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On some sufficient conditions for L!-convergence of double sine series
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Abstract In this paper we introduce some numerical classes of double sequences. Such classes are used
to show some sufficient conditions for L' —convergence of double sine series. This study partially ex-
tends very recent results of LEINDLER, and particularly those of ZHOU, from single to two-dimensional
sine series.
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1 Introduction

It is well a known fact that if a trigonometric series converges in L'-metric to a
function f € L', then it is the Fourier series of the function f. However RIESZ [15] gave
a counter example showing that in the metric space L' the converse statement is not
true. This fact motivated various authors to study L!-convergence of the trigonometric
series. During their investigations some authors introduced the so-called modified
trigonometric sums. By these new sums they achieved to approximate their limits
better than the classical trigonometric series in the sense that they converge in L'-
metric to the sum of the trigonometric series whereas the classical series itself may
not.

For some classical and newer attendances pertaining to this topic, we refer the
reader to the paper of TIKHONOV [13] who has proved interesting theorems regarding
to L'-convergence of trigonometric series. He gave necessary and sufficient conditions
under which a trigonometric series converges in L'-norm, and for more results of such
kind of conditions we refer the reader to the references therein.
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2  Xhevat Z. Krasniqi

On one hand, in a recent paper, ZHOU defined the notion of Logarithm Rest Bounded
Variation Sequence (LRBV S, see the definition in [14]) which plays central role in his
paper. Among others, he gave necessary and sufficient condition of the L'-convergence
of sine series

o0
Zansinn:ﬂ, (1.1)
n=1

assuming that {a,} € LRBV'S, but without prior condition that the sum function of
(1.1) is integrable.

In the following we shall use the notion v < w (u > w) at inequalities if there exists
a positive constant A such that v < Aw (u > Aw) holds, where A is not necessarily
the same at each occurrence. Also we shall denote by s, (z) the partial sums of order
n of the series (1.1).

Very recently LEINDLER [9] defined a certain unification of the logarithm sequence
(for suitability of interested reader we suggest to find the definitions of numerical
classes RBV S and yRBV S in [7]-[8]).

Now, we recall some definitions of generalizations of decreasing monotonicity related
particularly to L' —convergence of sine series.

A sequence a := {ay} of positive numbers will be called Almost Monotone Sequence,
briefly a € AM S, if a,, < Kay,, for all n > m, where K = K(a) is a positive constant.

A positive nondecreasing sequence a := {«,} will be called Log-Type Sequence,
briefly LTS, if it satisfies the conditions:

Qn

ap = 00, Qp2 K ap, and |Aa,| < , (1.2)
nlogn
where Aoy, = ap — Q1.
By means of this definition, Leindler defined two new classes of sequences.
Let v := {v,} be a positive sequence. If
a€ LTS and {Z”} € YRBVS, (1.3)
n

then the sequence a := {a,} will be called v Log-Type Rest Bounded Variation
Sequence, in symbol a € yYLTRBV'S.

If v, = an/ay, then the sequence a will be said simply Log-Type Rest Bounded
Variation Sequence, in symbol a € LTRBV'S.

In other words, a € LTRBV S if @ € LTS and {3*} € RBV'S.

Leindler’s results pertaining to the above considered topic can be read as follows:

Theorem 1.1 Let a € LTRBV'S, that is, {an} € LTS and {3~} € RBVS. Write
g(z) =307 apsinnz at x, where it converges. Then

lim [lg —sa(g)[| =0 (1.4)
if and only if
o0
Y <o, (1.5)
n=1 n



On some sufficient conditions for L*-convergence 3

Theorem 1.2 Let {a,} € LTS and {v,} € AMS. If ap/o, € YRBV'S, that is,
a € YLTRBV'S, and

S0 o, (1.6)
n

n=1

then (1.4) holds.

Theorem 1.3 Let {ay,} € LT'S and {~} € RBV'S, that is, a € LTRBV'S. Then the
condition

Z |Aap|logn < oo (1.7)
n=2

and condition (1.5) are equivalent.

On the other hand, the L' —convergence of double trigonometric series has been an
attractive issue by lots of authors, and still receives a considerable attention. Moreover,
most of the results regarding to this topic obtained for single trigonometric series are
extended for two or multiple trigonometric series. Just for curiosity of the reader, we
remind papers [1]-[6] and [10]-[12], where it is possible to find a good amount of results
mentioned above as well as in their references.

In order to make an advanced study in this direction, here, we are going to extend
Theorem 1.1, Theorem 1.2, and Theorem 1.3 from single to two-dimensional sine
series, which is the main purpose of this paper.

To my best knowledge the following definition was introduced for the first time by
BoOKAEV, MUKANOV [1].

We say that the sequence 3 := {a,,,} belongs to the class RBV S? if

amnp —0 as m+n— oo, (1.8)

and

oo oo
> 1Avaakd < K(Bama, (1.9)
k=mf{=n
where Ay jag ¢ = ag ¢ —ag1,0— k41 + k11,041, and K(B3) is a positive finite constant
depending only on £.

A nonnegative bounded sequence 3 := {am} is called Logarithm Rest Bounded
Variation Sequence, in symbols: BGLRBVS?VLN, if M, N are positive integers and the
sequence {a, ,log™™ mlog™ n} belongs to RBV S2.

Further, we introduce several new classes of double sequences as follows: For fixed
m,n let y1 := {Ymn} be a double nonnegative sequence. We say that the sequence
B := {amn} belongs to the class v RBV S? if ap,, — 0 as m +n — oo, and

o0 o0
Z Z |Ar1ak] < K(v1)Ymon- (1.10)

k=m {=n

It is obvious that for v; = 3 then 4y RBV S? = RBV S?, and condition (1.10) clearly

implies conditions
oo
> | A1 oak
k=m
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4 Xhevat Z. Krasniqi

and
oo

Z |Noakel < K(vi)Ymm, (1.12)

l=n

where Ay gage = age — ary10, DNo1Gke = Qg g — Gk py1-
A positive nondecreasing double sequence o := {oy,,} will be called Log-Type
Sequence, briefly oy € LT'S?, if it satisfies the conditions:

Qmp —> 00 as m-+n— oo, (1.13)

Am2pn K Omn, Oymp2 <K Qpn, (1‘14)

and

Am.n
|A1,Oam,n| L ——,
mlogm
Qm,n

mnlogmlogn’

If {am,} € LTS? and {7} € v RBVS?, then the sequence {a,,} will be called

71 Log-Type Rest Bounded Variation Sequence, in symbol 8 € v LTRBV S2.

f Ymn = @mn/@mn, then the sequence § will be said simply Log-Type Rest
Bounded Variation Sequence, in symbol § € LT RBV S?.

In other words, f € LTRBV'S if a; € LTS? and {=*} € RBV S,

Obviously, the following embedding relations follow:

LRBV S3; y C LTRBV S”.

|A1,10¢m,n| <

Let us suppose that go(z,y) is a function, periodic with period 27 in each vari-
able, and integrable in Lebesgue’s sense, briefly denoted go € L'. The L' —norm of a
function go(z,y) is defined by

1

27 p2m
=— dxd
ool = 53 || (o ldaas,

and for double sine series

oo oo
Z Z A, SID M sin ny (1.16)

m=1n=1
its partial sum are defined by
n

m
Sm,n(x,y) = E Qym,n SINMT SIN NY.
k=1 /(=1

In favor of the reader we shall recall a basic notion about double sequences.
A double sequence {wy, } is called a Cauchy double sequence if for every ¢ > 0,
there is (mg, ng) € N x N such that |wp, , —wp 4| < €, for all (m,n), (p,q) > (mo, no).
Now we shall pass to the main results given in next section.
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On some sufficient conditions for L*-convergence 5

2 Main results

Our main result is the following theorem:

Theorem 2.1 Let 3 € LTRBV S?, that is, {aumn} € LTS? and {azn} € RBV S2.
Write ga(,y) =D opoy D omey Gmp Sinmasinny at (z,y), where it converges. If

Yy I oo (2.1)
mn
m=1n=1
then
lm g2~ sman(g2)]| = 0. (22)
Proof. Let (m,n) > (r,s), that is, m > r and n > s. Then we can write
m S m n
smn(®,9) = 51,5(x,y) Z Z DO+ >0
k=1 /{=s5+1 k=r+1 (=1 k=r+1/{=s+1
= Mo (2,9) + A (2, 9) + A0, (2,). (2.3)

Using summation by parts four times we get

Wen= 3 %

k= r+1ﬁ s+1 k,

k¢
Z Z A“(CLH)ZZamsinixsinjy

k=r+1/{=s+1 Xkt =1 j=1
Z DNoa <amz> Zaz sin iz sin jy
J
l=s+1 i=1 j=1
r 0
_ Z No 1 <ar+”> ZZa”smzwsmjy
l=s5+1 T+1,0 i=1 j=1
m—1 n
+ Z VAN ( ) Zam sin ¢z sin jy
k=r+1 =1 j=1
m—1 P k s
_ Z VAN ( )ZZal]smmsm]y
k=r+1 k,s+1 i=1 j=1
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m n roon
Am,n . Ar+1,n N
+ — E g Q; jsintxsin jy — ——— E g Q; j Sintx sin jy
o [e7%
mn j—l U
Qm, Ym,s+1
s E E o j sinix sin jy
m,s+1 i=1 j=1
Ar4-1,5+1
+ —) E E a”smmsmjy = E J l’ y
o
r+1,5+1 i=1 j—=1

Since after applying summation by parts three times we obtain

m n
g g o 5 Sinix sin jy
i=1 j=1

m—1n—1

n—1
= Al,lai,jﬁi(x)ﬁj(y)+§ NNo,10m,j Dy
>
j=1

i=1 j=1

+ Z ALOai,nﬁi(x)ﬁn(y) + i n D (2) D (y),

then we estimate as follows
m n
g o 5 sinix sin jy

/271'/271’
i=1 j=1
m—1n-1 om p2m
<SS ianeul [ [ D@D wldedy
i=1 j=1

n—1 27 p27
+Z|A071am,j\// | Dy (2)D; (y)|dady

j=1

m—1 27 p27
+Z|A1,O%|// | Dis() Do ()| dady

i=1

dxdy

(z)D;(y)

27 p2m -
+ o | / / | D () Dy, (y)|dzdy < o, log mlog n.
o Jo

Now we denote

00
R l(can) : Z

w=k

HV” v=

a

IR
VAN (’ ) .

Qv

and

11 oo oo
RV =3

pn=k v=;(
366
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7

Thus, using the above estimate we obtain

2T 21 a
/ / |J6 (z,) |dxdy < ", plogmlogn = ap, , logmlogn,
0 Jo o

m,n

21 p2m
/ / ’J7(:r, y)‘dxdy < Mam logrlogn < ar41,.,logmlogn,
0 JoO Qri1n

2m p2m

a

/ / ’Jg(x, y)‘d:vdy <« st O, s+1 logmlog s < am 41 1logmlogn,
o Jo Qm,s+1

2T p2m

a

/ / ’Jg(x,y)‘dxdy < MO&,‘J’,L‘SJ’,l logrlogs < ay41,4+11logmlogn.
o Jo Qr41,5+1

Then we proceed as follows

27 P21
/ / |J4(:L’ Yy |d$dy<< Z
o Jo

k=r+1

oy logklogn

A10< b >
Afon

< Z (R(lo) klﬁ)n) oy logklogn
k=r+1

< \Rgﬁ?narﬂm log(r+1) — R(1 9ty log m

m—1

+ Z R,(:ﬁ)n (0y1,n log(k + 1) — ag p log k) log n|
k=r+1

< aH_l nlog(r 4+ 1)logn + ap, , logmlogn

+Z(lk+n

k=r+1 Xh+1.n

Aoy log(k +1) — ay , log <1 + k) logn

<<{ar+1nlog(r+1)—|—amnlogm—|— Z k;;ln}logn,
k=r+1

and with the same reasoning we have obtained

27 P27
/ / | J5(x, ) |dedy
0 Jo

m—1
a
< {ar+1,s+1 log(r + 1) + am s4+1logm + Z W} log s,

k
k=r+1
27 21
// | J2(,y) |dady
o Jo

< {am,s-i-l IOg(S + ) + amnIOgn + Z m€+1 } log m,
l=s+1
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8 Xhevat Z. Krasniqi

27 p27
/ / | J3(2,y)|dedy
o Jo

n—1
a
< {ar+1’s+1 log(s + 1) 4+ arq1,nlogn + Z erm} log r.
l=s+1

and

The estimating of the integral f027T 027r| Jl(:c,y)|da;dy is more complicated. Therefore
for convenience of the reader we will sketch it in details. Indeed, we have

2w P27
/ / ’Jlxy ‘da:dy<< Z z < ) oy ¢log klog
k=r+1/f=s+1
(1,1) (1,1) (1,1) (1,1)
< Z Z (R, — - Rk£+1+Rk+1é+1) g log klogf
k=r+1{¢=s+1
m—1 n—1
< Z ( Z Do, (ALOR&ZI)) Qgp log€> log k
k=r+1 \l=s+1 7
m—1
= Z {Al,oR,(;;)lak,sﬂlog(s—i—1)—ALORg?’j)ak,nlogn
k=r+1

n—1
+ Z ALOR/(;Z& (g pq1log(l + 1) — oy plog €) } log k

l=s+1
m—1 m—1
=log(s+1) Z ALOR,S;L)IQ;Q,S“ logk —logn Z ALOR,S;LDakvnlogk
k=r+1 k=r+1
n—1
+ Z log(f—l-l{ Z A10( MH)aHHlogk:}
l=s+1 k=r+1
n—1
_ Z logﬁ{ Z Am( Hﬂ)akglogk}
l=s5+1 k=r+1

= log(s + 1){R£+1)5+104r+1 s+1log(r+1) — Rﬁ,}h’;ilamﬁﬂ logm
+ Z Rl(61+11)s+1 [t 1,541 log(k + 1) — ay 541 log k] }
k=r+1
(1,1) (1 1)
— log n{Rr+17nar+17n log(r + 1) — Ry, aom . logm

+ Z Rl(ikll)n (k41,0 10g(k + 1) — oy, log K] }
k=r+1
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9

n—1
+ Z log(¢ + 1){ £+1)€+1a7~+1 er1log(r+1) — R(léilamgﬂlogm
Z_erl

+ Z R o1 [0k 1,04110g(k + 1) — g g1 log K] }
k= r+1

_ Z logé{ +MJrlozTHglog(r+ 1) — Rﬁrllv’l}ilamvglogm
l=s5+1
(1,1)

+ Z Ry 7o lowsaelog(k + 1) — o o log K] }
k=r+1

‘R(+1)S+1a7~+1 st1log(r+1)log(s+1) — R%i}rlamysﬂ logmlog(s+ 1)

Z R,(:Jrll i1 [Qkt1,s4110g(k + 1) — ag 51 log k] log(s + 1)
k=r+1

— Rﬁﬂ)narﬂ nlog(r +1)logn + R(1 1)am nlogmlogn

+ Z R,(;_l » [0k1,n log(k + 1) — oy, log k] logn
k=r+1

5 B, o Ton(t 4 1) — s o log(r + 1)
l=s+1

+ Z Rm L1 [ e log £ — auy p41 1og(£ 4 1)] logm
l=s+1

m—1 n—1

+ >y Y R,(:fl),gﬂ [aget1,041 log(k + 1) log(£ + 1)
k=r+4+1/{=s+1

— ajp1elog(k + 1) log € — ay 41 log klog(f + 1) + oy, ¢ log k log /] ‘

‘R(+1)s+1%+1 st+1log(r+1)log(s+1) — R,(é ;llozm s+1logmlog(s + 1)

— Rﬁr’ll)narﬂ nlog(r 4+ 1)logn + R(1 1)am nlogmlogn

1
+ Z R,(clell il {Al,oa;w“ log(k + 1) — ag 541 log (1 + k)] log(s + 1)
k=r+1
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(1,1 1
+ kz;rl Rk+1)n {Al,oak,n log(k + 1) — agpn log <1 + k’ﬂ logn

1
+ Z RT}F]I-)Z-i—l |:AO,104T+1,Z log(ﬂ + 1) — O[,,«_;'_l,g IOg (]. + €>:| log(r + ].)
(= s+1

1
+ Z Rnll ;J)rl |:A0’10¢m7g log(£+ 1) — o ¢ log (1 + 6)} logm
l=s5+1

+ Z Z Rk1+11)£+1 [Al,lakl log(k + 1) log(¢ + 1)
k=r+1/4=s+1

1
— Aq ook log(k + 1) log <1 + €>

1 1 1
— Npjayelog (1 + k) log(¢+ 1) + aj ¢ log <1 + k:) log (1 + g) ] ’

L Grg1,541log(r + 1) log(s + 1) + am s+1 logmlog(s + 1)
+ arq1,51l0g(r + 1) logn + am n logmlogn
m—1

a (0%
+ Z Tktlatl {|A170ak73+1| log(k + 1) + 7&2—}-1} log(s + 1)
[Ra— Qf41,5+1

+ Z Gktin {\Amakn\log(k—i—l) k ]logn

k=r+1 Yk+1,n
n—1 @ o
+ rdlfl [|A071ar+174| log(¢+1) + ﬂ} log(r + 1)
t—ot1 Q1,041 14
n—1 a o
+ Z L [|A071am75| log(¢ +1) + m,Z:| logm
l=s+1 am’z+1

m—1 n—1

4 Z Z Ok41,041

her 1 t=sp1 CRTLEHD

| D010 sl Qe
log(k+ 1)+ —————log({ + 1

7 og(k +1) + — og(t+1)+ -~

L Apy1,541 log(r + 1) log(s + 1) + am s+1logmlog(s + 1)

+ ary10log(r +1)logn + ap, ., logmlogn

|Aq o 0] log(k + 1) log(¢ + 1)

m—1 m—1
4 Z ak+]1€,s+1 log(s+1)+ Z akJ];Ln log n
k=r+1 k=r+1
n—1 n—1
+ Z a7’+z,é+l 1()g(7“<|>1)+ Z m[—i—l 10gm+ Z Z k41 Z+1.
l=s+1 l=s+1 k=r+1{¢=s+1
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On some sufficient conditions for L'-convergence 11

Since {Z’;i} € RBV S?, then for \/r <k <r, /s </ < s, we have

o0 oo
o 5o (1) | 5o (32 2

Okt p=k v=L_ p=r V=5
Qg :a\/;z’s <<Oé\/;’\/§2 <<CM\/;’\/§<<O[]€’[,

From (1.14) we can write

thus we obtain
age > ap for all Vr<k<r, s</t<s. (2.4)

Now we will show that a,,,logmlogn — 0, as m +n — oco. Indeed, by (2.1) and
(2.4) we have that

ake ake
Gm.n logmlog nam, Z Z << Z Z
k=+/m = \F k=+/m (= \f k=+/m (= f
as m—+mn — oo.
Moreover,
n—1 a m n—1 a o] n—1 a
m+1 k+1 k041
Z 710gm<< Z Z Lt < Z Z Ll —0
l=s+1 k=ymt=s+1 k=y/m {=s+1
as m — oo, uniformly in n, and similarly
m—1 ap m—1 n ax . m—1 00 ax ’
+1,n +1, +1,
DR DD DL S S
k=r+1 k=r+1/¢=\/n k=r+1/¢=\/n

as n — oo, uniformly in m.
So, we have proved that all of integrals

2m p2m
// |Jp(m,y)|dxdy—>0, for p=1,2,...,9,
0o Jo

and therefore
/ / ‘)\mn z,y ‘dazdy—) 0. (2.5)

In very same reasoning we have obtained that

27 r2m
/ / ‘)\mn z,y)|dedy -0, q=1,2. (2.6)

Finally, putting the estimates (2.5) and (2.6) to (2.3), and applying Cauchy’s crite-
rion we completely prove the statement of the theorem. O
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12 Xhevat Z. Krasniqi

If we take amy = amn log™™ mlog= n, then the following corollary holds true,

which is an extension of one partial result proved in [14] from single to the two-
dimensional case.

Corollary 2.2 Let {an,,log™ mlog™" n} € LRBV S, . Write

oo oo
g2(z,y) = Z Zam,n sin ma sin ny

m=1n=1

at (z,y), where it converges. If

o0 oo a
m,n
DD <o,
mn
m=1n=1

then
lim [|ga — Sm,n(QZ)H =0.

m-+n—o0

Theorem 2.1 has a further generalization as follows.

Theorem 2.3 Let {vy,n} € AMS with respect to m and n respectively, and {amn} €
LTS?. If {amn} € YLTRBV S?, and

oo 0

Z Z amyn'ym,n(mn)_l < 00, (2.7)

m=1n=1
then limp, 4 n—oo [|[92 — Smn(g2)| = 0.

Proof. We shall use all estimates of integrals 027T 027r| Jq(x,y)|dxdy, q = 1,2,...,9,
obtained in the proof of the Theorem 2.1. But in this case we use the hypothesis
{&==} € yRBV S? which implies that

ar, 1,0 Am ¢ 0,1 Gm,
—2 < R](Cn) < Y, 2 < ang) < Ym,n; =2 < Ry(q}bzrll) < Ymn
Afn ’ m, ’ Am.n
and hence
Ok n LA 0 Ym,ns Om Lm0 Vm,ns Om,nKOmnYm,n, M, 1 = 1,2,.... (2-8)

Using these estimates we obtain
2T p2m
/ / | J6(z,y)|drdy < ctmnYimnlogmlogn,
o Jo
2T p2m
/ / | J7(x,y)|dody < rs1,0Ymn logmlogn,
o Jo

27 p2m
/ / ’Jg(x, y) ‘d:cdy < O s41Ym,n log mlogn,
0 Jo
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and

2T 2w
/ / ‘Jg(x,y)’dxdy < Qr41,5+1Ym,n IOngOg n,
0 JO

2T p2m
/ / | Ja(z,y)|dedy
0 Jo

m—1
< {arﬂm log(r + 1) + o n logm + Z

k=r+1
2T P21
// |J5(z, ) |dedy
0 JO
Qlt1,54+1

m—1
< {ar+1,s+1 log(r + 1) + o s+1 logm + Z k:’}%”’" log s,

k=r+1
21 p2m
// | J2(z, ) |dedy
0 JO
Am 041

n—1
< {Oém75+1 log(s + 1) + o pn logn + Z é}fym,n log m,

l=s+1
2 p2m
// | J3(x, y)|dady
0 JO

n—1
e
< {ar+1’3+1 log(s + 1) + ayq1,nlogn + Z TJFESH}%,”L logr,

(=s+1
27 21
// | J1 (2, y) | dedy
0 JO

< {ar+1,s+1 log(r + 1) log(s + 1) + s 41 logmlog(s + 1)

Qk4+1,n

}')/m,n IOg n,

+ api1,0 log(r + 1) log n + a, n logmlogn

m—1

m—1

Qk+1,5+1 Ck+1,

+ Z %10,@;(5—1—1)4— Z %logn
k=r+1 k=r+1

n—1
+ Z %log(r—i—l)—l— Z %logm
(*s+1 l=s+1

DI S B

k=r+1/¢=s+1

Next, based on assumptions of the theorem, (1.13) and (1.14) we have

X Ymon 10g M1ogn <K A pnYmn Z Z 7<< Z Z Ofkﬂkz 0,

k:flf k=\/m l=+/n
373



14 Xhevat Z. Krasniqi

m+n — oo, where we have used the estimate v, , < k¢ which follows from {7y, } €
AM S with respect to each m and n. Therefore, using this and (2.7) we have that

21 p2m
// |Jp(m,y)|dajdy—>0, for p=1,2,...,9,
0o Jo

and thus
/ / |>\mn z,y }da:dy—> 0. (2.9)

Similarly, we have obtained

27 p27
/ / AN, (2,y)|dzedy — 0, ¢q=1,2. (2.10)

Finally, for completing the proof of this theorem we do the same reasoning as in the
proof of the Theorem 2.1. O

Remark 2.1 Note that, in particular case, when 7, ,, = 2= then (2.7) implies (2.1).
Thus Theorem 2.3 is a generalization of Theorem 2.1. Y

The next theorem gives some equivalent conditions.

Theorem 2.4 Let 3 € LTRBV S?, that is,

{Gmn} € LTS? and {“m’” } € RBV S2.
Qm,n
Then
oo [ee] o oo
> Z D <ooe Y ) A1 iamn]log(m + 1) log(n + 1) < (2.11)
m=1n=1 m=1n=1

Proof. For the proof of this theorem one has to use some parts of the proof of Theorem
2.1, and also has to repeat the same technique, because of the same assumptions. For
this we shall omit the details of the proof. O

In the end of this paper, we give the following remark.

Remark 2.2 In the special case when oy, = log™ mlog™ n, Theorem 2.4 reduces
to the two dimensional version of the Theorem 4 of [14].
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