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Partial trivial structures in real vector bundles
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Abstract In this paper we study a class of real vector bundles from the partial trivial viewpoint.
We define a partial trivial vector bundle as a couple (ξ, ρp) where ξ = (E, π,M) is a vector bundle
and ρp is a global partial frame of ξ. We give an incomplete answer to the question: when and how
is it possible to obtain a partial trivial structure in a real vector bundle? The construction of some
partial trivial structures is reduced to a problem of “adjunction and lifting” for Gauss map in a certain
commutative diagram homotopy. Pontryagin classes of a partial trivial vector bundle are considered.
The structure of induced partial trivial tangent bundle of a foliated manifold is presented.
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classes
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Introduction

We have written these pages with the intention to find (in the future) some properties
of differentiable manifolds endowed with global vector fields.

In this paper we analyze the real vector bundles endowed with partial trivial struc-
tures and we describe some examples. The notion of “partial trivial structure” is
inspired from the notions of a F−flat structure ([3] , [4]), GT−structure ([1] , [2]) and
parallelizable manifolds. The key property of vector bundle ξ from this paper is the
existence of a global partial frame ρp = (s1, ..., sp) of ξ, 1 ≤ p < n, where n = rankξ.
We give some characterizations and the geometric structure of a partial trivial vector
bundle. The existence of a global partial frame ρp = (s1, ..., sp) in the vector bundle
ξ = (E, π,M) is equivalent to the partial triviality of ξ expressed by the isomorphism
E ' (M × Rp)⊕E/E (ρp) . This isomorphism is independent of the choice of ρp, i. e.
two different global partial frames ρp, ρ̃p of ξ give rise to some isomorphism. The quo-
tient vector bundle E/E (ρp) obstructs the triviality of ξ. In this situation the vector
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bundle E/E (ρp) can be interpreted as a “geometrical obstruction” to triviality of ξ.
We construct some partial trivial vector bundles with given “geometrical obstruction”
to triviality. Pontryagin algebra and the total class of a partial trivial vector bundle
are considered. Finally, a special partial trivial tangent bundle of a foliated manifold
is examined.

We use some results of fibre bundle theory and characteristic classes presented in
[6] , [7] , [10] , [12] , [13] , [14] . Basic notions and results on theory of vector fields
on manifolds can be found in [5] and [15] . In [6] and [16] , different properties of
Grassmann manifolds are studied.

1 Definition and some properties

Sometimes a vector bundle will be denoted by its total space. The geometrical objects
considered in this paper are of C∞ (smooth) class.

Let ξ = (E, π,M) be a (real) vector bundle of rank (fiber dimension) n, over a
differentiable manifold M of dimension m, where the total space is E and π is its
projection. In the sequel, Γ (E) denotes the set of sections of ξ. Let p be a fixed
natural number, where 1 ≤ p < n. We assume that ξ is endowed with a global partial
frame (g.p.f.) ρp = (s1, ..., sp) , i. e. s1, ..., sp ∈ Γ (E) and the vectors s1 (x) , ..., sp (x)
are independent, ∀x ∈ M. The g.p.f. ρp yields a trivial vector subbundle E (ρp) of ξ.
Let Ex = π−1 (x) be the fiber of E over x ∈ M and Ex (ρp) be the subspace of Ex

spanned by s1 (x) , ..., sp (x), ∀x ∈ M. Consider the set E (ρp) =
⋃

x∈M
Ex (ρp) and let

π′ be the restriction of π to E (ρp) . We suppose for indices the values: i, j, k, ... = 1,

2, ..., p; î, ĵ, k̂, ... = p+ 1, p+ 2, ..., n; a, b, c, ... = 1, 2, ..., n. The standard summation
convention as usual is used. We suppose that the morphisms of vector bundles are of
constant rank.

Lemma 1.1 The set ξ (ρp) = (E (ρp) , π
′,M) is a trivial vector subbundle of rank p of

ξ. The subbundle ξ (ρp) is determined up to an isomorphism of vector bundles.

Proof. A local frame of ξ over an open set U ⊂ M, adapted to the structure ρp is

ru =

(
si
U
, σî
U

)
where si

U
= si/U (the restriction of si to U), σî

U

are independent sections

of EU = π−1 (U) . Let (ea) =
(
ei, êi

)
, (ei) ⊂ Rp,

(
êi
)
⊂ Rq be the standard basis

of Rn = Rp × Rq, p + q = n. Consider (U,ϕU ) the bundle chart of ξ defined by the

frame rU , i. e. ϕU : π−1U → U × Rn, ϕU (z) = ϕ

(
zisi
U

+ z îσî
U

)
= (x, zaea) , where

z = zisi
U

+ z îσî
U

∈ π−1U, x = π (z) ∈ U. Using bundle chart (U,ϕU ) we obtain a bundle

chart (U,ϕ′U ) of ξ (ρp) , where ϕ′U : π′−1U → U×Rp, ϕ′U (z) = ϕU
(
zisi

)
=
(
x, ziei

)
.

Thus, using the family of frames {rU}U∈U (U an open covering of M), we obtain on
E (ρp) a subbundle structure of ξ. Denote θp = (M × Rp, pM ,M) the product bundle
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over manifold M and the projection pM . Finally, the map f : M × Rp → E (ρp) ,
f
(
x, λiei

)
= λisi (x) , λi ∈ R, (si, ..., sp) = ρp, is a bundle isomorphism, q. e. d. ut

Remark 1.1 The triviality of ξ (ρp) results from the fact that ρp is a global frame of
ξ (ρp), but we have preferred a direct proof.
Remark 1.2 a) The set of matrices

G1 =

{(
A 0
0 Iq

)
, where A ∈ GL (p,R) , Iq denote the unit matrix of GL (q,R)

}

forms a subgroup of GL (n,R) . We identify the group G1 and GL (p,R) using the

isomorphism A↔
(
A 0
0 Iq

)
.

b) The structure group of ξ (ρp) is {Ip} ⊂ GL (p,R) .
The following proposition describes the structure of a vector bundle endowed with

a g.p.f.

Lemma 1.2 a) Let ρp be a g. p. f. of ξ = (E, π,M) . If the base M of ξ is a paracompact
manifold, then there is a fibre bundle isomorphism ρ : E ' (M × Rp)⊕ E/E (ρp) ;

b) This decomposition is, up to isomorphism, independent of ρp.

Proof. a) Let i = {ix : Ex (ρp)→ Ex, x ∈M} be the inclusion map of E (ρp) in E,
and j = {jx : Ex → Ex/Ex (ρp)} be the canonical projection map E → E/E (ρp) . If
O denotes the vector bundle (M, 1M ,M) , we have the following short exact sequence
of vector bundles over M ([11] , [13]):

O → E (ρp)
i→ E

j→ E/E (ρp)→ O.

Since M is a paracompact manifold, this exact sequence gives the following isomor-
phism of vector bundles: g : E ' E (ρp) ⊕ E/E (ρp) . This is a canonical direct sum
bundle decomposition. Using the isomorphism f : M ×Rp → E (ρp) and g, we obtain
the isomorphism

E ' (M × Rp)⊕ E/E (ρp) .

To show b), let ρ̃p = (s̃1, ..., s̃p) be a g.p.f. of ξ, ρ̃p 6= ρp, and E (ρ̃p) be the subbundle
generated by ρ̃p. Via Lemma 1.1 we have E (ρ̃p) ' M × Rp ' E (ρp) and E '
(M × Rp)⊕ E/E (ρ̃p) , q.e.d.

We note that the vector bundle (ξ; ρp) has a partial trivial structure defined by the
trivial bundle θp. Lemma 1.2 indicates in what way the partial trivial vector bundle
(ξ; ρp) differs from a trivial vector bundle. ut
Definition 1.1 A vector bundle endowed with a partial trivial structure is said to be
partial trivial vector bundle (p.t.v.b.).

Remark 1.3 We view the quotient vector bundle E/E (ρp) as a “geometrical obstruc-
tion” to triviality of ξ.

Let G (ρp) be the subgroup of GL (n,R) consisting of all matrices

(
Ip A
0 Bq

)
(or the

transpose

(
Ip 0
A Bq

)
), where Ip ∈ GL (p;R) is the unit matrix, Bq ∈ GL (q;R) , and A
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is a p × q−matrix. We consider G (ρp) a properly imbedded subgroup of GL (n,R) .
Then, the vector bundle ξ = (E, π,M) admits a G (ρp)−reduction iff the frame bundle
of E, R (E) , admits a G (ρp)−reduction ([9]). We use this property.
Lemma 1.3 Let ξ = (E, π,M) be a vector bundle with fibre Rn, M be the paracompact
base and GL (n,R) be the structure group. Then ξ admits a g.p.f. ρp if and only if
GL (n,R) admits a G (ρp)−reduction.

Proof. Suppose that ξ has a g.p.f., ρp. Let U = {U, V,W, ...} be an open covering of
M, where each open set is endowed with an adapted frame rU , rV , rW , ... Denote
E1 = {rU (x) / x ∈ U, U ∈ U} , p1 : E1 → M, p1 (r1 (x)) = x ∈ U ⊂ M. Let R (E1)

be the frame bundle of adapted frames, R (E1) =
(
E1, p1,M,G (ρp) , Ã

)
; here Ã is

a trivializing atlas of R (E1) . The group G (ρp) operates simply transitive on each

fiber p−11 (x) , x ∈ M. Now we determine a local product structure A for R (E1) . Let
(U, χU ) be the bundle chart of R (E) defined by χU : U×GL (n,R)→ π−1U ⊂ R (E) ,
χU (x,A) = rU (x)A, x ∈ U, A ∈ GL (n,R) . If U∩V 6= Φ, we consider the bundle chart
(V, χV ) , χV (x,A) = rV (x)A, x ∈ V. For U ∩ V 6= Φ we have rU = rV S, where S ∈
G (ρp) . We analyze the transition maps for the atlas B = {(U, χU ) , (V, χV ) , ...}U,V ∈U .
If χU,x, χV,x denote the restrictions of χU , χV to π−1 (x) , x ∈ U ∩ V, we obtain the

maps gV U : U ∩ V → GL (n,R) , gV U (x)A = χ−1V,xχU,x (A) = χ−1V,x (rV (x)SA) = SA,

∀A ∈ GL (n,R) , S ∈ G (ρp). For A = In ∈ GL (n,R) we have gV U (x) = S ∈ G (ρp) .
Therefore GL (n,R) admits a G (ρp)−reduction, R (E1) ([13] , [14]).

Conversely, if GL (n,R) admits a G (ρp)−reduction R̃, then R (E) has a trivializing

atlas B1= {(U,ψU ) , (V, ψV ) , ...}U,V ∈U and its transition maps g′V U (x) = ψ−1V,xψU,x ∈

G (ρp) , ∀x ∈ U ∩ V 6= Φ, U, V ∈ U . If r′U =

(
s′i
U

, s′
î
U

)
, r′V =

(
s′i
V

, s′
î
V

)
are some

frames of R̃, then s′i
U

= δji s
′
j
V

, s′
î
U

= Sa
î
r′a
V

, where δji are the Kronecker symbols and

S′ =

(
δji S

′i
ĵ

0 S ′̂i
ĵ

)
∈ G (ρp) . Hence s′i

U

= s′i
V

on U ∩ V 6= Φ. Because U, V are arbitrary,

the collection

{
s′i
U

}

U∈U
defines a g.p.f. of R (E) . ut

With the above notations we can formulate the following statement.
Theorem 1.1 Let ξ = (E, π,M) be a vector bundle of rank n over a paracompact
manifold M. The following statements are equivalent:

1) ξ is endowed with a global partial frame ρp = (s1, ..., sp) , 1 ≤ p < n;
2) The structure of ξ is given from the isomorphism ρ : E ' (M × Rp)⊕E/E (ρp) ;
3) The frame bundle R (E) of ξ is endowed with G (ρp)− subbundle R (ρp) .

Proof. If ρ1 = (s1, ..., sp) is g.p.f. of ξ, using Lemma 1.2, it follows that 1)⇒2). Now
we consider the canonical base (ei) of Rp and let r = {(x, ei) / x ∈M} be a global
frame of θp = (M × Rp →M) . Then ρ−1 (r) is a g.p.f. of ξ. If r′ = {(x, e′i)/ x ∈M}
is another global frame of θp, ρ−1 (r′) and ρ−1 (r) define two p.t.v.b. isomorphic. Now
one remarks that Lemma 1.3. indicates the equivalence 1)⇔3), q.e.d. ut
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This theorem suggests a method of construction for p.t.s. in certain conditions (see
Section 2).

A vector bundle in which one, hence all, of these conditions holds is called a p.t.v.b.

Proposition 1.1 Let ξ = (E, π,M) be a vector bundle with the base M a paracompact
manifold and ξ∗ = (E∗, π∗,M) be the dual of ξ. Then ξ∗ is partial trivial iff ξ is partial
trivial.

Proof. Let {gUV }U,V ∈U ∈ GL (n,R) be the transition maps of ξ. The transition maps

of ξ∗ are
{
tg−1UV

}
(i. e. the transpose inverse of gUV , when the latter is interpreted as

a non-singular matrix). Now we can use Lemma 1.3 and the proof is complete. ut

2 On the constructions of partial trivial vector bundles

We begin with some preliminary results concerning the construction of partial triv-
ial structures. These constructions can be realized by operations with bundles and
homotopy classes.

Lemma 2.1 Let ξ = (E, π,M) be a vector bundle over M and f : M ′ →M be a map
of differentiable manifolds. Each partial trivial structure of ξ induces a partial trivial
structure in the induced bundle f∗ξ of ξ under f.

Proof. Consider a g.p.f. ρp = (s1, ..., sp) of ξ and let σi : M ′ → f∗ξ, σi (x′) =
(x′, si (f (x′))) , i = 1, 2, ..., p, x′ ∈ M ′ be the sections of induced bundle f∗ξ =
(f∗E, f∗π,M ′) . The sections σ1, ..., σp are independent at each point x′ ∈M ′ :

{
σ1
(
x′
)

=
(
x′, s1

(
f
(
x′
)))

, ..., σp
(
x′
)

=
(
x′, sp

(
f
(
x′
)))

, x′ ∈M ′
}

is a linearly independent set of vectors. Since f∗ (ξ; ρp) = (f∗ξ, f∗ρp) where f∗ρp =
(σ1, ..., σp) , the result follows. ut

Lemm 2.2 Let Gp (Rs) be the Grassmann manifold of p−dimensional subspace of Rs,
p ≤ s ≤ +∞. For each map f : M → Gp (Rs) there is a partial trivial vector bundle
over M.

Proof. Method 1. For each s ∈ {1, 2, ...} consider the product bundle θs1 = (Gp (Rs)×
Rs, p1, Gp (Rs)) over Gp (Rs) and projection p1. Let γsp =

(
E
(
γsp
)
, p∗, Gp (Rs)

)
be the

canonical vector bundle over Gp (Rs) , E
(
γsp
)

= {(V, x) ∈ Gp (Rs)× Rs/ x ∈ V } be
the total space of γsp, and p∗ be its projection. Then θs1 ⊕ γsp is a p.t.v.b. with the

trivial component θs1 and “geometrical obstruction” γsp. Via Lemma 2.1, f∗
(
θs1 ⊕ γsp

)
is a p.t.v.b. over M.

Method 2. Let I : Gp (Rs) ↪→ Gp+t
(
Rs+t

)
denote the inclusion map and γs+tp+t|Gp(Rs)

be the canonical vector bundle of base Gp+t
(
Rs+t

)
([11, p. 22]). The restriction

γs+tp+t|Gp(Rs) is a vector bundle isomorphic to θs1⊕γsp. Now we use the map h = If : M →
Gp+t

(
Rs+t

)
to obtain the induced bundle h∗

(
γs+tp+t

)
= (If)∗

(
γs+tp+t

)
= f∗

(
θs1 ⊕ γsp

)
.

This is a p.t.v.b. The proof is complete. ut
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This result constitutes the base for Example 3 below.

Lemma 2.3 Let ξn = (E, π,M) be a vector bundle over a paracompact manifold M.
If the classifying map of ξn, γ : M → Gp ×Gn−p is of form γ = (γ0, γ1) where γ0 is a
constant map, then ξn is a p.t.v.b.

Proof. Since component γ0 of γ is a constant map, the induced vector bundle under
γ0 is constant. The result follows. ut

Proposition 2.1 Let ξn = (E, π,M) be a vector bundle over a paracompact manifold
M, with the fibre 6 Rn. If the canonical vector bundle γsn is a partial trivial vector bundle,
then ξn is partial trivial too.

Proof. Let σp =
(
σ′1, ..., σ

′
p

)
be a global partial frame which defines a p.t.s. of γsn,

n ≤ s ≤ +∞ and (u1, f1) : f∗1 (γsn) → γsn, u1 (x, y) = y, (x, y) ∈ E (f∗1 (γsn)) (the
total space of f∗1 (γsn)) is a canonical morphism of induced bundle f∗1 (γsn) under the
map f1 : M → Gn (Rs) , f1 (x) = gE

(
π−1 (x)

)
∈ Gn (Rs) ; gE is Gauss map of ξn.

Then the sections of f∗1 (γsn) , si : M → f∗1 (γsn) , si (x) = (x, σi (f (x))) such that
u1si (x) = σ′i (f1 (x)) , x ∈ M, i = 1, ..., p define a partial trivial structure in f∗1 (γsn) .
Since M is a paracompact manifold, ξn is isomorphic with f∗1 (γsn) ([9, p. 30]). ut

Remark 2.1 This proposition also results by Lemma 2.1, but we have preferred a
direct proof.

Corollary (of Theorem 1.1). The structure of γsn endowed with a p.t.s. σp is given by
the isomorphism γsn ' (Gn (Rs)× Rp) ⊕ E (γsn) /E (σp) , where E (σp) is the subspace
of total space E (γsn) generated by global partial frame σp =

(
σ′1, ..., σ

′
p

)
of γsn.

This result follows from Theorem 1.1 and the definition of (γsn, σp) .

Construction of partial trivial structures for vector bundles
In this section we give a response to the question: when and how it is possible

to obtain a partial trivial structure for a vector bundle? From the isomorphism
E ' (M × Rp) ⊕ E|E (ρp) (Theorem 1.1) we obtain the following methods for the
construction of partial trivial structures for vector bundles.

Case I. Description of construction of partial trivial structures using di-
rect sum.

Given a real vector bundle ξn = (E, π,M) with the fibre Rn, we consider the product
bundle θs = (M × Rs →M) . Then the direct sum ηn,s = θs⊕ξn is for each s, a p.t.v.b.
over M. Here ξn is a “geometrical obstruction” to triviality of ηn,s. In particular, if
ξn admits a vector subbundle ξn−p1 = (E1, π1,M) , then η1 = θp1 ⊕ ξn−p1 is a p.t.v.b.,
where θp1 = (M × Rp →M) . If ξn and η1 are isomorphic, then ξn is a p.t.v.b. We can
express the following result: For each vector bundle ξn there exists an infinite set of
p.t.v.b. that have ξn as “geometrical obstruction” to triviality.

The following facts are necessary at the beginning of second case. Let V ectn (M)
be the set of isomorphism classes of vector bundles of rank n, over M and [M,Gn]
be the set of homotopy classes [f ] of maps f : M → Gn. There exists a one-to-one
correspondence V ectn (M) ' [M,Gn] ([11] , [8]). We denote by {ξ1} the isomorphism
class of ξ1 ∈ V ectn (M) . The isomorphism class {f∗ξ1} of the vector bundle f∗ (ξ1) ,
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ξ1 = (E1, p1, Gn) is independent of f ∈ [f ] and ξ1 ∈ {ξ1} . Now we can formulate the
following case.

Case II. Construction of partial trivial structures in a vector bundle over
a paracompact manifold.

Consider ξn = (E, π,M) a vector bundle over a paracompact manifoldM, where E is
the total space of ξn and π is its projection. Since M is a paracompact manifold, there
is a Gauss map g̃E : E → R∞ of ξn [11, p. 30]. Moreover, there exists a vector bundle
morphism (u, gE) : ξn → γsn, n ≤ s ≤ ∞, g̃E = qu, q : E (γsn)→ Rs, q (V, x) = x; γsn is
canonical vector bundle over Gn (Rs) ,

E (γsn) = {(V, x) ∈ Gn (Rs)× Rs/ x ∈ V }
is the total space of γsn. The morphism (u, gE) is an isomorphism when restricted to any
fibre of ξn and gE : M → Gn (Rs) , gE (x) = g̃E

(
π−1 (x)

)
, u (y) = (gE (π (y)) , g̃E (y)) ,

y ∈ E. We consider the Grassmann varieties Gp = Gp (R∞) , Gn−p = Gn−p (R∞) , and
the product manifold Gp × Gn−p. Let K : Gp × Gn−p → Gn be the map induced by

the direct sum maps Gp (Rs)×Gn−p
(
Rs′
)
→ Gn

(
Rs+s′

)
, sending (α, β)→ α⊕ β. If

gE admits a lift g = (g0, g1) in the following commutative diagram homotopy (Fig.
1), where g0 : M → Gp is a constant map, then we obtain the induced vector bundle

g∗
(
γsp × γs

′
n−p
)

= g∗0
(
γsp
)
⊕ g∗1

(
γs

′
n−p
)
, n ≤ s, s′ ≤ +∞ (Lemma 2.3).

The morphism u admits a representation u = fγnv, where v : ξn → g∗
(
γsp × γs

′
n−p
)

is an isomorphism of vector bundles over M and fγn : g∗
(
γsp × γs

′
n−p
)
→ γsp × γs

′
n−p,

fγn (x, y) = y is the canonical morphism [9, p. 27]. Hence there exists the isomorphism

ξn ' g∗0
(
γsp
)
⊕ g∗1

(
γs

′
n−p
)
. Therefore ξn is a p.t.v.b. with the partial trivial structure

defined by v−1
(
g∗0
(
γsp
))
, where v−1 is the inverse of v. Now g1 can be interpreted as

a classifying map of E/E (ρp) , where E (ρp) = v−1
(
g∗0
(
γsp
))
.

Conversely, let ξn = (E, π,M) be a p.t.v.b. with the base M a paracompact mani-
fold. Via Theorem 1.1, E ' (M × Rp)⊕E/E (ρp) , E (ρp) ' θp. Let g′0 : M → Gp (Rs)
be a classifying map of θp and g0 : M → Gp (Rs) be a constant map. Then g∗0 (γp) ' θp.
From the bijection V ectp (M) ' [M,Gp] , we obtain [g0] ↔ [θp] ↔ [g′0] for homotopy
classes. Therefore the class of map which classifies θp contains a constant map. If the
map g1 : M → Gn−p classifies E/E (ρp) , then (g0, g1) classifies the bundle ξn. Now
considering the isomorphism classes of vector bundles and homotopy classes of maps,
we obtain the following result.
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Theorem 2.1 Let V p
n (M) be the set of isomorphism classes of partial trivial bundles

ξn = (E, π,M) over a paracompact manifold M, n = rankξn, where ξn is endowed
with a partial trivial structure ρp. Then there exists a bijection from V p

n (M) to the set
of homotopy classes of homotopy lifts [g] = [(g0, g1)] of [gE ] , where g0 : M → Gp is a
constant map.

For the following construction we use the methods from cases I and II.

Case III. Let θp1 = (Gp (Rs)× Rp → Gp (Rs)) , p < s ≤ +∞ be a product bundle
over Gp (Rs) . Consider a vector bundle ξn = (E, π,M) over a paracompact manifold
M, and gE a classifying map of ξn. Denote by g = (g0, g1) a lift of gE in commu-
tative diagram Fig. 1, where g0, g1 are not constant maps. Then g∗0 (θp1) is a trivial
vector bundle (see Lemmas 2.1 and 2.2). In this situation the vector bundles ξn and
g∗E
(
θp1 × γs

′
n−p
)

= g∗0 (θp1)⊕ g∗1
(
γs

′
n−p
)

are isomorphic over M (see the proof of case II).
Hence ξn is a p.t.v.b.

We can formulate now the following result.

Theorem 2.2 Let ξn = (E, π,M) be a vector bundle over a paracompact manifold M,
and [g] = [(g0, g1)] be a lift of gE , where g0, g1 are or not constant maps. The trivial
structure of θp1 induces a partial trivial structure in ξn.

Case IV. This case is defined by the condition: the classifying map gE of ξn (with
the base M paracompact) admits a lift [g] = [(g0, g1)] , where g0, g1 are constant.
Under this condition there exist the isomorphisms (see the proof of case II):

ξn ' g∗ (γp × γn−p) = g∗0 (γp)⊕ g∗1 (γn−p) ' (M × Rp)⊕
(
M × Rn−p

)
'M × Rn.

Therefore, ξn is a trivial vector bundle if p = n.
For completion we consider the following excepted case too.

Case V:p = n. This remarkable case is described by the well-known isomorphism:

ξn ' (M × Rn)⊕ 0 'M × Rn,

where 0 = (M, 1M ,M) is the null vector bundle over M. This result is also described
in the case IV using the classifying maps.

From the precedent results we have the following conclusion: A partial trivial struc-
ture for a vector bundle ξn = (E, π,M) over a paracompact manifold M can be
realized by direct sum of vector bundles and a lift [g] = [(g0, g1)] of Gauss map [gE ] of
ξn in diagram Fig.1, where g0 is a constant map. These constructions guarantee the
existence of a large class of partial trivial vector bundles.

Examples 1) a) It is well-known that only S1, S3, S7 are parallelizable spheres. We
can construct some partial trivial structures on the spheres Sn (n 6= 1, 3, 7). If ρν(n) =(
X1, ..., Xν(n)

)
is a set of ν (n) independent regular vector fields on Sn, ρν(n) defines

a partial trivial structure in tangent bundle T (Sn) .
b) Let θs = (Sn × Rs, p̃, Sn) be the product bundle of base Sn. The restriction

ξ1 = T (Sn+s) |Sn is isomorphic to T (Sn)⊕ θs. Therefore ξ1 is a p.t.v.b. over Sn.
2) Let X be a regular vector field on a manifold M. The subbundle [X] generated by

X is trivial. [X] defines an 1−dimensional parallelizable foliation F1 of M. Therefore,
we obtain a partial trivial structure and a F1−flat structure on M ([4]).

a) The structure of TM is given by the following isomorphism: TM ' (M × R) ⊕
TM/ [X] .
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b) It is well-known that a manifold M admits a regular vector field X iff Euler-
Poincaré characteristic of M is null, χ (M) = 0. Then, from a) we get: TM '
(M × R) ⊕ TM/ [X] iff χ (M) = 0. Here it appears a relation between the annul-
ment of a topological invariant χ (M) and the structure of TM when M admits a
regular vector field.

3) Let h : Gn (Rs) → Gn+t
(
Rs+t

)
be the map h (V ) = V ⊕ W, where W is the

subspace with bases (es+1, ..., es+t) in Rs+t. The restriction γs+tn+t|Gn(Rs) ' γsn ⊕ θt,

where θt =
(
Gn (Rs)× Rt → Gn (Rs)

)
[9, p. 22].

a) Let M be a manifold and f : M → Gn (Rs) be a map. Then the induced vector
bundle f∗

(
γsn ⊕ θt

)
is a p.t.v.b. over M.

b) If M is a paracompact manifold and ξn = (E, π,M) is a vector bundle over M,
there exists a gauss map g : E → R∞, g = qu, where (u, f1) : ξn → γsn, n ≤ s ≤
+∞, is a vector bundle morphism that is an isomorphism on fibres [9, p. 29]. Here
q : E (γsn) → Rs ⊂ R∞, n < s ≤ +∞, q (V, y) = y, ∀ (V, y) ∈ Gn (Rs) × Rt, y ∈ V,
n = dimV. The induced bundle f∗1

(
γsn ⊕ θt

)
is a p.t.v.b. over M. This example is a

completion for Lemma 2.3. The bundle γsn⊕ θt can be also obtained directly (see case
I).

4) Let M be a F−foliated manifold, p = dimF . If F is a parallelizable foliation, let
ρ = (X1, ..., Xp) be a global tangent frame to F .Then the tangent bundle TM of M is
a p.t.v.b. (M is a partial parallelizable manifold) [4] . If p = m = dimM and F is the
tangential foliation of M, then TM is trivial vector bundle and M is a parallelizable
manifold.

5) We consider a partial parallelizable (or parallelizable) manifold M and let N be
an arbitrary manifold. Then T (M ×N) ' TM⊕TN is a partial trivial vector bundle
and hence M ×N is a partial parallelizable manifold.

6) Let P = (E, π,M,G) be a principal G−bundle over M with the total space E.
Since the vertical foliation V of P is parallelizable, we obtain the isomorphism of
vector bundle TE ' (M × Rp)⊕ TE/TV, where p = dimV and TV denotes tangent
bundle of V. TE is a p.t.v.b.

3 Pontryagin classes of a partial trivial vector bundle

In this section we consider the Pontryagin algebra of a p.t.v.b. ξ and its total class
p (ξ) . We use as definition of Pontryagin classes their expressions in terms of curvature
of a connection ([10] , [12]).

3.1 Preliminary considerations

Let gl (n;R) be the algebra of general linear group GL (n;R) . The set

S =

{
α =

(
0 0
0 A

)
∈ gl (n;R) , A ∈ gl (n− p;R)

}

is a subalgebra of gl (n;R) . The map u : gl (n− p;R) → S, u (A) =

(
0 0
0 A

)
is an

isomorphism of R−algebras. Hence gl (n− p;R) coincides, up to isomorphism with
algebra S.
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Let f̃k, k = 1, 2, ..., n − p be the symmetric polynomials of gl (n− p;R) and fk be
the restrictions to S of generators of symmetric algebra of gl (n;R) . We have

det (In + tα) = det Ip · det (In−p + tA) = det (In−p + tA)

or, equivalently

n−p∑

k=1

fk (α) =

n−p∑

k=1

f̃k (A) , where α =

(
0 0
0 A

)
∈ S.

We denote by Σk the invariant polynomials of gl (n;R) . Then

Σk (α) = trace
(
αk
)

= trace

(
0 0
0 Ak

)
= Σk (A, )

where α ∈ S, A ∈ gl (n− p;R) . Hence, if Σk denotes the invariant polynomial of
degree k of gl (n− p;R) , we have the following result.

Lemma 3.1. There exists the bijections: 1) fk (α) ↔ f̃k (A) ; 2) Σk (α) ↔ Σk (A) ,
k = 1, 2, ..., n− p, α ∈ S, A ∈ gl (n− p;R) .

3.2 Description of Pontryagin algebra of a partial trivial vector bundle

Theorem 3.1. Let ξ = (E, π,M) be a vector bundle endowed with a partial trivial
structure ρp = (s1, ..., sp) . Then

a) Pont∗ (E) ' Pont∗ (E/E (ρp)) , where ' denotes an isomorphism of real algebras;
b) p (E) = p (E/E (ρp)).

Proof. We use the following properties of Pontryagin classes. The classes p0 (E) = 1,
p1 (E) , ..., p[n/2] (E) , n = rankξ, generate Pontryagin algebra Pont∗ (E) . The classes
pk (E) , k = 0, 1, ..., [n/2] only depend on isomorphism class {ξ} of ξ. They do not
depend on the connection of ξ that have been used to represent pk (E) .

Let s =

(
s1
U
, ..., sp

U

; sp+1, ...sn

)
=

(
si
U
, ŝi

)
(i = 1, 2, ..., p; î = p + 1, ..., n) be an

adapted local frame of ξ (i. e. si
U

= si|U , U ⊂ M is an open set). Since E (ρp) is a

trivial bundle, we can define the connection ∇ = D1 ⊕ D2 in E, where D1 is a flat
connection and D2 is a Riemann connection. With respect to this basis, we write the
connections equations:




D1si =

1
ω
j

i ⊗ sj = 0, i. e.
1
ω
j

i = 0, i, j = 1, ..., p

D2ŝi =
2
ω
ĵ

î ⊗ sĵ , î, ĵ = p+ 1, ..., n.

The curvature forms have the properties:
1

Ω
j

i = 0 and
2

Ω
ĵ

î = −
2

Ω
î

ĵ . Then the connection
and curvature forms of ∇ can be expressed by matrices

ω =

(
0 0

0
2
ω

)
, Ω =

(
0 0

0
2

Ω

)
,
2
ω =

(
2
ω
ĵ

î

)
,
2

Ω =

(
2

Ω
ĵ

î

)
.
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Hence we obtain p (E (ρp)) = 1, p (E) = 1+
n∑

a=1

pa (E) , pa (E) = [fa (Ω)] =

[
f̃
k̂

(
2

Ω

)]
∈

H4k (M ;R) , p (E) = p (E (ρp)) p (E|E (ρp)) = p (E|E (ρp)) . This verifies statement b).
Considering the map ϕ (pk (E)) = pk (E|E (ρp)) , k = 1, 2, ..., n − p, we can extend

ϕ through linearity to a map ϕ̃ : Pont∗ (E) → Pont∗ (E|E (ρp)) as follows. If P =
λa1...at

(p1 (E))a1 ... (pt (E))at is an arbitrary element of Pont∗ (E) , then:

ϕ̃ (P ) = λa1...at
(ϕ (p1 (E)))a1 ... (ϕ (pt (E)))at =

= λî1...̂it (p1 (E|E (ρp)))
î1 ... (pt (E|E (ρp)))

ît ∈ Pont∗ (E|E (ρp)) .

The map ϕ̃ is an isomorphism between Pont∗ (E) and Pont∗ (E|E (ρp)) . The proof is
complete. ut

4 An application of partial trivial structures to partial parallelizable
manifolds

In this section we consider the special case of partial trivial structure in tangent bundle
TM of a differentiable manifold M. The manifold M is called partial parallelizable if
its tangent bundle is endowed with a partial trivial structure. We give a partial trivial
structure in TM through the existence of a global partial frame ρp = (X1, ..., Xp) ,
where X1, ..., Xp ∈ Γ (TM) , 1 ≤ p < m = dimM. We see that for ξ = TM the
conditions from Theorem 1.1 are equivalent to the partial parallelizability of M. Let
E (ρp) be the subbundle of TM generated by ρp. We analyze only the situation when
E (ρp) is an involutive subbundle. Denote Fp the foliation defined by E (ρp) . Let
F ∈ Fp be an arbitrary leave and iF : F →M be the canonical inclusion. We suppose
that the leaves of Fp are imbedded leaves. In this situation iF is an imbedding and the
topology of F coincides with the topology induced by that of M. Now, consider the

maximal integral manifold M̃ of E (ρp) . Then the map i : M̃ → M, i = {iF }F∈Fp
,

induces a morphism of vector bundles (Ti, i) : TM̃ → TM, where Ti denotes the
tangent map of i. By condition of constant rank for (Ti, i) , there is the following

exact sequence of vector bundles over M̃ :

0→ TM̃
v→ i∗ (TM)

fTM→ i∗ (TM) /v
(
TM̃

)
→ 0.

Here 0 =
(
M̃, 1

M̃
, M̃
)
, v (Xx) = (x, (Ti)x (Xx)) ∈ i∗ (TM) , fTM (x, y) = [x, y] = the

class of (x, y) , x ∈ M̃, X x ∈ Tx
(
M̃
)
, y ∈ Ti(x)M. If M is a paracompact manifold

and M̃ is a paracompact space, then this sequence splits. Therefore, we obtain the
following result.

Lemma 4.1. Let M be a paracompact manifold, ρp = (X1, ..., Xp) be a global partial
frame of TM and E (ρp) be the subbundle of TM generated by ρp. If E (ρp) is involutive

bundle, let Fp be the foliation defined by E (ρp) and M̃ the maximal integral manifold
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of E (ρp) . If in addition the leaves of Fp are imbedded, there is an isomorphism of

vector bundle over M̃ :

i∗ (TM)'TM̃ ⊕ i∗ (TM) /v
(
TM̃

)
.

Now we observe that TM̃ is trivial vector bundle (ρp = (X1, ..., Xp) is a global frame

of TM̃). Consequently, TM̃ and M̃×Rp → M̃ are two isomorphic vector bundles over

M̃. Hence we obtain the following

Theorem 4.1. Under the conditions of Lemma 4.1, the structure of induced vector

bundle i∗ (TM) is given by the isomorphism i∗ (TM) '
(
M̃×Rp

)
⊕i∗ (TM) /v

(
TM̃

)
,

of vector bundles over the paracompact manifold M̃.

This result realizes a connection between the partial trivial structures in tangent
bundle TM and Fp−flat structures from [4] .
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