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Abstract The existence of the smooth solutions of the co-Laplace equation is rare. In this note,
we use the ideas of co-harmonic morphisms (maps that preserve solutions of oo-Laplace equations),
oo-harmonic coordinates, and directional angles to construct many new families of smooth solutions
of oo-Laplace equations in space forms. We also determined all rotationally symmetric co-harmonic
functions on such spaces and give explicit expressions of the oo-Laplace operator on a Riemannian
manifolds in local coordinates and with respect to local orthonormal frames.
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1 Infinity-harmonic maps and the oo-Laplace equations

Without otherwise statement all objects in this paper including manifolds, metrics,
maps, and vector fields are supposed to be smooth. Solutions of PDEs are referred
to strong or classical solutions. An oco-harmonic map is a map between Riemannian
manifolds ¢ : (M, g) — (N, h) whose gradient of the energy density lies in the kernel
of its differential, i.e., ¢ is a solution of the PDEs (see [33])

1
Too(1p) = 5dip(grad dy|*) = 0, (1.1)

where |dy|* = Traceyp*h is the energy density of ¢.

Maps of constant energy density are clearly co-harmonic maps. These include famil-
iar and important maps like totally geodesic maps, isometric immersions, Riemannian
submersions, and eigenmaps between spheres. Examples of oo-harmonic maps with
nonconstant energy density include projections of multiply warped products (e.g.,

Ye-Lin Ou

Department of Mathematics,
Texas A&M University-Commerce,
Commerce, TX 75429, USA
E-mail: yelin.ou@tamuc.edu

413



2 Ye-Lin Ou

the projection of the generalized Kasner space-times), equator maps, and radial pro-
jections (see [33] for details). For some classifications of oo-harmonic maps between
Riemannian manifolds see [36] and [37].

A very important special case is when the map is a real-valued function u: (M, g) —
R. In this case, the co-harmonic map equation reduces to a single PDE called the co-
Laplace equation,

1
PAWNTRES §g(grad u, grad |grad u|?) = 0. (1.2)

When the manifold (M, g) is a Euclidean domain, the oo-Laplace equation takes the
form Agu = %(Vu,V|Vu|2> = >ioyuijuuy = 0, where u : 2 C R™ — R,
u; = (%‘ and u;; = % It was first discovered and studied by ARONSSON in his
study of “optimal” Lipschitz extension of functions in the late 1960s (see [1], [2]).

The following interesting links of the oco-Laplace equations partially explain why
this nonlinear and highly degenerate elliptic PDE has been so fascinating.

1. The oo-Laplace equation is solved by any solution of the Eikonal equation (or
Hamilton-Jacobi equation by some authors): |Vu|? = constant.

2. The oo-Laplace equation is also solved by any harmonic function with minimal
graph as we can see from the minimal graph equation (see [30]):

m
(1+ |Vul*)Au + Z uujuq; =0,
4,j=1

3. The co-Laplace equation can be obtained as the Euler-Lagrange equation of the
L*° variational problem of minimizing FEo(u) = esssupg, |du| among all Lipschitz
continuous functions v with given boundary values on 92 (see [3], [6], and [7] and the
references therein for more detailed background).

4. The oo-Laplace equation can be viewed (see [1]) as the formal limit, as p — oo,
of p-Laplace equation A,u := |V ulP " (Au + ‘@_flz Asou) =0.

The solutions of the oo-Laplace equation are called co-harmonic functions which
have the following interpretations:

Lemma 1.1 (see [29]) Let u : (M™,g) — R be a function. Then the following
conditions are equivalent:

(1) w is an co-harmonic function, i.e., Asou =0,

(2) w is horizontally homothetic;

(3) Vu is perpendicular to V|Vul|?;

(4) Hess,(Vu, Vu) = 0;

(5) |Vul|? is constant along any integral curve of Vu.

Recently, much work has been done in the study of the oco-Laplace equation after the
work of CRANDALL and LIONS (see e.g. [16]) on the theory of viscosity solutions for
fully nonlinear problems. Many important results have been achieved and published
in, e.g., [3,5-10,14-17,19-23,25-28].

On the other hand, the oco-Laplace equation has been found to have some very
interesting applications in areas such as image processing (see, e.g., [12], [35]), mass
transfer problems (see, e.g., [19]), and the study of shape metamorphism (see, e.g.,
[13]).
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Infinity-harmonic morphisms and functions 3

The existence of smooth solutions of the co-Laplace equation is rare as remarked in
[18] that “ ... in general the Au = 0 does not admit smooth solutions”. In fact, all
the known examples of co-harmonic functions on Euclidean domains in R™ seem to
come from the following families (see e.g., [23] and [24]):

1. Partial distance functions: u(z1,...,zm) = ay/zf +...+2i + 5, 1 <k <m.

2. Affine functions: u(zy,...,Tm) = alx,a) + 5.
3. Weighted 4/3-maximum distance functions: u(z1,...,2zm) = ai|z1|*® +... +
| Tm|*? + B, with af 4+ ... + a3, = 0. In particular, u(z.y) = |z|*/3 — |y|*/? is

infinity-harmonic function in xy-plane. Note that this function is C’llo’cl/ 3(RQ), not a
smooth function on the whole R?.

4. Spherical angles 6(z,y, 2z) = arctan% and ¢ = arctan —=

Varty?

5. Superpositions of two infinity-harmonic functions, like
2 2 T5
3v/xy + x5 — 27 arctan T -+ 100.

In this note, we use the ideas of co-harmonic morphisms (maps that preserve so-
lutions of oo-Laplace equations), co-harmonic coordinates, and the directional angles
to construct many new families of smooth solutions of co-Laplace equations in space
forms. We also determined all rotationally symmetric co-harmonic functions on such
spaces and give explicit expressions of the co-Laplace operator on a Riemannian man-
ifolds in local coordinates and with respect to local orthonormal frames.

2 oco-harmonic morphisms and oco-harmonic functions

Infinity-harmonic morphisms are maps between Riemannian manifolds that pull back
locally defined co-harmonic functions to co-harmonic functions (see [33]). It was
proved in [33] that these maps are precisely horizontally weakly conformal co-harmonic
maps with dilations being constant along any horizontal curves. It was also proved
in [33] that an co-harmonic morphism pulls back co-harmonic maps to co-harmonic
maps. For the completeness of discussion, we give a proof of the following special case,
which will be used in the rest of the paper.

Theorem 2.1 If ¢ : (M, g) — (N, h) is an co-harmonic morphism with dilation X,
then for any function f : N D U — R defined on an open subset with o= (U) # ¢,
we have AM (fop) = X (ALY f)op. In particular, an oco-harmonic morphism preserves
solutions of oco-Laplace equations in the sense that if f is a solution of the co-Laplace
equation in the target manifold, then the pull-back f o is a solution of the co-Laplace
equation in the domain manifold.

Proof. Let ¢ be an oo-harmonic morphism, i.e., a horizontally homothetic submersion
with dilation \. A straightforward computation gives |V (f o ¢)|> = g (fop)i(fop); =

g fagaf‘fggo]ﬁ» = N2(h*Poy) fufs = M2(|V f|?0¢p), where the third equality was obtained
by using the horizontal weak conformality equation g%/ apf‘go]ﬁ. = /\Q(ho‘ﬁ o) . It follows
415



4 Ye-Lin Ou

that V(|V(f 0 @)|*) = (VA)(IV fI 0 ) + XV (IV f|* 0 ), and hence

AY(fop) =5 (V(Iop), V [V(fop)?)

= S (V(fop), (VAVSP o)) (2.1)

3V (Fou) MV(V [ og).

A further computation shows that

1

S (V(fou) (VANV P o) = SV P op)df (de(VN) =0 (22)

since V\? is vertical by the assumption that ¢ is a horizontally homothetic submersion.
On the other hand,

1 1 ij (o'
5 (Vo) MV (V1P 0 p)=5 X9 fag? (VI17)p] (233)
1 1
= SN (070 ) fal[VIP)s=5 AUV [, V[V [[Phn 0 =X (A% f) 0 .
The theorem follows from (2.1), (2.2) and (2.3). O

Many known examples of co-harmonic morphisms come from Riemannian submer-
sions or the projections of a warped product onto its first or second factor.

Example 2.1 The projection ¢ : M™ xg2 N — (N™,h), ¢(x,y) = y, of a warped
product onto its second factor is a horizontally conformal submersion with dilation
A = 1/8 whose gradient is vertical, and hence ¢ is an oo-harmonic morphism with
nonconstant energy density provided that § ## constant. The projection onto the first
factor is a Riemannian submersion and hence an oco-harmonic morphism with constant
energy density.

It is interesting to note that oo-harmonic morphisms from nonnegatively curved
manifolds are “basically” Riemannian submersions: it was proved in [31] that any
oo-harmonic morphism ¢ : R*™1 — (N™ h) is a Riemannian submersion up to a
homothety; if ¢ : S*1 — (N™ h) is an co-harmonic morphism, then n = 2m, (N™, h)
is isometric to CP™ and, up to a homothety, ¢ is a standard Hopf fibration S?™+1 —
CP™; the last statement was generalized in [32] as: any oo-harmonic morphism from
a compact manifold of nonnegative sectional curvature is a Riemannian submersion.

One application of Theorem 2.1 is to construct oo-harmonic functions via pull-
back or “lift” of oco-harmonic functions on the base space by co-harmonic morphism
including Riemannian submersions.

Corollary 2.2 Any co-harmonic function (locally) defined on R™ is also an oo-har-
monic function on the hyperbolic space (H™! = R™ x Rt, 337;3-1 :r;{l dz?). In
particular, any affine function in the first m variables is a solution of the co-Laplace

equation in hyperbolic space in upper-half space model.
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Infinity-harmonic morphisms and functions 5

Proof. 1t is well known (see e.g., [4]) that the projection ¢ : (H™T! = R™ x RT,
m,_na_l m+1 dz?) — R™, (21, ..., Tm,Tmi1) = (T1,...,2m) is a horizontally ho-
mothetic submerbion and hence an oco-harmonic morphism. By Theorem 2.1, any
oo-harmonic function on the base can be “lifted” or pulled back to be an co-harmonic
function on the hyperbolic space. In particular, since any affine function f(z1, ..., Tm) =
11+ ..+ emTm +co is an co-harmonic function on R™ the pull-back fop(z1, ..., Tm,
Tm+1) = f(@1, .0y @m) = 121 + ... + emTm + ¢ 18 an oo-harmonic function on the
hyperbolic space. O

Ezample 2.2 [There are many oo-harmonic functions on the Heisenberg space] The
Heisenberg space can be viewed as H3z=(R3, g), endowed with a left invariant metric
whose group of isometries has dimension 4. With respect to the standard coordinates
(z,y, z) in R3, the metric can be written as g = da?+dy*+(dz+4de—£dy)?. It is easily
checked that ¢ : Hz — R2, o(x,y,2) = (x,y) is a Riemannian submersion. It follows
that any oo-harmonic functions on R?, for instance, f = ax + by + ¢, F = arctan %,
are also oo-harmonic functions on the Heisenberg space.

3 oco-harmonic coordinates

In this section we show that in space forms and many other spaces we can always
choose local coordinates so that all the coordinate functions are co-harmonic thus
provides abundant smooth solutions of the co-Laplace equations.

It is well known that around any point of a Riemannian manifold (M,g) there
is a local coordinate neighborhood U C M whose coordinate functions are all har-
monic functions (see, e.g., [34]). Such a local coordinate system is called a local har-
monic coordinate system. In light of this, we call a local coordinate system {z;}
in U C M an oco-harmonic coordinate system if each of every coordinate functions
(1, ..., m) = 24, 1 = 1,...,m, is infinity-harmonic. Clearly, the standard Carte-
sian coordinates (1, . .., Zy,) in Euclidean space R™ are co-harmonic coordinates since
any affine function in R™ is an oco-harmonic function. The polar coordinates (r,6) in
R? are also oo-harmonic coordinates, this can be seen from the well-known fact that
functions 7(z,y) = /22 + y? and f(x,y) = arctan £ are infinity-harmonic functions.
Also, the cylindrical coordinates (r,0, z) in R3\ {x — axis} are infinity-harmonic co-

ordinates because r(z,y,2) = /22 +y?, 0(x,y,z) = arctan £, z(x,y,2) = z are all
oo-harmonic functlons It Would be 1nterest1ng to know if there exists local infinity-
harmonic coordinates around any point of a general Riemannian manifold. Though
we do not know the answer to the question in general, we will show that in a space of
constant sectional curvature (and in many other cases) it is always possible to have
oo-harmonic coordinates. Before going any further we need the following

Lemma 3.1 Let (M™,g) be a Riemannian manifold and U C M be a local coordinate
neighborhood with coordinates {x;}. Then the k-th coordinate function Tp(T1, ey Ty) =

kj 39

xy, s an co-harmonic function on (U, gu) if and only if g —~ =0, where g/ denotes

the contravariant components of the metric g with respect to the local coordz'nates {z;}.
In particular, an orthogonal coordinate system {x;} (meanmg gl] = g(am B 9.y =0 for
i # j) is an oo-harmonic coordinate system if and only zf m =0,k=1,....,m
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6 Ye-Lin Ou

Proof. A direct computation yields |Vay|? = g"j%g% = ¢" and Az, = %(ka,
i J

2y — 1 ij Oz OIVae|? _ kjOg** -
VIVa?) = 397 53 =g~ = g™ G5, from which the lemma follows. 0O

Ezample 3.1 Applying Lemma 3.1 we can easily see that the coordinates (t,z,y, z)
in the generalized Kasner space-times ((0,00) x R3, —dt? + t?¢dx? + t?°dy? + t>¢d2?)
are oo-harmonic coordinates. The standard coordinates in the Sol space, one model
of Thurston’s 3-dimensional geometries) are oo-harmonic coordinates. The Sol space
is (R3 provides with the Sol metric which, with respect to the standard coordinates
(x,7,2), can be written as gg, = e**dz? + e~2*dy? + dz?).

Corollary 3.2 In R? = R x R with the standard Cartesian coordinates (z,y) we
consider the twisted product metric g = da? + o= 2(z,y)dy?. Then, the coordinates
(x,y) are co-harmonic if and only g = dx® + o %(z,y)dy? is a warped product, i.e.,
o?(z,y) depends only on x.

Proof. With respect to the coordinates (z,y) we have g'! =1, ¢?2 = o2. By Lemma

. . . . . 2 .
3.1, the coordinates are oo-harmonic coordinates if and only if %g—y = %Ly =0, ie.,

a(z,y) depends only on z, from which the lemma follows. O

Ezample 3.2 The coordinates (u, v) in the parametrized surface of revolution, (u,v) —
(f(v) cosu, f(v)sinu, g(v)) € R3, where f"? + ¢g’> = 1, are oo-harmonic coordinates.
One can easily check that the induced metric on the surface of revolution with respect
to the coordinates (u,v) is give by g = f?(v)du? + dv? which is a warped product
metric. Therefore, by the above corollary, the coordinates (u,v) are co-harmonic . In
particular, the coordinates (u,v) in the helicoid, where (u,v) — (ucos v, usinv,v) C
R3, are oo-harmonic coordinates. One checks that the metric with respect to these
coordinates is given by g = du? + (1 + u?)dv?;

Ezample 3.8 The coordinates (6,t) in the catenoid, where (0, t) — (coshtcos,
coshtsinf, t) C R3, are not oco-harmonic coordinates. One checks that the metric
with respect to these coordinates is given by ¢ = cosh? t(d6? + dt?) and the second
coordinate function ¢(6,t) = t is not an oo-harmonic function.

The following theorem guarantees the existence of an co-harmonic coordinate system
around any point of a space of constant sectional curvature.

Theorem 3.3 (1) The hyperspherical coordinates (p, $1,- .., Pm) are oo-harmonic co-
ordinates in a domain of Euclidean space R™t1;
(2) The angular coordinates (¢1,...,dm) are co-harmonic coordinates in a domain

of the sphere S™;
(3) There is a globally defined co-harmonic coordinate system on the hyperbolic space
H™,

Proof. Recall that the hyperspherical coordinates (see e.g., [11]) of (m+1)-dimensional
Euclidean space are defined using a radial coordinate p , and angular coordinates
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Infinity-harmonic morphisms and functions 7

O1y- ey Gm. I (21,...,2my1) are the Cartesian coordinates, then we may define

X1 = pCos @1
To = psin ¢y cos ¢
T3 = psin ¢ sin ¢g cos B3 (3.1)

Ty = pSin ¢q sin @a . . . sin ¢ —1 COS Py
Tm41 = psin¢g sin @y . . . sin @py—1 Sin Gy,

where 0 < ¢, <27, 0 < ¢; < m,i=1,2,...,m — 1. A straightforward computation
using (3.1) and g = da? + ... + da?,,; one obtains that, with respect to the hyper-
spherical coordinates (p, ¢1, ..., ¢m), the covariant components g;; and contravariant
components g¥ of the metric tensor are given respectively by

g11 =1, ga2 = p?, g3z = p*sin® g1, gas = p*sin® gy sin® ¢o, .. .,

Im+1m+1 = p?sin? ¢y .. .sin? ¢y,,—1, all other g;; = 0,7 # j; (3.2)
gl=1, g2=p=2, g33—p=2gin"2 ¢;, g*—p~2sin"2 by sin 2 ép, ..., :
gmtImtl = p=25in"2 ¢y .. .sin"2 ¢,,_1, all other g% = 0,4 # j;

From this and Lemma 3.1 we obtain statement (1).

For statement (2), notice that the standard metric on the unit sphere S™ is obtained
by restricting the Euclidean metric (3.2) on S™ via the standard embedding. It follows
that, we can substitute p = 1 into the Euclidean metric

g = dp* + p*d¢? + p?sin® ¢1dd3 + ... + p?sin? ¢y .. .sin? ¢, _1do?, (3.3)

to get the standard metric h on the unit sphere which, with respect to the angular
coordinates (¢1, ..., ¢n) on S™, has the following components

_ w2 L2 2
hi1 =1, has = sin® ¢1, hzz = sin” ¢y sin” ¢o, .. .,

Bopm = sin? ¢q .. .sin? ¢,,_1, all other hij =0, i # 7J; (3.4)
Mt =1, h?2 =sin 2 ¢y, h3% =sin 2 ¢y sin 2 oo, ..., '
R =sin"2 ¢y ...sin"2 ¢y,_1, all other Y =0, i .

This and Lemma 3.1 give statement (2).
To prove statement (3), we use upper-half space model for hyperbolic space (H™ =

m
R™IxRY, x,2 Z dz?). Tt is easy to check that the standard coordinates (z1,. .., Zm)

i=1
are not oo-harmonic because the last coordinate function @, (x1, ..., Ty) = T, is not
infinity-harmonic by Lemma 3.1 and the fact that ¢™™ = 22 . However, we can change
the coordinates (x1,...,zy) into (z1,...,Zm-1,t) via an isometry
m m—1
©: (Hm:]Rm—l x RY, 22 de?) = (R™ ' xR, e > daf +dt?)  (3.5)
i=1 1=1
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8 Ye-Lin Ou

given by
(21, ) =24, i=1,...,(m—1)
(T, T) = IN Ty
It follows that with respect to the coordinates {z1,...,Zm—1,t) we have
gi=e* i=1,...,(m—1);
g =1, (3.6)
g7 =0, i#].
From this and Lemma 3.1 we conclude that the coordinates (z1,...,Zm—1,t) are

m—1
infinity-harmonic coordinates in the hyperbolic space (H™ = R™ ! xR, e~ Z da:?—}—
=1

dt?). O

4 Smooth solutions of the oco-Laplace equation in space forms

In this section we will use the ideas of co-harmonic morphisms, co-harmonic coordi-
nates, and the directional angles to show that there many smooth families of solutions
of oco-Laplace equations given by elementary functions.

The following proposition is a consequence of Theorem 2.1

Proposition 4.1 For any horizontally homothetic submersion (in particular, any Rie-
mannian submersion) ¢ : (M™, g) — (N™, h). With respect to any local co-harmonic
coordinates {y®} in a neighborhood V- C N and any local coordinates {x'}) in a neigh-
borhood U = =1 (V) C M, all the component functions *(zt,...,2™), a=1,...,n
of ¢ are co-harmonic harmonic functions on U = =1 (V) C M.

Proof. This follows from Theorem 2.1 and the fact that a horizontally homothetic
submersion (in particular, any Riemannian submersion) is an oo-harmonic morphism
and that the component functions are nothing but the pull-backs of the coordinate
functions, *(z1,...,&m) = @ (y*) (21, ..., Zm) = y*(p(x1,...,2m)). O

Ezample 4.1 [The standard coordinates in both Nil and Heisenberg spaces are oo-
harmonic coordinates] Nil space can be viewed as (R3, gy;), where the metric with
respect to the standard coordinates (z,%, 2) in R? takes the form gy = dz? + dy? +
(dz — xdy)?. An easy computation gives the following components of Nil metric:

gi1=1, g12=013=0, gao = 1 + 2%, go3 = —1, g33 = 1;
Gl =1, g2 =g =0 g2 =1, ¢B =g =142

Heisenberg Space is a 3-dimensional homogeneous space, denoted by Hz =(R?, g),
endowed with a left invariant metric whose group of isometries has dimension 4.
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Infinity-harmonic morphisms and functions 9

With respect to the standard coordinates (z,y, z) in R?, the metric can be written as
g = da? + dy? + (dz + 4dz — £dy)? with components given by:

2 2

y Ty Y T T
g11 + 4’912 4,913 2’922 + 47923 27933 ; (4.1)
2 2
Y T vty
g11 _ 1,g12 _ 0’913 _ _5’922 =1, 923 _ 5’933 =1+ 1 . (4,2)

It follows from Lemma 3.1 that the standard coordinates (x,y, z) in each of these
model spaces are oco-harmonic coordinates.

Note that there is an isometry between Nil and Heisenberg Spaces. We can check

that o : (Hs, g) — (R3, gny) with o(X,Y, Z) = (X,Y, Z+ XY/2) is an isometry from
Heisenberg space onto Nil space. By Proposition 4.1, all the component functions of
this isometry and its inverse are oco-harmonic functions.
Example 4.2 We know (see e.g., [4]) that F : (R*\ {0} — R3 given by F(x1, 22,23,
14) = (23 + 23 — 23 — 23, 22103 — 22914, 27124 + 27273) is a horizontally conformal
submersion with dilation A = 2| X|. We can perform a conformal change on the domain
metric turning the map F : (R*\{0},4|X|*d;;) — R? into a Riemannian submersion.
It follows from Proposition 4.1 that all the component functions of F' are co-harmonic
functions in conformally flat space (R*\ {0},4|X| 6;).

Theorem 4.2 (1) All component functions

xl(pa ¢17 cee 7¢m71) = pCOS(i)l

x2(p, P15 .., Pm—1) = psin ¢y cos po

23(p, @1, .., dm—1) = psin ¢1 sin $3 cos p3 (4.3)
Tin—1(py P1,. ., Om—1) = psin gy sin ¢a . . . sin Py —a COS Grp—1

CCm(p, ¢13 R ¢m—1> = pSin ¢1 sin ¢2 ...sin <ﬁm—2 sin ¢m—1

of the transformation from hyperspherical into Cartesian coordinates are solutions of
the co-Laplace equation in Fuclidean space R™;
(2) All component functions

p(l‘l,...,xm) = \/x’%n+x$n71+...+$%’
¢1 (3717 B amm) = arctan Im+1‘7’;;1+ +5527
@2 42, 4.4
¢2(x1, e 7.’L'm) = arctan le 3 (44)
\/272
¢m—2($17 R CI/‘m) = arctan "E;ﬁ%‘?*l
qu*l(‘rlv ey xm) = arctan ;n%l

of the transformation from Cartesian into hyperspherical coordinates are solutions of
the co-Laplace equation in Fuclidean space R™;

(3) Any linear combination of functions from the family (4.3) is a solution of the
oo-Laplace equation in Fuclidean space R™.
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10 Ye-Lin Ou

(4) Any function from the family (4.4) is also a solution of the co-harmonic equation
in hyperbolic space (H™+! = R™ x R* x2S da?).

Proof. Since the transformation and the inverse transformation are isometries and
hence they are oo-harmonic morphisms. As we have proved in Theorem 3.3 that
the hyperspherical coordinates and the Cartesian coordinates are both oco-harmonic
coordinates we obtain statements (1) and (2) by using Proposition 4.1. Statement
(3) follows from Theorem 2.1 and the fact that any linear function f(z1,...,zy) =
171 + ... + Ty in R™ is an oo-harmonic function and the pull-back of f by ¢
is precisely a linear combination of the functions from family (4.3). Finally, we use
statement (2) and Corollary 2.2 to obtain statement (4). O

Remark 4.1 1. We would like to point out that in the above argument, or in Propo-
sition 4.1 in general, the coordinates in the target manifold being oco-harmonic is
essential. One can easily find examples to show that even for an isometry, if the coor-
dinates in the target space are not oo-harmonic then the component functions need
not be infinity-harmonic. The inverse transformation of the isometry given in (3.5) is
one of such examples.

2. The statement 3 was a little surprised to us as the co-Laplace equation is nonlinear
S0 a linear combinations of solutions need not be a solution again. As an easy example,
we know that the polar coordinate function r, 0 are co-harmonic functions, however,
their sum u(r,0) = r + 6 is not infinity-harmonic.

In the next theorem we will use the notion of the directional angles to construct
new families of smooth solutions of the co-Laplace equation in Euclidean space.

Theorem 4.3 The m families of two parameters of smooth functzons ¢’(x1, . xm):
(4 arccos ﬁ—FC’g :R™\ {0} —R, where arccos \/ﬁ’ =1,2...,mis

the directional angle of the position vector x in R™, are all co-harmonic functions on
the whole Euclidean space with only one point deleted.

Proof. We will show that the family of functions ¢(x1, ..., z,) =

C'1 arccos 2:m+ — + (2 are oco-harmonic and the proof for the other families fol-
i+ 42,

lows in a similar fashion. By the nature of the infinity-Laplace equation it is enough

to check that the function ¢(z1,.., ;) = arccos ——=2—— is oo-harmonic. To this
Vit +az,
— @ % @ LiTom — _
end, we compute Vo = (5, ..., g, ), where 5= N —,i=1,2,...,(m—1)
m PP/ Zjtm;
0, _ EJ#"” J _ m 2
and z-= ENoee with p? =X a5
A further computation yields |V¢|? = % and
—2x1 —2x;,_1 —2x
V|V¢>|2—< e ——, 4m>.
P P p

—28 0 Xyt T3 +2T D T2

p8 \/Ej;tm 17?

It follows that Ay ¢ = %(ng, VIVo|?) = % = 0, which shows
that ¢ is indeed an oo-harmonic function. 0O
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Infinity-harmonic morphisms and functions 11

Remark 4.2 One can also check that the families ¢'(zy, ..., z,) =
4 arcsin\/ﬁ + Cy : R™\ {0} — R are also oc-harmonic functions. How-

ever, it follows from an exercise of Calculus that arcsin x = 5 + arccos x and hence
they have been included in the families in Theorem 4.3.

By using Corollary 2.2 we have

Corollary 4.4 The m families of two parameters of smooth functions ¢'(z1, ...

M
=C ————+Cy : R"\ {0} — R, wh —L_ =
Tm) = Charccos — + Cs \ {0} where arccos W i
1,2...,m is the dzrectwnal angle of the position vector x in R™, are all co-harmonic
functions on the hyperbolic space (H™Tt = R™ x R, xr_nil mH dz?).

In what follows we shall determine all rotationally symmetric solutions of the oo-
Laplace equation in space forms.

Theorem 4.5 Let u : R™\ {0} — R be a rotationally symmetric function with
u=u(r), where r* = 23 + 22 + ... + 22,. Then

0%u Ou
ﬁ(a)% (4.5)

and hence u( ) is an oo-harmonic function if and only if u(r) = c1r + ca, 0or,u(x) =
\/371 .+ a2 + co, where ¢1 and ¢y are constants.

Proof. A straightforward computation gives

Ou _Oudr _duz
dx; Ordx; Orr’

0%u 0 (Oux; O*u ziz; 1 z;x;\ Ou
Oz;0x;  Ox; <8r 7’) o2 2 " <r6J 73 > or (47)

Using equations (4.6) and (4.7) we have

i 0*u  Ou Ou
;01 Ox; O j

Aot =

and

et Ow;01;

" 0% xzxj 1. 0u ;25 0u ou\ 2 Ti%j

z:: ( or?2 r2 52]@ 3 87") (87‘) r2 (4.8)
_@ Ou QZT]’: %295]2 n du 32” 103525
or2 \ or or r3

(o Tl ot (ou):
or 7o o2 \or )’

where in obtaining the last equality we have used the fact that Z;nj:l

and )", x7x? = r*. The proposition follows from equation (4.8). O

— 22
5ijmixj =T
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12 Ye-Lin Ou

Theorem 4.6 (Rotationally symmetric oo-harmonic functions on spheres)
Let (8™, gean) be the m-dimensional sphere with the standard metric. Identify (S™ \
{N}, gean) with (R™, F~25;;), where F =271 (1+ |z[?). Then, all rotationally symmet-
ric oo-functions on S™ \ {£N} = R™ \ {0} are given by u(zy,..,zm) =

ciarctan (/a2 + ...+ a2, )+ c2, where ¢1 and cz are constants.

Proof. Tt follows from [33] that the oo-Laplace equation on sphere S™ can be written

as

2|V ul?
+ af?

where |, | and V denote the norm and the gradient defined by the standard metric (,)

on Euclidean space R™. When u = u(r) is rotationally symmetric we have

AR 4 (x,Vu) =0, ze€R™, (4.9)

ou 5
4.1
Vul® = ()7, (4.10)
—~_ Ou  Quy i xl du
(x, Vu) leaxl i e (4.11)

Substituting equations (4.5), (4.10) and (4.11) into equation (4.9) we have

gi ( 87) + 1_2:7’_2 (g;‘) = 0, which is equivalent to

R n 2r  Ou
or2 1412 0r

Solving this equation we have u(r) = ¢1 arctan 7+ ¢, from which the theorem follows.
O

= 0. (4.12)

Theorem 4.7 (Rotationally symmetric co-harmonic functions on hyperbolic
spaces) Let (B™, g") be the m-dimensional hyperbolic space with open-ball model,
where B™ = {z € R™ : |z| < 1} and g" = F~28;; with F = 27'(1 — |z|*). Then,
all rotationally symmetric oo-functions on B™ \ {0} are given by u(zy,...,Tm) =

1+4/23+.. 422,
c1ln —YL__—" 4 ¢y, where ¢ and co are constants.
1—y/ai+.. . +a?,

Proof. Tt follows from [33] that the oo-Laplace equation on hyperbolic space B™ can
be written as

9 2
. |V|u||2 (x,Vu) =0, = € B™. (4.13)
— |

where |, | and V denote the norm and the gradient defined by the Euclidean metric (, )
on B™CR™. When u=u(r) is rotationally symmetric, we substitute equations (4.5),

(4.10) and (4.11) into equation (4.13) to have &% (%) — 20, (94)® — 0 which is
equivalent to

R’ITL
AL u—

0%u 2r Ou
_ —0. 4.14
or2  1-r20r 0 (4.14)
Solving this equation we have u(r) = ¢1 In =% + ¢, from which the theorem follows.

O
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Infinity-harmonic morphisms and functions 13

5 More on oo-Laplace equations on Riemannian manifolds

In this final section we derive the co-Laplace equation in a Riemannian manifold with
respect to local coordinates and with respect to a local orthonormal frame. We also
give a “unified” form of the co-Laplace equation on a surface with respect to a geodesic
polar coordinates.

Lemma 5.1 (1) In local coordinate {z'} in (M, g), we have
Asott := g"jgklukjuiul — gijgklffkutuiul. (5.1)

(2) With respect to a local orthonormal base {e;} in (M, g) we have

m

Asou = Z (esepu)(eu)(exu). (5.2)

i,k=1

Proof. For statement (1), a straightforward computation yields
1 1 ..
Aot 1 = ig(gradu,grad lgrad u|?) = igmviuvj(gklvkuvlu)

1 .. 1 ..
= ig”gklviuvj(vkuvlu) = §g”gklviu(2VijuVlu) (5.3)

= gUg" (V,;Viu)VuViu,

where Vju = V_s_u = u;. Substituting V;Viu = ug; — I} u into (5.3) we get (5.1).

Bt
For statement (2), we note that with respect to an orthonormal frame {e;} in (M, g)
we have

1 2, _ 1 2
Agpu : = §g(grad u,grad |grad u|®) = 2g<Z(ei|Vu| )ei, Z(eju)e])

¢ J

= 1Z(ei|Vu|2)(eiu). (5.4)
2 <

Substituting e;|Vul?=e; Y, (exu)?=2>", (exu)e;eru into (5.4) we get (5.2). O

The oco-Laplacian on surfaces. Let X be a surface with geodesic polar coordinates
(r,0). Then, the metric takes the form g = dr?+ f(r)2dg2. We can chose e; = £, e =
%% as an orthonormal frame. Then we have

e1u = Uy, egll = ?ug, e1e1u = Upp, €261U = ?um, (5.5)
! 1
creau = — 5y + U, €220 = 3oy, (5.6)
from which we obtain the co-Laplace operator in R? in polar coordinates
2 1 i
Aot := Uppu? + Furgurue + Fu(;gug — Furug. (5.7)

425



14 Ye-Lin Ou

It follows that the only rotationally symmetric solutions u(r, ) = u(r) of co-Laplace
equations in surfaces are of the form u(r) = Cyr + Cj.

For 2-dimensional space forms, the co-Laplace operators take the following forms
with respect to the geodesic polar coordinates.

1. In Euclidean space R?, g = dr? + r2d#?, we apply equation (5.7) with f(r) =r
to have

2 1
. 2 2 2
Asott := uppus + 2 UpgUyUg + s UggUy — = Uply. (5.8)

2. In the sphere 5%, g = dr? + sin?r d6?, we apply equation (5.7) with f(r) = sinr
to have

Asott i= uwuf + 2¢s¢? r upgupug + csct r uegug — cotresc®r urug. (5.9)

3. In hyperbolic space H2, g = dr? + sinh?rdf?, we apply equation (5.7) with
f(r) = sinhr to have

Aot 1= uwug + 2csch®r uygu,ug + cschr ’Lngug — coth r csch?r u,,ug. (5.10)

A straightforward checking shows that both coordinates transformation functions
x = rcosf, y = rsinf satisfy equation (5.7) and hence they are oo-harmonic func-
tions.

Corollary 5.2 Let (r,0) be the polar coordinates in R?, then u(r,0) = ra(f) is an
oo-harmonic function if and only if « = C' or a(f) = acos 6 + bsin 6.

Proof. A straightforward computation shows that if u(r,0) = ra(f), then A u =
(a + a”)a’?. Solving the equation (o + o”)a/? = 0 we obtain the corollary. O
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