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On some sufficient conditions for L1-convergence of double sine series
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Abstract In this paper we introduce some numerical classes of double sequences. Such classes are used
to show some sufficient conditions for L1−convergence of double sine series. This study partially ex-
tends very recent results of Leindler, and particularly those of Zhou, from single to two-dimensional
sine series.
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1 Introduction

It is well a known fact that if a trigonometric series converges in L1-metric to a
function f ∈ L1, then it is the Fourier series of the function f . However Riesz [15] gave
a counter example showing that in the metric space L1 the converse statement is not
true. This fact motivated various authors to study L1-convergence of the trigonometric
series. During their investigations some authors introduced the so-called modified
trigonometric sums. By these new sums they achieved to approximate their limits
better than the classical trigonometric series in the sense that they converge in L1-
metric to the sum of the trigonometric series whereas the classical series itself may
not.

For some classical and newer attendances pertaining to this topic, we refer the
reader to the paper of Tikhonov [13] who has proved interesting theorems regarding
to L1-convergence of trigonometric series. He gave necessary and sufficient conditions
under which a trigonometric series converges in L1-norm, and for more results of such
kind of conditions we refer the reader to the references therein.
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On one hand, in a recent paper, Zhou defined the notion of Logarithm Rest Bounded
Variation Sequence (LRBV S, see the definition in [14]) which plays central role in his
paper. Among others, he gave necessary and sufficient condition of the L1-convergence
of sine series

∞∑

n=1

an sinnx, (1.1)

assuming that {an} ∈ LRBV S, but without prior condition that the sum function of
(1.1) is integrable.

In the following we shall use the notion u� w (u� w) at inequalities if there exists
a positive constant A such that u ≤ Aw (u ≥ Aw) holds, where A is not necessarily
the same at each occurrence. Also we shall denote by sn(x) the partial sums of order
n of the series (1.1).

Very recently Leindler [9] defined a certain unification of the logarithm sequence
(for suitability of interested reader we suggest to find the definitions of numerical
classes RBV S and γRBV S in [7]-[8]).

Now, we recall some definitions of generalizations of decreasing monotonicity related
particularly to L1−convergence of sine series.

A sequence a := {an} of positive numbers will be called Almost Monotone Sequence,
briefly a ∈ AMS, if an ≤ Kam, for all n ≥ m, where K = K(a) is a positive constant.

A positive nondecreasing sequence α := {αn} will be called Log-Type Sequence,
briefly LTS, if it satisfies the conditions:

αn →∞, αn2 � αn, and |4αn| �
αn

n log n
, (1.2)

where 4αn = αn − αn+1.
By means of this definition, Leindler defined two new classes of sequences.
Let γ := {γn} be a positive sequence. If

α ∈ LTS and

{
an
αn

}
∈ γRBV S, (1.3)

then the sequence a := {an} will be called γ Log-Type Rest Bounded Variation
Sequence, in symbol a ∈ γLTRBV S.

If γn = an/αn, then the sequence a will be said simply Log-Type Rest Bounded
Variation Sequence, in symbol a ∈ LTRBV S.

In other words, a ∈ LTRBV S if α ∈ LTS and { an

αn
} ∈ RBV S.

Leindler’s results pertaining to the above considered topic can be read as follows:

Theorem 1.1 Let a ∈ LTRBV S, that is, {αn} ∈ LTS and { an

αn
} ∈ RBV S. Write

g(x) =
∑∞

n=1 an sinnx at x, where it converges. Then

lim
n→∞

‖g − sn(g)‖ = 0 (1.4)

if and only if
∞∑

n=1

an
n
<∞. (1.5)
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Theorem 1.2 Let {αn} ∈ LTS and {γn} ∈ AMS. If an/αn ∈ γRBV S, that is,
a ∈ γLTRBV S, and

∞∑

n=1

αnγn
n

<∞, (1.6)

then (1.4) holds.

Theorem 1.3 Let {αn} ∈ LTS and { an

αn
} ∈ RBV S, that is, a ∈ LTRBV S. Then the

condition ∞∑

n=2

|4an| log n <∞ (1.7)

and condition (1.5) are equivalent.

On the other hand, the L1−convergence of double trigonometric series has been an
attractive issue by lots of authors, and still receives a considerable attention. Moreover,
most of the results regarding to this topic obtained for single trigonometric series are
extended for two or multiple trigonometric series. Just for curiosity of the reader, we
remind papers [1]-[6] and [10]-[12], where it is possible to find a good amount of results
mentioned above as well as in their references.

In order to make an advanced study in this direction, here, we are going to extend
Theorem 1.1, Theorem 1.2, and Theorem 1.3 from single to two-dimensional sine
series, which is the main purpose of this paper.

To my best knowledge the following definition was introduced for the first time by
Bokaev, Mukanov [1].

We say that the sequence β := {am,n} belongs to the class RBV S2 if

am,n → 0 as m+ n→∞, (1.8)

and ∞∑

k=m

∞∑

`=n

|41,1ak,`| ≤ K(β)am,n, (1.9)

where41,1ak,` = ak,`−ak+1,`−ak,`+1+ak+1,`+1, and K(β) is a positive finite constant
depending only on β.

A nonnegative bounded sequence β := {am,n} is called Logarithm Rest Bounded
Variation Sequence, in symbols: β∈LRBV S2

M,N , if M,N are positive integers and the

sequence {am,n log−M m log−N n} belongs to RBV S2.
Further, we introduce several new classes of double sequences as follows: For fixed

m,n let γ1 := {γm,n} be a double nonnegative sequence. We say that the sequence
β := {am,n} belongs to the class γ1RBV S

2 if am,n → 0 as m+ n→∞, and

∞∑

k=m

∞∑

`=n

|41,1ak,`| ≤ K(γ1)γm,n. (1.10)

It is obvious that for γ1 = β then γ1RBV S
2 ≡ RBV S2, and condition (1.10) clearly

implies conditions
∞∑

k=m

|41,0ak,`| ≤ K(γ1)γm,n (1.11)
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and ∞∑

`=n

|40,1ak,`| ≤ K(γ1)γm,n, (1.12)

where 41,0ak,` = ak,` − ak+1,`, 40,1ak,` = ak,` − ak,`+1.
A positive nondecreasing double sequence α1 := {αm,n} will be called Log-Type

Sequence, briefly α1 ∈ LTS2, if it satisfies the conditions:

αm,n →∞ as m+ n→∞, (1.13)

αm2,n � αm,n, αm,n2 � αm,n, (1.14)

and

|40,1αm,n| �
αm,n
n log n

, (1.15)

|41,0αm,n| �
αm,n

m logm
,

|41,1αm,n| �
αm,n

mn logm log n
.

If {αm,n} ∈ LTS2 and { am,n

αm,n
} ∈ γ1RBV S2, then the sequence {am,n} will be called

γ1 Log-Type Rest Bounded Variation Sequence, in symbol β ∈ γ1LTRBV S2.
If γm,n = am,n/αm,n, then the sequence β will be said simply Log-Type Rest

Bounded Variation Sequence, in symbol β ∈ LTRBV S2.
In other words, β ∈ LTRBV S if α1 ∈ LTS2 and { am,n

αm,n
} ∈ RBV S2.

Obviously, the following embedding relations follow:

LRBV S2
M,N ⊂ LTRBV S2.

Let us suppose that g2(x, y) is a function, periodic with period 2π in each vari-
able, and integrable in Lebesgue’s sense, briefly denoted g2 ∈ L1. The L1−norm of a
function g2(x, y) is defined by

‖g2‖ :=
1

4π2

∫ 2π

0

∫ 2π

0

|g2(x, y)|dxdy,

and for double sine series
∞∑

m=1

∞∑

n=1

am,n sinmx sinny (1.16)

its partial sum are defined by

sm,n(x, y) :=
m∑

k=1

n∑

`=1

am,n sinmx sinny.

In favor of the reader we shall recall a basic notion about double sequences.
A double sequence {wm,n} is called a Cauchy double sequence if for every ε > 0,

there is (m0, n0) ∈ N×N such that |wm,n −wp,q| < ε, for all (m,n), (p, q) ≥ (m0, n0).
Now we shall pass to the main results given in next section.
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2 Main results

Our main result is the following theorem:

Theorem 2.1 Let β ∈ LTRBV S2, that is, {αm,n} ∈ LTS2 and { am,n

αm,n
} ∈ RBV S2.

Write g2(x, y) =
∑∞

m=1

∑∞
n=1 am,n sinmx sinny at (x, y), where it converges. If

∞∑

m=1

∞∑

n=1

am,n
mn

<∞, (2.1)

then

lim
m+n→∞

‖g2 − sm,n(g2)‖ = 0. (2.2)

Proof. Let (m,n) ≥ (r, s), that is, m > r and n > s. Then we can write

sm,n(x, y)− sr,s(x, y) =
r∑

k=1

n∑

`=s+1

(·) +
m∑

k=r+1

s∑

`=1

(·) +
m∑

k=r+1

n∑

`=s+1

(·)

:= λ(1)m,n(x, y) + λ(2)m,n(x, y) + λ(3)m,n(x, y). (2.3)

Using summation by parts four times we get

λ(3)m,n(x, y) =
m∑

k=r+1

n∑

`=s+1

ak,`
αk,`

αk,` sin kx sin `y

=
m−1∑

k=r+1

n−1∑

`=s+1

41,1

(
ak,`
αk,`

) k∑

i=1

∑̀

j=1

αi,j sin ix sin jy

+
n−1∑

`=s+1

40,1

(
am,`
αm,`

) m∑

i=1

∑̀

j=1

αi,j sin ix sin jy

−
n−1∑

`=s+1

40,1

(
ar+1,`

αr+1,`

) r∑

i=1

∑̀

j=1

αi,j sin ix sin jy

+
m−1∑

k=r+1

41,0

(
ak,n
αk,n

) k∑

i=1

n∑

j=1

αi,j sin ix sin jy

−
m−1∑

k=r+1

41,0

(
ak,s+1

αk,s+1

) k∑

i=1

s∑

j=1

αi,j sin ix sin jy
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+
am,n
αm,n

m∑

i=1

n∑

j=1

αi,j sin ix sin jy − ar+1,n

αr+1,n

r∑

i=1

n∑

j=1

αi,j sin ix sin jy

− am,s+1

αm,s+1

m∑

i=1

s∑

j=1

αi,j sin ix sin jy

+
ar+1,s+1

αr+1,s+1

r∑

i=1

s∑

j=1

αi,j sin ix sin jy :=
9∑

p=1

Jp(x, y).

Since after applying summation by parts three times we obtain

m∑

i=1

n∑

j=1

αi,j sin ix sin jy

=
m−1∑

i=1

n−1∑

j=1

41,1αi,jD̃i(x)D̃j(y) +
n−1∑

j=1

40,1αm,jD̃m(x)D̃j(y)

+
m−1∑

i=1

41,0αi,nD̃i(x)D̃n(y) + αm,nD̃m(x)D̃n(y),

then we estimate as follows
∫ 2π

0

∫ 2π

0

∣∣∣∣
m∑

i=1

n∑

j=1

αi,j sin ix sin jy

∣∣∣∣dxdy

≤
m−1∑

i=1

n−1∑

j=1

|41,1αi,j |
∫ 2π

0

∫ 2π

0

|D̃i(x)D̃j(y)|dxdy

+
n−1∑

j=1

|40,1αm,j |
∫ 2π

0

∫ 2π

0

|D̃m(x)D̃j(y)|dxdy

+
m−1∑

i=1

|41,0αi,n|
∫ 2π

0

∫ 2π

0

|D̃i(x)D̃n(y)|dxdy

+ |αm,n|
∫ 2π

0

∫ 2π

0

|D̃m(x)D̃n(y)|dxdy � αm,n logm log n.

Now we denote

R
(1,0)
k,n :=

∞∑

µ=k

∣∣∣∣41,0

(
aµ,n
αµ,n

)∣∣∣∣ , R
(0,1)
m,` :=

∞∑

ν=`

∣∣∣∣40,1

(
am,ν
αm,ν

)∣∣∣∣

and

R
(1,1)
k,` :=

∞∑

µ=k

∞∑

ν=`

∣∣∣∣41,1

(
aµ,ν
αµ,ν

)∣∣∣∣ .
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Thus, using the above estimate we obtain

∫ 2π

0

∫ 2π

0

∣∣J6(x, y)
∣∣dxdy � am,n

αm,n
αm,n logm log n = am,n logm log n,

∫ 2π

0

∫ 2π

0

∣∣J7(x, y)
∣∣dxdy � ar+1,n

αr+1,n
αr,n log r log n� ar+1,n logm log n,

∫ 2π

0

∫ 2π

0

∣∣J8(x, y)
∣∣dxdy � am,s+1

αm,s+1
αm,s+1 logm log s� am,s+1 logm log n,

∫ 2π

0

∫ 2π

0

∣∣J9(x, y)
∣∣dxdy � ar+1,s+1

αr+1,s+1
αr+1,s+1 log r log s� ar+1,s+1 logm log n.

Then we proceed as follows

∫ 2π

0

∫ 2π

0

∣∣J4(x, y)
∣∣dxdy �

m−1∑

k=r+1

∣∣∣∣41,0

(
ak,n
αk,n

)∣∣∣∣αk,n log k log n

�
m−1∑

k=r+1

(
R

(1,0)
k,n −R

(1,0)
k+1,n

)
αk,n log k log n

� |R(1,0)
r+1,nαr+1,n log(r + 1)−R(1,0)

m,n αm,n logm

+
m−1∑

k=r+1

R
(1,0)
k+1,n (αk+1,n log(k + 1)− αk,n log k) log n|

� ar+1,n log(r + 1) log n+ am,n logm log n

+
m−1∑

k=r+1

ak+1,n

αk+1,n

∣∣∣∣41,0αk,n log(k + 1)− αk,n log

(
1 +

1

k

)∣∣∣∣ log n

�
{
ar+1,n log(r + 1) + am,n logm+

m−1∑

k=r+1

ak+1,n

k

}
log n,

and with the same reasoning we have obtained

∫ 2π

0

∫ 2π

0

∣∣J5(x, y)
∣∣dxdy

�
{
ar+1,s+1 log(r + 1) + am,s+1 logm+

m−1∑

k=r+1

ak+1,s+1

k

}
log s,

∫ 2π

0

∫ 2π

0

∣∣J2(x, y)
∣∣dxdy

�
{
am,s+1 log(s+ 1) + am,n log n+

n−1∑

`=s+1

am,`+1

`

}
logm,
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and
∫ 2π

0

∫ 2π

0

∣∣J3(x, y)
∣∣dxdy

�
{
ar+1,s+1 log(s+ 1) + ar+1,n log n+

n−1∑

`=s+1

ar+1,s+1

`

}
log r.

The estimating of the integral
∫ 2π
0

∫ 2π
0

∣∣J1(x, y)
∣∣dxdy is more complicated. Therefore

for convenience of the reader we will sketch it in details. Indeed, we have

∫ 2π

0

∫ 2π

0

∣∣J1(x, y)
∣∣dxdy �

m−1∑

k=r+1

n−1∑

`=s+1

∣∣∣∣41,1

(
ak,`
αk,`

)∣∣∣∣αk,` log k log `

�
m−1∑

k=r+1

n−1∑

`=s+1

(
R

(1,1)
k,` −R

(1,1)
k+1,` −R

(1,1)
k,`+1 +R

(1,1)
k+1,`+1

)
αk,` log k log `

�
m−1∑

k=r+1

(
n−1∑

`=s+1

40,1

(
41,0R

(1,1)
k,`

)
αk,` log `

)
log k

=
m−1∑

k=r+1

{
41,0R

(1,1)
k,s+1αk,s+1 log(s+ 1)−41,0R

(1,1)
k,n αk,n log n

+
n−1∑

`=s+1

41,0R
(1,1)
k,`+1 (αk,`+1 log(`+ 1)− αk,` log `)

}
log k

= log(s+ 1)
m−1∑

k=r+1

41,0R
(1,1)
k,s+1αk,s+1 log k − log n

m−1∑

k=r+1

41,0R
(1,1)
k,n αk,n log k

+
n−1∑

`=s+1

log(`+ 1)

{ m−1∑

k=r+1

41,0

(
R

(1,1)
k,`+1

)
αk,`+1 log k

}

−
n−1∑

`=s+1

log `

{ m−1∑

k=r+1

41,0

(
R

(1,1)
k,`+1

)
αk,` log k

}

= log(s+ 1)

{
R

(1,1)
r+1,s+1αr+1,s+1 log(r + 1)−R(1,1)

m,s+1αm,s+1 logm

+
m−1∑

k=r+1

R
(1,1)
k+1,s+1 [αk+1,s+1 log(k + 1)− αk,s+1 log k]

}

− log n

{
R

(1,1)
r+1,nαr+1,n log(r + 1)−R(1,1)

m,n αm,n logm

+
m−1∑

k=r+1

R
(1,1)
k+1,n [αk+1,n log(k + 1)− αk,n log k]

}
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+
n−1∑

`=s+1

log(`+ 1)

{
R

(1,1)
r+1,`+1αr+1,`+1 log(r + 1)−R(1,1)

m,`+1αm,`+1 logm

+
m−1∑

k=r+1

R
(1,1)
k+1,`+1 [αk+1,`+1 log(k + 1)− αk,`+1 log k]

}

−
n−1∑

`=s+1

log `

{
R

(1,1)
r+1,`+1αr+1,` log(r + 1)−R(1,1)

m,`+1αm,` logm

+
m−1∑

k=r+1

R
(1,1)
k+1,`+1 [αk+1,` log(k + 1)− αk,` log k]

}

=

∣∣∣∣R
(1,1)
r+1,s+1αr+1,s+1 log(r + 1) log(s+ 1)−R(1,1)

m,s+1αm,s+1 logm log(s+ 1)

+
m−1∑

k=r+1

R
(1,1)
k+1,s+1 [αk+1,s+1 log(k + 1)− αk,s+1 log k] log(s+ 1)

−R(1,1)
r+1,nαr+1,n log(r + 1) log n+R(1,1)

m,n αm,n logm log n

+
m−1∑

k=r+1

R
(1,1)
k+1,n [αk+1,n log(k + 1)− αk,n log k] log n

+
n−1∑

`=s+1

R
(1,1)
r+1,`+1 [αr+1,`+1 log(`+ 1)− αr+1,` log `] log(r + 1)

+
n−1∑

`=s+1

R
(1,1)
m,`+1 [αm,` log `− αm,`+1 log(`+ 1)] logm

+
m−1∑

k=r+1

n−1∑

`=s+1

R
(1,1)
k+1,`+1

[
αk+1,`+1 log(k + 1) log(`+ 1)

− αk+1,` log(k + 1) log `− αk,`+1 log k log(`+ 1) + αk,` log k log `
]∣∣∣∣

=

∣∣∣∣R
(1,1)
r+1,s+1αr+1,s+1 log(r + 1) log(s+ 1)−R(1,1)

m,s+1αm,s+1 logm log(s+ 1)

−R(1,1)
r+1,nαr+1,n log(r + 1) log n+R(1,1)

m,n αm,n logm log n

+
m−1∑

k=r+1

R
(1,1)
k+1,s+1

[
41,0αk,s+1 log(k + 1)− αk,s+1 log

(
1 +

1

k

)]
log(s+ 1)
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+
m−1∑

k=r+1

R
(1,1)
k+1,n

[
41,0αk,n log(k + 1)− αk,n log

(
1 +

1

k

)]
log n

+
n−1∑

`=s+1

R
(1,1)
r+1,`+1

[
40,1αr+1,` log(`+ 1)− αr+1,` log

(
1 +

1

`

)]
log(r + 1)

+
n−1∑

`=s+1

R
(1,1)
m,`+1

[
40,1αm,` log(`+ 1)− αm,` log

(
1 +

1

`

)]
logm

+
m−1∑

k=r+1

n−1∑

`=s+1

R
(1,1)
k+1,`+1

[
41,1αk,` log(k + 1) log(`+ 1)

−41,0αk,` log(k + 1) log

(
1 +

1

`

)

−40,1αk,` log

(
1 +

1

k

)
log(`+ 1) + αk,` log

(
1 +

1

k

)
log

(
1 +

1

`

)]∣∣∣∣
� ar+1,s+1 log(r + 1) log(s+ 1) + am,s+1 logm log(s+ 1)

+ ar+1,n log(r + 1) log n+ am,n logm log n

+
m−1∑

k=r+1

ak+1,s+1

αk+1,s+1

[
|41,0αk,s+1| log(k + 1) +

αk,s+1

k

]
log(s+ 1)

+
m−1∑

k=r+1

ak+1,n

αk+1,n

[
|41,0αk,n| log(k + 1) +

αk,n
k

]
log n

+
n−1∑

`=s+1

ar+1,`+1

αr+1,`+1

[
|40,1αr+1,`| log(`+ 1) +

αr+1,`

`

]
log(r + 1)

+
n−1∑

`=s+1

am,`+1

αm,`+1

[
|40,1αm,`| log(`+ 1) +

αm,`
`

]
logm

+
m−1∑

k=r+1

n−1∑

`=s+1

ak+1,`+1

αk+1,`+1

[
|41,1αk,`| log(k + 1) log(`+ 1)

+
|41,0αk,`|

`
log(k + 1) +

|40,1αk,`|
k

log(`+ 1) +
αk,`
k`

]

� ar+1,s+1 log(r + 1) log(s+ 1) + am,s+1 logm log(s+ 1)

+ ar+1,n log(r + 1) log n+ am,n logm log n

+
m−1∑

k=r+1

ak+1,s+1

k
log(s+ 1) +

m−1∑

k=r+1

ak+1,n

k
log n

+
n−1∑

`=s+1

ar+1,`+1

`
log(r + 1) +

n−1∑

`=s+1

am,`+1

`
logm+

m−1∑

k=r+1

n−1∑

`=s+1

ak+1,`+1

k`
.
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Since { ak,`

αk,`
} ∈ RBV S2, then for

√
r ≤ k ≤ r, √s ≤ ` ≤ s, we have

ak,`
αk,`

�
∞∑

µ=k

∞∑

ν=`

∣∣∣∣41,1

(
aµ,ν
αµ,ν

) ∣∣∣∣�
∞∑

µ=r

∞∑

ν=s

∣∣∣∣41,1

(
aµ,ν
αµ,ν

) ∣∣∣∣�
ar,s
αr,s

From (1.14) we can write

αr,s = α√r2,s � α√r,√s2 � α√r,√s � αk,`,

thus we obtain

ak,` � ar,s for all
√
r ≤ k ≤ r, √

s ≤ ` ≤ s. (2.4)

Now we will show that am,n logm log n → 0, as m + n → ∞. Indeed, by (2.1) and
(2.4) we have that

am,n logm log n�am,n
m∑

k=
√
m

n∑

`=
√
n

1

k`
�

m∑

k=
√
m

n∑

`=
√
n

ak,`
k`
�

∞∑

k=
√
m

∞∑

`=
√
n

ak,`
k`
→0,

as m+ n→∞.
Moreover,

n−1∑

`=s+1

am,`+1

`
logm�

m∑

k=
√
m

n−1∑

`=s+1

ak,`+1

k`
�

∞∑

k=
√
m

n−1∑

`=s+1

ak,`+1

k`
→ 0,

as m→∞, uniformly in n, and similarly

m−1∑

k=r+1

ak+1,n

k
log n�

m−1∑

k=r+1

n∑

`=
√
n

ak+1,`

k`
�

m−1∑

k=r+1

∞∑

`=
√
n

ak+1,`

k`
→ 0,

as n→∞, uniformly in m.
So, we have proved that all of integrals

∫ 2π

0

∫ 2π

0

∣∣Jp(x, y)
∣∣dxdy → 0, for p = 1, 2, . . . , 9,

and therefore ∫ 2π

0

∫ 2π

0

∣∣λ(3)m,n(x, y)
∣∣dxdy → 0. (2.5)

In very same reasoning we have obtained that

∫ 2π

0

∫ 2π

0

∣∣λ(q)m,n(x, y)
∣∣dxdy → 0, q = 1, 2. (2.6)

Finally, putting the estimates (2.5) and (2.6) to (2.3), and applying Cauchy’s crite-
rion we completely prove the statement of the theorem. ut
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If we take αm,n = am,n log−M m log−N n, then the following corollary holds true,
which is an extension of one partial result proved in [14] from single to the two-
dimensional case.

Corollary 2.2 Let
{
am,n log−M m log−N n

}
∈ LRBV S2

M,N . Write

g2(x, y) =
∞∑

m=1

∞∑

n=1

am,n sinmx sinny

at (x, y), where it converges. If

∞∑

m=1

∞∑

n=1

am,n
mn

<∞,

then
lim

m+n→∞
‖g2 − sm,n(g2)‖ = 0.

Theorem 2.1 has a further generalization as follows.

Theorem 2.3 Let {γm,n} ∈ AMS with respect to m and n respectively, and {αm,n} ∈
LTS2. If {am,n} ∈ γLTRBV S2, and

∞∑

m=1

∞∑

n=1

αm,nγm,n(mn)−1 <∞, (2.7)

then limm+n→∞ ‖g2 − sm,n(g2)‖ = 0.

Proof. We shall use all estimates of integrals
∫ 2π
0

∫ 2π
0

∣∣Jq(x, y)
∣∣dxdy, q = 1, 2, . . . , 9,

obtained in the proof of the Theorem 2.1. But in this case we use the hypothesis
{ am,n

αm,n
} ∈ γRBV S2 which implies that

ak,n
αk,n

≤ R(1,0)
k,n � γm,`,

am,`
αm,`

≤ R(0,1)
m,` � γm,n,

am,n
αm,n

≤ R(1,1)
m,n � γm,n

and hence

ak,n�αk,nγm,n, am,`�αm,`γm,n, am,n�αm,nγm,n,m, n = 1, 2, . . . . (2.8)

Using these estimates we obtain

∫ 2π

0

∫ 2π

0

∣∣J6(x, y)
∣∣dxdy � αm,nγm,n logm log n,

∫ 2π

0

∫ 2π

0

∣∣J7(x, y)
∣∣dxdy � αr+1,nγm,n logm log n,

∫ 2π

0

∫ 2π

0

∣∣J8(x, y)
∣∣dxdy � αm,s+1γm,n logm log n,
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∫ 2π

0

∫ 2π

0

∣∣J9(x, y)
∣∣dxdy � αr+1,s+1γm,n logm log n,

∫ 2π

0

∫ 2π

0

∣∣J4(x, y)
∣∣dxdy

�
{
αr+1,n log(r + 1) + αm,n logm+

m−1∑

k=r+1

αk+1,n

k

}
γm,n log n,

∫ 2π

0

∫ 2π

0

∣∣J5(x, y)
∣∣dxdy

�
{
αr+1,s+1 log(r + 1) + αm,s+1 logm+

m−1∑

k=r+1

αk+1,s+1

k

}
γm,n log s,

∫ 2π

0

∫ 2π

0

∣∣J2(x, y)
∣∣dxdy

�
{
αm,s+1 log(s+ 1) + αm,n log n+

n−1∑

`=s+1

αm,`+1

`

}
γm,n logm,

∫ 2π

0

∫ 2π

0

∣∣J3(x, y)
∣∣dxdy

�
{
αr+1,s+1 log(s+ 1) + αr+1,n log n+

n−1∑

`=s+1

αr+1,s+1

`

}
γm,n log r,

and
∫ 2π

0

∫ 2π

0

∣∣J1(x, y)
∣∣dxdy

�
{
αr+1,s+1 log(r + 1) log(s+ 1) + αm,s+1 logm log(s+ 1)

+ αr+1,n log(r + 1) log n+ αm,n logm log n

+
m−1∑

k=r+1

αk+1,s+1

k
log(s+ 1) +

m−1∑

k=r+1

αk+1,n

k
log n

+
n−1∑

`=s+1

αr+1,`+1

`
log(r + 1) +

n−1∑

`=s+1

αm,`+1

`
logm

+
m−1∑

k=r+1

n−1∑

`=s+1

αk+1,`+1

k`

}
γm,n.

Next, based on assumptions of the theorem, (1.13) and (1.14) we have

αm,nγm,n logm log n� αm,nγm,n

m∑

k=
√
m

n∑

`=
√
n

1

k`
�

∞∑

k=
√
m

∞∑

`=
√
n

αk,`γk,`
k`

→ 0,
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m+n→∞, where we have used the estimate γm,n � γk,` which follows from {γm,n} ∈
AMS with respect to each m and n. Therefore, using this and (2.7) we have that

∫ 2π

0

∫ 2π

0

∣∣Jp(x, y)
∣∣dxdy → 0, for p = 1, 2, . . . , 9,

and thus
∫ 2π

0

∫ 2π

0

∣∣λ(3)m,n(x, y)
∣∣dxdy → 0. (2.9)

Similarly, we have obtained

∫ 2π

0

∫ 2π

0

∣∣λ(q)m,n(x, y)
∣∣dxdy → 0, q = 1, 2. (2.10)

Finally, for completing the proof of this theorem we do the same reasoning as in the
proof of the Theorem 2.1. ut

Remark 2.1 Note that, in particular case, when γm,n = am,n

αm,n
then (2.7) implies (2.1).

Thus Theorem 2.3 is a generalization of Theorem 2.1.

The next theorem gives some equivalent conditions.

Theorem 2.4 Let β ∈ LTRBV S2, that is,

{αm,n} ∈ LTS2 and

{
am,n
αm,n

}
∈ RBV S2.

Then

∞∑

m=1

∞∑

n=1

am,n
mn

<∞⇔
∞∑

m=1

∞∑

n=1

|41,1am,n| log(m+ 1) log(n+ 1) <∞. (2.11)

Proof. For the proof of this theorem one has to use some parts of the proof of Theorem
2.1, and also has to repeat the same technique, because of the same assumptions. For
this we shall omit the details of the proof. ut

In the end of this paper, we give the following remark.

Remark 2.2 In the special case when αm,n = logM m logN n, Theorem 2.4 reduces
to the two dimensional version of the Theorem 4 of [14].
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