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1 Introduction and preliminaries

By a non-Archimedean field we mean a field K equipped with a function (valuation)
|-|: K — [0,00) such that, for all ;s € K, the following conditions hold:

(a) |r| = 0 if and only if r = 0;

(b) |rs| = [r[ls];

(¢) Ir +s| < max{|r|, [s[}.

Clearly, by (b), |1] =|— 1] = 1 and so, by induction, it follows from (c) that |n| <1
foralln > 1.

Definition 1.1 Let X be a vector space over a scalar field K with a non-Archimedean
non-trivial valuation | - |.

(1) A function || - || : X — R is a non-Archimedean norm (valuation) if it satisfies
the following conditions:

(a) ||z|| = 0 if and only if z = 0 for all z € X;

() ||rz|| = |r]||x| for all r € K and x € X;

(c) the strong triangle inequality (ultra-metric) holds, that is, ||z + y|| < max{||z]|,
llyl|}, for all z,y € X.

(2) The space (X, | -||) is called a non-Archimedean normed space.
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2 H. Azadi Kenary

Note that ||z, — || < max{||zj41 —zj|| : m < j < n—1}, for all m,n € N with
n>m.

Definition 1.2 Let (X, | - ||) be a non-Archimedean normed space.
(a) A sequence {z,} is a Cauchy sequence in X if {x, 11 — x,} converges to zero in

(b) The non-Archimedean normed space (X, || - ||) is said to be complete if every
Cauchy sequence in X is convergent.

The most important examples of non-Archimedean spaces are p-adic numbers. A
key property of p-adic numbers is that they do not satisfy the Archimedean axiom:
for all x,y > 0, there exists a positive integer n such that x < ny.

Ezxample 1.1 Fix a prime number p. For any nonzero rational number z, there exists
a unique positive integer n, such that r = ¢p"=, where a and b are positive integers
not divisible by p. Then |z|, := p~™™* defines a non-Archimedean norm on Q. The
completion of Q with respect to the metric d(z,y) = |x—y|, is denoted by Q,,, which is
called the p-adic number field. In fact, ), is the set of all formal series x = ZZC;“T aipp®,
where |ay| < p — 1. The addition and multiplication between any two elements of Q,
are defined naturally. The norm |75 - arp®|, = p~™ is a non-Archimedean norm
on Q, and @, is a locally compact filed.

In section 3, we adopt the usual terminology, notions and conventions of the theory
of random normed spaces as in [55].

Throughout this paper, let A" denote the set of all probability distribution functions
F :RU[—00,+00] — [0, 1] such that F is left-continuous and nondecreasing on R and
F(0) = 0,F(+00) = 1. It is clear that the set DT = {F € AT : ["F(—o0) = 1},
where [~ f(z) = limy_,,— f(t), is a subset of AT. The set AT is partially ordered by
the usual point-wise ordering of functions, that is, F < G if and only if F(t) < G(t)
for all ¢ € R. For any a > 0, the element H,(t) of D" is defined by

0, ift<a
Ha — ? ] —_ )
(*) {1, if t > a.

We can easily show that the maximal element in A1 is the distribution function
Hy(t).

Definition 1.3 A function T : [0,1]? — [0, 1] is a continuous triangular norm (briefly,
a t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(c) T(x,1) =z for all z € [0,1];

(d) T(z,y) < T(z,w) whenever x < z and y < w, for all z,y, z,w € [0, 1].

Three typical examples of continuous t-norms are as follows: Tp(x,y) = 2y, Tmaz (7,
y) = max{a + b — 1, 0}, Ty (x,y) = min(a,b). Recall that, if T is a t-norm and
{z,} is a sequence in [0,1], then T/* ,z; is defined recursively by T z; = z; and
Tz = T(TP S g, @) for all m > 2. T, x; is defined by T2° 4.
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Direct method and approrimation 3

Definition 1.4 A random normed space is a triple (X, u,T), where X is a vector
space, T is a continuous t-norm and u : X — D™ is a mapping such that the following
conditions hold:

(@) pz(t) = Ho(t) for all ¢ > 0 if and only if x = 0;

(D) oz (t) = pg (ﬁ) forall « e Rwith a #0, x € X and t > 0;
(€) paty(t +5) > T(pz(t), py(s)) for all 2,y € X and t,s > 0.

Every normed space (X, || - ||) defines a random normed space (X, u,TM) where
py(t) = t+|\ 0 for all ¢t > 0 and T}y is the minimum ¢-norm. This space X is called the

induced random normed space.

If the t-norm T is such that supg.,.; 7'(a,a) = 1, then every random normed
space (X, u,T) is a metrizable linear topological space with the topology 7 (called
the p-topology or the (e, d)-topology, where € > 0 and A € (0,1)) induced by the base
{U(e, )} of neighborhoods of 8, where U(e, \) = {x € X : py(e) > 1 — A}

Definition 1.5 Let (X, 4, T) be an random normed space.

(a) A sequence {z,} in X is said to be convergent to a point x € X (write z, — x
as n — o0) if limy, o0 fhg, —o(t) = 1, for all £ > 0.

(b) A sequence {z,} in X is called a Cauchy sequence in X if lim,,_,o0 fiz, —z,, (t) =1,
for all ¢ > 0.

(¢) A random normed space (X, u, T) is said to be complete if every Cauchy sequence
in X is convergent.

Theorem 1.6 If (X,u,T) be a random normed space and {x,} is a sequence such
that x, — x, then lim, oo tig, (t) = pg(t).

Definition 1.7 Let X be a real vector space. A function N : X x R — [0, 1] is called
a fuzzy norm on X if for all z,y € X and all s, € R,
(N1) N(z,t) =0 fort <0;

(N2) 2 =0if and only if N(z,t) =1 for all ¢t > 0;

(N3) N(cz,t)= ( ,ﬁ) if ¢ £ 0;

(N4) N(z+y,c+t) > min{N(z,s), N(y,1)};

(N5) N(z,.) is a non-decreasing function of R and lim; .o, N(x,t) = 1;
(N6) for x # 0, N(z,.) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.

Ezxample 1.2 Let (X, ||.||) be a normed linear space and «, § > 0. Then

at

N(z,t) = ot + Bz||’
0, t<0,xeX

t>0,xeX

is a fuzzy norm on X.

Definition 1.8 Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is
said to be convergent or converge if there exists an z € X such that lim;_,o N(z,, —
x,t) =1 for all t > 0. In this case, z is called the limit of the sequence {z,} in X and
we denote it by N — limy_, oo xp, = .
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4 H. Azadi Kenary

Definition 1.9 Let (X, N) be a fuzzy normed vector space. A sequence {z,} in X is
called Cauchy if for each € > 0 and each t > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N (2, 4p — Tn,t) > 1 — €.

It is well known that every convergent sequence in a fuzzy normed vector space
is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be
complete and the fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y
is continuous at a point z € X if for each sequence {z,} converging to xg € X, then
the sequence {f(z,)} converges to f(zo). If f: X — Y is continuous at each z € X,
then f: X — Y is said to be continuous on X.

Definition 1.10 Let X be a set. A function d : X x X — [0, o] is called a generalized
metric on X if d satisfies the following conditions:

(a) d(z,y) =0 if and only if z =y for all z,y € X;

(b) d(z,y) = d(y, z) for all x,y € X;

(c) d(z,z) < d(xz,y) +d(y,z) for all z,y,z € X.

Theorem 1.11 Let (X, d) be a complete generalized metric space and J : X — X be a
strictly contractive mapping with Lipschitz constant L < 1. Then, for all x € X, either
d(J"x, J"1x) = oo for all nonnegative integers n or there exists a positive integer ng
such that:

(a) d(J"x, J"x) < oo, for all ng > no;
(b) the sequence {J™xz} converges to a fized point y* of J;
(c) y* is the unique fized point of J in the set Y = {y € X : d(J™z,y) < co};

(d) d(y,y*) < 2D for ally € Y.

A classical question in the theory of functional equations is the following: When is it
true that a function which approrimately satisfies a functional equation must be close
to an exact solution of the equation?. If the problem accepts a solution, we say that
the equation is stable. The first stability problem concerning group homomorphisms
was raised by ULAM [57] in 1940. In the next year, HYERS [24] gave a positive answer
to the above question for additive groups under the assumption that the groups are
Banach spaces. In 1978, RASSIAS [43] proved a generalization of Hyers’ theorem for
linear mappings.

This new concept is known as generalized Hyers-Ulam stability or Hyers-Ulam-
Rassias stability of functional equations. Furthermore, in 1994, a generalization of
Rassias’ theorem was obtained by GAVRUTA [22] by replacing the bound €(||z||P+||y||?)
by a general control function ¢(z,y).

In 1983, a generalized Hyers-Ulam stability problem for the quadratic functional
equation was proved by SKOF [56] for mappings f : X — Y, where X is a normed
space and Y is a Banach space. In 1984, CHOLEWA [12] noticed that the theorem
of Skof is still true if the relevant domain X is replaced by an Abelian group and,
in 2002, CZERWIK [14] proved the generalized Hyers-Ulam stability of the quadratic
functional equation. The reader is referred to ([1]-[8], [12]-[14], [16]-[22], [24]-[25], [32]-
[35], [37]-[54]) and references therein for detailed information on stability of functional
equations.

In 1897, HENSEL [23] has introduced a normed space which does not have the
Archimedean property. It turned out that non-Archimedean spaces have many nice
applications (see [15,27,30,31,36]).
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Direct method and approximation 5

KATSARAS [26] defined a fuzzy norm on a vector space to construct a fuzzy vector
topological structure on the space. Some mathematicians have defined fuzzy norms
on a vector space from various points of view (see [21], [29], [37]).

In particular, BAG and SAMANTA [9], following CHENG and MORDESON [11], gave
an idea of fuzzy norm in such a manner that the corresponding fuzzy metric is of
KARMOSIL and MICHALEK type [28]. They established a decomposition theorem of
a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy
normed spaces [10].

In this paper, using the fixed point and direct methods, we prove the Hyers-Ulam-
Rassias stability of the following reciprocal difference functional equation:

f(W) — fx+y+2)

(1.1)

in various normed spaces.

2 Non-Archimedean stability of reciprocal difference functional equation

(1.1)

In this section, using direct method, we prove the Hyers-Ulam-Rassias stability of the
reciprocal difference mapping (1.1) in non-Archimedean normed spaces.

Theorem 2.1 Let G be an additive semigroup and that X is a complete non-Archi-
medean normed space. Assume that ¢ : G3 — [0,+00) is a function such that

s ISI"C(3"’ 3%1’ 3Zn) =0 (2.1)

for all x,y,z € G. Suppose that, for any x € G, the limit

1 T T T
£(z) = T}I_)H;o Oglkaé{n |3|k:+1< (3k+17 gk+1° 3k+1) ) (2.2)

exists and f : G = X be a mapping satisfying

THy+2) Lo N 2f(z)f(y)f(2)
‘f< > HE v+ 2) = 5 F ) + T i) + T |

<((z,y,2), (2.3)

or all x,y,z € G. Then the limit A(z) = im0 == f (&) exists for all x € G and
3 3

defines a reciprocal difference mapping A : G — X satisfies (1.1) and the following

inequality
1f(z) = Alz)l|x < [3]£(x). (2.4)

lim i L . < oy oz ) .
1m lim max _
j—o00 n—00 j<k<n+tj |3|k+1 3k+1 ) 3k+1 5 3k+1

Moreover, if

then A is the unique reciprocal difference satisfying (2.4).
249



6 H. Azadi Kenary

T

Proof. Putting x =y = z =  in (2.3), we get
1,/

‘ gf (g) - f(:c)
for all z € G. Replacing z by 3% in (2.5), we obtain

f (3%) 1 x 1 x x x

Tlsr) 2o (2 < . 2.6
)| ca ) e

Thus, it follows from (2.1) and (2.6) that the sequence {3 f (3%)}701 is a Cauchy

x

<¢(5535) 25)

sequence. Since X is complete, it follows that {3%]” ( )}n>1 is convergent. Set

3n
. 1 x
Aa) = lim oo f (57)- 27)
By induction on n, one can show that
‘ fg‘:’:) — f(=x) SmaX{C(W’|§ZI’W);0§k<n}, (2.8)
X

for all n > 1 and = € G. By taking n — oo in (2.8) and using (2.2), one obtains (2.4).
By (2.1), (2.3) and (2.7), we get

x z 2A(x)A(y)A(z)
’P( +?%)‘A(“y“)‘flm() A()A(z) + A)
e e - S ;H
peist ER
< Jim 5 (530 57) =0

for all x,y,2 € G . So
rty+zy) 2A(z)A(y)A(z)
A( 3 >‘A“+y+”+A@M@»huwaw+Aumwr

for all z,y,z € G. Hence A : G — X is a reciprocal difference mapping.
To prove the uniqueness property of A, let L be another mapping satisfying (2.4).
Then we have

HA(a:) B L(x)HX - 11»00 13}/ H (3]) - (%)H
< i 2 UAG) = 1)l 17 () = L ()l

j—00 |37

< lim 1 1 C( x T T ) 0
1m  11m max =
j—ro0 n—00 j<k<n+j |3| 3k+17 3k+17 3k+1 )

for all z € G. Therefore, A = L. This completes the proof. 0O
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Direct method and approximation 7

Corollary 2.2 Let £ :[0,00) — [0,00) be a function satisfying

() << (@) o <(z)<m

for allt > 0. Assume that K > 0 and f: G — X is a mapping such that

syt Lo N 2f (@) f(y)f(2)
Hf< > HE 92 = T @) + T f )+ TE7E |«

w (&(e]) + &yl +&(120))

forall x,y,z € G. Then there exists a unique reciprocal difference mapping A : G — X
such that ||f(x) — A(z)||x < 3|3|k&(|z]).

Proof. If we define ¢ : G® — [0,00) by ((z,v, 2) := c(£(|z]) + £(Jy))+ £(|2])), then we

have 1 o
Z
= 1' - - :0

for all z,y,z € G. On the other hand, it follows that

1 T T T 1 T T x
£(z) = lim max |3|k:+1C <3k+1’ 1 3k+1) - EC (7 3’ 7) = 3rg(lz)),

exists for all x € G. Also, we have

Tz oz SR S
hm hm max C (3k+1 ) 3k+19 3k+1) _ lm C (3j+1 » 35+1 3J‘+1) _ 0
j—ro0 N300 j<k<n-tj |3+ =00 |3+ '

Applying Theorem 2.1, we get the desired results. O

Theorem 2.3 Let G be an additive semigroup and that X is a complete non-Archi-
medean normed space. Assume that ¢ : G3 — [0, +00) is a function such that

lim |3|”4(3”x,3"y,3”z) —0, (2.9)
n—oo
for all x,y,z € G. Suppose that, for any x € G, the limit
= 1 ( kg, 3y, 3¢ ) 2.1

exists and f : G — X is a mapping satisfying (2.3). Then the limit A(x) :=
lim, o0 3" f(3"x) exists for all x € G and

1f(z) — A(z)l|x < [3]£(), (2.11)
for all x € G. Moreover, if

lim lim max |3] {(3]% 3k, 3% ) =0,

Jj—o0 ’ﬂ—)OOj<k<n+]

then A is the unique mapping satisfying (2.11).
251



8 H. Azadi Kenary

Proof. Tt follows from (2.5), we get
[f(2) = 3f(32)|| x < BC(x, z, ), (2.12)
for all z € G. Replacing z by 3"z in (2.12), we obtain
137 f(3"x) = 3" F(3" )| < IB[*TIC (3", 32, 3" ). (2.13)

Thus it follows from (2.9) and (2.13) that the sequence {3" f(3"x)},, is convergent.
Set A(x) := limy, 00 3" f(3"x). On the other hand, it follows from (2.13) that

qg—1
137 £ (37x) — 39 £ (3%a) || = > 35 (3" a) — 3 f(3Fw)
k=p X
< max [543tk |}

<3 31k¢(3Fz, 3%, 3F
<| IPI;lgngIC( z,3%z,3%x),

for all z € G and p,q > 0 with ¢ > p > 0. Letting p = 0, taking ¢ — oo in the last
inequality and using (2.10), we obtain (2.11).
The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 2.4 Let £ : [0,00) — [0,00) be a function satisfying & (|3|t) < & (|3]) &(¢),
E(3)) < ﬁ, forallt > 0. Let k >0 and f : G — X is a mapping satisfying

vHy+2) o 3o 2f(@)f () [ (=)
’V( 3 ) Iy 2) = 5 F ) + 7)1 ) + TG

< (&) - €(lyD) - €(1=D)

forallz,y,z € G. Then there exists a unique reciprocal difference mapping A : G — X
such that || f(z) — A)]| < |3l (Je])

’ X

Proof. If we define ¢ : G®—[0,00) by ((2,y, 2):=r (§(|z]) - £(|y]) - £(2[)) and applying
Theorem 2.3, then we get the desired results. O

3 Random stability of the reciprocal difference mapping (1.1)

Throughout this section, using direct method we prove the Hyers-Ulam-Rassias sta-
bility of the reciprocal difference mapping (1.1) in random normed space.

Theorem 3.1 Let X be a real linear space, (Z, ', min) be a random normed space
and ¢ : X® — Z be a function such that there exists 0 < o < 3 such that

! ! t
Moz () 2 Moy <a> ) (3.1)
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Direct method and approrimation 9

for all x,y,z € X and t > 0 and lim,, u;(i (3 t) =1 for all z,y,z € X
n73n?3n

and t > 0. Let (Y, p, min) be a complete random normed space. Let f : X =Y be a
mapping satisfying

t) > 1), 3.2
Mf(%)_f(“y“)_f<z>f(yfi(f(?yf;f‘()zf)&r)f(z)f(z)( ) 2 Moty () (3:2)

for all x,y,z € X and t > 0. Then the limit A(x) = lim;_, 0 B%f (3%) exists for all
x € X and defines a unique reciprocal difference mapping A : X — Y satisfies (1.1)

and the following inequality

(3—a)t
1f (@)~ AG) () > Hip(ez.0) <3a ; (3.3)
forallx € X andt > 0.
Proof. Putting x =y =z = £ in (3.2), we have
p 02 e 02 W ( (34)
18 _p)\ = He(z,2,2) Y = Heaa) \ ) '
for all z € X. Replacing = by 57 in (3.4) and using (3.1), we obtain
3"t 3"t
> — ) >u —_—
'u'f(3r,,/ﬂ_1)_f(ﬁ)(t) ZHo(z, 2 2) ( « > = Ho(z,z,) (an—l-l)
3nFT 3n
and so
n-l k41 n—l k+1
a T a" T
“Wn)z(z:c):“ () (e < k )
s I@\i 3 2 k=0 %*% par
O[k—‘rlt
> n—1
= Tio (“f(gk“fu)_f(;k) < 3k )
3hF1 3k
> Tn ) (lu’cp(w z,x) (t)) = pr(w,x,x) (t)
This implies that
t
Hra) gy (D) 2 Hip( ) <n_1a+1> : (3.5)
3 k=0 35

Replacing x by g5 in (3.5), we obtain

t
Mf(3"ip)7f(3ip) (t) Mgo xzz) (Zn_;'_p 1 Otk+1 ) . (3.6)

3n+p 3P
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10 H. Azadi Kenary

37)

Since limy, o0 Mw(xrr)(W) =1, 2100 | is a Cauchy

sequence in a complete RNS (Y, ,u,mm) and so there exists a pomt A(xz) € Y such

that limy, e f(g“;‘) = A(z). Fix 2 € X and put p =0 in (3.6) and so, for any € > 0,

> 2
”A(r)—f(x)(t+€)_T<NA(z) () () P f(m)(t)>

t
>T (/LA(m)_f(y’”f)( ), :U’go (z,2,7) (Zn T qkt1 >> : (3.7)
3n k=0 3k

Taking n — oo in (3.7), we get

3—a)t
[A@)— () (E+€) 2 Bz ) <3a : (3.8)

5.

Since € is arbitrary, by taking e—0in (3.8), we get fia(z)—fa) (1) > ,u:o(xyz’z)(
Replacing z,y and z by 57, 3n and 3 in (3.2), respectively, we get

n
B otytn ooty 26 ()1 () () (t) > ol ,%)(3 t),
3nF1 37 FCE T G+ G F (G (G ) 3
o

Y
131

for all z,y,z € X and ¢t > 0. Since lim,, oo 1t/ (

A satisfies (1.1).

To prove the uniqueness of the reciprocal difference mapping A, assume that there
exists another reciprocal difference mapping L : X — Y which satisfies (3.3). Then
we have

(3"t) = 1, we conclude that

HA(z)~L(z) () = lim Hals) () (1)

n—oo
. . t t
Z B A ) _s(gin) \ g ) e s |
33— a)t
> -~ @7
= s, )< 6o )

. ’
2 'n,h—>nolo :ugp(x,x,:r) ( 6an+1 ) .

Since lim,, oo u;’(z,x’x) (%) = 1.Therefore, it follows that f14(2)—r(2)(t) = 1, for

all t > 0 and so A(x) = L(z). This completes the proof. O

Corollary 3.2 Let X be a real normed linear space, (Z, 1/, min) be an RNS and
(Y, p, min) be a complete random normed space. Let r be a positive real number with
0<r<l,zg€Z and f: X — Y be a mapping satisfying

/
z z 2f (=) f(y) f(z) t Z r r r t 39
Pp(etats)  fabyte)— s 200G (8) 2 [y 220 (B): (3.9)
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Direct method and approximation 11

for all x,y,z € X and t > 0. Then the limit A(z) = lim, o0 (3?%) exists for all
x € X and defines a unique reciprocal difference mapping A : X — Y such that

Hf(z)—Aez)(t) > th‘lpZO(%), forallz € X andt > 0.

~

Proof. Let o = 3" and ¢ : X® — Z be a mapping defined by ¢(z,y,2) = (||z]|" +
llyll” + ||z]|")20. Then, applying Theorem 3.1, the conclusion follows. O

Corollary 3.3 Let X be a real linear space, (Z, /', min) be a random normed space
and (Y, pu, min) be a complete random normed space. Let 6 >0 ,z0 € Z and f : X =Y
be a mapping satisfying

Mf(m+g+z)—f(ér+y+2)— 2f(x) f(y) f(2) (t) > /«ngo (t)a (310)

F@T W+ W) (&7 )5 )
for all z,y,z € X and t > 0. Then the limit A(z) = lim, 0 (?f) exists for all
x € X and defines a unique reciprocal difference mapping A : X — Y such that
I (2)—A() (t) > s, (%) , forallz € X and t > 0.

~

Proof. Let @ = 1 and ¢ : X® — Z be a mapping defined by ¢(x,vy,2) = §z9. Then,
applying Theorem 3.1, the conclusion follows. 0O

Theorem 3.4 Let X be a real linear space, (Z, ', min) be a random normed space and
0 : X3 = Z be a function such that there exists 0 < a < % such that “20(395 34.32) (t) >
u:w(xyy’z)(t) and lim,, oo “20(3"9[:,3"1/,3"2) (3%) =1, for all z,y,z € X and t > 0. Let

(Y, p, min) be a complete random normed space. If f : X — 'Y be a mapping satisfying
(3.2). Then the limit A(x) = lim, oo 3"f(3"x) exists for all x € X and defines a
unique reciprocal difference mapping A : X — Y such that

(1 —3a)t
1f(2)—A) () = Hip(a,2,2) (3 , (3.11)

forallx € X and t > 0.

Proof. 1t follows from (3.4) that

t
13 £ (32)— 1 (2) () 2= Hop(a,2,) <3> : (3.12)

Replacing z by 3"z in (3.12), we obtain that pgn+1p@ntizy_gnp@rgy(t) >
,u;(gnm _— 31)(3%) > Jp(z,20,0) (g77rgm)- The rest of the proof is similar to the proof
of Theorem 3.1. O

Corollary 3.5 Let X be a real normed linear space, (Z, ', min) be a random normed
space and (Y, p, min) be a complete random mormed space. Let r be a positive real
number withr > 1, 20 € Z and f : X — Y be a mapping satisfying (3.9). Then the
limit A(z) = limy,—00 3" f(3"x) exists for all z € X and defines a unique reciprocal
difference mapping A : X — Y such that pippy—ae@)(t) > uﬂxupz()(%), for all
ze X andt > 0.
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Proof. Let o = 37" and ¢ : X® — Z be a mapping defined by ¢(z,y,2) = (||z||" +
llyll” + [|z]|")z0. Then, applying Theorem 3.4, the conclusion follows. O

Corollary 3.6 Let X be a real normed linear space, (Z, ', min) be a random normed
space and (Y, p, min) be a complete random normed space. Let 6 > 0 , zo € Z and
f:X =Y be a mapping satisfying (3.10). Then the limit A(x) = lim,_ o0 3" f(3"x)
exists for all x € X and defines a unique reciprocal difference mapping A : X — Y
such that and puf(z)— ) (t) > /L%ZO(%), forallx € X and t > 0.

Proof. Let o = % and ¢ : X3 — Z be a mapping defined by o(z,y,2) = 629. Then,
applying Theorem 3.4, the conclusion follows. 0O

4 Fuzzy stability of reciprocal difference mapping (1.1)

In this section, using direct method, we prove the Hyers-Ulam-Rassias stability of
functional equation (1.1) in fuzzy Banach spaces. Throughout this section, we assume
that X is a linear space, (Y, N) is a fuzzy Banach space and (Z, N') is a fuzzy normed
space. Moreover, we assume that N(z,.) is a left continuous function on R.

Theorem 4.1 Assume that a mapping f : X =Y satisfies the inequality

e 2 (2) F) (=)
N(f < 3 ) flety+z) f(x)f(y)+f(y)f(2)+f(2)f(z)’t>

> N'(p(x,y,2),t), (4.1)

for all z,y,z € X, t >0 and ¢ : X> = Z is a mapping for which there is a constant
r € R satisfying 0 < |r| < 3 such that

N’ <s0 (g%g)t) > N’ <90(l’7y>Z)7|;|>, (4.2)

for all z,y,z € X and all t > 0. Then we can find a unique reciprocal difference
mapping A : X =Y satisfying (1.1) and the inequality

N(f(z) — A(z),t) > N’ (Wt) : (4.3)

forallx € X and all t > 0.

Proof. Tt follows from (4.2) that
, r Yy z , t

r Yy =z :
N, (90 (373 ga 37) ) |r|jt) 2 N, ((p(x7yaz);t)a

for all z,y,z € X and all t > 0.

So
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z
31

5 T T T
for all z € X and all ¢ > 0. Replacing = by 3> in (4.5), we have
=) (&) ¢ : A
N( TS (“" <3j+1’3ﬂ‘+1’3j+1) ’t)
t
Z NI <¢<$7x7l‘)7|r|j+1>7 (46)

for all z € X, all t > 0 and any integer 5 > 0. So

N | fx ZW
S| _FE)| S
=N Z (551) DY

37+1 37 3J

Substituting z =y = z = £ in (4.1), we obtain

]+1t

=0

> min {N (f(g,ﬁl) B f(3%) \lef1t>}
o=s=nt 3t 3 0 3

> N'(p(z,r,1),1)

which yields

N f(:@%)_f(%)fh“'wt >N (¢ (550500 55) )

3ntp 3p 37tp 30’ 30’ 3p

j=0
> N’ t
o(z,z, 1), )

for all x € X, t > 0 and any integers n > 0, p > 0. So

F(atn) 1) SR et
3In+p 3 4 ‘ 3i+p
J:

N

2 N/(QO(.CL‘, Q?,.’L’),t),

for all z € X, t > 0 and any integers n > 0, p > 0. Hence one obtains

f (%) f(F) : t
N< 32+p - 3; gt >N <p(ac,yc,gc),W , (4.7)

3itp

for all z € X, t > 0 and any integers n > 0, p > 0. Since, the series Z] o % is

convergent, we see by taking the limit p — oo in the last inequality that a sequence
257
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{@} is a Cauchy sequence in the fuzzy Banach space (Y, N) and so it converges

in Y. Therefore a mapping A : X — Y defined by A(z) :== N — lim,,, f<33%) is well
defined for all z € X. It means that
: f(5)
nh—>HoloN (A(x) ~ T am it =1, (4.8)

for all x € X and all ¢ > 0. In addition, it follows from (4.7) that

f(3) ) t
N(f(m)— 3?1 ’t> >N (@(max,m),zm),

for all x € X and all ¢ > 0. So
N(f(z) — A(z),1)

> min{N (f(x) - fgf?),(l —e)t) N (A(:c) - fgg"),et>}

/ t / (3 —Ir|et
2N (90(3573771‘)32?_3'“]“) EN (‘,0(%,1‘,17),3“4

37

for sufficiently large n and for all x € X, ¢t > 0 and € with 0 < ¢ < 1. Since € is
arbitrary and N’ is left continuous, we obtain

N(fa) = Aloht) 2 N (sl ), OV,

for all x € X and ¢t > 0. It follows from (4.1) that

() FE) B F(E) +(E) F(E
, T Yy =z
EN(@(@@@

for all z,y,2 € X, ¢t > 0 and all n € N. Since lim,,_soc N’ (gp(x,y, 2), %) =1 and so

1 r+yt+z 1 r+y+z
(s () 5 (55
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for all z,y,z € X and all ¢ > 0. Therefore, we obtain in view of (4.8)

, 3t
>N w(m,y,z),w —1 asn— oo

which implies

pyER 24() A(y)A(2)
A( 3 > A HY+2) = T A0 + AWAG) + ADAR)

for all z,y,z € X. Thus A : X — Y is a mapping satisfying the equation (1.1) and
the inequality (4.3).

To prove the uniqueness, let there is another mapping L : X — Y which satisfies
the inequality (4.3). Then, for all x € X, we have

N(A(z) — L(z),t) = N <31n,4 (3%) 3nL <3n) ,t>
o (54 ()30 () 3) 2 (5 ()54 (5) )}
o 3) Zo

n(g_
>N’ <<,0(x,x,x)73 (8 |T|)t> —1 asn — oo,

67"+

for all ¢t > 0. Therefore A(z) = L(x) for all z € X, this completes the proof. O
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16 H. Azadi Kenary

Corollary 4.2 Let X be a normed spaces and that (R,N') a fuzzy Banach space.
Assume that there exist real numbers 8 > 0 and 0 < p < 1 such that a mapping
[ X =Y satisfying the following inequality

rry+z\ oo ) 2f(x)f(y)f(2)
N<f< 3 ) flety+z) fwmwy+ﬂwﬂw+f@vuVQ

> N @ (2] + Iyl + 11=17) 1)

for all x;y,z € X and t > 0. Then there is a unique reciprocal difference mapping
A: X =Y that satisfying (1.1) and the inequality

NU@)fmmoZN(mwﬂg).

Proof. Let p(x,y, z) :== 0(||z||P+ ||y||” +|2]|”) and |r| = 2. Apply Theorem 4.1, we get
desired results. O

Theorem 4.3 Assume that a mapping f : X — Y satisfies the inequality (4.1) and
¢ : X3 — Z is a mapping for which there is a constant r € R satisfying 0 < |r| < %
such that

N (e, 2, Ir1t) = N (0 (5. 5.) ). (4.9)

for all z,y,z € X and all t > 0. Then we can find a unique reciprocal difference
mapping A : X =Y that satisfying (1.1) and the following inequality

N(f(z) — A@@),t) > N’ (Wt) , (4.10)
forallx € X and all t > 0.
Proof. It follows from (4.5) that

N (3f(3z) — f(x),3t) = N'(¢(, z,2), 1), (4.11)

for all z € X and all ¢t > 0. Replacing x by 3"z in (4.11), we obtain
N (3" (3" z) — 3" f(3"x), 3" t) > N'(p(3"x, 3"z, 3"x),1)
t
> N’ <<p(w,x,x), ||n) . (4.12)
r

So
N (3" f(3" ) = 3" f(3"x), 3" r|"t) = N (p(w, z, 2), 1), (4.13)
for all x € X and all ¢ > 0. Proceeding as in the proof of Theorem 4.1, we obtain that

n—1

N | flx) =3"f(3"2), Y 3" r|"t | > N'(p(x,2,2),1),
=0
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Direct method and approximation 17

for all x € X, all £ > 0 and any integer n > 0. So

N () =81 E"0,0 2 N | (02,2, sy
>V ((ploaa), B (419

The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 4.4 Let X be a normed spaces and that (R,N') a fuzzy Banach space.
Assume that there exist real numbers 8 > 0 and 0 < p = p1 + p2 + p3 < 1 such that a
mapping f : X — 'Y satisfying the following inequality

Tyt g N 2f(x)f(y)f(2)
N<f< 3 ) flety+z) f@ﬁ@»+ﬂwﬂ@+f@ﬁ@f0

> N O ()™ -yl - 11z]172) 1)

for all x,y,z € X and t > 0. Then there is a unique reciprocal difference mapping
A: X =Y that satisfying (1.1) and the inequality

Nﬁ@)fmmeN(wwﬂg).

Proof. Let ¢(z,y,2) = 0 (||z[[P* - ||ly|[”2 - |z||P*) and |r| = . Applying Theorem 4.3,
we get desired results. 0O

References

1. Aoxit, T. — On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan,
2 (1950), 64-66.
2. Arriora, L.M.; BEYER, W.A. — Stability of the Cauchy functional equation over p-adic fields,
Real Anal. Exchange, 31 (2005/06), 125-132.
3. AzapI1 KENARY, H.; PARK, C. — Direct and fized point methods approach to the generalized Hyers-
Ulam stability for a functional equation having monomials as solutions, Iran. J. Sci. Technol. Trans.
A Sci., 35 (2011), 301-307.
4. Azapi KENARY, H. — Random approzimation of an additive functional equation of m-Appollonius
type, Acta Math. Sci. Ser. B Engl. Ed., 32 (2012), 1813-1825.
5. Azapi KENARY, H.; CHoO, Y.J. — Stability of mized additive-quadratic Jensen type functional
equation in various spaces, Comput. Math. Appl., 61 (2011), 2704-2724.
Azap1 KENARY, H. — Approzimation of a Cauchy-Jensen additive functional equation in non-
Archimedean normed spaces, Acta Math. Sci. Ser. B Engl. Ed., 32 (2012), 2247-2258.
AzaD1 KENARY, H. — Hyers-Ulam-Rassias stability of a Pezider functional equation in non-
Archimedean spaces, Tamsui Oxf. J. Inf. Math. Sci., 28 (2012), 127-136.
AzaD1 KENARY, H. — Stability of a Pexiderial functional equation in random normed spaces, Rend.
Circ. Mat. Palermo, 60 (2011), 59-68.
Bag, T.; SAMANTA, S.K. — Finite dimensional fuzzy normed linear spaces, J. Fuzzy Math., 11
(2003), 687-705.
10. BAG, T.; SAMANTA, S.K. — Fuzzy bounded linear operators, Fuzzy Sets and Systems, 151 (2005),
513-547.
11. CHENG, S.C.; MORDESON, J.N. — Fuzzy linear operators and fuzzy normed linear spaces, Bull.
Calcutta Math. Soc., 86 (1994), 429-436.
12. CHOLEWA, P.W. — Remarks on the stability of functional equations, Aequationes Math., 27 (1984),
76-86.

© ® X o

261



18

H. Azadi Kenary

13.
14.
15.
16.

17.
18.
19.
20.

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31.
32.

33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

CHUNG, J.K.; SAHOO, P.K. - On the general solution of a quartic functional equation, Bull.
Korean Math. Soc., 40 (2003), 565-576.

CZERWIK, S. — Functional Equations and Inequalities in Several Variables, World Scientific Pub-
lishing Co., Inc., River Edge, NJ, 2002.

DEsEs, D. — On the representation of non-Archimedean objects, Topology Appl., 153 (2005),
T74-785.

Esnacuir GOorpJI, M.; ABBASZADEH, S.; PARK, C. — On the stability of a generalized quadratic
and quartic type functional equation in quasi-Banach spaces, J. Inequal. Appl., 2009, Art. ID
153084, 26 pp.

EsnacH1 GOrRDJI, M.; SAVADKOUHI, M.B. — Stability of mized type cubic and quartic functional
equations in random normed spaces, J. Inequal. Appl., 2009, Art. ID 527462, 9 pp.

EsuAaGcHI GORDJI, M.; SAVADKOUHI, M.B.; PARK, C. — Quadratic-quartic functional equations
in RN -spaces, J. Inequal. Appl., 2009, Art. ID 868423, 14 pp.

Esnacu1 GorbpJi, M.; KHODAEL, H. — Stability of Functional Equations, Lap Lambert Academic
Publishing, 2010.

EsnacHl GORDJI, M.; ZOLFAGHARI, S.; RAssias, J. M.; SAVADKOUHI, M.B. — Solution and
stability of a mized type cubic and quartic functional equation in quasi-Banach spaces, Abstr.
Appl. Anal., 2009, Art. ID 417473, 14 pp.

FECHNER, W. — Stability of a functional inequality associated with the Jordan-von Neumann
functional equation, Aequationes Math., 71 (2006), 149-161.

GAVRUTA, P. — A generalization of the Hyers-Ulam-Rassias stability of approzimately additive
mappings, J. Math. Anal. Appl., 184 (1994), 431-436.

HENSEL, K. — Ubereine news Begrundung der Theorie der algebraischen Zahlen, Jahresber.
Deutsch. Math. Verein, 6 (1897), 83-88.

HyERs, D.H. — On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A.,
27 (1941), 222-224.

Hvyers, D.H.; Isac, G.; Rassias, T.M. — Stability of Functional Equations in Several Variables,
Progress in Nonlinear Differential Equations and their Applications, 34, Birkhuser Boston, Inc.,
Boston, MA, 1998.

KATsARrAS, A.K. — Fuzzy topological vector spaces. II, Fuzzy Sets and Systems, 12 (1984), 143-154.
Karsaras, A.K.; BELOYIANNIS, A. — Tensor products of non-Archimedean weighted spaces of
continuous functions, Georgian Math. J., 6 (1999), 33-44.

KRAMOSIL, I.; MICHALEK, J. — Fuzzy metrics and statistical metric spaces, Kybernetika (Prague),
11 (1975), 336-344.

KRrISHNA, S.V.; SARMA, K. K.M. — Separation of fuzzy normed linear spaces, Fuzzy Sets and
Systems, 63 (1994), 207-217.

KHRENNIKOV, A. — Non-Archimedean Analysis: Quantum Paradozes, Dynamical Systems and Bi-
ological Models, Mathematics and its Applications, 427, Kluwer Academic Publishers, Dordrecht,
1997.

KOMINEK, Z. — On a local stability of the Jensen functional equation, Demonstratio Math., 22
(1989), 499-507.

HyEgrs, D.H.; Isac, G.; Rassias, T.M. — Stability of Functional Equations in Several Variables,
Progress in Nonlinear Differential Equations and their Applications, 34, Birkhuser Boston, Inc.,
Boston, MA, 1998.

MIHET, D.; RADU, V. — On the stability of the additive Cauchy functional equation in random
normed spaces, J. Math. Anal. Appl., 343 (2008), 567-572.

MounAMADI, M.; CHO, Y.J.; PArRk, C.; VETRO, F.; SAaAaDpATI, R. — Random stability on an
additive-quadratic-quartic functional equation, J. Inequal. Appl., 2010, Art. ID 754210, 18 pp.
Najati, A.; PARK, C. — The Pexiderized Apollonius-Jensen type additive mapping and isomor-
phisms between C*-algebras, J. Difference Equ. Appl. 14 (2008), no. 5, 459479.

Nyikos, P.J. — On some non-Archimedean spaces of Alexandroff and Urysohn, Topology Appl.,
91 (1999), 1-23.

PARk, C. — Fuzzy stability of a functional equation associated with inner product spaces, Fuzzy
Sets and Systems, 160 (2009), 1632-1642.

PARK, C.-G. — Generalized Hyers-Ulam-Rassias stability of n-sesquilinear-quadratic mappings on
Banach modules over C*-algebras, J. Comput. Appl. Math., 180 (2005), 279-291.

PARk, C. — Fized points and Hyers-Ulam-Rassias stability of Cauchy-Jensen functional equations
in Banach algebras, Fixed Point Theory Appl., 2007, Art. ID 50175, 15 pp.

PARrk, C. — Generalized Hyers-Ulam stability of quadratic functional equations: a fized point ap-
proach, Fixed Point Theory Appl., 2008, Art. ID 493751, 9 pp.

PARK, C. — Hyers-Ulam-Rassias stability of homomorphisms in quasi-Banach algebras, Bull. Sci.
Math., 132 (2008), 87-96.

RADU, V. — The fized point alternative and the stability of functional equations, Fixed Point
Theory, 4 (2003), 91-96.

262



Direct method and approximation 19

43.
44.
45.
46.
47.
48.

49.

50.

51.

52.
53.

54.
55.
56.
57.

Rassias, T.M. — On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.
Soc., 72 (1978), 297-300.

Rassias, T.M. — Functional Equations, Inequalities and Applications, Kluwer Academic Publish-
ers Co., Dordrecht, Boston, London, 2003.

Rassias, T.M. — Problem 16;2, Report of the 27th International Symp. on Functional Equations,
Aequations Math., 39 (1990), 292-293.

RaAssias, T.M. — On the stability of the quadratic functional equation and its applications, Studia
Univ. Babeg-Bolyai Math., 43 (1998), 89-124.

Rassias, T.M. — The problem of S. M. Ulam for approximately multiplicative mappings, J. Math.
Anal. Appl., 246 (2000), 352—-378.

Rassias, T .M. — On the stability of functional equations in Banach spaces, J. Math. Anal. Appl.,
251 (2000), 264-284.

Rassias, T.M.; SEMRL, P. — On the behavior of mappings which do not satisfy Hyers-Ulam
stability, Proc. Amer. Math. Soc., 114 (1992), 989-993.

Rassias, T.M.; SEMRL, P. — On the Hyers-Ulam stability of linear mappings, J. Math. Anal.
Appl., 173 (1993), 325-338.

RATz, J. — On inequalities associated with the Jordan-von Neumann functional equation, Aequa-
tiones Math., 66 (2003), 191-200.

SAADATI, R.; PArk, C. — Non-Archimedian L-fuzzy normed spaces and stability of functional
equations, Comput. Math. Appl., 60 (2010), 2488-2496.

SAADATI, R.; VAEZPOUR, S.M.; CHO, Y.J. — Erratum: A note to paper ”On the stability of
cubic mappings and quartic mappings in random normed spaces”, J. Inequal. Appl., 2009, Art.
ID 214530, 6 pp.

SAADATI, R.; Zoupl, M.M.; VAEZPOUR, S.M. — Nonlinear L-random stability of an ACQ func-
tional equation, J. Inequal. Appl., 2011, Art. ID 194394, 23 pp.

SCHWEIZER, B.; SKLAR, A. — Probabilistic Metric Spaces, North-Holland Series in Probability
and Applied Mathematics, North-Holland Publishing Co., New York, 1983.

SkoF, F. — Local properties and approximation of operators, Geometry of Banach spaces and
related topics (Italian) (Milan, 1983), Rend. Sem. Mat. Fis. Milano, 53 (1983), 113-129 (1986).
UraM, S.M. — Problems in Modern Mathematics, Science Editions John Wiley & Sons, Inc., New
York, 1964.

263





