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The center map of a centroaffine ruled surface

Atsushi Fujioka - Hitoshi Furuhata

Abstract We determine a nondegenerate centroaffine ruled surface such that the image
of its center map lies on a plane containing the origin. A centroaffine minimal surface such
that the image of the center map lies on a plane not containing the origin is also exhibited.
Moreover, we study a nondegenerate centroaffine ruled surface such that the image of its
center map lies on a curve, and illustrate a one parameter family of such surfaces having
the same center map.
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1 Introduction

It is an elementary fact in Euclidean differential geometry that the unit nor-
mals of a hypersphere in the Euclidean space meet the center. In equiaffine
differential geometry, we consider the Blaschke normals for affine hypersur-
faces in the affine space, in stead of unit normals. In this setting, affine
hyperspheres can be defined as Blaschke hypersurfaces whose affine shape
operator is a scalar operator. An affine hypersphere with nonzero affine
shape operator is called to be proper, and it is proved that the Blaschke
normals of a proper affine hypersphere meet at one point, called the center.
See [8,12] for more about affine hyperspheres as well as affine differential
geometry.

As a generalization of the center of an affine hypersurface, Furuhata and
Vrancken [4] introduced a notion of center map and studied affine hypersur-
faces whose center map is centroaffinely congruent with the original hyper-
surface, called to be self congruent. In particular, they showed that a definite
centroaffine surface in the three-dimensional vector space R3 which has a
nondegenerate center map is self congruent if and only if the Tchebychev
operator vanishes. See also [2,5,6,13,14] for more about related topics.
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2 Atsushi Fujioka, Hitoshi Furuhata

On the other hand, a class of ruled surfaces has importance in the surface
theory in R3. Yu, Yang and Liu [15] studied centroaffine ruled surfaces
and obtained some classification results for linear Weingarten centroaffine
ruled surfaces and proved that a nondegenerate centroaffine ruled surface is
centroaffine minimal if and only if the curvature of the centroaffine metric is
constant. In [5], Hu proved that a nondegenerate centroaffine ruled surface
with nondegenerate centroaffine director curve whose center map is a point
or a curve is a ruled surface with vanishing Pick function.

In this paper, we shall study the center map of a centroaffine ruled sur-
face and characterize some centroaffine ruled surfaces by the center map
geometrically as follows:

Theorem 1.1 Let f : M — R? be a nondegenerate centroaffine ruled sur-
face whose center map is a point or a curve. Then f is given by

f(z,y) = A'(z) + yA(x), (1.1)
where A is an R3-valued function of x only such that
A
det <A’> #0. (1.2)
A//

Theorem 1.2 Let f : M — R? be a nondegenerate centroaffine ruled sur-
face whose center map is a piece of a plane through the origin. Then, f is

A
given by (1.1) such that det <A’> is monzero constant, or centroaffinely
A//
congruent with
fu,v) = "2V e ev). (1.3)

2 The center map of an affine hypersurface

At first, we review a notion of center map of an affine hypersurface due to
Furuhata and Vrancken [4].

We express an n-dimensional hypersurface in the (n + 1)-dimensional
affine space R"™! by an immersion f from an n-dimensional manifold M
into R"T!. If we choose a transversal vector field ¢ along f, the Gauss-
Weingarten formulas for f are given by

Dx f.Y = fiVxY + h(X,Y)¢, Dx& = —f.SX +7(X)¢ (XY € X(M)),

where D is the standard flat connection D on R™*! and X(M) is the set of
all vector fields on M. Then V, h, S and 7 define a torsion-free affine con-
nection, a symmetric (0, 2)-tensor field, a (1, 1)-tensor field and a 1-form on
M, respectively, called the induced connection, the affine fundamental form,
the affine shape operator and the transversal connection form, respectively.
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Centroaffine ruled surface 3

We fix a volume form w on R™! which is parallel with respect to D and
define a volume form 6 on M by

0( X1, Xn) =w(feX1,. -, [xXn, &) (X1,..., X, € X(M)),
called the volume form induced by f and £. Then we have
Vx0=7(X)§ (X e€X(M)).

We call f to be nondegenerate, definite or indefinite if h is nondegenerate,
definite or indefinite, respectively. Note that the nondegeneracy of f is inde-
pendent of the choice of £ as well as the definiteness or the indefiniteness. If
f is nondegenerate, we can find a transversal vector field £ such that 7 = 0,
i.e., VO = 0. We call f with such £ an equiaffine hypersurface. Moreover, we
can find a unique £ up to sign such that 7 = 0 and 0 is equal to the volume
form with respect to h. We call f with such £ a Blaschke hypersurface, and
¢ the Blaschke normal vector field of f. A Blaschke hypersurface is called an
affine hypersphere if S is a scalar operator. An affine hypersphere is called
to be proper or improper if S is nonzero or zero, respectively.

Let f: M — R"™"! be an affine hypersurface. Using the Blaschke normal
vector field € of f, we decompose f as

f=Z+r€, (2.1)

where Z is an R""!-valued function on M tangent to f(M), and r is a
function on M, called the equiaffine support function from the origin. Then
we have the following:

Proposition 2.1 (cf. [4, Proposition 2.2]) A Blaschke hypersurface f is
a proper affine hypersphere if and only if Z is constant.

Moreover, if f is a proper affine hypersphere, it is shown that Z is a
point where the Blaschke normals meet, called the center. After these facts,
Furuhata and Vrancken called Z in (2.1) the center map of f.

3 Centroaffine hypersurfaces
A centroaffine hypersurface is an affine hypersurface given by an immersion

f: M — R™! with a transversal vector field ¢ defined as the restriction of
the radial vector field to f:

n+1 5'
f

i=1 ¢

)

where (21, ..., %y41) are affine coordinates. Then the Gauss-Weingarten for-
mulas for f are given by

Dx .Y = L.VxY +h(X,Y)& Dxé=—f.X (X,Y € X(M)).
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If f is nondegenerate, we call the affine fundamental form A the cen-
troaffine metric, and denote the Levi-Civita connection by V. Then we have
a (1,2)-tensor field C, a function J, a vector field 7" and a (1, 1)-tensor field
T on M defined by

1

1 “
IC|3, T = EtrhC, T = VT,

called the difference tensor field, the Pick function, the Tchebychev vector
field and the Tchebychev operator, respectively. We denote the traceless
part of C' by C, which is defined by

~ n

C(X,Y)=C(X,Y) -

s ML X)Y + MT,Y)X + MX,Y)T)

for X, Y € X(M). Then the generalized Pick function J is defined by

1

T _ ~112

Moreover, f is called to be centroaffine minimal if it is an extremal for the
volume integral of h, which is equivalent to the condition that tr7 = 0

([16]).

A centroaffine hypersurface whose center map is centroaffinely congruent
with the original hypersurface is called to be self congruent. Concerning the
self congruency for centroaffine hypersurfaces, we have the following:

Theorem 3.1 ([4, Theorem 3.1]) Let f : M — R""! be a nondegen-
erate centroaffine hypersurface. If f is self congruent, then the Tchebychev
operator of f wvanishes identically. In particular, f is centroaffine minimal.

In the case of n = 2 and f is definite, the converse of Theorem 3.1 is true:

Theorem 3.2 ([4, Theorem 2.10]) Let f : M — R? be a definite cen-
troaffine surface such that the center map is an immersion. If the Tchebychev
operator of f wvanishes identically, then f is self congruent.

Remark 3.1 It is shown in [2, Theorem A.5] that the converse of Theorem
3.1 is not true in the case of n = 2 and f is indefinite. See also Example 5.3.

4 Centroaffine surfaces

In order to prove our main theorems, we have only to consider an indefinite
centroaffine surface f : M — R3 since any nondegenerate centroaffine ruled
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Centroaffine ruled surface 5

surface is indefinite. Then we can take asymptotic line coordinates (u,v)
and the Gauss formula becomes as follows (cf. [10, Theorem 1]):

Juu = <S0u + pu) Ju+ gfm
12 2

Jov = <f; +pv> fot+ :;fm (4.1>

.fuv = _Sof + p'ufu + puf'u
with the integrability conditions:
ab
(log|e))uw = —¢ — e + pupus o+ PuPu = Punps bu+ pupy = puvp. (4.2)

We remark that h = 2pdudv is the centroaffine metric, +e” is the equiaffine
support function from the origin, and

(1) () r=ome () /o0 (5)
a=@det | fu det | fu ]|, b=pdet [ fo det [ fo |. (4.3)
fuu fU f'U'U .fu

Moreover, the difference tensor field C, the Pick function .J, the Tchebychev
vector field T', the Tchebychev operator T, the traceless part of the difference
tensor field C' and the generalized Pick function J are computed as follows

(cf. [3]):
C(auv 6u) = puau + %8117 C(aw 811) = Zau + pvam C(aua 81)) = p'uau + puava

J— 3Pupuv + 127 T — &811 4 plam (4.4)
® ® 2 2
Puv Gy bu Puv
T(0,) = Ou + —=0y, T(0y) = —0u + —0y, 4.5
(0u) " e (0v) 2 " (4.5)

C(00.) = 20, C(0,,0,) = f;au, (B4, 0,) = 0,

j_ab (4.6)

3
The center map Z is given by
z="Log, 4Py, (4.7)
¥ P
(cf. [2, Proposition 3.1]). We also note that the centroaffine curvature x, the
curvature of h, is given by

__ (log|¢l)uv
= (4.8)
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5 Examples

Before we prove our main theorems, we illustrate examples of centroaffine
ruled surfaces and their center maps. First, we treat surfaces in Theorem
1.1, which are studied by Fujioka [2] and Hu [5]. We recall the following:

Example 5.1 ([2, Remark 5.3]) Let f be a nondegenerate centroaffine ruled
surface in (1.1) constructed from an R3-valued function A of one variable.
Note that f is characterized as a centroaffine minimal surface such that the
Pick function J = 0 and the centroaffine curvature x = 1.

Set

A

ay = det (A’) (#0). (5.1)
AII

Then the center map of f is given by

1ay
Z=——=—A. 5.2
5 as (5.2)

If a4 is nonzero constant, f is a proper affine sphere centered at the origin
(cf. [9] and [11, Theorem 4.3.1]).

Proposition 5.1 ([5, Corollary 4.4]) Let B be an R3-valued function of
one variable such that ap # 0 as in (5.1) and X\ a solution of the ordinary
differential equation:

li
3N+ 2By 2= (5.3)
ap

Then (1.1) for A = AB gives a nondegenerate centroaffine ruled surface
whose center map coincides with B.

Proposition 5.2 Let f be a ruled surface in (1.1) with center map Z. If Z
is an affine map, then f is a proper affine sphere centered at the origin.

Proof. We have
as” N\’ as”\’ oa’
- (0
o oy oA
o 12 " o AN o N\ / o /
(AA> = (A> A+2<A> A’_i_iAA",
A QA QA aA
which means that the condition Z” = 0 implies a4’/aq =0. O

Ezample 5.2 For a space curve Z(u) = (cosu,sinu, 1), we have ay’ = 0.
The solution of (5.3) is given by A(u) = —Zu + ¢ for some constant ¢, and
then we obtain a one parameter family of centroaffine ruled surfaces f. as

in (1.1) whose center map is the same Z.
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2
c=0 c= 3 c=2
Example 5.2

Ezample 5.8 The surface f in (1.3) is a flat centroaffine surface with van-
ishing Tchebychev operator. In particular, f is centroaffine minimal. The
center map is given by

Z(u,v) = (3“0, ¢"). (5.4)

Accordingly, f is an indefinite centroaffine surface with vanishing Tcheby-
chev operator which is not self congruent.

Example 5.3 ((1.3) and (5.4))

Ezample 5.4 Using the notation in §4, Fujioka ([1, Theorem 2.4]) classified
centroaffine minimal surfaces such that ¢ = b and « is constant, and obtained
an explicit example of indefinite centroaffine minimal surfaces with 7 # 0:

e_(u+v) e_(u+v) 1 >

cos(u — v), sin(u —v),1 —

f(u’v)_<u+v utv u+v

The center map is given by

Z(u,v) = (—(u+v+1)e” ) cos(u—v), —(u+v+1)e” ) sin(u—v), 1).
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In particular, Z is a piece of a plane not containing the origin.

Ezxample 5.5 Similar to Example 5.4, using a holomorphic coordinate z, we
have an explicit example of definite centroaffine minimal surfaces:

e~ (z+2)+V=1(2=2) —(2+2)—V~1(2-2) 1
f(z,y) = ;

1—
z2+Zz ’ z2+Z oz4Z

where z = z + v/—1y ([2, Theorem 3.5]). Then the center map is given by
Z(w,y) = (—(z+ 2+ 1)e” CFINVTIETD) (44 54 1) (FDVE1E2) ),

which is a piece of a plane not containing the origin.

Example 5.4 Example 5.5

6 Centroaffine ruled surfaces

A surface in R? is said to be ruled if each point of the surface lies on a line
segment in the surface. We note that the following fundamental fact holds:

Proposition 6.1 Let f: M — R? be an indefinite centroaffine surface with
generalized Pick function J. Then f is ruled if and only if J = 0.

Proof. It is known in equiaffine differential geometry that an indefinite
equiaffine surface is ruled if and only if the equiaffine Pick function J¢ van-
ishes ([8, I Theorems 11.3, 11.4]). We remark that J¢ vanishes if and only if
so does J, since the traceless part of the difference tensor field for any affine
hypersurface is independent of the choice of the relative normalization ([12,
Corollary 5.1.4]). O

Note that Liu and Jung [7] studied indefinite centroaffine surfaces with
vanishing J. In this paper, we take another method to prove our main
theorems.

Let f : M — R3 be a nondegenerate centroaffine ruled surface. Since f is
indefinite, we can take asymptotic line coordinates (u,v) and use the same
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notation in §4. From Proposition 6.1, the first equation of (4.4) and (4.6),

we have

3pupv
14

In the case of J = 0, from the first equation of (4.2), (4.8) and (6.1), we
have k = 1. On the other hand, from the second equation of (6.1), we have
puv = 0, which implies that f is centroaffine minimal from (4.5). Then by
3, Theorem 1. 2], f is given by (1.1) with (1.2).

ab=0, J = (6.1)

Remark 6.1 In [15], a centroaffine minimal ruled surface with J = 0 is

given in the form of
f(z,y) = alz) +yB(x),

@
where o and 3 are R3-valued functions of x only such that det [ 8 | = 0.
ﬁ/
In the case of J # 0, we have
pu 7 0, py # 0. (6.2)

From the first equation of (6.1), exchanging u with v, if necessary, we may
assume that
a=0. (6.3)

Then the second equation of (4.2) can be integrated as
¢ = C(0)pu,

where C is a nonzero function of v only. Changing the coordinate v, if
necessary, we may assume that

¥ = Pu- (6.4)
Then the first and third equations of (4.2) become

(log |pul)uw = =pu + Pupv; bu =+ pupuv = povpu- (6.5)
From (6.3) and (6.4), the first equation of (4.1) becomes
fuu = <Puu +p > fuv
Pu

which can be integrated as
f=Ci(v)e’ + Ca(v), (6.6)

where C; and Cy are R3-valued functions of v only. Note that C; # 0
since f is an immersion. Hence if we substitute (6.4) and (6.6) into the
third equation of (4.1), then C; and Cs satisfy a linear ordinary differential
equation:

Cy — Cy = p(v)Cy, (6.7)
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where p is a function of v only defined by

p= <p“” — pot 1) er. (6.8)

u

Substituting (6.4) and (6.6) into the second equation of (4.1) and using
(6.7) and (6.8), we have

qCh = C] + C] +rCy,

q:<pm’+pv1)e—97r:(pm}) —p12)+pv—b. (6.9)
u Pu /oy

where

From the first equation of (6.5), we have ¢, = 0. On the other hand, from
(6.5), we have r, = 0. Hence ¢ and r are functions of v only. In particular,
C; and C5 satisfy a linear ordinary differential equation:

q(v)C5 = Cf 4+ C} + r(v)Ch. (6.10)
Note that from (6.6) and (6.7), we have
fu=Cipue’, fo = Ci(pye” +p) + Cie’ + Cs. (6.11)

Since f is a centroaffine surface, from (6.6) and (6.11), the vectors Cy, Cf, Ca
are linearly independent for each v.
Therefore we have the following:

Lemma 6.2 Let f : M — R3 be a nondegenerate centroaffine ruled surface
whose Pick function does not vanish. Then f is given by (6.6), where Cy and
Co are R®-valued functions of v only satisfying (6.7) and (6.10) such that
C4,C1, Cy are linearly independent for each v, and p and b satisfy (6.5).

7 Proofs of the main theorems

Now we shall prove Theorems 1.1 and 1.2. Let f be an indefinite centroaffine
ruled surface, and use the same notation in §6. Each proof is divided into
the two cases: J =0 and J # 0.

Proof of Theorem 1.1. In the case of J = 0, as mentioned before Remark
6.1, f is given by (1.1) and so the center map is given by (5.2), which is a
point or a curve.

In the case of J # 0, we will prove that the center map is an immersion
by using Lemma 6.2. Substituting (6.4) and (6.11) into (4.7), we have

Z = C1(2pve” + p) + C1e? + Cs. (7.1)

Then we have
Zy = 2C1(puv + pupv)e” + Cipue’. (7.2)
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From (6.7), (6.10) and (7.1), we have

Zy = Cr{(2pwo + 202 +pg—1)e’ +p+ '} (7.3)
+ C1{(3py — 1)e” + p} + Ca(qe” + 1).

Note that from (6.2) the coefficient of C] in the right hand side of (7.2) does
not vanish. Moreover, since ¢ is a function of v only, from (6.2) the coefficient
of Cy in the right hand side of (7.3) does not vanish. Since Cq,C7,Cy are
linearly independent for each v, the center map Z is an immersion. 0O

Remark 7.1 In [5], Hu proved that a nondegenerate centroaffine ruled sur-
face with nondegenerate centroaffine director curve has vanishing Pick func-
tion if the center map is a point or a curve. The director curve A of the
ruled surface given by (1.1) with (1.2) defines a nondegenerate centroaffine

A/
space curve if and only if det (A” ) £ 0.
A///

Proof of Theorem 1.2.1f J = 0, then f is given by (1.1) and the center map
is given by (5.2). Since the center map is a piece of a plane through the

origin, we have
4 n3
0 = det (Z’) :—(aA) ;

ZII

which implies that a4’ = 0, that is, Z = 0.
In the following, we consider the case J # 0. From (7.2) we have

Zuu = C1{2(puv + pupv)e’ }u + C{(puep)u- (7.4)

By the assumption, we have

Z p Cy
O=det| Z, | =2 < =+ pv> e det | O |,
Zuu Pu u 02
which is equivalent to that the function py,/py + p» depends on v only

since C1, C}, Cy are linearly independent for each v. From (6.2) and the first
equation of (6.9), we have

Puv
Pu

+ pv — 1, (7-5)

which is equivalent to
q=0. (7.6)
From (6.8), (6.10), (7.1), (7.5) and (7.6), we have

Z =2C1e” + Cie? + Co, Zy = 2C1pye’ + Cpue’, (7.7)
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12 Atsushi Fujioka, Hitoshi Furuhata

Zuw = (2 —1)C1pye” + 2C] pue’.

By the assumption, we have

Z Cy
0 = det ( Zu ) = (r 4 2)p2e®” det (C{) ,
Zuv C12

which is equivalent to
r= -2 (7.8)

since C1,C1, Cy are linearly independent for each v.
From (6.7), (6.10), (7.6), (7.7) and (7.8), we have

Z Cy
0 = det (Zu> = —ppye’ det <C{> ,
Zy Cy

which is equivalent to
p=0, (7.9)

since C1,C1, Oy are linearly independent for each v and (6.2) holds.
From (7.9) and (7.6), we have p, = 1, which can be integrated as

plu,v) = v +7(u), (7.10)

where « is a function of u only. From the second equation of (6.9), (7.8)
and (7.10), we have b = 2. Changing the coordinate u, if necessary, we may
assume that y(u) = u, i.e.,

p(u,v) =u+wv. (7.11)

Then from (6.4) we have ¢ = 1.
Moreover, from (7.6), (7.8) and (7.9), the differential equations (6.7) and
(6.10) become
Cé = (y, Ci’ + Ci —2C, =0,

which can be integrated as
C, = Pe’ + Qe %, Cy = Re’ (P,Q,R € R?). (7.12)

Since C1,C1, Cy are linearly independent for each v, the vectors P, @, R are
also linearly independent. From (6.6), the first equation of (7.7), (7.11) and
(7.12), we have

f(u,v) = Pe"T2 4 Qe"™" + ReV

whose center map is given by
Z(u,v) = 3Pe" " + Re",

which is a piece of a plane through the origin. O
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