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Higher-order identities for the second-order sequence
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Abstract The objective of this article is to derive some higher-order identities concerning
a general second-order recurrence sequence.
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1 Introduction

Let {A,} be a general second-order recurrence of the form
Apio = uApi1 +vA4, (n>0)

with Ag = ag and A; = a1 (see, e.g., [1,2,8,9] and references therein). This se-
quence is the generalization of some known sequences like Fibonacci numbers
{F.}, Pell numbers { P, }, balancing numbers { B, } etc. Here the parameters
u and v are non-zero real numbers satisfying A = u? +4v > 0. In this paper,
put ag = 0 and a1 = a # 0 for simplicity. The generating function f(z) of
this sequence {A,} is given by

o0
ax
) — Az = — 1.1
fla) = 3 dua" = 2 (1)
while its explicit form known as Binet formula is given by the identity
am — Bn
A, = ———
n a— /B bl

where a = % and = “_Q/Z.
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2 Bijan Kumar Patel, Takao Komatsu, Prasanta Kumar Ray

Higher-order identities for Fibonacci, Cauchy and balancing numbers were
studied in [3-5] by Komatsu et al. They have obtained some explicit expres-
sions of the identities

2r—3

2r =3
Z( ; > F...F;, and > F, . F,
=0 Jittjr=n Ji+-+jr=n
Jiyegr21 Jisensdr 21

for Fibonacci numbers in [4]. Whereas, the expressions
2r—3

2r — 3
z( l S BB, ad Y B, B,
=0 Jitetjr=n Jitetjr=n
Jiseensgr 21 Jiyesgr21

for balancing numbers found explicitly in [5]. In this article, we generalize all
these identities by considering the sequence {A4,}. The results in this paper
can be reduced to those in previous or classical papers.

2 Main Results

In this section we establish some higher-order identities concerning the se-
quence {A,}.

Theorem 2.1 Forn > 1,

1 n
ndy = =3 (AjAnji +vAj A ).

Jj=1

Remark. When @ = v = 1, Theorem 2.1 is reduced to Theorem 1.1 in [4].
When a =1 and v = —1, Theorem 2.1 is reduced to Theorem 1 in [5]. Notice
that the value u does not appear in the identity.

Proof. Differentiating both sides of (1.1) yields the identity

(14 va?) f(z)? = az’f (2). (2.1)
It follows that, (1 + va?) Z Z AjA,_jz" = az? Z nA,z""!. Further,
n=0 j= n=1
0o n—2 [e'S)
ZZAAn ;" +UZZAAn3293 Zn—l YAp_12".
n=0 j=0 n=2 j=0 n=1

Comparing the coefficients of like power of z, we get
n—1
a(n — ].)An,l = Z(AjAn,j + UAjflAn,jfl).
j=1
For Ag = 0 and letting n by n+1, we obtain the following result that resembles
the identity Aprn = AmAni1 + vAL_1 A4, (see, e.g., [6, Theorem 2.13]). O
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Higher-order identities for the second-order sequence 3

Theorem 2.2 Forn > 4, we have

3
3ok (2) S ALALA,

ri+ro+rs=n—2%k
ri,r2,r3>1

= a? (n ; 1) Ap g +d*v (n ; 4) Ap_a.

Remark. When a = v = 1, Theorem 2.2 is reduced to Theorem 1.2 in [4].
When a = 1 and v = —1, Theorem 2.2 is reduced to Theorem 2 in [5].

Proof. Differentiating both sides of (2.1) with respect to x, we obtain

’ axr ’ CLI'Z "

= —r . 2.2
1@ @) = sl 0+ 5 @ (22)
Now the identity (2.1) together with the identity (2.2) gives the following
2.3 2,4
3 a~x ’ a~xr ”

It follows that
(140223 f(2)® = a®2®f (x) + ;a (1 +vz?) f ().

Further simplification yields

(14 3vz? 4 30?2 + v32® Z Z A AL A"

n =0ri+reot+rs=n
T1,7’2,7’3>

—ax3ZnAnm”1+ a:z:z (n—1)A n—2

1
+ 5(121):1067;271(71 —1)A,z" 2,

Furthermore,

k n
S ) Y A
k=0n =2k ri+re+rs=n—2k
ri,r2,r3>1

= (n—4)(n—5)

o —1 -2
=q? HZ::Q %An_gac" + annZ:;;

and the result follows. O

n
An_4$ )
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The following lemma is useful to derive the subsequent main results.

Lemma 2.3 Forr > 2, we have

arfll.Qerf(rfl) (I)

N S (T (2.3)
k—1 r=1(_p)d k r—2 k242
S EO v <J> <k —-Jj- 1) o (r—k-1)
+ ,; k(r —k —2)1 (1 + va2)rtk-1 f ((3;)4)

Remark. When a = v = 1, Lemma 2.3 is reduced to Lemma 2.2 in [4]. When
a=1and v =—1, Lemma 2.3 is reduced to Lemma 1 in [5].

Proof. The method of induction on r is used to prove this result. The basis
step is clear as the identity (2.3) holds for r = 2. Assume that the result holds
for some r > 2. Now differentiating both sides of (2.3) with respect to z, we
obtain

rlgtr? r—1,2r—3
r—1 ¢/ — a X (r)/, (27” — 2)@ T (r-1)
rf(CE) f (x) (r— 1)! (1 + UxQ)r—1 / (I) + = 1)! (1 n U:L‘Q)Tf (:E)
k=l Ik - o
« an oy (J) <k -j- 1) g2r—h=2+2] .
! k=1 k(r —k —2)1 (1 + va2)rtk-1 f (z)
k=1 ’ " L |
v (= 2r—k—3+42
r—2 j:0(27’ k—2+25)a" " (—v)! (j) (k r? 1) . y
k=1 k(r —k—2)1 (1 + va2)rtk

k—1

V)

. ; k r—2 ;
r—1 +1 2r—k—1+2
(3k — 25)a" (—v)? <]> <k j 1> x J

k(r—k—2)!1 (1 + va?)rtk

Jc(r—lf—l)(l,)+ - J=0
k=1

S @),
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Higher-order identities for the second-order sequence 5

Further simplification leads to

rf@) (@)

r—1,.2r—2 2@7;11'27’73

a1z g,
GO A

- (r— 1! (1 + va?)r—1 fO(x) +

o O a" (=) (1;) (kiﬁl)xw-k—um

= (r—k)
> k(r —k — 2)l (1 + vz2)rth-1 S ()

k=1
k=2 J N k—1\( T=2 \_ 2r—k—242j
v @ (=0 (2r =k =14 2))(" ) (2w
+ j=0 f(r,k)(x)
k=2 (k—=1)(r—k—=1)1 (1 + va2)rtk-1

k _ . o s
—1 2 a" Y (—v) (3k — 25 — 1)(’;7}) (kszl)lﬂ k—2+2;

j=1
+

1;2 (k—=1)(r —k—1)! (1 + va?)r+h-1
B ar711.2r72f(r) (1:)

= (7” — 1)' (1 I ,Ux.Q)rfl

f(r—k)(x)

k—1 4 . o
o j Oarq(_v)g (1;) (kfjil):lﬁ k—2+2j -
— r—k
+TZ k(r —k— 1)1 (1 + va?)rth-t f (z).

Using the fact (T_QQ)! + (T_13)! = (r12)! and the identity (2.1), we have

2
T a /@@
an ar71x2r72f(r) (I)
(1+wva2) r! (14 va2)r-t

@ o () (77 a2

-1 2 -
+Z] k(r —k— 1)1 (1 + va?)rth-1 f( k)(x)

S gky( =1\, 2r—k+2j
ro1 2 0 (—v) (]) (kqu)x

a’z*" [ (x =0 r—
= e+ 2 ),
’ k=1

Syt =

k(r —k—1)! (1 + va?)

This ends the proof. O
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Theorem 2.4 Let r > 2. Then forn > 3r — 5,

= -3
. _
gp( l ) S A4
=0 Jitetjr=n—2l
Jiyenjr21

o 7“1 k—1T — —r+3 n—2k+1 n—k—2r+3
- Z T <7"—k—1 k—1 An72k77‘+3-

Remark. When @ = v = 1, Theorem 2.4 is reduced to Theorem 2.1 in [4].
When a = 1 and v = —1, Theorem 2.4 is reduced to Theorem 3 in [5].

Proof. By virtue of Lemma 2.3, we have

(1 +U1‘2)2r_3f(. )r

(1 2) Qar 1,.2r— 2](' r— 1) 22 s
=(1+wvx*)"™ 1+vz?)"™
(r—1! Pt (2.5)
kz_:l a1 (—v)] (kf) < r— 2 ) p2r—k—2+2j
=0 J)\k=j—1 (r—k—1)
x k(r—k — 2)! ! (@)

Since Ag = 0, the left hand side of (2.5) becomes

(1 + va?)?™ 32 Z Aj o A

n=0ji++jr=n

Jiseensgr21
2r—3 oo 20
- n
-y Y ( ) S A A
1=0 n=2l g1t jr=n—21

JiyeJr21

Further, the first term of the right hand side of (2.5) simplifies to

. 2ar—lx2r—2f(r—1)(x)

1 2yr=
(1+ vz?) =]
r-2 2r—2 3] |
t(r— 2) 2t r—1_T n! I
=2 ra Apz
- r—2 00
¢ 7”—2) (n—r—2t+1)! N
Zv ( > Ap—r—atr12".
= neorarg (0= 2r = 2t 4 2)!
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7

Furthermore, the second term of the right hand side of (2.5) becomes

Ti(TiZ”t(T_];_Z)th) R —k —QIZ“T o (k1520)

k=1 \ t=0
o |
2r—k—2+25 n: n—r+k+1
X T A
n:rz—;g—l n—r+k+1)1""
B r—3 r—z:t—S r—zth (—1)7a"totts
= S s (k+D(r—k=3)!(n—2r+k—2t—25+3)!
r—k— k+1\ (r—2 ‘
(N e
n=2r+2t+2j—k—3
X An7r72t72j+1xn
r—3 r—2 r—t-3

B —Z (_1>§—t—lar—lv6—1 (7,, k- 3)
S saem B D=k =3) (n—2r + k20 +5)! t

k+ r—2 n
X((S—t—l)(k—(5+t+1> Z (n—r—204+3) Ap_r_o5r32™.
n=2r+2—k—5

Now the right-hand side of (2.5) becomes

a okt <7"—2) (n—r—2k+3)!
(r—1! \k—=1) (n —2r — 2k + 4)!

k—1 r—t-3 (_1)1@471@%11}#1

DY

o D=1 =3)(n—2r+1—2k+5)!

r—I01—3 1+1 r—9
><( t ><l—t—1> <l—k+t+1) (n—7r—2k+3)!

_ar_lvk_l(n—T—Qk—l-?)) n—2k+1\ (n—k—2r+3
- (r—1) r—k—1 k-1 ’

which completes the proof. 0O

(n—m—1)

n n—1
Theorem 2.5 Forn>2, > AjA,_j=a Y v 2 cos (==, A,
7=0 m=1

Remark. When @ = v = 1, Theorem 2.5 is reduced to Theorem 4.1 in [4].

When ¢ =1 and v = —1, Theorem 2.5 is reduced to Theorem 4 in [5].
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Proof. From (2.1), we have

n=0 j=0
= az? (—v)i 2% <Z mAmxm1>
=0 m=1

ax? ( ijj/ij> (Z(er 1)Am+1xm)

m=0
n—

%)
=a Z mAm’Ynfmfl'U(n_m_l)/zxnv

n=0

hE

<
Il
= O

3
=}

where v; = cos% for j > 0. Comparing the coefficients of like power of z
from both the sides of above equation, we obtain the desired result. 0O

Let C,, be the n-th Catalan number [7], defined by

Theorem 2.6 Forn > r > 2, we have

S AL LA

jll"”"'fjr»:n
Jiyengr21

o adC "_irlanfm;rﬂ(n+m+r73)!!(nfm+r73)!!
7(21“—4)!227”—4 —~ m+m—-r+Dn-—m-—r+ 1!
(n—m—r+1)7m

2

X mA,, cos

Remark. When a = v = 1, Theorem 2.6 is reduced to Theorem 4.2 in [4].
When a = 1 and v = —1, Theorem 2.6 is reduced to Theorem 5 in [5].

Proof. Using binomial expansion, we have

1 _ s it —2\ o
(1+wvz?)r—t _;( v) ( r—2 )Js
> vk/? (k4+2r—4)!" kn

—z". 2.
ool g P (26)

k=0 (
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Higher-order identities for the second-order sequence 9

Since
e —1
(r— 1) Z m+7" ) Ade“71xm7 (27)

m=0

the first term on the right-hand side of (2.3) becomes

ar71x2r72f(r71)(x)

(r— D1+ va?)r—1
a" T &I w2 (- 2r — )]
(r—1! &= (r—2)2r2 (n—m)!!

(n—m)m (m+r—1)!

X COS Apr—12"
2 m!
r—l oo n—2r42
(n=2r+2-m)
= Z Z v 2
(T - 1) ( '2T ? n=2r—2 m=0
(n—m—2)!! (n—m—2r+2)tr (m+r—1)! n
% (n—m—2r—2)! o8 2 m! Amer—1@
Til i nfl (n— m2r+1 n—m+r—3)”
= U
(r=D!(r—2)2r2 £~ & (n—m—r+ 1!
XCOS(n—m—T+1)7r m! Agh
2 (m—r+ 17"
In a similar use of the expressions (2.6) and (2.7) gives
RS Gk ( T=2 Y\, 2r—k—242)
> a" (=) (j)(k—j—l)x
fr )
(1 + va2)r k1 :
k-1
Ak r—2 p(n—m)/2
— Zar—l(_v)] ( ) ( . ) 2r—k+2j5-2 Z Z -
= ji\k—7—1 == (r k= 2)2r k2
n—m+2r+ 2k — 4)!! n—m)r (m+r—k—1)
2 & LIRS ST SV P

S n—2r+k+2—-2j

a1 r—2
- (r+k —2)t2rth=2 Z ( ) (k —J- 1) n:ZT—Zk—Q-‘er mZ::O

g2 (nfm+3kf272j)!!
(n—m—=2r+k+2—2j)!
m—m+k—-2r+2-2j)r(m+r—Fk—1)!
2 m!

n
Am+7‘,k,1$ .

X COs
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a1t r—2
T rtk—2)l2rthe 22 ()(k‘jl)

i n- QikJrQ n—m+k—22r+272j (n —m + 3k — 2 - 2])! !

x ! (n—m—2r+k+2—2j)

n=2r—k—2 m=0
m—m+k—=2r+2-2)r (m+r—~k—1)!

X COS Amr——12"
2 m!

ar_1 n—r+1 k-1 r—29
:(T+k_2)!2r+k2 Z Z Z_U ()( —j—1>

n=2r—k—2m=r—k—1 j=0
n—m+k—2r4+2—2j (n—m+T+2k—3—2])..
2

v (n—m—r+k+3-2j)!
— — — 929 |
« cos (n—m+k—2r+2-—2jr m! A,
2 (m—r+k+1)!

Since
(n—m+r+2k—3-25)!"
(n—m-—r+k+3-25)1

)

form=n—-2r+k+2-25(j=1,2,...,k—2), this is equal to

CLT71 Z nfl U'nf'm;ﬂrl (n—m+r—l)"
(r+k-—2)l2rth=2 o=~ — (n—m—r+1)!!
r+k—2 (n—m+r—3)!! Cos(n—m—r+1)7r
E—=1 )J(n—m+r—2k—1)! 2
m!
X Apa™.
(m—r+k+1)! m¥
Therefore, the equation (2.3) becomes
S Y Ay Ayt
n=0ji+-+jr=n
Jlyeersgr>1
arl io: nfl Wm2r+1 n—m+r—3)"
= /Z_}
(r=DH(r—2)t2r=2 &< & (n—m—r+1)!!
(n—m-—r+1)m m! = 1
X Apa™
o8 2 m—r+01°m" +k§k(r—k—2)'
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r—1 n—r+1

a n-m-ri1 (0 —m—+7r—1)!!
X 2
(T+k_2)!2r+k_2n 27‘2.16 Qm;c 1v (n—m—r—i—l)"

<r+k—2) (n—m+r—3)!! (n—m—r+1)7m

k=1 Jin—m+r—2k—1DI1"" 2
m!

*(m —r+k+1)'

i Z( 3—:2 1 (n—m+7r—1)!
= '27”Qkr_m_lk!(r—k‘—2)!2k(n—m—r+1)!!

(n—m+r—3)!! m! ) n-m—rt1
X 2

A,,x"

m—m+r—=2k—1D"(m—-r+k+1)!

%) n—r+1 r—1

mn—m-—r+1)r a
X co8 B Amz” + Z Z (r=1!(r—2)2r2

n=r—1m=r—1

(n—m+r—3)!! m! ar!

m—m-—r+ 1) (m-—r+1)! * (r—1)12r—2
r—2
1

(n—m+r—D!1" (n—m+r—3)!!

>
p = RN =k =2)128 (n—m —r+ D! (n —m 47— 2k - 1!

m! > nom-rt1 (n—m-—r+)m
v

X 5 Apa™.
(m—r+k+1)! T 2 m?

Fori<m<r—2andr—1<m<n—r+1, the above expression reduces
to

SO A At

n=0ji++jr=n

J1seeenfr>1
== - DI (r— )'22T4(n+m—r+1) (n—m—rJrl)!!

oo n—r+l arfl (n+m+7«_ )
22 ( T2 22 At m D)

n=0m=r—1

- _3!' n—m-—r - - 1
><(n m+r ;”mﬂfu 2“005(” m-—r+ )ﬂAmx”7

2

which ends the proof. O
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