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1 Introduction

Let {An} be a general second-order recurrence of the form

An+2 = uAn+1 + vAn (n ≥ 0)

with A0 = a0 and A1 = a1 (see, e.g., [1,2,8,9] and references therein). This se-
quence is the generalization of some known sequences like Fibonacci numbers
{Fn}, Pell numbers {Pn}, balancing numbers {Bn} etc. Here the parameters
u and v are non-zero real numbers satisfying ∆ = u2 + 4v > 0. In this paper,
put a0 = 0 and a1 = a 6= 0 for simplicity. The generating function f(x) of
this sequence {An} is given by

f(x) =
∞∑

n=0
Anx

n = ax

1− ux− vx2 , (1.1)

while its explicit form known as Binet formula is given by the identity

An = αn − βn
α− β ,

where α = u+
√

∆
2 and β = u−

√
∆

2 .
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2 Bijan Kumar Patel, Takao Komatsu, Prasanta Kumar Ray

Higher-order identities for Fibonacci, Cauchy and balancing numbers were
studied in [3–5] by Komatsu et al. They have obtained some explicit expres-
sions of the identities

2r−3∑

l=0

(
2r − 3
l

) ∑

j1+···+jr=n
j1,...,jr≥1

Fj1 . . . Fjr and
∑

j1+···+jr=n
j1,...,jr≥1

Fj1 . . . Fjr

for Fibonacci numbers in [4]. Whereas, the expressions
2r−3∑

l=0

(
2r − 3
l

) ∑

j1+···+jr=n
j1,...,jr≥1

Bj1 . . . Bjr and
∑

j1+···+jr=n
j1,...,jr≥1

Bj1 . . . Bjr

for balancing numbers found explicitly in [5]. In this article, we generalize all
these identities by considering the sequence {An}. The results in this paper
can be reduced to those in previous or classical papers.

2 Main Results

In this section we establish some higher-order identities concerning the se-
quence {An}.
Theorem 2.1 For n ≥ 1,

nAn = 1
a

n∑

j=1
(AjAn−j+1 + vAj−1An−j).

Remark. When a = v = 1, Theorem 2.1 is reduced to Theorem 1.1 in [4].
When a = 1 and v = −1, Theorem 2.1 is reduced to Theorem 1 in [5]. Notice
that the value u does not appear in the identity.
Proof. Differentiating both sides of (1.1) yields the identity

(1 + vx2)f(x)2 = ax2f
′(x). (2.1)

It follows that, (1 + vx2)
∞∑
n=0

n∑
j=0

AjAn−jxn = ax2
∞∑
n=1

nAnx
n−1. Further,

∞∑

n=0

n∑

j=0
AjAn−jx

n + v
∞∑

n=2

n−2∑

j=0
AjAn−j−2x

n = a
∞∑

n=1
(n− 1)An−1x

n.

Comparing the coefficients of like power of x, we get

a(n− 1)An−1 =
n−1∑

j=1
(AjAn−j + vAj−1An−j−1).

For A0 = 0 and letting n by n+1, we obtain the following result that resembles
the identity Am+n = AmAn+1 + vAm−1An (see, e.g., [6, Theorem 2.13]). ut
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Higher-order identities for the second-order sequence 3

Theorem 2.2 For n ≥ 4, we have
3∑

k=0
vk
(

3
k

) ∑

r1+r2+r3=n−2k
r1,r2,r3≥1

Ar1Ar2Ar3

= a2
(
n− 1

2

)
An−2 + a2v

(
n− 4

2

)
An−4.

Remark. When a = v = 1, Theorem 2.2 is reduced to Theorem 1.2 in [4].
When a = 1 and v = −1, Theorem 2.2 is reduced to Theorem 2 in [5].

Proof. Differentiating both sides of (2.1) with respect to x, we obtain

f(x)f ′(x) = ax

(1 + vx2)2 f
′(x) + ax2

2(1 + vx2)f
′′(x). (2.2)

Now the identity (2.1) together with the identity (2.2) gives the following

f(x)3 = a2x3

(1 + vx2)3 f
′(x) + a2x4

2(1 + vx2)2 f
′′(x).

It follows that

(1 + vx2)3f(x)3 = a2x3f
′(x) + 1

2a
2x4(1 + vx2)f ′′(x).

Further simplification yields

(1 + 3vx2 + 3v2x4 + v3x6)
∞∑

n =0

∑

r1+r2+r3=n
r1,r2,r3≥1

Ar1Ar2Ar3x
n

= a2x3
∞∑

n=1
nAnx

n−1 + 1
2a

2x4
∞∑

n=2
n(n− 1)Anxn−2

+ 1
2a

2vx6
∞∑

n=2
n(n− 1)Anxn−2.

Furthermore,
3∑

k =0

∞∑

n =2k
vk
(

3
k

) ∑

r1+r2+r3=n−2k
r1,r2,r3≥1

Ar1Ar2Ar3x
n

= a2
∞∑

n=2

(n− 1)(n− 2)
2 An−2x

n + a2v
∞∑

n=4

(n− 4)(n− 5)
2 An−4x

n,

and the result follows. ut
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4 Bijan Kumar Patel, Takao Komatsu, Prasanta Kumar Ray

The following lemma is useful to derive the subsequent main results.

Lemma 2.3 For r ≥ 2, we have

f(x)r = ar−1x2r−2f (r−1)(x)
(r − 1)! (1 + vx2)r−1 (2.3)

+
r−2∑

k=1

k−1∑
j=0

ar−1(−v)j
(
k
j

)(
r − 2

k − j − 1

)
x2r−k−2+2j

k(r − k − 2)! (1 + vx2)r+k−1 f (r−k−1)(x).

(2.4)

Remark. When a = v = 1, Lemma 2.3 is reduced to Lemma 2.2 in [4]. When
a = 1 and v = −1, Lemma 2.3 is reduced to Lemma 1 in [5].

Proof. The method of induction on r is used to prove this result. The basis
step is clear as the identity (2.3) holds for r = 2. Assume that the result holds
for some r ≥ 2. Now differentiating both sides of (2.3) with respect to x, we
obtain

rf(x)r−1f
′(x) = ar−1x2r−2

(r − 1)! (1 + vx2)r−1 f
(r)(x) + (2r − 2)ar−1x2r−3

(r − 1)! (1 + vx2)r f
(r−1)(x)

+
r−2∑

k=1

k−1∑
j=0

ar−1(−v)j
(
k
j

)(
r − 2

k − j − 1

)
x2r−k−2+2j

k(r − k − 2)! (1 + vx2)r+k−1 f (r−k)(x)

+
r−2∑

k=1

k−1∑
j=0

(2r − k − 2 + 2j)ar−1(−v)j
(
k
j

)(
r − 2

k − j − 1

)
x2r−k−3+2j

k(r − k − 2)! (1 + vx2)r+k ×

f (r−k−1)(x) +
r−2∑

k=1

k−1∑
j=0

(3k − 2j)ar−1(−v)j+1
(
k
j

)(
r − 2

k − j − 1

)
x2r−k−1+2j

k(r − k − 2)! (1 + vx2)r+k ×

f (r−k−1)(x).
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Higher-order identities for the second-order sequence 5

Further simplification leads to

rf(x)r−1f
′(x)

= ar−1x2r−2

(r − 1)! (1 + vx2)r−1 f
(r)(x) + 2ar−1x2r−3

(r − 2)! (1 + vx2)r f
(r−1)(x)

+
r−2∑

k=1

k−1∑
j=0

ar−1(−v)j
(k
j

)( r−2
k−j−1

)
x2r−k−2+2j

k(r − k − 2)! (1 + vx2)r+k−1 f (r−k)(x)

+
r−1∑

k=2

k−2∑
j=0

ar−1(−v)j(2r − k − 1 + 2j)
(k−1
j

)( r−2
k−j−2

)
x2r−k−2+2j

(k − 1)(r − k − 1)! (1 + vx2)r+k−1 f (r−k)(x)

+
r−1∑

k=2

k−1∑
j=1

ar−1(−v)j(3k − 2j − 1)
(k−1
j−1
)( r−2
k−j−1

)
x2r−k−2+2j

(k − 1)(r − k − 1)! (1 + vx2)r+k−1 f (r−k)(x)

= ar−1x2r−2f (r)(x)
(r − 1)! (1 + vx2)r−1

+ r
r−1∑

k=1

k−1∑
j=0

ar−1(−v)j
(k
j

)( r−1
k−j−1

)
x2r−k−2+2j

k(r − k − 1)! (1 + vx2)r+k−1 f (r−k)(x).

Using the fact 2
(r−2)! + 1

(r−3)! = r
(r−2)! and the identity (2.1), we have

f(x)r+1 = ax2

(1 + vx2)f(x)r−1f
′(x)

= ax2

(1 + vx2)
ar−1x2r−2f (r)(x)
r! (1 + vx2)r−1

+
r−1∑

k=1

k−1∑
j=0

ar−1(−v)j
(k
j

)( r−1
k−j−1

)
x2r−k−2+2j

k(r − k − 1)! (1 + vx2)r+k−1 f (r−k)(x)

= arx2rf (r)(x)
r! (1 + vx2)r +

r−1∑

k=1

k−1∑
j=0

ar(−v)j
(k
j

)( r−1
k−j−1

)
x2r−k+2j

k(r − k − 1)! (1 + vx2)r+k f (r−k)(x).

This ends the proof. ut
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6 Bijan Kumar Patel, Takao Komatsu, Prasanta Kumar Ray

Theorem 2.4 Let r ≥ 2. Then for n ≥ 3r − 5,

2r−3∑

l =0
vl
(

2r − 3
l

) ∑

j1+···+jr=n−2l
j1,...,jr≥1

Aj1 . . . Ajr

= ar−1
r−1∑

k=1
vk−1n− 2k − r + 3

r − 1

(
n− 2k + 1
r − k − 1

)(
n− k − 2r + 3

k − 1

)
An−2k−r+3.

Remark. When a = v = 1, Theorem 2.4 is reduced to Theorem 2.1 in [4].
When a = 1 and v = −1, Theorem 2.4 is reduced to Theorem 3 in [5].

Proof. By virtue of Lemma 2.3, we have

(2.5)

(1 + vx2)2r−3f(x)r

= (1 + vx2)r−2 a
r−1x2r−2f (r−1)(x)

(r − 1)! +
r−2∑

k=1
(1 + vx2)r−k−2

×

k−1∑
j=0

ar−1(−v)j
(
k
j

)(
r − 2

k − j − 1

)
x2r−k−2+2j

k(r − k − 2)! f (r−k−1)(x).

Since A0 = 0, the left hand side of (2.5) becomes

(1 + vx2)2r−3
∞∑

n=0

∑

j1+···+jr=n
j1,...,jr≥1

Aj1 . . . Ajrx
n

=
2r−3∑

l=0

∞∑

n=2l
vl
(

2r − 3
l

) ∑

j1+···+jr=n−2l
j1,...,jr≥1

Aj1 . . . Ajrx
n.

Further, the first term of the right hand side of (2.5) simplifies to

(1 + vx2)r−2 a
r−1x2r−2f (r−1)(x)

(r − 1)!

=
r−2∑

t=0
vt
(
r − 2
t

)
x2tar−1 x2r−2

(r − 1)!

∞∑

n=r−1

n!
(n− r + 1)!Anx

n−r+1

= ar−1

(r − 1)!

r−2∑

t=0
vt
(
r − 2
t

) ∞∑

n=2r+2t−2

(n− r − 2t+ 1)!
(n− 2r − 2t+ 2)!An−r−2t+1x

n.
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Higher-order identities for the second-order sequence 7

Furthermore, the second term of the right hand side of (2.5) becomes

r−2∑

k=1

(
r−k−2∑

t=0
vt
(
r − k − 2

t

)
x2t
)

1
k(r − k − 2)!

k−1∑

j=0
ar−1(−v)j

(
r − 2

k − j − 1

)

× x2r−k−2+2j
∞∑

n=r−k−1

n!
(n− r + k + 1)!Anx

n−r+k+1

=
r−3∑

t=0

r−t−3∑

j=0

r−t−3∑

k=j

(−1)jar−1vt+j

(k + 1)(r − k − 3)! (n− 2r + k − 2t− 2j + 3)!

×
(
r − k − 3

t

)(
k + 1
t

)(
r − 2
k − j

) ∑

n=2r+2t+2j−k−3
(n− r − 2t− 2j + 1)!

× An−r−2t−2j+1x
n

=
r−3∑

t=0

r−2∑

δ=t+1

r−t−3∑

k=δ−t−1

(−1)δ−t−1ar−1vδ−1

(k + 1)(r − k − 3)! (n− 2r + k − 2δ + 5)!

(
r − k − 3

t

)

×
(

k + 1
δ − t− 1

)(
r − 2

k − δ + t+ 1

) ∑

n=2r+2δ−k−5
(n− r − 2δ + 3)!An−r−2δ+3x

n.

Now the right-hand side of (2.5) becomes

ar−1vk−1

(r − 1)!

(
r − 2
k − 1

) (n− r − 2k + 3)!
(n− 2r − 2k + 4)!

+
k−1∑

t =0

r−t−3∑

l =k−t−1

(−1)k−t−1ar−1vk−1

(l + 1)(r − l − 3)! (n− 2r + l − 2k + 5)!

×
(
r − l − 3

t

)(
l + 1

l − t− 1

)(
r − 2

l − k + t+ 1

)
(n− r − 2k + 3)!

= ar−1vk−1(n− r − 2k + 3)
(r − 1)

(
n− 2k + 1
r − k − 1

)(
n− k − 2r + 3

k − 1

)
,

which completes the proof. ut

Theorem 2.5 For n ≥ 2,
n∑
j=0

AjAn−j = a
n−1∑
m=1

v
(n−m−1)

2 cos (n−m−1)π
2 mAm.

Remark. When a = v = 1, Theorem 2.5 is reduced to Theorem 4.1 in [4].
When a = 1 and v = −1, Theorem 2.5 is reduced to Theorem 4 in [5].
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8 Bijan Kumar Patel, Takao Komatsu, Prasanta Kumar Ray

Proof. From (2.1), we have

∞∑

n=0

n∑

j=0
AjAn−jx

n =
( ∞∑

n=0
Anx

n

)( ∞∑

m=0
Amx

m

)

= ax2



∞∑

j=0
(−v)jx2j



( ∞∑

m=1
mAmx

m−1
)

= ax2



∞∑

j=0
γjv

j/2xj



( ∞∑

m=0
(m+ 1)Am+1x

m

)

= a
∞∑

n=0

n−1∑

m=0
mAmγn−m−1v

(n−m−1)/2xn,

where γj = cos jπ2 for j ≥ 0. Comparing the coefficients of like power of x
from both the sides of above equation, we obtain the desired result. ut

Let Cn be the n-th Catalan number [7], defined by

Cn = 1
n+ 1

(
2n
n

)
.

Theorem 2.6 For n ≥ r ≥ 2, we have
∑

j1+···+jr=n
j1,...,jr≥1

Aj1 . . . Ajr

= ar−1Cr−2
(2r − 4)! 22r−4

n−r+1∑

m=1
v

n−m−r+1
2

(n+m+ r − 3)! ! (n−m+ r − 3)! !
(n+m− r + 1)! ! (n−m− r + 1)! !

×mAm cos (n−m− r + 1)π
2 .

Remark. When a = v = 1, Theorem 2.6 is reduced to Theorem 4.2 in [4].
When a = 1 and v = −1, Theorem 2.6 is reduced to Theorem 5 in [5].

Proof. Using binomial expansion, we have

1
(1 + vx2)r−1 =

∞∑

i=0
(−v)i

(
i+ r − 2
r − 2

)
x2i

=
∞∑

k=0

vk/2

(r − 2)! 2r−2
(k + 2r − 4)! !

k! ! cos kπ2 xk. (2.6)
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Higher-order identities for the second-order sequence 9

Since

f (r−1)(x) =
∞∑

m=0

(m+ r − 1)!
m! Am+r−1x

m, (2.7)

the first term on the right-hand side of (2.3) becomes

ar−1x2r−2f (r−1)(x)
(r − 1)! (1 + vx2)r−1

= ar−1x2r−2

(r − 1)!

∞∑

n=0

n∑

m=0

v(n−m)/2

(r − 2)! 2r−2
(n−m+ 2r − 4)! !

(n−m)! !

× cos (n−m)π
2

(m+ r − 1)!
m! Am+r−1x

n

= ar−1

(r − 1)! (r − 2)! 2r−2

∞∑

n=2r−2

n−2r+2∑

m=0
v

(n−2r+2−m)
2

× (n−m− 2)! !
(n−m− 2r − 2)! ! cos (n−m− 2r + 2)π

2
(m+ r − 1)!

m! Am+r−1x
n

= ar−1

(r − 1)! (r − 2)! 2r−2

∞∑

n=2r−2

n−r+1∑

m=r−1
v

(n−m−r+1)
2

(n−m+ r − 3)! !
(n−m− r + 1)! !

× cos (n−m− r + 1)π
2

m!
(m− r + 1)!Amx

n.

In a similar use of the expressions (2.6) and (2.7) gives

k−1∑
j=0

ar−1(−v)j
(k
j

)( r−2
k−j−1

)
x2r−k−2+2j

(1 + vx2)r+k−1 f (r−k−1)(x)

=
k−1∑

j=0
ar−1(−v)j

(
k

j

)(
r − 2

k − j − 1

)
x2r−k+2j−2

∞∑

n=0

n∑

m=0

v(n−m)/2

(r + k − 2)! 2r+k−2

× (n−m+ 2r + 2k − 4)! !
(n−m)! ! cos (n−m)π

2
(m+ r − k − 1)!

m! Am+r−k−1x
n

= ar−1

(r + k − 2)! 2r+k−2

k−1∑

j=0
(−v)j

(
k

j

)(
r − 2

k − j − 1

) ∞∑

n=2r−k−2+2j

n−2r+k+2−2j∑

m=0

× v n−m−2r+k+2−2j
2

(n−m+ 3k − 2− 2j)! !
(n−m− 2r + k + 2− 2j)! !

× cos (n−m+ k − 2r + 2− 2j)π
2

(m+ r − k − 1)!
m! Am+r−k−1x

n.
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10 Bijan Kumar Patel, Takao Komatsu, Prasanta Kumar Ray

= ar−1

(r + k − 2)! 2r+k−2

k−1∑

j=0
(−v)j

(
k

j

)(
r − 2

k − j − 1

)

×
∞∑

n=2r−k−2

n−2r+k+2∑

m=0
v

n−m+k−2r+2−2j
2

(n−m+ 3k − 2− 2j)! !
(n−m− 2r + k + 2− 2j)! !

× cos (n−m+ k − 2r + 2− 2j)π
2

(m+ r − k − 1)!
m! Am+r−k−1x

n

= ar−1

(r + k − 2)! 2r+k−2

∞∑

n=2r−k−2

n−r+1∑

m=r−k−1

k−1∑

j=0
(−v)j

(
k

j

)(
r − 2

k − j − 1

)

× v n−m+k−2r+2−2j
2

(n−m+ r + 2k − 3− 2j)! !
(n−m− r + k + 3− 2j)! !

× cos (n−m+ k − 2r + 2− 2j)π
2

m!
(m− r + k + 1)!Amx

n.

Since
(n−m+ r + 2k − 3− 2j)! !
(n−m− r + k + 3− 2j)! ! = 0,

for m = n− 2r + k + 2− 2j (j = 1, 2, . . . , k − 2), this is equal to

ar−1

(r + k − 2)! 2r+k−2

∞∑

n=2r−k−2

n−r+1∑

m=r−k−1
v

n−m−r+1
2

(n−m+ r − 1)! !
(n−m− r + 1)! !

×
(
r + k − 2
k − 1

)
(n−m+ r − 3)! !

(n−m+ r − 2k − 1)! ! cos (n−m− r + 1)π
2

× m!
(m− r + k + 1)!Amx

n.

Therefore, the equation (2.3) becomes

∞∑

n=0

∑

j1+···+jr=n
j1,...,jr≥1

Aj1 . . . Ajrx
n

= ar−1

(r − 1)! (r − 2)! 2r−2

∞∑

n=2r−2

n−r+1∑

m=r−1
v

n−m−r+1
2

(n−m+ r − 3)! !
(n−m− r + 1)! !

× cos (n−m− r + 1)π
2

m!
(m− r + 1)!Amx

n +
r−2∑

k=1

1
k(r − k − 2)!
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Higher-order identities for the second-order sequence 11

× ar−1

(r + k − 2)! 2r+k−2

∞∑

n=2r−k−2

n−r+1∑

m=r−k−1
v

n−m−r+1
2

(n−m+ r − 1)! !
(n−m− r + 1)! !

×
(
r + k − 2
k − 1

)
(n−m+ r − 3)! !

(n−m+ r − 2k − 1)! ! cos (n−m− r + 1)π
2

× m!
(m− r + k + 1)!Amx

n

=
∞∑

n=r−1

r−2∑

m=1

(
ar−1

(r − 1)! 2r−2

r−2∑

k=r−m−1

1
k! (r − k − 2)! 2k

(n−m+ r − 1)! !
(n−m− r + 1)! !

× (n−m+ r − 3)! !
(n−m+ r − 2k − 1)! !

m!
(m− r + k + 1)!

)
v

n−m−r+1
2

× cos (n−m− r + 1)π
2 Amx

n +
∞∑

n=r−1

n−r+1∑

m=r−1

(
ar−1

(r − 1)! (r − 2)! 2r−2

× (n−m+ r − 3)! !
(n−m− r + 1)! !

m!
(m− r + 1)! + ar−1

(r − 1)! 2r−2

×
r−2∑

k=r−m−1

1
k! (r − k − 2)! 2k

(n−m+ r − 1)! !
(n−m− r + 1)! !

(n−m+ r − 3)! !
(n−m+ r − 2k − 1)! !

× m!
(m− r + k + 1)!

)
v

n−m−r+1
2 cos (n−m− r + 1)π

2 Amx
n.

For 1 ≤ m ≤ r − 2 and r − 1 ≤ m ≤ n− r + 1, the above expression reduces
to

∞∑

n=0

∑

j1+···+jr=n
j1,...,jr≥1

Aj1 . . . Ajrx
n

=
[ ∞∑

n=0

r−2∑

m=1

(
ar−1m

(r − 1)! (r − 2)! 22r−4
(n+m+ r − 3)! !
(n+m− r + 1)! !

(n−m+ r − 3)! !
(n−m− r + 1)! !

)

+
∞∑

n=0

n−r+1∑

m=r−1

(
ar−1

(r − 1)! (r − 2)! 22r−4
(n+m+ r − 3)! !
(n+m− r + 1)! !

× (n−m+ r − 3)! !
(n−m− r + 1)! !m

)]
v

n−m−r+1
2 cos (n−m− r + 1)π

2 Amx
n,

which ends the proof. ut
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