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Abstract In this study, non-null Frenet-Mannheim curves and non-null Weakened Mannheim curves
are investigated in Minkowski 3-space. Some characterizations for this curves are obtained.
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1 Introduction

In the study of the fundamental theory and the characterizations of space curves, the
corresponding relations between the curves are the very interesting and important
problem. The well-known Bertrand curve is characterized as such corresponding re-
lation between two curves. For the Bertrand curve «, it shares the normal line with
another curve 3, called Bertrand mate or Bertrand partner curve of « (see [1,3]).

In 1967, LAI investigated properties of two types of similar curves (the Frenet-
Bertrand curves and the Weakened Bertrand curves) under weakened conditions (see
3).

In recent works, L1u and WANG [4] are curious about the Mannheim curves in
both Euclidean and Minkowski 3-space and they obtained the necessary and sufficient
conditions between the curvature and the torsion for a curve to be the Mannheim
partner curves. Meanwhile, the detailed discussion concerned with the Mannheim
curves can be found in literature in [4] and [5].
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In this paper, our main purpose is to carry out some results which were given in [3]
to Frenet-Mannheim curves and weakened Mannheim curves.

2 Preliminaries

Let we denote the non-null curves a(s), s € I and 3(s*), s* € I* in E3 as I’ and I’
respectively, where v = 1,2, 3.

An arbitrary curve I is called a space-like, light-like or time-like if the velocity
vector a(s)’ is space-like, lightlike or time-like, respectively. Let 7', N and B be tan-
gent, principal normal and binormal vector fiels of I'. If I" is a spacelike curve with a
spacelike or timelike principal normal N, then the Frenet formulae read

T 0 k01T
N |=|—-es0T||N]|, (2.1)
B’ 0 70] B

where (I, T) = 1, (N,N) = —(B,B) = ¢ = £1. If I is a timelike curve then the
Frenet formulae read

T’ 00 T
Nl|l=|rk 07||N]|, (2.2)
B’ 0—-70 B

where (T, T) = —1, (N,N) = (B,B) = 1 for some C™ scalar functions «(s), 7(s)
which are called the curvature and torsion of I, respectively. We can state both (2.1)

and (2.2) as
T’ 0 k 01T
N/ = [—Elﬁgﬁ 07 N s (23)
B/ 0 1T 0 B
for the non-null space curve, where (T',T) = &1 = +1 and (N,N) = — (B, B) = 3 =
+1 (see [2]).

In this paper we weaken the conditions. We shall adopt the definition of a C*°
Frenet curve as a C'*° regular curve I, for which there exists a C'°° family of Frenet
frames, that is, right-handed orthonormal frames {T, N, B} where T' = ¢/, satisfying
the Frenet equations.

Definition 2.1 Let E be the 3-dimensional Minkowski space with the standard inner
product (). If there exists a corresponding relationship between the space curves I’

and I" such that, at the corresponding points of the curves, the principal normal lines
of I coincides with the binormal lines of I, then I" is called a Mannheim curve, and
I' a Mannheim partner curve of I'. The pair (I, ") is said to be a Mannheim pair.

Definition 2.2 A Mannheim curve I" is a C*° regular curve with non-zero curvature

for which there exists another (different) C*° regular curve I" where Iis of class O
and 5'(s*) # 0 (s being the arc length of I" only), also with non-zero curvature, in
bijection with it in such a manner that the principal normal to I" and the binormal to

I" at each pair of corresponding points coincide with the line joining the corresponding
points. The curve I is called a Mannheim conjugate of I.
404



Non-null weakened Mannheim curves in Minkowski 3-space 3

We can state five cases for the non-null Mannheim parners (I I ) with respect to
theirs causal caracterizations by using the linearly dependence principal vectors of I

and binormal vectors of I'. The cases are
Case 1. If ' is a timelike curve and it’s Mannheim partner is a timelike curve.

Case 2. If I' is a timelike curve and it’s Mannheim partner is a spacelike curve with
the timelike principal normal vector.

Case 3. If I' is a spacelike curve with the timelike principal normal vector and it’s
Mannheim partner is a spacelike curve with the spacelike principal normal vector.

Case 4. If I' is a spacelike curve with the spacelike principal normal vector and it’s
Mannheim partner is a spacelike curve with the timelike principal normal vector.

Case 5. If I' is a spacelike curve with the spacelike principal normal vector and it’s
Mannheim partner is a timelike curve.

Definition 2.3 A non-null Frenet-Mannheim curve I" (briefly called a NN-FM Curve)

is a C'*° Frenet curve for which there exists another C*° Frenet curve F where I’
is of class C* and f'(s*) # 0, in bijection with it so that, by sultable choice of
the Frenet frames the principal normal vector N r(s) and Binormal vector B =(s) at

corresponding points on I, I’ both lie on the line joining the corresponding points.
The curve I is called a NN-FM conjugate of I".

Definition 2.4 A non-null weakened Mannheim curve I' (briefly called a NN-WM
curve) is a C* regular curve for which there exists another C*° regular curve I :

B(s*),s € I*, where s* is the arclength of f, and a homeomorphism o : I — I* such
that:

(i) there exist two (disjoint) closed subsets Z, N of I with void interiors such that
ceC®onL\N, () =00nZ, 07! € C® on o (L\Z) and (££) =0 on o(N);
(ii) the line joining corresponding points s,s* of I' and I is orthogonal to I' and r

at the points s, s* respectively, and is along the principal normal to I" or I at the
points s, s* whenever it is well defined. The curve I is called a WM conjugate of I".

Thus for a NN-WM curve not only does we drop the requirement of I' being a

Frenet curve, but also allow (di) to be zero on a subset with void interior (di) =0

on an interval would destroy the injectivity of the mapping o. Since (‘{j ) = 0 implies

that (42
natural

) does not exist, the apparently artificial requirements in (¢) are in fact quite

3 Non-null Frenet-Mannheim curves

In this section we study the structure and characterization of NN-FM curves. We
begin with a lemma, the method used in which is classical.
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Lemma 3.1 Let I' be a NN-FM curve and I' a NN-FM conjugate of I'. Let all quan-
tities belonging to I' be marked with tilde. Let

a(s) = B(s*) + A(s*)Bp(s¥). (3.1)

Then the distance || between corresponding points is constant for all cases, and the
torsion off‘ 18
=&t
T + 182 \UK T
and

(i) sinhp = A&y 75 cosh g,

(i

1) (1 + e1e2 \ukp)sinh o = —Ap7p cosh g,

)
(ZZ) cosh? o =1+ e1e2 K,
(iv) sinh? ¢ = f)\zungpr are satisfies for the cases 1,2,4 and 5. For the case 3, the
torsion of I' is T = 1_&7;;’{1" and

(v) sin (p AT COS ,
(vii) cos?p =1 — \ukr,

(vi) (1 — /\mf)smw AUTE €O ¢,
(viii) sin? @ = A UTPTf are satisfies.

Proof. From (3.1) it follows that

is of class C*°. Differentiation of (3.1) with respect to s* gives

ds ~
Tpd " —Tf+)\€1TI:NI:7)\/Bf, (3.2)
where <T1:,T1:> = €1 = *1. Since by hypothesis we have Br = uNp with p = +£1,
scalar multiplication of (3.2) by Bp gives X' = 0 = X = constant, thus d (a(s), 3(s*))
is constant. Since <Tp, > <Np, > = <B[‘, Bf> = 0 then we can write:

Tr = cosh T + sinh N5, (3.3)
Bp = sinh T + cosh p N

by using linearly dependance of By and Np where ¢ = ©(s*) is hyperbolic angle
between the tangents of I" and I. By definition of NN-FM curve we have % #0

(also % di = cosh # 0), so that T (also Tr) is C*° function of s. From (3.2) and
(3.3) We obtain
* ds*  _ .
e coshy and E)\E1Tf = sinh ¢. (3.4)
Since By = N then we can write a(s) = 3(s*) + uANrp(s) and also
B(s*) = a(s) — pANp(s). (3.5)
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Non-null weakened Mannheim curves in Minkowski 3-space 5

By taking derivative (3.5) with respect to s and compare with the invers of (3.3)
we get

ds
Tf = @ [(1 + 8182/\,[1,I€p) Tr — )\MTFBF] . (36)
Thus, we obtain
) ds ds
sinh ¢ = fAqu@ and cosh¢ = (1 + 182 \ukr) pE (3.7)
and then from (3.4) and (3.7) we obtain
5 e (3.8)

T 1+ ereahumr

Case 1. If ' is a timelike curve and it’s Mannheim partner is a timelike curve then

g1 =& = —1 and g5 =& = 1 and from (3.8) we obtain
T
T = ——.
1 — Aukp

Case 2. If I' is a timelike curve and it’s Mannheim partner is a spacelike curve with
the timelike principal normal vector then ¢y = —1, e =1 and &, = 1, &2 = —1 and
from (3.8) we obtain 75 = T

Case 3. If I' is a spacelike curve with the timelike principal normal vector and it’s
Mannheim partner is a spacelike curve with the spacelike principal normal vector then
the angle ¢ is a real angle and (3.3) will be

Tr = cospTx +sin Nz, Br = —sinTx 4 cos pN5. (3.9)
From (3.2) and (3.9) we obtain

ds* ds*
CTSS =cosy and d—i)\Tf =siny (3.10)
and from (3.6) and compare with the invers of (3.9) we get
. ds ds
sinp = /\MTF@ and cos¢ = (1 + 169 pk) L (3.11)

By taking e; = 1,69 = —1 and &1 =1, €3 = 1 in (3.10) and (3.11) we obtain
SN - (3.12)

Case 4. If I' is a spacelike curve with the spacelike principal normal vector and it’s
Mannheim partner is a spacelike curve with the timelike principal normal vector then

e1=1,e2=1and g, =1, &2 = —1 and from (3.8) we obtain 75 = ﬁ
Case 5. If I' is a spacelike curve with the spacelike principal normal vector and it’s
Mannheim partner is a timelike curve then ey = 1,9 =1 and ;1 = —1, &3 = 1 and
from (3.8) we obtain 77 = 5L —.
phr
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On the other side, we prove (i), (ii), (iii), (iv) for the case 1, 2, 4 and 5. (i) and (ii)
are obvious from (3.4) and (3.7) respectively. By taking %~ = cosh ¢ and %= = f\lglh;lf
from (3.4) in (3.7) we obtain (iii) and (iv). In case 3; (v) and (vi) are obvious from
(3.10) and (3.11) respectively. By taking % = cosp and % = S;\I;Ff from (3.10) in

(3.11) we obtain (vii) and (viii). O

Remark 3.1 Let I be a NN-FM curve and I" a NN-FM conjugate of I" which have
817—1""‘7—1" F+ TF
rTpF r7p

nonzero curvature. Thus is constant for the cases 1,2,4,5 and is constant

for the case 3 too.

From (3.4), (3.7), (3.10) and (3.11), it is obvious that the angle doesn’t matter real
or hyperbolic, between the tangents of NN-FM curves I" and I is constant such that
<Tp, Tf> # 0 if and only if 7 and xp are nonzero constant. This cause that Iis a
line and I" is a circular helix. This can be easly to prove by using (3.4), (3.7), (3.10)
and (3.11). Thus we conclude the following remark.

Remark 3.2 Let I' be a NN-FM curve with nonzero curvature and torsiyon and it’s
NN-FM conjugate curve be I'. The angle between the tangents of NN-FM curves I’

and I' is constant such that <Tp, F> # 0 if and only if I is a line and I is a circular
helix.

Theorem 3.2 Let I' be a C* Frenet curve with T nowhere zero and satisfying the
equation for constants A with X\ # 0 . Then I" is a non-planar FM curve.

Proof. In the cases 1, 2, 4 and 5. Define the curve I' with position vector a(s) =
B(s*) + A(s*)Bj(s*). Then, denoting differentiation with respect to s* by a dash, we
have o/(s )—* =Ty — &1 ATaNp. Since 75 # 0, it follows that I" is a C regular curve.
Then Tr ds =Ty — 1 AT Ny Hence

ds*
ds
_ 5 o2
o 1 /E1 — E2A =

And, using (3.3), Tr = cosh T +sinh ¢ N notice that from (3.3) we have sinh ¢ # 0
and constant. Therefore,

Tr ds o . .
d—;j@ = —€1€2Iifo sinh ¢ + KNy cosh o + 7B sinh .

Now define N = uBp, K =
of s*), and Tg = KkrNp.

In the case 3. Define the curve I" with position vector a(s) = 5(s*) + A(s*) Bx(s*).

Then, denoting differentiation with respect to s* by a dash, we have o/(s )”fj; = Tf -

51)\7' Npy. Since 7 # 0, it follows that I' is a C°° regular curve. Then T[‘dg* =

Tr—é&1 A7z Ny. Hence js = /€1 — EaN3T ]2: And, using (3.9), Tr = cos T +sin pNx,

Tisinh . These are C°° functions of s (and hence

S*

notice that from (3.9) we have sin ¢ # 0 and constant. Therefore,
Tp ds

Ts de —KplrEsing + KEpNpcosp + T Brsinp.
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Non-null weakened Mannheim curves in Minkowski 3-space 7

Now define Ny = uBp,

_h
R = KT]:SIHSO'
ds*

These are C*° functions of s (and hence of s*), and 5—? = krNp. For all cases we define

Br =Ty ABr and 77 = *<%,N]">. These are also C*° functions on I. It is then
easy to verify that with the frame {7, Np, Br} and the functions xp, 7p, the curve
I' becomes a C° Frenet curve. But N and By lie on the line joining corresponding

points of I" and I'. Thus I' is a FM curve and I" a FM conjugate of I'. O

Theorem 3.3 Let I' be a plane C*° Frenet curve with zero torsion and whose cur-
vature 1s either bounded below or bounded above. Then I' is a FM curve, and has FB
conjugates which are plane curves.

Proof. We prove the theorem in all cases for the curves I" and I'. Let T be a curve

satisfying the conditions of the hypothesis. Then there are non-zero numbers A such

that Ky < —% on I* or K > —% on I*. For any such A, consider the plane curve

I' with position vectora(s) = B(s*) + A(s*)Bp(s*), 8 = a — pANp. Then Tx =
(14 e18o0puXkp) Tr. Since (1 4+ e1equikr) # 0, I' is a C™ regular curve. It is then a
straightforward matter to verify that I" is a FM conjugate of I'. O

Corollary 3.4 The line joining corresponding points of I' and I are orthogonal to
both I' and I at the points s, s*, respectively.

4 Non-null weakened Mannheim curves

Definition 4.1 Let D be a subset of a topological space X. A function on X into a
set Y s said to be D-piecewise constant if it is constant on each component of D.

Lemma 4.2 Let X be a proper interval on the real line and D an open subset of X.
Then a necessary and sufficient condition for every continuous, D-piecewise constant
real function on X to be constant is that X\ D should have empty dense-in-itself kernel.

We notice, however, that if D is dense in X, any C' and D-piecewise constant real
function on X must be constant, even if D has non-empty dense-in-itself kernel.

Theorem 4.3 A NN-WM curve for which N and Z have empty dense-in-itself kernels
is a NN-FM curve.

Proof. Let I' : a(s), s € I be a NN-WM curve and I" : 8(s*), s* € I* a NN-WM

conjugate of I'. It follows from the definition that I" and I each has a C™ family of
tangent vectors T'x(s*),Tr(s). Let

a(o(s%)) = B(s") + A(s")Bp(s"), (4.1)
where B(s*) is some unit vector function and A(s*) > 0 is some scalar function. Let
D*=TI*\ o(Z), D=1 \N, then s(s*) € C*on D*.

Step 1. To prove A =constant for the all cases.
409
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Since A = ||8(s*) — a(o(s¥))]| > 0, it is of class C*™ and it is not only con-
tinuous on I* but also on every interval of D* on which it is nowhere zero. Let
P ={s*eI": \(s*) # 0} and X any component of P then P and also X, is open in
I*. Let I* be any component interval of X N D* then A(s*) and Bg(s*) are of class
C* on I*, and from (4.1) we have

o/ (s)o’(s) = B'(s") + N (") Bp(s™) + A(s") B (")

Now by definition of a NN-WM curve we have (¢/(s), Br(s)) = 0 = (5'(s*), Br(s)).
Hence, using the identity (B}.(s), Br(s)) = 0, we have

0=N(s) (Bp(s"), Bi(s")) .

Therefore A =constant on I* and A is constant on each interval of the set X N D*
too. But by hypothesis X\D* has empty dense-in-itself kernel then it follows from
Lemma 4.2 that A is constant (and non-zero) on X. Since A is continuous on I*, X
must be closed in I* but X is also open in I*. Therefore by connectedness we must
have X = I*, that is, A is constant on I*.

Step 2. For the all cases, to prove the existence of two frames

{T(s"), Np(s*), B(s)} and {Tr(o(s")), Np(o(s"), Br(o(s*))}

which are Frenet frames for the NN-WM curves I', I on D, D* respectively. Since A
is a non-zero constant, it follows from (4.1) that Bx(s*) is continuous on /* and C*°
on D*, and is always orthogonal to Tx(s*). Now define Bx(s*) = Tx(s*) A i\fj:(s*).
Then {T=(s*), Nz(s*), Bz(s*)} forms a right-handed orthonormal frame for I which
is continuous on I* and C'*° on D™.

Now from the definition of NN-WM curve, we see that there exists a scalar function
k(s*) such that kx(s*) = (T'z(s*), Nx(s*)) on I*. Hence k7(s*) is continuous on I*
and C*° on D*. Thus the first Frenet formula holds on D*. It is then straightforward

to show that there exists a C* function 75(s*) on D* such that the Frenet formulas

hold. Thus {T(s*), Nz(s*), Bp(s*)} is a Frenet frame for I on D*.
Similarly, it can easly to show that there exists a right-handed orthonormal frame
{Tr(o(s%)), Np(o(s*)), Br(o(s*))} for I' which is continuous on I* and is a Frenet

frame for I" on D*. Moreover, we can choose Np(o(s*)) = £Bx(s*).

Step 3. To prove that N = (), Z = () for the cases 1, 2, 4, 5. At first we notice that
on D* we have <TI:,TF>/ = <l€fo,TF> + <T1:, HFNFO'/(S*» = 0, so that <T1:,TF> is
constant on each component of D* and on I* too, by Lemma 4.2. Consequently there
exists a constant hyperbolic angle ¢ such that

Tx(s*) = Tr(o(s*)) coshp + Br(o(s*))sinh ¢,
Nz(s*) = Tr(o(s*))sinh o + Br(o(s*)) cosh .

Further, By(s*) = uNp(o(s*)). Since {Tx(s*), N

=(s*), Bx(s*)} are of class C* on
D* then

{Tr(o(s*)),Nr(o(s)), Br(o(s*))}
410



Non-null weakened Mannheim curves in Minkowski 3-space 9

are also of class C* with respect to s* on D*. Writing (4.1) in the form
B(s") = a(o(s7)) = A(s")uNr(o(s7))
and differentiating with respect to s* on D* N o~1(D), we have
Ti(s*) = o' [(1 4+ ereeAukr) Tr + AurrBr] .

Hence
o' (1 + erea k) = cosh§ and At = sinh 6. (4.2)

Since k(o (s*)) = (Tr, Nr) is defined and continuous on I and then o~1(D) is dense,
it follows by continuity that (4.2) holds throughout D*.

Since cosh # 0, then (4.2) implies that ¢’ # 0 on D*. Hence Z = (). Similarly
N = 0.

Consequently 5(s*) = a(o(s*)) — A(s*)uNr(o(s*)) is of class C*° on I.

To prove that N = 0, Z = ) for the case 3. At first we notice that on D* we have
(T, T[‘>/ = (kpNp, Tr)+(T5, 6pNpo'(s*)) = 0, so that (T, Tr) is constant on each
component of D* and on I* too, by Lemma 4.2. Consequently there exists a constant
real angle ¢ such that

Tr(s*) = Tr(o(s")) cos — Br(o(s")) sin g,
Nz(s*) = Tr(o(s*))sing + Br(o(s*)) cos .

Since {T7(s*), Nz(s*), Bp(s*)} are of class C™ on D* then

{Tr(a(s7)), Nr(o(s™)), Br(o(s™))}

are also of class C*° with respect to s* on D*. Writing (4.1) in the form S(s*) =
a(o(s*)) — Ms*)uNr(o(s*)). and differentiating with respect to s* on D* N o~1(D),
we have T'x(s*) = o' [(1 — Auxr) Tr + AurrBr] . Hence

o' (1 — Aukr) = cosp and — o’ \urp = sin . (4.3)

Since rr(o(s*)) = (Tr, Nr) is defined and continuous on I and then o~!(D) is dense,
it follows by continuity that (4.3) holds throughout D*.

If cos ¢ # 0, then (4.3) implies that ¢’ # 0 on D*, hence Z = (). Similarly N = ().

If cos = 0 then Tx(s*) = —Br(o(s*)). Differentiation of (4.1) with respect to
s* in D* gives T = o' A\urr Br. Hence using (4.3) we have o’ \urr = —1. Therefore
= fﬁ, and so also on I*, by Lemma 4.2. It follows that 7, is nowhere zero on I*.
Consequently S(s*) = a(o(s*)) — AN(s*)uNp(o(s*)) is of class C*° on I*, hence N = ().
Similarly Z =0. O
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