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Abstract Let us consider a non-self mapping 7' : A — B, where A and B are two nonempty subsets
of a partially ordered set that is equipped a metric. A best proximity point x* for such a mapping
T is a point such that d(z*, Tz*) = dist(A, B). In this work, we provide different existence results of
best proximity points and so, we establish some new fixed point theorems in the setting of partially
ordered set.
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1 Introduction

Let A and B be two nonempty subsets of a metric space X. A non-self mapping
T : A — B is said to be a contraction if there exists a constant r € [0,1), such that
d(Tz,Ty) < rd(z,y), for all z,y € A. The Banach contraction principle asserts that
if a self-mapping T : X — X is a contraction and (X,d) is complete, then T has
a unique fixed point x € X. This result was extended to other important classes of
mappings and has numerous applications (see, e.g., [10] and the references therein).

Fixed point theory of partially ordered metric spaces was initiated by Nieto and
Rodriguez-Lopez; see the paper [12], where the authors provided some applications to
ordinary differential equations as well.

Let (X, =) be a partially ordered set. A self mapping T : X — X is said to be
monotone nondecreasing iff T(x) = T(y) whenever z,y € X,z =< y. In [12], the
authors established the following result which is an extension of Banach contraction
principle in partially ordered metric spaces.

Theorem 1.1 ([12]) Let (X, X) be a partially ordered set and let there exist a metric
d in X which makes (X,d) into a complete metric space. Assume that X satisfies the
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2 Moosa Gabeleh

condition if a nondecreasing sequence x, — x € X, then x, <z, Vn. LetT : X — X
be a monotone and nondecreasing mapping for which there exists a € [0,1[ such that
d(Tz, Ty) < ad(z,y) for every y < x. If there exists z9 € X with xg X T(xo), then T
has a fixed point.

Let (X,d) be a metric space. A self-mapping T : X — X is called Kannan contrac-
tion if there exists a € [0, ) such that

d(Tz,Ty) < ald(z,Tz) + d(y, Ty)], (1.1)

for all z,y € X. We know that if X is complete metric space, every Kannan self-
mapping defined on X has a unique fixed point (see [9]). Note that, the notion of
contraction mappings and Kannan contraction mappings are independent. That is,
there exists a contraction mapping, which is not Kannan contraction and a Kannan
contraction mapping, which is not a contraction. Therefore, we cannot compare these
two class of mappings directly.

In [11], KiIkkAWA and SUzUKI proved the following interesting fixed point theorem,
which is a generalization of Kannan’s fixed point theorem.

Theorem 1.2 ([11]) Define a non-increasing function ¢ from [0,1) into (,1] by

L, if 0<r<—5,

)= i
#(r) {; §od<r<l,

Let (X,d) be a complete metric space and let T' be a self-mapping on X. Let o € [0, 3)
and put r:= 1% € [0,1). Assume that

o(r)d(z, Tx) < d(x,y) implies d(Tz,Ty) < afd(z,Tz)+ d(y, Ty)], (1.2)

for all x,y € X. Then T has a unique fixzed point z and lim,, Tz = z holds for every
rzeX.

Note that the function ¢(r) defined in Theorem 1.1 is the best constant for every r
(see Theorem 2.4 of [11]).

Now, consider the non-self mapping 7" : A — B, in which A, B are nonempty
subsets of a metric space (X,d). Clearly, the fixed point equation Tax = x may not
have solution. Hence, it is contemplated to find an approximate z € A such that the
error d(z,Tz) is minimum. A point z* € A is called a best proximity point of T if

d(z*,Tz*) = dist(A, B) := inf{d(z,y) : (z,y) € A x B}.

Best proximity point theory is an interesting subject of optimization theory which
recently attracted the attention of many authors (see, for instance, [1,3-7,13,15]).

This paper is basically motivated by the recent paper [14] which the author studied
sufficient conditions for the existence of best proximity points in partially ordered
metric spaces. We organize it as follows: in Section 2 we introduce some definitions and
notations. In Section 3, we establish a best proximity point theorem for ordered weak
proximal Kannan contractions and we obtain some new fixed point theorems in the
setting of partially ordered metric spaces. In Section 4, we conclude a best proximity
point result for ordered weak Kannan contractions in the setting of uniformly convex
Banach spaces equipped a partially ordered relation.
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Ordered weak proximal Kannan contractions 3

2 Preliminaries

It is assumed throughout this section that (X, <) is a partially ordered set and there
exists a metric d on X and let A and B are nonempty subsets of a metric space (X, d).
Let us fix the following notations which will be needed throughout this article:

d*(a,b) = d(a,b) — dist(A, B), V(a,b) € A x B,
Ao :={z € A:d(z,y) = dist(A,B), for some y € B},
By :={y € B :d(z,y) = dist(A,B), forsome z € A}.

It is easy to see that if (A, B) is a nonempty, weakly compact and convex pair of subsets
of a Banach space X, then Ay and By are nonempty, closed and convex subsets of X.

Definition 2.1 ([14]) A mapping T': A — B is said to be a proximally increasing if
it satisfies the condition that

T =2y,
d(u,Tx) = dist(A, B), =u =<,
d(v, Ty) = dist(A, B),

for all z,y,u,v € A.

Define a strictly decreasing function 6 from [0, ) onto (3,1] by 6(r) = 1 — r. Let
a € [0,%) and put r := &

1—a”

Definition 2.2 A non-self mapping T': A — B is said to be an ordered weak proximal
Kannan contraction if, for all u,v,z,y € A with x <Xy, d(u,Tz) = dist(A, B) and
d(v,Ty) = dist(A, B), we have

O(r)d*(z,Tz) < d(z,y) implies d(u,v) < a[d*(z,Tz)+ d*(y,Ty)]. (2.1)

Definition 2.3 A non-self mapping T : A — B is said to be an ordered weak Kannan
contraction if, for all x,y € A with z <y we have

O(r)d*(z,Tx) < d(x,y) implies d(Tz, Ty) < a[d*(z,Tx) + d*(y, Ty)]- (2.2)
Definition 2.4 A non-self mapping 7' : A — B is said to be an ordered proximal
Kannan contraction if, for all u,v,z,y € A with x <y, d(u,Tz) = dist(A4, B) and
d(v,Ty) = dist(A, B), we have

d(u, ) < afd"(z, Tx) + d*(y, Ty). (2.3)

Definition 2.5 A non-self mapping 7" : A — B is said to be an ordered Kannan
contraction if, for all x,y € A with x <y

d(Tz, Ty) < a[d*(z, Tx) + d*(y, Ty)]- (2.4)
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4 Moosa Gabeleh

3 Ordered weak proximal Kannan contractions

Let us state our main result of this article.

Theorem 3.1 Let X be a nonempty set such that (X, <) is a partially ordered set and
(X,d) is a complete metric space. Suppose that (A, B) is a nonempty pair of subsets
of X such that Ag is nonempty and closed. Let T : A — B be a non-self mapping
satisfies the following conditions.
(i) T is a prozimally increasing and ordered weak proximal Kannan contraction and
T'(Ao) C Bo.
(17) There exist elements xg, 1 € Ao such that d(z1,Txo) = dist(A, B) and xg < 7.
(#9i) If {zn} is an increasing sequence of elements in A converging to x, then x, =< x, for
all n.

Then T has a best proximity point.

Proof. By condition (ii) there exist zo,x; € Ag such that xg < z1 and d(z1,Tzg) =
dist(A, B). Since T'r1 € By, there exists o € Ag such that d(zq,Tz1) = dist(A, B).
By the fact that T is proximally increasing we conclude that z1 < x5. Continuing this
process, we can find a sequence {z,} in Ag such that

d(xpy1,Txy) = dist(A, B), xn, X Tpt1, for all n € NU{0}. (3.1)

For all n € N we have d(zp, Txy) <d(zn, Tnt1) +d(Xnt1, Tan) = d(Tp, Tny1) +dist(A,
B). Note that 8(r) < 1, thus z,, < @pt1, d(Tp+1, Toy) = d(Tpy2, TTni1) = dist(A, B)
and 0(r)d*(xy, Txy) < d(Tn, Tpt1). By the fact that T is ordered weak proximal Kan-
nan contraction, d(zn4+1, Tnt2) < ad*(xn, Trp) +d* (i1, TTni1)] < afd(@n, i) +
d* ($n+17 Tmn) + d($n+1, $n+2) +d* ($n+27 Tanrl)] = a[d(xnv $n+1) + d(er»la xn+2)]-

So,
Lad(xn,mnﬂ) = rd(zp, Tny1), Vn € N.

d(Zp1, Tnt2) < 7

oo
By induction we obtain d(xy, £n4+1) < r"d(zg, 1), which implies that Z d(Xp, Tpt1) <

n=1
o0

Zr"d(mo,xl) < 0. Thus, {z,} is a Cauchy and increasing sequence in Ay. Since
n=1

Ap is closed and X is complete, we deduce that {z,} is a convergent sequence. Let
x* € Ag be such that x,, — z*. It follows from the condition (iii) that z, < z* for
each n € N. We now assert that

d*(z*,Tz) < ad(z*,x), VYre Ay with =z, <z Z2*,VneN. (3.2)

Let x € Ag be such that z, < z, for all n € N and = 2 2*. Since T(Ap) C By, there
exists y € Ap such that d(y, Tz) = dist(A, B). By the fact that x,, — z*, there exists
N € N such that d(zy,2*) < 3d(x,2%),Vn > N1. We now have

O(r)d* (xn, Txy) < d*(zn, Ty)
< d(p, ™) +d(x*, xpnt1) + d* (2py1, Txy)

2
= d(@n,2%) +d(z%, 2n41) < 3d(z,27)
1
=d(x,x*) — gd(ac,x*) <d(x,x*) — d(xp, 2*) < d(xp,x).
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Ordered weak proximal Kannan contractions 5

Thereby, for each n > Ny z, = z, d(zpt1,T2z,) = d(y,Tz) = dist(A, B) and
O(r)d*(xn, Txy) < d(xy,x). Since T is ordered weak proximal Kannan contraction,

d(xnt1,y) < a[d(xn, Txy) + d*(z, T2)] < ald(@n, Tny1) + d (2, T2)).

Hence,
d(z*,Tx) = lim d(xpy1,Tx)
n—oo
< lim [ad(xn, Tpe1) + ad*(z, Tz) + d(y, Tz))
n—oo
< lim [er"d(xg,21) + ad*(z, Tx) + dist(A, B)]
n—oo
= ad"(z,Tx) + dist(A, B).
Therefore,

d*(z*,Tz) < ad*(z,Tx), Yz Ay, with z, <z Zz*,VneN.

That is, (3.2) holds. We now have d*(zp, Txy) < d(zp,x*) +d*(x*, Txy) < d(zpn, %)+
ad*(zy, Try). Thus,
O(rYd* (xn, Txy) = (1 — r)d*(zn, Tzyn) < (1 — a)d* (2, Txy) < d(xp, 27). (3.3)

Besides, since z* € Ay and T'(A4y) C By, there exists y* € Ap such that d(y*, Tx*) =
dist(A, B). So, we have z,, < o*, d(xp41, Txn) =d(y*, Tx*)=dist(A, B) and 0(r)d* (x,
Tz,) < d(zy, ), which concludes that

d(Tni1,y) < afd*(zpn, Txy) + d (2%, Tx™)]

< ald(xp, i) + d(Xpp1, Try) + d° (2, Tx™)].

Letting n — oo in previous relation, we obtain
d(z*,y*) < ad*(z*, Tr*) < ald(z”,y") + d*(y*, Tx*)] = ad(z*, y*),

which implies that 2* = y*. Hence, z* is a best proximity point of the non-self mapping
T and this completes the proof. 0O

The next results conclude from Theorem 3.1, immediately.

Corollary 3.2 Let X be a nonempty set such that (X, <) is a partially ordered set and
(X,d) is a complete metric space. Suppose that (A, B) is a nonempty pair of subsets
of X such that Ay is nonempty and closed. Let T : A — B be a non-self mapping
satisfies the following conditions.

(1) T is a prozimally increasing and ordered prozimal Kannan contraction and T'(Ag) C
By.
(i) There exist elements xg,x1 € Ay such that

d(z1,Txo) = dist(A,B) and xz¢ = x7.

(#i3) If {xn} is an increasing sequence of elements in A converging to x, then x, < x, for
all n.
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6 Moosa Gabeleh

Then T has a best proximity point.

The following corollary is a generalized version of Theorem 1.2 in partially ordered
metric spaces.

Corollary 3.3 Let X be a nonempty set such that (X, =) is a partially ordered set
and (X,d) is a complete metric space. Assume that X satisfies the condition

if a nondecreasing sequence x, — x € X, then x, < x Vn.
Let T : X — X be a monotone and nondecreasing mapping for which
O(r)d(z, Tz) < d(x,y) implies d(Txz,Ty) < ald(z,Tx)+ d(y, Ty)],
for every y <X x. If there exists xg € X with xo <X Txg, then T has a fized point.
Finally, we deduce the Kannan version of Theorem 1.1 as below.

Corollary 3.4 Let X be a nonempty set such that (X, =) is a partially ordered set
and (X,d) is a complete metric space. Assume that X satisfies the condition

if a nondecreasing sequence x, — x € X, then x, < x Vn.
Let T : X — X be a monotone and nondecreasing mapping for which
d(Tz,Ty) < ald(z, Tz) + d(y, Ty)],
for every y <X x. If there exists xo € X with xo <X Txg, then T has a fized point.

Example 3.1 Suppose that X = R with the usual metric and usual ordered relation
“<”. Suppose that A := [0,2] U {6} and B := [3,4]. Then A and B are nonempty
closed subsets of X and Ay = {2,5} and By = {3,4}. Note that dist(A, B) = 1. Let
T : A — B be a mapping defined as

I if =0
— )2 1 )
(@) {& it 2 #0.

Note that d(u,Tx) = dist(A, B) holds for v = 5 and for all x € A — {0}. Thereby, T
is both proximally increasing and ordered weak proximal Kannan contraction. Now,
Theorem 3.1 ensures the existence of a best proximity point for the mapping which is
a point x* = 5.

Ezample 3.2 Let X be the complex valued continuous functions space on [0, 1], where C
is equipped with ||.]]; norm. Then for each f € X we have f = f;+if2, where f; and fo
are continuous real valued functions on [0, 1]. Now let iy denote the identity mapping
defined on [0, 1]. Consider the following usual order on X, f < g < f1(z) < ¢g1(x) and
fao(z) < go(x),Vx € [0,1], where f = f1 +ifs and g = g1 + ige. Suppose that

A={f=fi+ifs:0=f1(0) < fi(z) < f1(1) =1, fo(z) =0,Vx € [0,1]}
B:={g=g1+ig2: q1(x) =z, 0=g2(0) < g2(z) < g2(1) = 1,Vx € [0, 1]}.
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Ordered weak proximal Kannan contractions 7

Note that (A, B) is a closed pair of subsets of the complete metric space X. Also, for
each (f,g) € A x B we have

If —gll = sup [[fi(x) — (x+ig2(x))[1

0<z<1
= sup (|fi(z) —z[+|g2(z)|)= sup [fi(z) —z[+ sup |g(z)[=1.
0<z<L1 0<z<1 0<z<L1

This implies that dist(A, B) > 1. Besides, for a pair (ig,iq + iiq) € A x B we have
lig — (iqg + iiq)|| = SUPp<z<1 lizg(z)| = SUPp<,<1 lig(xz)] = 1, which implies that
dist(A, B) = 1. Moreover, we note that Ay = {is} and By = B. Now, define the
mapping T : A — B by T(f1 +ifs) = iq +if1, for all f1 +ifs € A. Then T is
both proximally increasing and ordered weak proximal Kannan contraction. Also, A
satisfies the condition (iii) of Theorem 3.1. Hence, the existence of a best proximity
point is deduced from Theorem 3.1.

4 Ordered weak Kannan contractions

Here, we recall a geometric notion on a nonempty pair of subsets of a metric space
(X, d).

Definition 4.1 ([8]) Let (A, B) be a pair of nonempty subsets of a metric space
(X,d) with Ay # (). The pair (A, B) is said to have WP-property if and only if

{d(:rl, y1) = dist(A, B)

<
d(w2,yo) = dist(A, B) = d(z1,m2) < d(y1,92),

where 1,29 € Ag and y1,y2 € Byp.

It was announced in [2] that every nonempty, bounded, closed and convex pair
of subsets of a uniformly convex Banach space X has the WP-property. Also, it is
clear that if (A, B) be a nonempty pair of subsets of a metric space (X, d) such that
dist(A, B) = 0 then (A, B) has the WP-property.

Here, we state the relationship between ordered weak proximal Kannan contractions
and ordered weak Kannan contractions.

Proposition 4.2 Let X be a nonempty set such that (X, =) is a partially ordered
set and (X,d) is a complete metric space. Suppose that (A, B) is a nonempty pair of
subsets of X such that Ay is nonempty and (A, B) has the WP-property. Assume that
T : A — B is a mapping such that T(Ag) C By.
(1) If T is ordered weak Kannan contraction, then T is ordered weak prozimal Kannan
contraction.
(i3) If T is ordered weak prozimal Kannan contraction and moreover, (B, A) has the
WP- property, then T)|a, is ordered weak Kannan contraction.

Proof. (i) Let T be an ordered weak Kannan contraction mapping and w,v,z,y € A
be such that

T =Y,
d(u, Tx) = dist(A, B), and 0(r)d"(z,Tx) < d(z,y).
d(v,Ty) = dist(A, B),
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8 Moosa Gabeleh

Since (A, B) has the WP-property and T is ordered weak Kannan contraction,
d(u,v) < d(Tz,Ty) < ald(z,Tz) + d*(y, Ty)],

which implies that T is ordered weak proximal Kannan contraction.

(ii) Suppose that T is ordered weak proximal Kannan contraction and z,y € Ag be
such that x < y,n(r)d*(z, Tx) < d(x,y). Since T'(Ap) C By, there exist u,v € Ay such
that

d(u, Tx) = dist(A, B)

d(v,Ty) = dist(A, B).
In view of the fact that T is ordered weak proximal Kannan contraction and both
(A,B) and (B, A) have the WP-property, we must have d(Tz,Ty) = d(u,v) <
ald*(x,Tz) + d*(y,Ty)], which concludes that T4, is ordered weak Kannan con-
traction. 0O

The following result is obtained, immediately.

Theorem 4.3 Let (X, <) be a partially ordered set and let there exist a metric d in X
which makes (X, d) into a complete metric space. Suppose that (A, B) is a nonempty
closed pair of subsets of X such that (A, B) has the WP-property. Assume that Ag
is nonempty and closed. Let T : A — B be a non-self mapping satisfies the following
conditions.
(1) T is a proximally increasing and ordered weak Kannan contraction and T'(Ag) C By.
(i3) There exist elements xo,x1 € Ao such that d(x1,Txg) = dist(A, B) and xo < 7.
(#i1) If {zn} is an increasing sequence of elements in A converging to x, then x, =X z, for
all n.

Then T has a best proximity point.

Finally, we state the next best proximity point theorems in the setting of uniformly
convex Banach spaces equipped a partially ordered relation.

Theorem 4.4 Let (A, B) be a nonempty, bounded, closed and convex pair of subsets
of a uniformly convexr Banach space X and let =7 be a partially ordered relation on
X. Let T : A — B be a non-self mapping satisfies the following conditions.
(i) T is a proximally increasing and ordered weak Kannan contraction and T'(Ag) C By.
(13) There exist elements xg,x1 € Ag such that d(x1,Txo) = dist(A, B) and xo < 7.
(ii7) If {xn} is an increasing sequence of elements in A converging to x, then x, < x, for
all n.

Then T has a best proximity point.
Theorem 4.5 Let (A, B) be a nonempty, bounded, closed and convex pair of subsets

of a uniformly convexr Banach space X and let =<7 be a partially ordered relation on
X. Let T : A — B be a non-self mapping satisfies the following conditions.

(1) T is a prozimally increasing and ordered Kannan contraction and T(Ay) C By.
(13) There exist elements xg,x1 € Ao such that d(x1,Txg) = dist(A, B) and xy < 7.
(7i1) If {xn} is an increasing sequence of elements in A converging to x, then x, < z, for
all n.

Then T has a best proximity point.
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