwise. Alternatively, Γ is
said to be homogeneous if 0 ∈ Γ, and inhomogeneous otherwise.

Remark. No (1, 0)-affine subspace has full rank. A (1, 1)-affine sub-
space has full rank if and only if A,B1, and [A,B1] are linearly independent.
A (2, 0)-affine subspace has full rank if and only if B1, B2, and [B1, B2] are
linearly independent. Any (2, 1)-affine subspace or (3, 0)-affine subspace has
full rank.

Clearly, there is only one affine subspace whose dimension coincides with
that of the Lie algebra g, namely the space itself. From the standpoint of
classification, this case is trivial and hence will not be covered explicitly.

Let us fix a three-dimensional Lie algebra g (together with an ordered
basis). In order to classify the affine subspaces of g, we require the (group
of) automorphisms of g. These are well known (see, e.g., [7], [8], [14]); a
summary is given in table 1. For each of the two Lie algebras, we con-
struct class representatives (by considering the action of automorphisms
on a typical affine subspace). By using some classifying conditions, we
explicitly construct L-equivalence relations relating an arbitrary affine sub-
space to a fixed representative. Finally, we verify that none of the repre-
sentatives are equivalent. In each of the two cases, we employ a bilinear
product ω (the Lorentzian product and dot product, respectively) that is
preserved by automorphisms. Most of the inhomogeneous affine subspaces
can then be characterized as being tangent to a level set (submanifold)
{A ∈ g : ω(A,A) = α}.

The following result is easy to prove.
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Proposition 2. Let Γ be a (2, 0)-affine subspace of a Lie algebra g.
Suppose {Γi : i ∈ I} is an exhaustive collection of L-equivalence class
representatives for (1, 1)-affine subspaces of g. Then Γ is L-equivalent to at
least one element of {⟨Γi⟩ : i ∈ I}.

4. The pseudo-orthogonal Lie algebra so(2, 1)

In terms of an (appropriate) ordered basis (E1, E2, E3) for so(2, 1), the
commutation operation is given by

[E2, E3] = E1, [E3, E1] = E2, [E1, E2] = −E3.

With respect to this ordered basis, the group of automorphisms is

Aut(so(2, 1)) = SO(2, 1) =
{
g ∈ R3×3 : g⊤Jg = J,det g = 1

}
.

Here J = diag(1, 1,−1) and each automorphism ψ is identified with its
corresponding matrix g.

4.1. Invariant level sets and affine subspaces

The Lorentzian product ⊙ on so(2, 1) is given by

A⊙B = a1b1 + a2b2 − a3b3.

Here A =
∑3

i=1 aiEi and B =
∑3

i=1 biEi. Any automorphism ψ preserves
⊙, i.e., (ψ ·A)⊙ (ψ ·B) = A⊙B.

Consider the level sets (submanifolds) Hα = {A ∈ so(2, 1) : A ⊙ A =
α,A ̸= 0}. Hα is a hyperboloid of two sheets when α < 0, a hyperboloid
of one sheet when α > 0, and a cone when α = 0. As ⊙ is preserved by
automorphisms, the level sets Hα are also preserved. Moreover, we have
the following standard result.

Proposition 3. The group of automorphisms Aut(so(2, 1)) acts transi-
tively on each of the invariant level sets Hα, α ∈ R.

These level sets turn out to be quite useful in classifying the affine
subspaces.

Next, we introduce the sign σ(Γ) of an affine subspace Γ (of dimension
one or two). For Γ = A + ⟨B⟩ or Γ = A + ⟨B1, B2⟩, the sign of Γ is given,
respectively, by

σ
(
Γ) = sgn(B ⊙B) and σ(Γ) = sgn

(∣∣∣∣B1 ⊙B1 B1 ⊙B2

B1 ⊙B2 B2 ⊙B2

∣∣∣∣) .
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It turns out that σ(Γ) = −1 if the direction space Γ0 intersects the inside
of the cone H0, σ(Γ) = 0 if Γ0 is tangent to H0, and σ(Γ) = 1 otherwise.
As ⊙ is preserved by automorphisms, a straightforward computation shows
that σ(ψ · Γ) = σ(Γ) for ψ ∈ Aut(so(2, 1)).

Remark. The sign of an affine subspace Γ is well defined as it is inde-
pendent of parametrisation.

We now examine the critical point C⊙(Γ) at which an inhomogeneous
affine subspace of non-zero sign is tangent to a level set Hα. Consider
a two-dimensional affine subspace Γ of non-zero sign with parametrisation
Π : R2 → so(2, 1), (x, y) 7→ A+xB1+yB2. Let f : so(2, 1) → R, A 7→ A⊙A.

Lemma 1. If f ◦Π has a critical point at (x0, y0), then Γ is tangent to
the level set Hα, α = (f ◦Π)(x0, y0) at C⊙(Γ) = Π(x0, y0).

Proof. The tangent plane to Hα at Π(x0, y0) is given by Π(x0, y0) +
ker(Df(Π(x0, y0))). Thus, as Γ = Π(x0, y0) + Γ0, we need only show
that Γ0 ⊆ ker(Df(Π(x0, y0))). Let C ∈ Γ0. Then C = c1B1 + c2B2 =
c1

∂Π
∂x (x0, y0) + c2

∂Π
∂y (x0, y0) for some constants c1, c2 ∈ R. Therefore

Df(Π(x0, y0)) · C = D(f ◦Π)(x0, y0) ·
[
c1
c2

]
= 0

and so C ∈ ker(Df(Π(x0, y0))). �
The same result holds for the one-dimensional case.

It turns out that such a critical point C⊙(Γ) exists (and is in fact unique).

Proposition 4. Any inhomogeneous affine subspace Γ = A + ⟨B⟩ or
Γ = A+ ⟨B1, B2⟩ of non-zero sign is tangent to Hα at, respectively,

C⊙(Γ) = A− A⊙B

B ⊙B
B

C⊙(Γ) = A−
[
B1 B2

] [B1 ⊙B1 B1 ⊙B2

B1 ⊙B2 B2 ⊙B2

]−1 [
A⊙B1

A⊙B2

]
.

Here α = C⊙(Γ)⊙ C⊙(Γ).

Proof. We prove the result only for the two-dimensional case. (The one-
dimensional case is simpler and follows by a similar argument.) Suppose Γ
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is a (2, 1)-affine subspace, with parametrisation Π : (x, y) 7→ A+xB1+yB2,
such that σ(Γ) ̸= 0. Then the condition D(f ◦Π)(x, y) = 0 is equivalent to[

B1 ⊙B1 B1 ⊙B2

B1 ⊙B2 B2 ⊙B2

] [
x
y

]
= −

[
A⊙B1

A⊙B2

]
.

Therefore, as σ(Γ) ̸= 0, there exists a unique critical point (x0, y0) of f ◦Π.
By lemma 1, a simple computation gives the expression for C⊙(Γ). An
easy but quite tedious verification shows that the expression for C⊙(Γ) is
independent of parametrisation. �

Critical points behave well under the action of automorphisms.

Proposition 5. ψ · C⊙(Γ) = C⊙(ψ · Γ) for any ψ ∈ Aut(so(2, 1)).

Remark. C⊙(ψ ·Γ)⊙C⊙(ψ ·Γ) = C⊙(Γ)⊙C⊙(Γ) for any automorphism
ψ. Thus, if Γ is tangent to a hyperboloid Hα at C⊙(Γ), then ψ ·Γ is tangent
to the same hyperboloid Hα at ψ · C⊙(Γ).

4.2. Classification of affine subspaces

Let A =
∑3

i=1 aiEi and B =
∑3

i=1 biEi. The condition that A, B, and
[A,B] are linearly independent is equivalent to∣∣∣∣a2 a3

b2 b3

∣∣∣∣2 + ∣∣∣∣a1 a3
b1 b3

∣∣∣∣2 ̸= ∣∣∣∣a1 a2
b1 b2

∣∣∣∣2 .(1)

Γ = A+ ⟨B⟩, or Γ = ⟨A,B⟩, has full rank if and only if (1) holds.

Proposition 6. There are no full-rank (2, 0)-affine subspaces with sign
zero.

Proof. Suppose Γ is (2, 0)-affine subspace such that σ(Γ) = 0. Then

Γ =
⟨∑3

i=1 aiEi,
∑3

i=1 biEi

⟩
. A straightforward calculation then shows

that ∣∣∣∣a2 a3
b2 b3

∣∣∣∣2 + ∣∣∣∣a1 a3
b1 b3

∣∣∣∣2 − ∣∣∣∣a1 a2
b1 b2

∣∣∣∣2 = −σ(Γ) = 0.

Thus Γ does not have full rank. �
We start the classification of the affine subspaces of so(2, 1) with the

(inhomogeneous) one-dimensional case. For the sake of convenience, we
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will use ψ2(θ) and ψ3(θ) to denote the automorphismscosh θ 0 sinh θ
0 1 0

sinh θ 0 cosh θ

 and

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1


respectively.

Proposition 7. Any (1, 1)-affine subspace of so(2, 1) is L-equivalent to
exactly one of the following subspaces

Γ1 = E3 + ⟨E2 + E3⟩ Γ2,α = αE2 + ⟨E3⟩
Γ3,α = αE1 + ⟨E2⟩ Γ4,α = αE3 + ⟨E2⟩ .

Here α > 0 parametrises families of class representatives, each different
value corresponding to a distinct non-equivalent representative.

Proof. Let Γ = A+Γ0 be a (1, 1)-affine subspace of so(2, 1). Note that
if σ(Γ) ̸= 0, then C⊙(Γ) ⊙ C⊙(Γ) ̸= 0. (Suppose σ(Γ) ̸= 0 and C⊙(Γ) ⊙
C⊙(Γ) = 0. Then Γ is tangent to H0 and so Γ is contained in a (2, 0)-affine
subspace with sign zero. Hence, by proposition 6, Γ cannot have full rank,
a contradiction.)

First, assume that σ(Γ) = 0. Then Γ0 = ⟨B⟩ for some B ∈ so(2, 1)
such that B ⊙ B = 0 (i.e., B ∈ H0). Therefore, (by proposition 3) there
exists an automorphism ψ such that ψ · Γ0 = ⟨E2 +E3⟩. Thus ψ · Γ =
a1E1 + a2E2 + ⟨E2 + E3⟩. Now, as ψ · Γ has full rank,∣∣∣∣a2 0

1 1

∣∣∣∣2 + ∣∣∣∣a1 0
0 1

∣∣∣∣2 ̸= ∣∣∣∣a1 a2
0 1

∣∣∣∣2
and so a2 ̸= 0. Also, Ãu = a1E1 + a2E2 + u(E2 + E3) ∈ ψ · Γ for u ∈ R
and Ãu ⊙ Ãu = a21 + a22 + 2a2u. Hence, there exists a constant u ∈ R
such that Ãu ⊙ Ãu = −1. Therefore, (again by proposition 3) there exists
an automorphism ψ′ such that ψ′ · Ãu = E3. Thus ψ′ · ψ · Γ = E3 +
⟨b1E1 + b2E2 + b3E3⟩. Then, as σ(ψ′ · ψ · Γ) = 0, we have that b21 + b22 = b23
and so b3 ̸= 0. Hence, ψ′ · ψ · Γ = E3 +

⟨
b1
b3
E1 +

b2
b3
E2 + E3

⟩
and so

ψ′ · ψ · Γ = E3 + ⟨sin θE1 + cos θE2 + E3⟩ for some θ ∈ R. Consequently,
ψ3(−θ) · ψ′ · ψ · Γ = E3 + ⟨E2 + E3⟩ = Γ1.

Next, assume σ(Γ) = −1 and C⊙(Γ)⊙C⊙(Γ) = α2 for some α > 0. Then
Γ0 = ⟨B⟩ for some B ∈ so(2, 1) such that B ⊙B = −1. So, by proposition
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3, there exists an automorphism ψ such that ψ · B = E3. Consequently,
ψ · Γ = a1E1 + a2E2 + ⟨E3⟩. Now, a21 + a22 = C⊙(ψ · Γ) ⊙ C⊙(ψ · Γ) = α2.
Thus ψ · Γ = α sin θE1 + α cos θE2 + ⟨E3⟩ for some θ ∈ R. Therefore
ψ3(−θ) · ψ · Γ = αE2 + ⟨E3⟩ = Γ2,α.

Then again, assume σ(Γ) = 1 and C⊙(Γ) ⊙ C⊙(Γ) = α2 for some α >
0. Then Γ0 = ⟨B⟩ for some B ∈ so(2, 1) such that B ⊙ B = 1. Hence
there exists an automorphism ψ such that ψ · B = E2. Consequently,
ψ · Γ = a1E1 + a3E3 + ⟨E2⟩. Now, a21 − a23 = C⊙(ψ · Γ) ⊙ C⊙(ψ · Γ) =
α2. So sgn(a1)a1 = α cosh θ and a3 = α sinh θ for some θ ∈ R. Then
ψ′ = diag(sgn(a1), sgn(a1), 1) is an automorphism such that ψ′ · ψ · Γ =
α cosh θE1+α sinh θE3+ ⟨E2⟩. Thus ψ2(−θ) ·ψ′ ·ψ ·Γ = αE1+ ⟨E2⟩ = Γ3,α.

Lastly, assume σ(Γ) ̸= 0 and C⊙(Γ) ⊙ C⊙(Γ) = −α2 for some α >
0. We claim that σ(Γ) = 1. Suppose σ(Γ) = −1. Then there exists
a automorphism ψ such that ψ · Γ = a1E1 + a2E2 + ⟨E3⟩. Therefore,
C⊙(ψ · Γ) ⊙ C⊙(ψ · Γ) = a21 + a22 > 0, a contradiction. Hence, we may
assume that σ(Γ) = 1. Likewise, it follows that Γ is L-equivalent to Γ4,α =
αE3 + ⟨E2⟩.

Finally, we verify that none of these representatives are L-equivalent.
Now, σ(Γ1) = 0, σ(Γ2,α) = −1, σ(Γ3,α) = 1, σ(Γ4,α) = 1, C⊙(Γ2,α) ⊙
C⊙(Γ2,α) = α2, C⊙(Γ3,α) ⊙ C⊙(Γ3,α) = α2, and C⊙(Γ4,α) ⊙ C⊙(Γ4,α) =
−α2 where α > 0. Furthermore, σ(ψ · Γ) = σ(Γ) and C⊙(ψ · Γ) ⊙ C⊙(ψ ·
Γ) = C⊙(Γ)⊙ C⊙(Γ) for every automorphism ψ. Hence none of these affine
subspaces can be L-equivalent. �

The result for the homogeneous two-dimensional case follows from propo-
sitions 2 and 7.

Proposition 8. Any (2, 0)-affine subspace of so(2, 1) is L-equivalent to
exactly one of ⟨E1, E2⟩ and ⟨E2, E3⟩.

We now consider the inhomogeneous two-dimensional case.

Proposition 9. Any (2, 1)-affine subspace of so(2, 1) is L-equivalent to
exactly one of the following subspaces

Γ1 = E3 + ⟨E1, E2 +E3⟩
Γ2,α = αE1 + ⟨E2, E3⟩ Γ3,α = αE3 + ⟨E1, E2⟩ .

Here α > 0 parametrises families of class representatives, each different
value corresponding to a distinct non-equivalent representative.



408 R. BIGGS and C.C. REMSING 10

Proof. Let Γ = A+ Γ0 be a (2, 1)-affine subspace of so(2, 1).

First, assume σ(Γ) = 0. Now Γ = A+
⟨∑3

i=1 biEi,
∑3

i=1 ciEi

⟩
. Suppose

b3 = c3 = 0. Then, as σ(Γ) = 0, it follows that (b21 + b22)(c
2
1 + c22) = (b1c1 +

b2c2)
2. Thus b1E1 + b2E2 and c1E1 + c2E2 are linearly dependent (by the

Cauchy-Schwartz inequality), a contradiction. Therefore we may assume
c3 ̸= 0. Then Γ = A + ⟨r cos θE1 + r sin θE2, c

′
1E1 + c′2E2 + E3⟩ for some

constants r, θ, c′1, c
′
2 ∈ R. Hence ψ3(θ) ·Γ = ψ3(θ) ·A+⟨E1, c

′
2E2 +E3⟩. Now

as σ(ψ · Γ) = 0, we have that c′2 = ±1. Then ψ = diag(sgn(c′2), sgn(c
′
2), 1)

is an automorphism such that ψ · ψ3(θ) · Γ = a3E3 + ⟨E1, E2 + E3⟩. Thus
Au = a3E3 + u(E2 + E3) ∈ ψ · ψ3(θ) · Γ for u ∈ R. Moreover, Au ⊙ Au =
−2a3u−a23. Then, as a3 ̸= 0 (Γ is inhomogeneous), there exists some u ∈ R
such that Au ⊙ Au = −1. Therefore, there exist an automorphism ψ′ such
that ψ′ ·ψ ·ψ3(θ) ·Γ = E3+⟨B1, B2⟩. Likewise, it follows that there exists an
automorphism ψ′′ such that ψ′′ · ⟨B1, B2⟩ = ⟨E1, E2 + E3⟩ and ψ′′ ·E3 = E3.
So ψ′′ · ψ′ · ψ · ψ3(θ) · Γ = Γ1.

Next, assume σ(Γ) ̸= 0 and C⊙(Γ) ⊙ C⊙(Γ) = α2 for some α > 0.
Observe that C⊙(Γ2,α)⊙ C⊙(Γ2,α) = α2. Thus, by transitivity of automor-
phisms on hyperboloids (proposition 3), there exists an automorphism ψ
such that ψ · C⊙(Γ) = C⊙(Γ2,α). Hence, as ψ · C⊙(Γ) = C⊙(ψ · Γ), we get
that ψ ·Γ and Γ2,α are both equal to the tangent plane of Hα2 at ψ · C⊙(Γ)
and are therefore identical. So ψ · Γ = Γ2,α.

Then again, assume σ(Γ) ̸= 0 and C⊙(Γ)⊙C⊙(Γ) = −α2 for some α > 0.
A similar argument then shows that Γ is L-equivalent to Γ3,α.

Finally, we verify that none of these representatives are L-equivalent.
Now, σ(Γ1) = 0, σ(Γ2,α) = −1, σ(Γ3,α) = 1, C⊙(Γ2,α) ⊙ C⊙(Γ2,α) = α2,
and C⊙(Γ3,α) ⊙ C⊙(Γ3,α) = −α2 where α > 0. Hence none of these affine
subspaces can be L-equivalent. �

In summary,

Theorem 1. Any (full-rank) affine subspace of so(2, 1) is L-equivalent
to exactly one of E3 + ⟨E2 + E3⟩, αE2 + ⟨E3⟩, αE1 + ⟨E2⟩, αE3 + ⟨E2⟩,
⟨E1, E2⟩, ⟨E2, E3⟩, E3+⟨E1, E2 + E3⟩, αE1+⟨E2, E3⟩, and αE3+⟨E1, E2⟩.
Here α > 0 parametrises families of class representatives, each different
value corresponding to a distinct non-equivalent representative.

5. The orthogonal Lie algebra so(3)

In terms of an (appropriate) ordered basis (E1, E2, E3) for so(3), the
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commutation operation is given by

[E2, E3] = E1, [E3, E1] = E2, [E1, E2] = E3.

With respect to this ordered basis, the group of automorphisms is

Aut(so(3)) = SO(3) =
{
g ∈ R3×3 : g⊤g = 1,det g = 1

}
.

Again, each automorphism ψ is identified with its corresponding matrix g.

5.1. Invariant level sets and affine subspaces

The dot product • on so(3) is given by

A •B = a1b1 + a2b2 + a3b3.

Here A =
∑3

i=1 aiEi and B =
∑3

i=1 biEi. Any automorphism ψ preserves
•, i.e., (ψ ·A) • (ψ ·B) = A •B.

The level sets (submanifolds) Sα = {A ∈ so(3) : A • A = α}, α > 0
are spheres of radius

√
α. The spheres Sα are preserved by automorphisms.

Moreover, we have the following standard result.

Proposition 10. The group of automorphisms Aut(so(3)) acts transi-
tively on each of the invariant level sets Sα, α > 0.

Again, these level sets turn out to be quite useful in classifying the affine
subspaces.

The critical point C•(Γ) of an inhomogeneous affine subspace is the point
C•(Γ) ∈ Γ at which Γ is tangent to the sphere Sα, α = C•(Γ) • C•(Γ). The
following result, analogous to proposition 4, holds.

Proposition 11. Any inhomogeneous affine subspace Γ = A + ⟨B⟩ or
Γ = A+ ⟨B1, B2⟩ is tangent to Sα at, respectively,

C•(Γ) = A− A •B
B •B

B

C•(Γ) = A−
[
B1 B2

] [B1 •B1 B1 •B2

B1 •B2 B2 •B2

]−1 [
A •B1

A •B2

]
.

Here α = C•(Γ) • C•(Γ).

Critical points behave well under the action of automorphisms.
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Proposition 12. ψ · C•(Γ) = C•(ψ · Γ) for any ψ ∈ Aut(so(3)).

Remark. C•(ψ · Γ) • C•(ψ · Γ) = C•(Γ) • C•(Γ) for any automorphism
ψ. So, if Γ is tangent to a sphere Sα at C•(Γ), then ψ · Γ is tangent to the
same sphere Sα at ψ · C•(Γ).

5.2. Classification of affine subspaces

We start the classification of the affine subspaces of so(3) with the (inho-
mogeneous) one-dimensional case.

Proposition 13. Any (1, 1)-affine subspace of so(3) is L-equivalent to
exactly one of Γ1,α = αE1 + ⟨E2⟩, α > 0. Here α parametrises a family of
class representatives, each different value corresponding to a distinct non-
equivalent representative.

Proof. Let Γ = A + ⟨B⟩ be an inhomogeneous (1, 1)-affine subspace
and suppose C•(Γ) • C•(Γ) = α2, α > 0. Then, by transitivity, there exists
an automorphism ψ such that ψ · 1√

B•BB = E2. Hence, ψ · Γ = r cos θE1 +

r sin θE3 + ⟨E2⟩ for some r > 0 and θ ∈ R. Therefore,

ψ′ =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ


is an automorphism such that ψ′ · ψ · Γ = rE1 + ⟨E2⟩. Lastly, r2 = C•(ψ′ ·
ψ · Γ) • C•(ψ′ · ψ · Γ) = α2 and so r = α.

Γ1,α and Γ1,α′ are L-equivalent only if α = α′. Indeed, suppose there
exists an automorphism ψ such that ψ · Γ1,α = Γ1,α′ . Then α2 = C•(Γ1,α) •
C•(Γ1,α) = C•(ψ · Γ1,α) • C•(ψ · Γ1,α) = (α′)2 and so α = α′. �

We obtain the result for the homogeneous two-dimensional case by use
of propositions 2 and 13.

Proposition 14. Any (2, 0)-affine subspace of so(3) is L-equivalent to
⟨E1, E2⟩.

Finally, we consider the inhomogeneous two-dimensional case and then
summarise the results.

Proposition 15. Any (2, 1)-affine subspace of so(3) is L-equivalent to
exactly one of Γ1,α = αE1 + ⟨E2, E3⟩, α > 0. Here α parametrises a family
of class representatives, each different value corresponding to a distinct non-
equivalent representative.
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Proof. Let Γ be an inhomogeneous (2, 1)-affine subspace and suppose
C•(Γ) • C•(Γ) = α2, α > 0. Now C•(Γ1,α) • C•(Γ1,α) = α2. Thus, by
transitivity, there exists an automorphism ψ such that ψ ·C•(Γ) = C•(Γ1,α).
Hence, as ψ · C•(Γ) = C•(ψ · Γ), we get that ψ · Γ and Γ1,α are both equal
to the tangent plane of Sα2 at ψ · C•(Γ) and are therefore identical. So
ψ · Γ = Γ1,α. Again, Γ1,α and Γ1,α′ are L-equivalent only if α = α′. �

Theorem 2. Any (full-rank) affine subspace of so(3) is L-equivalent
to exactly one of αE1 + ⟨E2⟩, ⟨E1, E2⟩, and αE1 + ⟨E2, E3⟩. Here α > 0
parametrises families of class representatives, each different value corres-
ponding to a distinct non-equivalent representative.

6. Final remark

This paper forms part of a series in which the full-rank left-invariant con-
trol affine systems, evolving on three-dimensional Lie groups, are classified.
A summary of this classification can be found in [4]; the solvable cases are
treated in [5] and [6].

Tabulation of results

Type Commutators Automorphisms

V III

[E2, E3] = E1
SO (2, 1) = {g ∈ R3×3 : g⊤Jg = J, det g = 1}

J = diag(1, 1,−1)
[E3, E1] = E2

[E1, E2] = −E3

IX

[E2, E3] = E1

SO (3) = {g ∈ R3×3 : g⊤g = 1, det g = 1}[E3, E1] = E2

[E1, E2] = E3

Table 1: Automorphisms of semisimple 3D Lie algebras



412 R. BIGGS and C.C. REMSING 14

(ℓ, ε) Conditions Equiv. repr.

(1, 1)

σ(Γ) = 0 E3 + ⟨E2 + E3⟩
σ(Γ) = −1

C⊙(Γ)⊙ C⊙(Γ) = α2, α > 0
αE2 + ⟨E3⟩

σ(Γ) = 1 αE1 + ⟨E2⟩
σ(Γ) = 1 C⊙(Γ)⊙ C⊙(Γ) = −α2, α > 0 αE3 + ⟨E2⟩

(2, 0)
σ(Γ) = 1 ⟨E1, E2⟩
σ(Γ) = −1 ⟨E2, E3⟩

(2, 1)

σ(Γ) = 0 E3 + ⟨E1, E2 + E3⟩
σ(Γ) = −1, C⊙(Γ)⊙ C⊙(Γ) = α2, α > 0 αE1 + ⟨E2, E3⟩
σ(Γ) = 1, C⊙(Γ)⊙ C⊙(Γ) = −α2, α > 0 αE3 + ⟨E1, E2⟩

[E2, E3] = E1 [E3, E1] = E2 [E1, E2] = −E3

Table 2: Affine subspaces of so (2, 1)

(ℓ, ε) Conditions Equiv. repr.

(1, 1) C•(Γ) • C•(Γ) = α2, α > 0 αE1 + ⟨E2⟩
(2, 0) ⟨E1, E2⟩
(2, 1) C•(Γ) • C•(Γ) = α2, α > 0 αE1 + ⟨E2, E3⟩

[E2, E3] = E1 [E3, E1] = E2 [E1, E2] = E3

Table 3: Affine subspaces of so (3)
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Γ Value

σ
A+ ⟨B⟩ sgn(B ⊙B)

A+ ⟨B1, B2⟩ sgn
(∣∣∣B1 ⊙B1 B1 ⊙B2
B1 ⊙B2 B2 ⊙B2

∣∣∣)
C⊙

A+ ⟨B⟩ A− A⊙B
B⊙BB

A+ ⟨B1, B2⟩ A− [B1 B2]
[
B1 ⊙B1 B1 ⊙B2
B1 ⊙B2 B2 ⊙B2

]−1 [A⊙B1
A⊙B2

]

C•
A+ ⟨B⟩ A− A•B

B•BB

A+ ⟨B1, B2⟩ A− [B1 B2]
[
B1 •B1 B1 •B2
B1 •B2 B2 •B2

]−1 [A •B1
A •B2

]
Table 4: Invariants of affine subspaces of so (2, 1) and so (3)
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