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Abstract In this paper, we prove some common fixed point theorems for the mappings satisfying
Presié¢ type contractive conditions in metric spaces. Our results generalize and extend the result of
Presié for some new type of contractive conditions. The common fixed point of mappings is ap-
proximated by a k-step iterative sequence. Some examples are provided to illustrate the results. An
application of Presi¢ type mappings to second order difference equations is also given.
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1 Introduction and preliminaries

Let (X, d) be any metric space and f: X — X be any mapping, then f is said to be
a contraction on X if there exists A € [0,1) such that d(fz, fy) < Ad(z,y), for all
z,y € X. A point x € X is called fixed point of f if fx = x. BANACH [1] proved that
every contraction on a complete metric space has a unique fixed point and this result
is known as the Banach contraction principle. There are several generalizations of this
famous principle. One such generalization is given by PRESIC [15,16]. When studying
the convergence of some particular sequences, PRESIC [15,16] proved the following
theorem.

Satish Shukla

Department of Applied Mathematics,

Shri Vaishnav Institute of Technology & Science,

Gram Baroli, Sanwer Road, Indore (M.P.) 453331, India
E-mail: satishmathematics@yahoo.co.in

Stojan Radenovié

Faculty of Mechanical Engineering,
University of Belgrade,

Kraljice Marije 16, 11120 Beograd, Serbia
E-mail: radens@beotel.net

339



2 Satish Shukla, Stojan Radenovié

Theorem 1.1 Let (X, d) be a complete metric space, k a positive integer and f Xk
X a mapping satisfying the following contractive type condition:

k
d(f(xlu Z2, ... 7.Tk), f($27$3, ey xk-‘rl)) < ZQZd(xla xiJrl)a (11)
i=1
for every x1,x49,..., 2541 € X, where q1,q2, . .., g, are nonnegative constants such that
qG1+q2+--+qr < 1. Then there exists a unique point x € X such that f(x,xz,...,x) =
x. Moreover, if x1,xo,...,xE are arbitrary points in X and forn € N,
T4k = f(xn;xn—}—lw“axn—&-kfl)a (12)

then the sequence {x,} is convergent and lim z,=f(lim z,,lim z,, ...,lim z,,).

Note that, the k-step iterative sequence given by (1.2) represent a nonlinear dif-
ference equation. In view of Presié¢’s theorem it is obvious that if this sequence is
convergent (which is ensured by the Presié¢’s theorem) then the limit of sequence is a
fixed point of f. The result of Presi¢ is generalized by several authors and some gen-
eralizations and applications of Presi¢’s theorem can be seen in [3-5,7,10-13,17-27].

In this paper, we prove some common fixed point theorems for mappings satisfying
Presi¢ type contractive conditions in complete metric spaces. The common fixed point
of such mappings is approximated by a k-step iterative sequence. Results of this paper
extend and generalize the results of Presi¢, PACURAR [14] and the recent result of
KHAN ET AL. [7]. Some examples are given to illustrate the results. An application of
Presi¢ type mappings to nonlinear difference equations is given.

For the following definition we refer to [5] and the references therein.

Definition 1.2 Let X be a nonempty set, k a positive integer and f : X* — X be a
mapping. If f(z,...,z) =z, then z € X is called a fixed point of f.

Definition 1.3 Let X be a nonempty set, k a positive integer, f : X¥ — X and
g : X — X be mappings.

(a) An element z € X said to be a coincidence point of f and g if gz = f(=x,...,x).

(b) f w=gx = f(x,...,x), then w is called a point of coincidence of f and g.

(c) If . =gz = f(x,...,x), then z is called a common fixed point of f and g.

(d) Mappings f and g are said to be commuting if g(f(z,...,x)) = f(gz,..., gx), for all
ze X.

(e) Mappings f and g are said to be weakly compatible if they commute at their coin-

cidence points.

Lemma 1.4 ([11]) Let X be a nonempty set, k a positive integer and f : X* — X,
g : X — X two weakly compatible mappings. If f and g have a unique point of
coincidence y = f(x,x,...,x) = g(x), then y is the unique common fized point of f
and g.

Remark 1.1 The function F': X — X defined by F'(z) = f(x,x,...,z), forallz € X
is called the associate operator of f. Note that, x € X is a fixed point of f if and only
if it is a fixed point of F. Similarly, z € X is a common fixed point of f and g if and
only if it is a common fixed point of F' and g.
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Presi¢ type mappings and applications 3

In order to prove our main results we shall need the following lemmas which can be
seen in [2,15].

Lemma 1.5 Let k be a positive integer and vy, s, . .., o, > 0 are such that Zle a; <
1. If {An} is a sequence of positive numbers satisfying Npir < a1y + a0lpi1 +
s+ apNpak—1, n > 1, then there exists L > 0 and T € (0,1) such that A, < L™,
for allm > 1.

Lemma 1.6 Let {a,},{bn} be two sequences of positive real numbers and q € [0,1)
such that an4+1 < qan 4+ by,n >0 and by, — 0 as n — oo. Then a, — 0 as n — co.
Let © be the set of functions 6: [0,00)* — [0, c0) satisfying the following conditions:
(i) @ is continuous;
(ii) for all a,b,¢,d € [0,00), O(a, b, c,d) = 0 if and only if abed = 0.

For examples of function 6 we refer to [7].
Now we can state our main results.

2 Main results

Following theorem extends Theorem 2.1 of [7].

Theorem 2.1 Let (X, d) be a complete metric space, k a positive integer and f Xk -

X, g: X — X be two mappings such that f(X*) C g(X) and g(X) is closed. Suppose
following condition is satisfied:

k
d(f(.’L‘(), Tlyew- 7mk—1)7 f(xlaan ey xk)) S Zaid(gl‘ifl)gxi)
i=1

k kK
+5 Z Z d(gz;, Fx;)+60(d(gzo, Fxo), d(gzk, Fxy), d(gzo, Fry),
i=0 j=0
d(gzr, Fxo)), (A)

for all xg,x1,. ..,z € X, where o, B are nonnegative constants such that Zle a; +
Bk(k +1)2 < 1, F is the associate operator of f and 0 € ©. Then f and g have a
unique point of coincidence. In addition, if f and g are weakly compatible then f and
g have a unique common fixed point. Moreover, for any xo € X the sequence {yn}
defined by yn = gxn = f(Tp-1--..,%n—1), for all n € N, converges to the common
fixed point of f and g.

Proof. Let o € X be arbitrary. As, f(X*) C g(X), we define a sequence {y,} by

Yn = g2 = f(Tp-1,...,2n—1) = Fan_1, for all n € N, where F is the associate

operator for f. We shall show that F' will satisfy a particular contractive condition.
Note that, for all z,y € X,

d(Fz,Fy)=d(f(z,...,x), f(y,...,v))
<d(f(z,...,x), f(z,...,2x,y)+d(f(z,...,2,y), f(z,...,2,9,9))
+ord(f @y, y), fYs ).
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4 Satish Shukla, Stojan Radenovié

Using (A) we obtain
d(Fx, Fy) < {ard(gz, gy) + k*Bd(gz, Fx) + kBd(gz, Fy) + kBd(gy, Fx)

+ Bd(gy, Fy)} + {an—1d(gz, gy) + (k — 1)*Bd(ga, F)
+2(k — 1)Bd(gz, Fy) + 2(k — 1)Bd(gy, Fx) + 2*4d(gy, Fy)}
+ -+ {aad(gz, gy) + Bd(gx, Fx) + (k — 1)Bd(gz, Fy)
+ (k —1)Bd(gy, Fz) + k*Bd(gy, Fy)}
+ k0(d(gz, Fx),d(gy, Fy), d(gz, Fy), d(gy, Fr))

that is

d(Fz,Fy) <) aid(gz,gy) + B[1+2° + - + k*)[d(gz, Fz) + d(gy, Fy)]

é kE+2k—1)+---+2(k—1)+ kl[d(gz, Fy) + d(gy, Fz)]
ko(d(gz, F'z),d(gy, Fy), d(g9x, Fy),d(gy, Fx))

(k +1)(2k + 1)
6

= ad(gx, gy) + gt

w[d@x, Fy) + d(gy, Fz)]

+ kO(d(gx, Fx), d(gy, F'y),d(g9x, F'y), d(gy, Fx))

[d(gz, Fx) + d(gy, F'y)]

or

d(Fx, Fy) < Ad(gx, gy) + Bld(gz, Fr) + d(gy, Fy)]
+ Cld(gz, Fy) + d(gy, Fz)| + M (z,y), (2.1)

where A = Zleozi, B = Bw and C = BW and M(z,y) =

ko(d(gx, Fx),d(gy, Fy),d(gx, Fy),d(gy, F)).
Note that

k
k
A42B+2C =) a;+28

i=1

k k
=3 a4 25" EE 1)6(3k+3) =3 i+ Bk +1)2 < 1.

i=1 =1

(k + 1)(k +2)
6

(k+1)6(2k+1)+26k

Now, as yp, = gxn = f(Tp-1....,2n-1), for all n € N, therefore for any n € N, it
follows from (2.1) that
d(WYnt1,Yn) = d(Fan, Fr,_1) < Ad(gan, g2n—1
+ Bld(gxn, Fry) + d(gxn—1, Fn_1
+ Cld(gzy, Fxpn—1) + d(gzn—1, Fxy
= Ad(ynv yn—l) + B[d(yna yn-i—l) +d
+ d(Yn-1, yn—H)] + M(xm :L'nfl)
< Ad(Yn, Yn—1) + Bld(Yn, Ynt1) + d(Yn—1,Yn)] + Cld(Yn—1,Yn)
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Presi¢ type mappings and applications 5

+ d(yna yn+1)] + M([En, $n,1),

where M (zy, xn—1)=0(d(gzn, Fxy),d(92n-1, Fxn_1), d(g2n, Frn_1), d(gTn-1, Fys))
= 0. Therefore
A+B+C
d(Yn+1,Yn) < md(yn,ynq),
d(yn+17 yTL) S Ad(yna yn—l) S )\nd(yhyo)y

where \ = ‘;‘fgfg €[0,1) (as 0 < A+ 2B + 2C < 1). Therefore, for m,n € N with
m > n we obtain

A(Yns Ym) < A(Yns Yn+1) + d(Ynt1,Ynt2) + - + d(Ym—1,Ym)
< Nd(y1,y0) + X" (1, mo) + -+ A"y, o)

)\n
DY

As, A € [0,1), we obtain {y,} = {gz,} is a Cauchy sequence, and as g(X) is closed,
there exists u,v € X such that v = gu and

S d(yly yO)

Jim_d(yn, v) = lim_d(gzn, gu) = 0. (2.2)
We shall prove that Fu = gu. It follows from (2.1) that
d(gua FU) < d(gua yn+1) + d(y’rH-Ia FU) = d(yn+17v) + d(F:En, Fu)
< d(Yn+1,0) + Ad(gzn, gu) + Bld(gzn, Fon) + d(gu, Fu)]
+ Cld(gzn, Fu) + d(gu, Fz,)] + M (2p,u) (2.3)
= d(yTH»la U) + Ad(ynv ’U) =+ B[d(yTM yn+1) + d(U, FU)]
+ Cld(yn,v) + d(v, Fu) + d(v, yns1)] + M (2, u).
Now

M (zy,u) = 0(d(gzp, Fxy),d(gu, Fu), d(gx,, Fu), d(gu, Fxy,))
= e(d(yn, ynJrl)v d(”? FU)v d(ynv Fu)a d(’U, ynJrl))'

Using (2.2) and properties of function 6 we obtain M (z,,,u) = 0.
Therefore, it follows from (2.2) and (2.3) that

d(v, Fu) < (B + C)d(v, Fu).

As, B+ C < 1, we obtain Fu = f(u,...,u) = gu=wv. Thus, v is point of coincidence
of f and g. If, v/ is another point of coincidence of f and g then there exists v’ € X
such that Fu' = f(u/,...,u") = gu’ ='. By (2.1) we obtain
d(v,v') = d(Fu, Fu') < Ad(gu, gu’) + Bld(gu, Fu) + d(gu’, Fu')]

+ Cld(gu, Fu') + d(gu’, Fu)] + M (u,u’)

= (A+2C)d(v,v")+0(d(gu, Fu),d(gu' Fu'), d(gu, Fu'), d(gu’, Fu))

+ 0(d(gu, Fu),d(gu’, Fu'), d(gu, Fu'),d(gu’, Fu))

= (A +2C)d(v,v).
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6 Satish Shukla, Stojan Radenovié

As, A+ 2C < 1 we obtain from above inequality that d(v,v") = 0, that is v = v'.
Thus, point of coincidence v is unique. Further, if f and g are weakly compatible then
by Lemma 1.4, v is the unique common fixed point of f and g. O

Following corollaries are immediate consequences of above theorem and are new
Presi¢ type fixed point results.

Corollary 2.2 Let (X,d) be a complete metric space, k a positive integer and f :
X* — X be a mapping. Suppose following condition is satisfied:

k
d(f(xo, 1, .., xk—1), f(x1,22,...,2k)) < Zaid(xi,l,:zi)
i=1
k k
+ B> " d(wi, Fxj) + 0(d(wo, Fao), d(zg, Fa), d(zo, Fay,), d(zg, o)),
i=0 j=0
for all xg,x1, ...,z € X, where oy, B are nonnegative constants such that Zle a; +

Bk(k +1)? < 1, F is the associate operator of f and 0 € ©. Then f has a unique
fized point in X. Moreover, for any xog € X the sequence {x,} defined by x, =
f(®pn—1....,2n—1), for all n € N, converges to the unique fixed point of f.

Corollary 2.3 Let (X,d) be a complete metric space, k a positive integer and f :

Xk 5 X, g: X — X be two mappings such that f(X*) C g(X) and g(X) is closed.
Suppose following condition is satisfied:

d(f(.’L’(), Tlyenn ,$k,1), f(xl,.%'g, ey xk))

k kok
<Y aid(gaia, gu) + B> d(gwi, Faj),
i=1

i=0 j=0

for all xg,x1, ...,z € X, where o, B are nonnegative constants such that Zle o +
Bk(k +1)2 < 1 and F the is associate operator of f. Then f and g have a unique
point of coincidence. In addition, if f and g are weakly compatible then f and g have
a unique common fized point. Moreover, for any xo € X the sequence {y,} defined by
Yn = 9Tn = [(Tp-1....,2n—1), for all n € N, converges to the common fized point of
f and g.

Following theorem is a generalization of results of PRESIC [12] and [15] and its proof
is similar as the proof of Theorem 2.1, therefore we omit the proof.

Theorem 2.4 Let (X, d) be a complete metric space, k a positive integer and f Xk -
X, g: X = X be two mappings such that f(X*) C g(X) and g(X) is closed. Suppose
following condition is satisfied:

d(f($07$1, .. .,l’kfl),f(l’l,l‘% e 7$k))

k K
<Y aid(gria,9u) + B d(gri, Fay),

i=1 =0

344



Presi¢ type mappings and applications 7

for all zg,x1,...,zp € X, where oy, 5 are nonnegative constants such that Zle a; +
Bk(k + 1) < 1 and F is the associate operator of f. Then f and g have a unique
point of coincidence. In addition, if f and g are weakly compatible then f and g have
a unique common fized point. Moreover, for any xo € X the sequence {y,} defined by
Yn = 9Tn = f(Tp-1....,2n-1), for all n € N, converges to the common fized point of
f and g.

In the next theorem, we approximate the point of coincidence of f and g by k-step
iterative sequence.

Theorem 2.5 Let (X, d) be a complete metric space, k a positive integer and f : Xk
X, g: X = X be two mappings such that f(X*) C g(X) and g(X) is closed. Suppose
following condition is satisfied:

k
d(f (o, 1, k1), f(21, 20,y 21)) < Y cud(gwia, gi)
i=1
+ Lmin{0(d(gzo, Fxo),d(gxg, Fxy),d(gxo, Fri), d(gz)k, Fxg)),

d(gzk, f(xo,x1,...,7Kk-1))}, (B)

forallxg,x1, ..., 21 € X, where o;, L are nonnegative constants such that Zle a; < 1,
F is the associate operator of f and 8 € ©. Then:

1) f and g have a unique point of coincidence, say v € X;
2) the sequence {y,} defined by y,, = gxn = f(Tpn-1,...,2Tn—1), for alln € N, converges
to v for any starting point g € X;
3) the k-step iterative sequence {z,} defined by xo,x1,...,Tx—1 € X and z, = gx,,0 <
n<k—1and znip = gTnir = f(Tn,. -, Tnik—1),n > 0, also converges to v.
In addition, if f and g are weakly compatible then f and g have a unique common
fixed point.

Proof. Note that min{a,b} < a for all real a,b therefore, condition (B) implies (A)
and so 1) and 2) follows from Theorem 2.1, that is, there exists u,v € X such that
v=gu=Fu= f(u,...,u).

For 3), let {z,} be sequence defined by z,=gx,,0<n<k — 1 and z,4r = gTpik =
f@n, . Xpig—1),n >0, where zo,x1,...,25_1 € X are arbitrary. For any n € N we
have

Az, v) = d(f (@ny oy Tonak—1)s (U, ... w))
<dA(f(xn, - oy Tpnak—1), [(Tnt1s- oy Tnak—1,u))
+d(f(Tng1y s Tpak—1,8), f(Tnao, - Tnik_1, U, u)) (2.4)
+ o d(f (X1, Uy - w), f(Uy . uw)).
Using (B) for each term of the sum on the right hand side of above inequality we
obtain

d(f(xna .o 7xn+k71)7 f(xn—Fla s Tngk—1, u))
< Ol1d(gl"m gxn—Q—I) + -+ ak—ld(gxn+k—2a ganrk—l) + akd(gxn+k—lygu)
+ Lmin{0(d(gzy, Fxy),d(gu, Fu),d(gxn, Fu),d(gu, Fx,)),
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8 Satish Shukla, Stojan Radenovié

d(gu, f(Tn, Tty - Tnak—1))},
A(f(Tna1s s Tpak—1,%), f(Tnao, o Tnik_1, U, u))
< a1d(gTnt1, 9Tns2) + -+ ap—2d(9Tny k-2, 9Tnik—1) + —1d(9Tn k-1, gU)
+ Lmin{0(d(9zn+1, Fxnt1),d(gu, Fu),d(gzns1, Fu), d(gu, Frp41)),
d(gu7 f(xn—i-h Tn+2; -« Tntk—1, u))}’
and
A(f(Xpap—1,8, ... u), f(u,...,u)) < ard(genik—1, gu)
+L min{0(d(9zntk—1, FTnik—1), d(gu, F'u), d(gTnik—1, Fu), d(gu, Frnik-1)),
d(gu, f(Tpik—1,u,...,u))}.
As, d(gu, Fu) =0 and 0 € O, (2.4) leads to

d(2n1k,v) < 01d(gZn, gTnt1) + (a1 + @2)d(gTn+1, gTn+2)

k
+o (ot aro1)d(9Tn k-2, 9Tnik—1) D @ild(gTnin-1, gu),
=1
that is,
k
d(Zn+k, U) < E,+ [Z ai}d(zn-‘rk—l’ U)‘ (25)

i=1
Where E;, = a1d(gzn, gTnt1) + -+ + (@1 + - + ap1)d(9Tns k-2, Tnyk—1)-
We shall show that lim,, ,., F, = 0. Note that, for any n € N we have
d(gxn+kv gxn+k+1) = d(f(ajna Tn41y---, xTL—I—kfl)v f(x’ﬂ-i-la Tn42y-- -, xn—l—k))
< ald(gmm gmn+1) + -+ akd(gmn-i-k—l) gmn-&-k)
+ Lmin{0(d(gzn, Fxy), d(gTnik, Frnik), d(gTn, Frnik),
d(9$n+k, F:L'n))7 d(gxn+ka f(:Ena ceey :L'nJrk—l))}
As, gxn+k:f(xna cee )-Tn+k—1) we  have d(ganrka gmn+k+1):a1d(g:17n, gl"n+1)
+a2d(9Tnt1, 9Tny2) + oo + apd(9Tnik—1, 9Tntk). Using Lemma 1.5 in above in-
equality we have, there exist N>0 and A € (0,1) such that d(gz,,gTnr1) < NA",
for all n € N. Therefore, we obtain lim, . E, = 0, and so, it follows from (2.5)

and Lemma 1.6 that lim,,—,c d(zy,,v) = 0. If f and g are weakly compatible, then by
Lemma 1.4, v is the unique common fixed point of f and g. O

Remark 2.1 Let (X, d) be a metric space, then f: X* — X is called almost Presi¢
contraction [14] if there exists nonnegative constants «;, L such that

k
d(f(zo, @1, wx1), f(w1, 2, wk)) < Y cud(wi, 2)
=1

+ Lmin{d(zo, Fxo),d(z, Fxi), d(zo, Fag), d(zk, Fxo),
d(l‘k, f(I07 Ty 7mk—1))}7

for all zg,z1,...,2; € X, where F is the associate operator of f.
For 8 =0, 6(a,b,c,d) = Lmin{a,b,c,d} and g = Ix in Theorem 2.5, we get the
fixed point result of [14] for almost Presi¢ contraction.
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Presi¢ type mappings and applications 9

Example 2.1 Let X = R and d is usual metric on X. Then (X, d) is a complete metric

space. For k = 2, define f: X? — X and g: X — X by f(z,y) = 2272 forallz,y € X
and gr = 2z, for all x € X. Then it is easy to see that f is not an almost Presi¢ con-
traction. Indeed, for x = y = 0,z = 5 we have d(f(z,v), f(y, 2)) = d(f(0,0), £(0,5)) =
d(0,-5/2) = 5/2, and ayd(x,y) + a2d(y, z) + Lmin{d(x, Fz),d(z, Fz),d(x, Fz),d(z,
Fzx)} = 5ag + Lmin{d(0,0),d(5, F'5),d(0, F5),d(5, F0)} = 5a, therefore for f to be
an almost Presi¢ contraction we must have as > 1/2. Similarly, for z =5,y = 2 =0
we must have a; > 3/4, but then ay + ae > 5/4 > 1. Thus f is not an almost Presié
contraction.

While f and ¢ satisfies all the conditions of Theorem 2.5, with a7 = %,ag = %
and with arbitrary value of L. Note that f and g gave a unique common fixed point
0=g0= f(0,0).

3 Applications to difference equation

The study of nonlinear difference equations, which plays an important role in mod-
elling different problems appearing in economics, biology, ecology, genetics, psychol-
ogy, sociology, probability theory and others (see introduction from [14] and the ref-
erences therein) is a topic of great interest, in particular the difference equations of
order greater than one is studied by many authors. First, we give some definitions.

Definition 3.1 Let I be an interval of real numbers. A point v € [ is called an
equilibrium point of k-th order nonlinear difference equation

Tn+k :f(xnal‘n—i-la-“aanrk—l)a n= 172a-"» (31)
if v=f(v,v,...,v), i.e., if v is a fixed point of f: I* — I.

Definition 3.2 Let v be an equilibrium point of Equation (3.1), then v is called

1) locally stable if for every € > 0 there exists § > 0 such that, zg,z1,..., xp_1 € [
and |zg —v| + |21 —v| + -+ + |xg—1 — v| < ¢ implies |z, —v| <€, for all n > 0;

2) locally asymptotically stable if it is locally stable and there exists § > 0 such that,
X0y, X1, ..., Tk—1 € I and |zg—v|+|z1—v|+- - +|zK—1 —v| < & implies lim,,_, o 2y, = v;

) global attractor if for every zg,x1,...,zk—1 € I we have lim,,_,o x, = v;

) globally asymptotically stable if it is asymptotically stable and a global attractor;

)

unstable if v is not locally stable.

(
(
(3
(4
(5

Theorem 3.3 If f: I* — I be a Presic¢ operator then for every set of initial conditions
{zo,21,...,x_1} C I, the difference equation

Tn+k :f(mnaxn+la---axn+k—l)v ’I’LZO,].,2,..., (32)

has a unique equilibrium point in I and the sequence {x,} defined by xprk = f(zn,
Tptly - Tnak—1),n =0,1,2,..., converges to the equilibrium point. Furthermore, the
equilibrium point is globally asymptotically stable (here I is considered to be complete
with the usual metric).
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10 Satish Shukla, Stojan Radenovié

Proof. We note that, I is complete metric space with usual metric. Suppose, f is a

Presi¢ operator then for every xg,x1,...,25_1, 2 € I we have
k
[f(@o, 21, wp1) = f@, xa, k) D ailwiy — il (3.3)
i=1

where 0 < 2% oy < 1.

By Presié’s theorem, f has a unique fixed point v and lim, ., x, = v, for all
T, X1y -+, Th—1 € I wWith z,4k = f(Tn, Tnt1, .-, Tpak—1). Therefore, v is the equilib-
rium point and it is globally asymptotically stable. O

Many authors studied the global behavior of the recursive sequence

a+ bxn+1

=0,1,2,... 3.4
c+dz, ’ eSS (34)

Tn42 =
where a, b, ¢, d are nonnegative real numbers (see, [6,8,9]). Note that, if b,d # 0, then
replacing x,, by (g)xn, equation (3.4) can be written as

o+ Tpyi

=0,1,2,... 3.5
ﬂ—'—xn ) n b ) ) ( )

Tn42 =

where «,  are nonnegative real numbers. As an example, we consider the second order
difference equation (3.5) and prove following corollary of Theorem 3.3.

Corollary 3.4 Ifa < 8 and 8 > 2, then difference equation (3.5) has a unique globally
asymptotically stable equilibrium point in the interval I = [0, 00).

Proof. Note that, I is complete metric space with usual metric. Here the corresponding

operator f: I? — I for equation (3.5) is given by f(x,y) = g—]:z, for all z,y € I. Now,
for any x,y,z € X we have
a+y oa+=z
‘f(xvy)_f(yvz)|_|ﬁ+x_B+y|
_laly—2) + By — 2) +y* — a2
(B+2)(B+y)
_la+y)y—=z)+ (B+z)(y —2)|
(6+2)(B+y)
a+y 1

IN

Grapn” T E e
1

< glly—el+ly—z] (asa<pandz,yel0 00)).

As, B > 2 therefore, f is a Presi¢ operator with a; = as = % Thus by Theorem 3.3,
equation (3.5) has a unique globally asymptotically stable equilibrium point in the
interval I = [0,00). O
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Remark 3.1 We note that, if f is a Presi¢ operator then f satisfies the condition
(B) of Theorem 2.5 (with g = Ix), therefore the equilibrium point of equation (3.5)
can be obtained by the single-step iterative sequence defined by x,11 = f(zp,2n) =
F(zyp),n = 0,1,2,... with arbitrary initial value zg € I, instead by the two-step
iterative sequence T2 = f(Tn,Tpt1),n =0,1,2,... with two arbitrary initial values
To,x1 € 1.

We consider a particular case of difference equation (3.5) as an example.

Ezample 3.1 Let us consider the difference equation (3.5) with o = 1,8 = 4 and
I = [0,00). Note that a < 8 and > 2, therefore by Corollary 3.4, equation has
a unique globally asymptotically stable equilibrium point in the interval I = [0, c0).
Note that, the single-step iterative sequence {x,} = {f(zn-1,2n-1)},n=1,2,... and
two-step iterative sequence {yn} = {f(Yn—2,yn-1)}, » = 2,3, ... (say) both converge

to the equilibrium point v = @ ~ 0.302775 € I. The comparison between the
convergence of these two sequences is given in the following table and one can see
that with some particular initial values the single-step iterative sequence converges
faster than the two-step iterative sequence.

n _ Aty 01 =11 2, = 1tz z0 =1
Yn+1 4+yn_17y0 ;Y1 n 4+$n_1, 0
1 0.5 0.4
2 0.3 0.318182
3 0.288889 0.305263
4 0.299741 0.303178
5 0.303048 0.302841
6 0.303053 0.302786
7 0.302821 0.302777
8 0.302767 0.302775
9 0.302774 0.302775
10 0.302775 0.302775
In a similar way, we can prove the following corollary, which ensure a unique globally
asymptotically stable equilibrium point of the difference equation x5 = ajﬁﬁ;? or
if b,d # 0, then
o+ Tptt
= —. 3.6
Tn42 B l‘% ( )

Corollary 3.5 If o> < 8 and 3 > 5, then difference equation (3.6) has a unique
globally asymptotically stable equilibrium point in the interval I = [0,+/5].
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