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Abstract The present paper deals with the proper existence of a generalized class of
recurrent manifolds, namely, hyper-generalized recurrent manifolds. We have established
the proper existence of various generalized notions of recurrent manifolds. For this pur-
pose we have presented a metric and computed its curvature properties and finally we
have obtained the existence of a new class of semi-Riemannian manifolds which are
non-recurrent but hyper-generalized recurrent, Ricci recurrent, conharmonically recur-
rent, manifold of recurrent curvature 2-forms and semisymmetric; not weakly symmetric
but weakly Ricci symmetric, conformally weakly symmetric and conharmonically weakly
symmetric; non-Einstein but Ricci simple; do not satisfy P-P = 0 but fulfills the condition
P.P=-1Q(S,P), P being the projective curvature tensor.
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1 Introduction

Let M (dim M = n > 3) be a connected semi-Riemannian manifold en-
dowed with a semi-Riemannian metric g of signature (s,n —s), 0 < s < n.
If s =0 or n then M is a Riemannian manifold, and if s =1 or n — 1 then
M is a Lorentzian manifold. A semi-Riemannian manifold has mainly three
notions of curvature, namely, the Riemann-Christoffel curvature tensor R
(simply called curvature tensor), the Ricci tensor S and the scalar curvature
r. Let V be the Levi-Civita connection on M, which is the unique torsion
free metric connection on M.

It is well known that M is locally symmetric if its local geodesic sym-
metries at each point are all isometry. In terms of curvature restriction,
M is locally symmetric if VR = 0 ([7], [8]). The study of generalization
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2 Absos Ali Shaikh, Indranil Roy, Haradhan Kundu

of locally symmetric manifolds was started in 1946 and continued till date
in different directions, such as semisymmetric manifolds by Cartan [9] and
Sinyukov ([90], [91]) (which were latter classified by Szabé ([92], [93], [94])),
kappa spaces or recurrent spaces by Ruse ([61], [62], [63]), weakly symmetric
manifolds by Selberg [64], pseudosymmetric manifolds by Chaki [10], gen-
eralized semisymmetric manifold by Mikes ([53], [54], [565], [56], [57], [58])
(these spaces are pseudosymmetric manifolds by Deszcz (]20], [26])), weakly
symmetric manifolds by Tamdssy and Binh [95] etc.

Again in the literature of differential geometry we find various curvature
restricted geometric structures formed by imposing a restriction on the Ricci
tensor, such as Ricci symmetric manifold (V.S = 0), Ricci recurrent man-
ifold by Patterson [60], Ricci semisymmetric manifold by Szabé ([92], [93],
[94]), generalized Ricci semisymmetric manifold by Mikes ([53], [54], [55],
[56], [57], [58]) (these spaces are Ricci pseudosymmetric manifold by Deszcz
[18]), pseudo Ricci symmetric manifold by Chaki [11], weakly Ricci sym-
metric manifold by Taméssy and Binh [96] etc.

During the study of simply harmonic Riemannian spaces, Ruse ([61], [62],
[63]) introduced the notion of kappa spaces, which were latter known as
recurrent spaces (see, [63], [97]). The manifold M is said to be recurrent
([61], [62], [63]) (resp., Ricci recurrent [60]) if

VR=A®R (resp. VS=A®S)

holds for some 1-form A. During the last eight decades, in literature, we
find various generalized notions of recurrent manifolds, such as 2-recurrent
manifolds by Lichnerowicz [44], conformally recurrent manifolds by Adati
and Miyazawa [1], projectively recurrent manifolds by Adati and Miyazawa
[2], concircular recurrent or generalized recurrent manifolds by Dubey [14],
quasi-generalized recurrent manifolds by Shaikh and Roy [84], hyper-genera-
lized recurrent manifolds by Shaikh and Patra [83], weakly generalized re-
current manifolds by Shaikh and Roy [85], super generalized recurrent man-
ifolds by Shaikh et al. [86], manifolds of recurrent curvature 2-forms ([6],
[45]) etc. Glodek [35] proved that projective recurrent spaces are recurrent.
Recently, Olszak and Olszak [59] showed that every generalized recurrent
manifold is recurrent (see also [53], [56], [58]). It is interesting to note that
although the notion of generalized recurrent manifold does not exist but the
proper existence of weakly generalized recurrent (resp., quasi-generalized re-
current and super generalized recurrent) manifold is presented in [66] (resp.,
[86)).

The study of recurrence condition is a study of tensors which are invariant
(upto a scaling) under a parallel transport. It is an important topic of re-
search as the recurrent condition implies that the curvature tensor remains
invariant under the covariant differentiation [63]. Recent investigation of
Hall and Kirik [38] shows that the study of recurrent manifolds is closely
related to the holonomy theory. More generalized recurrent spaces were
studied in [4], [5], [41], [42] and [57].

As a generalization of recurrent manifolds, recently, Shaikh and Patra [83]
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On the ezistence of a generalized class of recurrent manifolds 3

introduced the notion of hyper-generalized recurrent manifolds and studied
its various geometric properties. The present paper is devoted to the study
of the proper existence of hyper-generalized recurrent manifolds and the
interrelation of such notion with other geometric structures. The paper is
organized as follows. Section 2 deals with various curvature restricted geo-
metric structures and their interrelations as preliminaries. The last section
is devoted to the proper existence of hyper-generalized recurrent manifold.
For this purpose we pose the following question:

Q. 1 Does there exist a hyper-generalized recurrent manifold which is

(i) not locally symmetric but semisymmetric,

(i) not weakly symmetric but weakly Ricci symmetric as well as conformally
weakly symmetric,

(ii3) not recurrent but Ricci recurrent, conformally recurrent as well as a
manifold of recurrent curvature 2-forms,

(iv) neither class A nor B but of constant scalar curvature,

(v) not Einstein but Ricci simple i.e., special quasi-Finstein,

(vi) does not satisfy P - P = 0 but fulfills the condition P - P = LQ(S, P)
for some scalar L.

In the last section of this paper we have computed the curvature proper-
ties of the metric given by

ds? = gijda'da? = & " (da')? + 2datda? + (d2®)? + e (dat)?,

1,7 = 1,2,3,4, which produces the answer of Q. 1 as affirmative, and finally,
we obtain the existence of a new class of semi-Riemannian manifolds (see
Theorem 3.3 and Remark 3.2).

2 Preliminaries

Let us consider a connected semi-Riemannian manifold M of dimension
n(> 3) (these conditions are assumed throughout the paper). The manifold
M is said to be Einstein (briefly, F,) if its Ricci tensor S of type (0,2)
satisfies S = T g. The manifold is said to be quasi-Einstein (briefly, QE;)
([17], [21], [22], [30], [31], [32], [36], [74], [80], [88]) if

S—ag=0M®n

on {x € M : (S — %g)x # 0}, where ® is the tensor product, n is an 1-
form and «, 8 are two scalars on that set. It may be noted that if o vanishes
identically then a quasi-Einstein manifold turns into a Ricci simple manifold.
Hence a semi-Riemannian manifold (M, g), n > 3, is said to be Ricci simple
if the following condition

S=0Mmen (2.1)

holds for a scalar 8 and a 1-form 7.
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4 Absos Ali Shaikh, Indranil Roy, Haradhan Kundu

Proposition 2.1 A manifold satisfying (2.1) is Ricci recurrent if n is par-
allel (i.e., V= 0).

Proposition 2.2 A manifold satisfying R = o g A (n ® n) for a scalar «
and an 1-from n, is recurrent if n is parallel. The result is also true for any
other (0,4)-tensor.

The manifold M is said to be of class B or of Codazzi type Ricci tensor
([28], [34], [67], [89]) (resp. class A or cyclic Ricci parallel [37]) if

(Vx,8) (X2, X3) = (Vx,9) (X1, X3)

(resp. (Vx,8)(X2,X3)+ (Vx,9) (X3, X1) + (Vx,9)(X1,X2)=0)

holds for all vector fields X;, X2, X3 € x(M), where x(M) being the Lie
algebra of all smooth vector fields on M. Throughout this paper we consider
X, Y, X; e x(M),i=1,2,3,---.

It is well known that the conformal transformation is an angle preserving
mapping, the projective transformation is a geodesic preserving mapping
whereas concircular transformation is a geodesic circle preserving mapping
and conharmonic transformation is a harmonic function preserving mapping
and each transformation induces a curvature tensor as invariant, namely,
conformal curvature tensor C, projective curvature tensor P, concircular
curvature tensor W and conharmonic curvature tensor K ([17], [23], [36],
[40], [98]), and are respectively given as:

C(X17X27 X37X4) =

B 50 ) gm0 (e X X

P(X17X27X37X4) - R(X17X27X37X4)

p— [9(X1, X4)S(X2, X3) — g(X2, X4)S(X1, X3)],

r
W(X,X9, X3, Xy) = |R———(g A X1, X9, X3, X
(X1, X2, X3, X4) { 2n(n—1)(g 9)]( 1, X2, X3, X4),
1
K(Xl,XQ,X3,X4) = |:R— H(g/\S):| (Xl,Xg,Xg,X4),

where ‘A’ denotes the Kulkarni-Nomizu product. For two (0,2)-tensors J
and F' the Kulkarni-Nomizu product is defined as (see e.g. [23], [36], [43]):

(J A F) (X1, Xa, X3, Xa) = J(X1, Xa)F(X2, X3) + J(Xa, X3)F (X1, X4)
— J(X1, X3)F (X2, Xy) — J(Xo, X4)F(X1, X3).

We recall that the manifold M is locally symmetric (resp., Ricci symmet-
ric) (7], 8], [9]) if VR = 0 (resp., VS = 0). Similarly for other curvature
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On the ezistence of a generalized class of recurrent manifolds 5

tensors we have conformally symmetric, projectively symmetric, concircu-
larly symmetric, conharmonically symmetric manifolds. We note that local
symmetry, projective symmetry and concircular symmetry are equivalent
(see [82] and also references therein). An n-dimensional locally symmetric
(resp., Ricci symmetric and conformally symmetric) manifold is denoted by
Sy, (resp., RS, and CS,,).

Again the manifold M is said to be recurrent ([61], [62], [63], [97]) (resp.,
Ricci recurrent [60]) if

VR=A®RR (resp. VS=A®S)

holds for an 1-form A on {z € M : R, # 0} (resp., {x € M : Sy # 0}). Sim-
ilarly one can define the conformally recurrent, projectively recurrent, con-
circularly recurrent, conharmonically recurrent manifolds. Recently, Shaikh
and Kundu [82] (see also the references therein) showed that the recurrent,
projectively recurrent and concircularly recurrent manifolds are equivalent.
An n-dimensional recurrent (resp., Ricci recurrent and conformally recur-
rent) manifold is denoted by K, (resp., RK,, and CK,).

The manifold M is said to be quasi-generalized recurrent [84] (briefly,
QGK,,), hyper generalized recurrent [83] (briefly, HGK,), weakly gener-
alized recurrent [85] (briefly, WGK,) and super generalized recurrent [86]
(briefly, SGK,,) respectively if

VR=A®R+B®gA[g+ (nen),
VR=A®R+B®(SAg),

1
VR:A®R+B®§wAaam

VR=A®R+B®(SAS)+D®(gAS)+E®(SAS)

holds on {x € M : R, #0and [g A (g+n®n)]s # 0}, {x € M : R, #
0 and (gAS), #0}, {x € M : R, A0 and (SAS), #0}and {x € M : R, #
0 and either (S A S); # 0or (g AS), # 0} respectively for some 1-forms
A,B,D,FE and 7.

We note that on a quasi-Einstein manifold with associated scalars o and
B, if @« = § then the notion of WGK,, and QGK,, are equivalent, and if
2a = f then HGK,, and QGK,, are equivalent.

Again the manifold M is said to be generalized Ricci recurrent if V.S =
A® S+ B®gholds on {z € M : S, # 0} for some 1-forms A and B.

During the study of a certain kind of conformally flat Riemannian space
of class one, Sen and Chaki [65] obtained a curvature condition which was
also studied by Chaki [10] and named it as pseudosymmetric manifold. The
manifold M is said to be pseudosymmetric in sense of Chaki or simply Chaki
pseudosymmetric [10] (briefly, PS,,) if

(VxR)(X1, X2, X3, X4) = 2A(X)R(X1, X2, X3, X4)
+A(X1)R(X1a X7 X?n X4) + A(XQ)R(Xla X’ X37 X4)
+A(X3)R(X1, Xo, X, Xy) + A(Xy)R(X1, X2, X3, X)
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6  Absos Ali Shaikh, Indranil Roy, Haradhan Kundu

holds V X, X; € x(M) and a non-zero 1-form A on {z € M : R, # 0}.
Similarly one can define the conformally (briefly, C'PS,,) (resp., projectively,
concircularly, conharmonically) pseudosymmetric manifolds. We note that
every recurrent manifold is Chaki pseudosymmetric [33] but the result is
not true for other curvature tensors (e.g., see Theorem 3.3 for the existence
of CK,, which is not CPS,).

Again in 1988, Chaki [11] introduced the notion of pseudo Ricci symmetric
manifolds. The manifold M is said to be pseudo Ricci symmetric [11] (briefly,
PRS,) if

(Vx8) (X1, X2) = 2A(X)S(X1, Xa) + A(X1)S(X, X2) + A(X2)S (X1, X)

holds V X, X; € x(M) and a non-zero 1-form A on {z € M : S, # 0}.
As a generalization of Chaki pseudosymmetric manifold and recurrent
manifold, in 1989 Taméssy and Binh [95] introduced the notion of weakly

symmetric manifold. The manifold M is said to be weakly symmetric by
Taméssy and Binh [95] (briefly, W S,,) if

(VxR)(X1, X2, X3, X4) = A(X)R(X1, X2, X3, X4)
+B(X1)R Xl,XQ,Xg,X4) +§(X2)R(X1,X, X3,X4)
+D(X3)R(X1, X2, X, X4) +5(X4)R(X1,X2,X3,X)

~ o~

holds V X, X; € x(M) (i = 1,2,3,4) and some 1-forms A, B, B, D and D
on {x € M : R, # 0}. Similarly for other (0,4)-tensors we obtain vari-
ous weak symmetry structures, e.g., conformally weak symmetry (briefly,
CWS,,), projectively weak symmetry, concircularly weak symmetry, con-
harmonically weak symmetry etc. It may be mentioned that every weakly
symmetric manifold is Chaki pseudosymmetric ([33], [68]). For the reduced
defining condition of various weak symmetry we refer the reader to see the
recent investigation on pseudosymmetric manifolds by Shaikh et al. [68] and
also references therein.

Again in 1993 Tamdssy and Binh [96] introduced the notion of weakly
Ricci symmetric manifold. The manifold M is said to be weakly Ricci sym-
metric [96] (briefly, WRS,,) if

(Vx8) (X1, X2) = A(X)S (X1, X2) + B(X1)S(X, X2) + D(X2)5(X1, X)

holds V X, X; € x(M) and some 1-forms A,B,D on {z € M : S, # 0}.
Again replacing S by some other (0,2)-tensors, we get various weak sym-
metry structures. In [68] Shaikh et al. presented the reduced form of the
defining condition of weak symmetry for various (0, 2)-tensors. Weakly sym-
metric and weakly Ricci symmetric manifolds by Tamaéssy and Binh were
investigated by Shaikh and his coauthors (see, [12], [13], [39], [69], [70], [71],
[72], [73], [75], [76], [77], [78], [79], [87] and also references therein). Recently
in [81] Shaikh and Kundu studied the characterization of warped product
WS, and WRS,.
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On the ezistence of a generalized class of recurrent manifolds 7

For a (0,4)-tensor H and a symmetric (0, 2)-tensor E we can define two
endomorphisms X Ag Y and 57(X,Y) by ([17], [23], [36])

(X Ap V)X, = E(Y,X1)X — BE(X,X,)Y and

H(X, V)X =H(X, V)X,

respectively, where H is the corresponding (1 3)-tensor of H. We note that
the corresponding endomorphism of R is given by Z(X,Y) = [Vx,Vy]| —
V(x,y], where the square bracket is the Lie bracket over x(M).

For a (0,k)-tensor T, k > 1, a (0,4)-tensor H and a symmetric (0, 2)-
tensor E we define two (0, k + 2)-tensors H - T, and Q(E,T') by ([3], [17],
[23], [25], [29], [36])

(H-T)( X1, , X3, X, Y) = (H(X,Y)T) (X, -+, Xi)
= —T(H(X,Y)Xl,Xg, e ,Xk) — = T(Xl,- .. ,Xk_l,H(X, Y)Xk),

QE,T)(Xy, - Xp; X,Y) = (X ApY)T)(Xy, -, Xp)
= _T((X NE Y)XlaX27 e 7Xk) - T(le e 7Xk—17 (X AE Y)Xk)

Putting in the above formulas T'= R, S,C,P,W,K and E = g or S, we
obtain the tensors: R-R, R-S,R-C,R-P,R-W,R-K
c-P,C-W,C-K,P-R,P-C,P-P,P-W,P-K,Q(g,R), Q( S),Q(g,C)
Q9. P). Q(9. W), Q(g. K), Q(S. R), Q(S.C), Q(S. P), Q(S, W), Q(S, K
etc. The tensor Q(E,T) is called the achibana tensor of the tensors E and
T, or the Tachibana tensor for short [25].

If the manifold M satisfies the condition R - R = 0 (resp., R-S = 0,
R-C=0,RW =0,R-P=0,RK =0), then it is called semisymmetric ([9],
[92]) (briefly, SS,,) (resp., Ricci semisymmetric (briefly, RSS,,), conformally
semisymmetric (briefly, C'SSS,,), projectively semisymmetric, concircularly
semisymmetric, conharmonically semisymmetric).

The manifold M is said to be pseudosymmetric in sense of Deszcz or
simply Deszcz pseudosymmetric (resp., Ricei pseudosymmetric) [26] if the

condition
RR:LRQ(.Q’R) (resp,RS:LSQ(Q,S)) (22>

holds on Up = {z € M : (R— ﬁG) £ 0} (vesp., Us = {z € M :

(S — %g)x # 0}) for a function Lg (resp., Lg) on Ug (resp., Ug).

The manifold M, n > 4, is said to be a manifold with pseudosymmetric
Weyl conformal curvature tensor ([19], [27]) (resp., pseudosymmetric Weyl
projective curvature tensor) if

CC:LCQ(Q? C) (I'eSp., PP:LPQ(97P)) (23)

onUcg={zxeM:C#0at z} (resp., Up = {x € M : Q(g,P) # 0 at z}),
where L¢ (resp., Lp) is a function on Ug (resp., Up). We note that Ux C Ug.

Q
SER
Q
@
Q
Sa
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Again M is said to be Ricci-generalized pseudosymmetric ([15], [16]) if at
every point of M, the tensor R - R and the Tachibana tensor Q(S, R) are
linearly dependent. Hence M is Ricci-generalized pseudosymmetric if and
only if

R-R=LQ(S,R) (2.4)
holds on {z € M : Q(S,R) # 0 at x}, where L is some function on this set.
An important subclass of Ricci-generalized pseudosymmetric manifolds is
formed by the manifolds realizing the condition ([15], [27])

R-R=Q(S,R). (2.5)

The manifold M, n > 4, is said to be a manifold with Ricci generalized
pseudosymmetric Weyl conformal curvature tensor ([19], [27]) (resp., Ricci
generalized pseudosymmetric Weyl projective curvature tensor) if

C-C=L1Q(S,C) (resp., P-P=LyQ(S,P)) (2.6)

onU; ={z € M:Q(S,C)#0 at z} (resp.,, Uy = {x € M : Q(S,P) #
0 at z}), where L1 (resp., Lo) is a function on Uy (resp., Us).

A symmetric (0, 2)-tensor E on M is called Riemann compatible or simply
R-compatible ([46], [47]) if

R(6X17X7 X27X3) + R(6X27X7 X37X1) + R(6X37X7 XlaXQ) =0

holds V X, X1, X5, X35 € x(M), where & is the endomorphism on x(M) de-
fined as g(thXQ) = E(Xl,XQ).
Again a vector field Y is called R-compatible (also known as Riemann com-
patible [48]) if

H(Xl)R(Y; Xv X2a X3) + H(XQ)R(Y7 Xv X3, Xl)

+H(X3)R(Y7 X7 X17 XQ) =0

holds V X, X3, Xo, X3 € x(M), where IT is the corresponding 1-form of
Y, ie., II(X) = g(X,Y). We note that if ¥ is Riemann compatible, then
IT®II is a Riemann compatible tensor. Similarly for other curvature tensors
we have conformal compatibility (also known as Weyl compatibility see, [24]
and [48]), concircular compatibility, conharmonic compatibility for both a
vector and a (0, 2)-tensor.

Recently Mantica and Suh ([49], [50], [51] and [52]) obtained a necessary
and sufficient condition for the recurrency of the curvature 2-forms ‘Q?;E)l =
R;}ddxj Adz* ([6], [45]) and Ricci 1-forms A gy, = Spynda™, where A indicates
the exterior product. They showed that Q?}%)l are recurrent (i.e., D“Q?}LZ)Z =
ANy, D is the exterior derivative and A is the associated 1-form) if and
only if

(Vx, R)(X2, X3, X, Y) + (Vx, R)(X3, X1, X, Y) (2.7)

+(Vx,R)(X1, X2, X,Y) = A(X1)R(X2, X3, X,Y)
+A(X2)R(X3a Xla Xﬂ Y) + A(X?))R(Xl) X23 X) Y)
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On the ezistence of a generalized class of recurrent manifolds 9

and A(g); are recurrent (i.e., DA(g) = A A Agy) if and only if
(Vx,9)(X2, X) = (Vx,9) (X1, X) = A(X1) (X2, X) — A(X2) (X1, X)

for an 1-form A. If on a manifold the curvature 2-forms are recurrent for R
and C, then we denote such a manifold by K,(2) and CK,(2) respectively.
Again if the Ricci 1-forms are recurrent then it is denoted by RK,(1).

3 Existence of HGK,,

Let M be an open connected subset of R* such that z!, 2% z3,2* > 0
endowed with the Lorentzian metric

ds? = gijda'da! = e T (da')? + 2datda® + (da®)? + ¥ (dah)?,  (3.1)

1,7 = 1,2,3,4. Then the non-zero components of the Christoffel symbols of
second kind (upto symmetry) are given by:

@ J - 1 2 = _i

9 14 o 14 9 "
The non-zero components of curvature tensor and Ricci tensor (upto Sym-
metry) are given by:

2 3 _ 2
Fll__Fll_Flfi_

1
3 er 1 1 3
, Riaa = BV S = Z(l + 2e* T ). (3.2)
The scalar curvature of this metric is given by » = 0. Again the non-zero
components Ry;;;; and S;;; of the covariant derivatives of curvature tensor

and Ricci tensor (upto symmetry) are given by:

1 1
Ri313 = —5675 e

1, .3 14 .3
e* +x e® “+x

g = Rizi133, S, =095133=— 5

The non-zero components of the conformal curvature tensor and its covari-
ant derivative (upto symmetry) are given by:

Riz131 = — (3.3)

1 1 3 1 1 1 3
Ciziz = g(1 —2e"17),  Ciy1a = —ge* (1 —2e" 1),
(3.4)
21423 221 443
— — e _ __ €
Ci3131 = C13133 = —“5—, Cuaa1 = Cra143 =

The non-zero components of the conharmonic curvature tensor and its co-
variant derivative (upto symmetry) are given by:

1 1 3 1 1 1 3
Kigiz = g(1—2e" 7)), Kigq = —ge® (1 —2e" 7)),
(3.5)
2l 4ad 201 423
Kiz131 = Ki3133 = —“5—, K41 = Kiauu3 =
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The non-zero components of the projective curvature tensor and its covari-
ant derivative (upto symmetry) are given by:

Pioi1 = 5 (2€$1+zl + 1) , Pigis=5(1- 469”1”1) ;
1

1 1 1 1 1 1 1 _e®
Pyi3g) = 5" 7 Pigig = ge* <6x 1), Pua =4,

1 1 3
Pio111 = Pi211,3 = Pi3s1,1 = Pisgi3 = 5€° 77
w1+m3

14 ..3
162w +x .

1
Pi13131 = P13133 = —5€ v Praian = Praaz = §

The non-zero components of the concircular curvature tensor and its covari-
ant derivative (upto symmetry) are given by:
1 1 3 z1
Wiziz = —5¢” 7, Wi = =,
(3.7)

Wiz13,1 = Wisiz3z = —%ewIHS-

In view of (3.2)—(3.7), it can be easily shown that the tensors R- R, C - R,
P-R,P-S,P-C,P-Z, P-K,W-Rand KR are identically zero. Thus from
[82] we can conclude that R- H, C'- H, W - H and K - H are all identically
zero for H = C, W and K.

The non-zero components of P - P and Q(S, P) are (upto symmetry) given
below:

1 1 1 1 3 2
T . = . — T x+T
e’ (P-P)iz1131 = (P - P)ia11a1 TaaC (1 + 2¢ ) ) (3.8)
1 ezl 1
Q(S, P)ia1114 = € Q(S, P)131113 = ?8(1 + 2¢” +”"3)2. (3.9)

In terms of local coordinates the defining condition of a HGK, can be
written as

Rhijk,1 = AiRniji + Bi[Shigij + Sijgnk — Shjgik — 9njSik)s (3.10)

1< hyi, j, k1 <n.
Then by virtue of (3.1), (3.2), (3.3) and (3.10) it is easy to check that the
manifold is a HG K4 with associated 1-forms

14,3
2ez tz .
A = T 1 geeited for i= ]., 3
i = .
0 otherwise,

B; =

1_462z1+213

—2e" 0" for §i=1,3
0 otherwise.
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On the ezistence of a generalized class of recurrent manifolds 11

If we consider the 1-form n = {1,0,0,0} and the scalar 8 = (1 + 2" +2%)
then from (2.1) and (3.2) it follows that the manifold satisfies S = fn ® 7.
Thus the manifold is Ricci simple.

Now it is easy to check that n is parallel, i.e., Vi = 0, hence from Propo-
sition 2.1, the manifold is Ricci recurrent. Also by virtue of (3.2) and (3.3),
we can easily check that the manifold is Ricci recurrent with the associated

1-form
2ev! +4° .
A; = Treetrs for i=13
0 otherwise.

Now from (3.5) it follows that the manifold is conharmonically recurrent
with the associated 1-form

1 3
2¢v .
A = T 1_gealtad for = ]_, 3
1 .
0 otherwise.

Now from the values of R it can be easily checked that M satisfies the
condition

H(Xl)R(XQJ X37X7 Y) + H(XQ)R(X3»X17 X7Y)
FIT(X3)R(X1, X2, X,Y) = 0

2143 ,
{ —2e 77 fOI' 1=1

for the 1-form

;=

142ex!+a3 ]
0 otherwise.

Thus from (2.7), it follows by virtue of second Bianchi identity that the
curvature 2-forms “QE?}I?,)Z are recurrent.

The general form of Riemann compatible tensor £ with local components
E;j, of M can easily be evaluated as

E11 B2 Ei3 Eiy
Eyy 0 O 0

E3; 0 Es3 2€x1+z3E43
Ey 0 Egs Euyq,

where Ej;’s are arbitrary scalars. Again the general form of Riemann com-
patible vector Y is

—xl 1 3
{0,@1,0,a4e r } or {ag,—agez e ,ag,O},

where a;’s are arbitrary scalars.

Similarly we can get the conformal compatible, concircular compatible and
conharmonic compatible tensors respectively given in the following form:

Ey Evo Ei3 Eig Ey Ein Eis Ey4 Ey Evo Ei13 Eig
Ex 0 0 0 Exn 0 0 0 g B2 0 0 0
Esi1 0 Esz Fsa || By 0 Eas 20t Eys | 29| Es1 0 Ess Ea
Ey 0 —FEzq By Ex 0 Eus Eau Ex 0 —E3q FEag

243



12 Absos Ali Shaikh, Indranil Roy, Haradhan Kundu

Again the general form of conformal (resp., concircular and conharmonic)
compatible vector Y is {0, a,0, a4e_xl} or {ag, —age$1+x3, as, 0} .

Remark 3.1 From Lemma 5.6 of [82] it follows that if a semi-Riemannian
manifold M is Ricci recurrent and also conformally recurrent with same
1-form of recurrence, then M is recurrent. We note that the above manifold
is Ricci recurrent and also conformally recurrent but of different 1-forms of
recurrence and it is not recurrent.

Now we can state the following:

Proposition 3.1 Let (M*, g) be a semi-Riemannian manifold equipped with
the metric (3.1). Then (M*,g) is:

(i) Ricci simple and hence a special quasi Finstein manifold,

(i) manifold of constant scalar curvature,

(#i) Ricci recurrent and hence weakly Ricci symmetric and the Ricci 1-forms
are recurrent (see [68] and [52)),

(iv) conharmonically recurrent and hence conformally recurrent (see Corol-
lary 6.2 of [82]) as well as conharmonically and conformally weakly sym-
metric, and the curvature 2-forms for C' and K are recurrent,

(v) hyper-generalized recurrent and hence generalized Ricci recurrent,

(vi) semisymmetric and hence fulfills the semisymmetry conditions for S,
C, P, W and K,

(vit) weakly Ricci symmetric and weakly conharmonic symmetric such that
all the associated 1-forms are different (This result proves the non unique-
ness of associated 1-forms of weak symmetry structures, see Section 3 of
[68]),

(viii) recurrent curvature 2-form, and

(iz) fulfills the condition P - P = —%Q(S, P), i.e, Ricci generalized pseu-
dosymmetric Weyl projective curvature tensor.

From the above values of various tensors, we can state the following:

Proposition 3.2 The 4-dimensional semi-Riemannian manifold M equi-
pped with the metric given in (3.1) is not any one the following:

(i) Einstein, (ii) class A or B, (i) pseudosymmetric in sense of Chaki
for R, C, P, W and K (iv) pseudo Ricci symmetric, (v) quasi generalized
recurrent, (vi) weakly generalized recurrent, (vii) P - P = 0, (viii) Codazzi
type Ricci tensor, (iz) cyclic Ricci parallel, (z) weakly symmetric for R and
Z.

It is well known that recurrent structure implies Ricci recurrent, confor-
mally recurrent and also conharmonically recurrent but the converse is not
true in each case. Again Chaki pseudosymmetry for R, S, C, P, W and
K implies weak symmetry for R, S, C', P, W and K respectively but the
converse cases are not true. Now from above two propositions we can state
the following:

244



On the ezistence of a generalized class of recurrent manifolds 13

Theorem 3.3 Let (M*,g) be a semi-Riemannian manifold equipped with
the metric (3.1). Then (M*,g) is

(i) not locally symmetric but semisymmetric,

(i) not weakly symmetric but weakly Ricci symmetric as well as conformally
weakly symmetric,

(ii3) not recurrent but Ricci recurrent as well as conformally recurrent,

(iv) not recurrent but hyper-generalized recurrent,

(v) neither class A nor B but of constant scalar curvature,

(vi) not Einstein but Ricci simple i.e., special quasi-Finstein,

(vii) not recurrent but the curvature 2-forms are recurrent.

(viii) does not satisfy P - P = 0 but fulfills the condition P - P = LQ(S, P).

Remark 3.2 From above theorem we get an affirmative answer of Q. 1
and we can state the following:

(i) semisymmetry is a proper generalization of local symmetry and the re-
sult is also true for the case S, C', P, W and K,

(ii) Ricci recurrency and conharmonic recurrency are both proper general-
izations of recurrency,

(iii) weak Ricci symmetry is a proper generalization of pseudo Ricci sym-
metry and the result is also true for conharmonic and concircular curvature
tensors,

(iv) the classes A and B properly lie between Ricci symmetry and manifold
of constant scalar curvature,

(v) hyper-generalized recurrency is a proper generalization of recurrency,
(vi) recurrency of curvature 2-forms is a proper generalization of recurrency.

The above remark can be stated in a diagram as shown in Figure 1, where
the boxes denote the corresponding class of manifolds and the ‘implication’
signs denote that the later one is a generalization of the previous. The above
example ensures the properness of some of them, which are indicated by the
dark filled ones.

Again, if we change the signature of the metric (3.1) as
ds? = gijda’da’ = —et (da')? + 2datda® + (da®)? + e* (da*)?,
ds? = gyjda'da? = e (da")? + 2datda® — (da®)? — € (dat)?,
ds? = gijdatda’ = —e® 77 (dz")? + 2da’ da® — (da®)? — ¥ (da?)?,
ds? = gyjdatda? = u'igglﬂ”g(cl:rl)2 + 2dztdz?® — (dz®)? + exl(dw4)2,
ds? = gijda'da’ = —et e (de)? + 2dztda?® — (d2®)? + e* (dx*)?,
ds? = gjjda'da’ = —et e (da')? + 2datda® + (da®)? — exl(d:p‘l)z,
ds? = gyjdx'da? = e (da")? + 2datda® + (da®)? — €' (da)?,
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e ===

I
e | 1 \m

\
HGK, Knf2)

Fig. 1 Some generalizations of local symmetry

1,7 = 1,2,3,4, then it can be easily shown that the geometric properties
presented in Theorem 3.3 remain unchanged for the above metrics. We note
that the first three of the above metrics are Lorentzian and remaining are
semi-Riemannian.

Remark 3.3 Thus we get the existence of a new class of semi-Riemannian
manifolds having the geometric properties presented in Theorem 3.3. It is
similar to show that the following metrics (also with different signatures)
belong to this class:

ds® = " " (da')? + 2da'dx® + (da®)? + f(2")(da*)?, (3.12)
ds* = 2'2?(dz')? + 2" (da?)? + 2dx'da® + f(2')(dx*)?, (3.13)

ds® = ' T (da')? + 2datda® + (da®)? + f(2V)(dzh)? + f(2)bapdada®,
(3.14)

ds? = 2t (da')? + 2 (do?)? + 2datda® + f(a)(dzt)? + f(z')dapdada®
(3.15)

where f is a smooth function and d,, denotes the Kronecker delta, 5 <
a,b<n.

Conclusion: From the above results and discussion we get the existence of
a new class of semi-Riemannian manifolds which are hypergeneralized re-
current, Ricci recurrent, conharmonically recurrent, conformally recurrent,
manifold of recurrent curvature 2-forms, Ricci simple (thus special quasi
Einstein), weakly Ricci symmetric, conformally weakly symmetric, conhar-
monically weakly symmetric, semisymmetric, Ricci semisymmetry and con-
formally semisymmetric and fulfills the pseudosymmetric type condition
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P.

P = —2Q(S, P) but do not satisfy any one of the conditions (i)-(x) of

Proposition 3.2. Hence the existence of a generalized class of recurrent man-
ifolds, viz., hyper generalized recurrent manifolds is ensured by the metric.
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