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Directed weak and directed Dold fibrations

I. Pop

Abstract In a previous paper [21] the author studied the homotopy lifting property
in the category dTop of directed spaces in the sense of M. Grandis [12], [13], [14]. The
present paper, which is a continuation of the aforementioned article, introduces and studies
the directed weak homotopy property (dWCHP) and directed covering semistationary
homotopy property (dCSHP) defining directed weak fibrations and directed Dold fibrations
respectively, both extending to the category dTop the well known Dold’s [6] (or weak [3])
fibrations, but which are not equivalent as in the undirected case. Then the notion of a
directed fibre homotopy equivalence (dFHE) between directed Dold fibrations is studied.
Some examples and counterexamples are given.
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1 Introduction

Directed Algebraic Topology is a recent subject which arose from the study
of some phenomena in the analysis of concurrency, traffic networks, space-
time models, etc.([7]-[11]). It was systematically developed by Marco Gran-
dis ([12], [13], [14]). Directed spaces have privileged directions and directed
paths therefore do not need to be reversible. M. Grandis introduced and
studied ’non-reversible’ homotopical tools corresponding to ordinary ho-
motopies, fundamental group and fundamental n-groupoids: directed ho-
motopies, fundamental monoids and fundamental n-categories. Also some
directed homotopy constructions were considered: pushouts and pullbacks,
mapping cones and homotopy fibres, suspensions and loops, cofibre and fi-
bre spaces. As for directed fibrations, M. Grandis [13] refers to these (more
precisely to the so-called lower and upper d-fibrations) only in relation with
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2 I. Pop

directed h-pullbacks. But in [21], the author of this paper defined and stud-
ied in detail Hurewicz directed fibrations (bilateral d-fibrations in the sense
of definitions by Grandis). In classical algebraic topology, besides the ho-
motopy covering property (CHP) [15], other properties of covering/lifting
homotopy have also been studied and proved very interesting: weak CHP
(WCHP) [6], [3], [17], [16]; rather weak CHP (RWCHP) [1], [2], [19], [18];
very weak CHP (VWCHP) [18]; approximate fibrations (AHLP) [4], [5], [20].
In this paper the author proposes to define and study two directed weak
lifting homotopy properties (dWHLP)and directed covering semistationary
homotopy (dCSHP), directed weak fibration and directed Dold fibration
respectively.

The basics of the Directed Algebraic Topology which we will use are taken
from the 2003 paper of Grandis [12].

A directed space or a d-space, is a topological space X equipped with a
set dX of continuous maps a : I = [0, 1] → X, called directed paths, or
d-paths, satisfying the following three axioms:

(i) (constant paths) every constant map I→ X is a directed path,
(ii) (reparametrisation) the set dX is closed under composition with (weak

-ly) increasing maps I→ I ,
(iii) (concatenation) the set dX is closed under concatenation (the product

of consecutive paths, which will be denoted by ∗).
We use the notations X or ↑ X if X is the underlying topological space;

if X (or ↑ X) is given, then the set of directed paths is denoted by dX
(resp.d(↑ X))and the underlying space by |X| (resp.| ↑ X|).

The standard d-interval with the directed paths given by increasing (weak-
ly) maps I→ I is denoted by ↑ I =↑ [0, 1].

A directed map, or d−map, f : X → Y , is a continuous mapping between
d-spaces which preserves the directed paths: if a ∈ dX, then f ◦ a ∈ dY .
The category of directed spaces and directed maps is denoted by dTop (or
↑ Top). A directed path a ∈ dX defines a directed map a :↑ I→ X, which
is also a path of X.

For two points x, x′ ∈ X we write x � x′ if there exists a directed path
from x to x′. The equivalence relation ' spanned by � yields the partition of
a d-space X in its directed path components and a functor ↑ Π0 : dTop→
Set, ↑ Π0(X) = |X|/ '. A non-empty d-space X is directed path connected
if ↑ Π0(X) contains only one element.

The directed cylinder of a d-space X is the d-space ↑ (|X| × I), denoted
by X× ↑ I or ↑ IX, for which a path I → |X| × I is directed if and
only if its components I → X, I → I are directed. The directed maps
∂α : X → X× ↑ I, α = 0, 1, defined by ∂α(x) = (x, α), are called the faces
of the cylinder.

If f, g : X → Y are directed maps, a directed homotopy ϕ from f to g,
denoted by ϕ : f → g, or ϕ : f � g, is a d-map ϕ : X× ↑ I → Y such
that ∂0 ◦ ϕ = f and ∂1 ◦ ϕ = g. The equivalence relation defined by the
d-homotopy preorder � is denoted by f 'd g or simply f ' g . This means
that there exists a finite sequence f � f1 � f2 � f3 � ...g.
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Directed weak and directed Dold fibrations 3

Two d-spaces X and Y are d-homotopy equivalent if there exist d-maps
f : X → Y and g : Y → X such that g ◦ f 'd 1X and f ◦ g 'd 1Y .

Standard models. The spaces Rn, In, Sn have their natural d-structure,
admitting all (continuous) paths. I is called the natural interval. The di-
rected real line, or d-line ↑ R is the Euclidean line with directed paths
given by the increasing maps I → R (with respect to natural orders). Its
cartesian power in dTop, the n-dimensional real d-space ↑ Rn is similarly
described (with respect to the product order, x ≤ x′ iff xi ≤ x′i for all i). The
standard d-interval ↑ I =↑ [0, 1] has the subspace structure of the d-line;
the standard d-cube ↑ In is its n-th power, and a subspace of ↑ Rn. The
standard directed circle ↑ S1 is the standard circle with the anticlockwise
structure, where the directed paths a : I→ S1 move this way, in the plane:
a(t) = [1, ϑ(t)], with an increasing function ϑ (in polar coordinates).

A directed quotient X/R has the quotient structure, formed of finite con-
catenations of projected d-paths; in particular, for a subset A ⊂ |X|, byX/A
is denoted the quotient of X which identifies all points of A. In particular,
↑ Sn = (↑ In/∂In), (n > 0). The standard circle has another d-structure of
interest, induced by R× ↑ R and called the ordered circle ↑ O1 ⊂ R× ↑ R.
It is the quotient of ↑ I+ ↑ I which identifies lower and upper endpoints,
separately.

The forgetful functor U : dTop → Top has adjoint: at left c0(X) with
d-discrete structure of constant paths, and right C0(X) with the natural
d-structure of all paths.

Reversing d-paths, by involution r : I→ I, r(t) = 1−t, gives the reflected,
or opposite, d-space; this forms a (covariant) involutive endofunctor, called
reflection R : dTop → dTop, R(X) = Xop, (a ∈ d(Xop) ⇔ aop := a ◦ r ∈
dX). A d-space is symmetric if it is invariant under reflection. It is reflexive,
or self-dual, if it is isomorphic to its reflection, which is more general. The
d-spaces ↑ Rn,↑ In, ↑ Sn and ↑ O1 are all reflexive.

2 Directed fibrations

In this section we resume sections 2 and 3 from [21] including definitions
and results that are necessary or interesting for this paper.

Definition 2.1 Let p : E → B,f : X → B be directed maps. A d-map
f ′ : X → E is called a directed lift of f with respect to p if p ◦ f ′ = f .

Definition 2.2 A directed map p : E → B is said to have the directed
homotopy lifting property with respect to a d-space X if, given d-maps f ′ :
X → E and ϕ : X× ↑ I → B, and α ∈ {0, 1}, such that ϕ ◦ ∂α = p ◦ f ′,
there is a directed lift of ϕ, ϕ′ : X× ↑ I→ E, with respect to p, p ◦ ϕ′ = ϕ,
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4 I. Pop

such that ϕ′ ◦ ∂α = f ′.

E
p // B

X

f ′ =

OO

∂α
// X× ↑ I

ϕ′

gg

ϕ=

OO

A directed map p : E → B is called directed (Hurewicz) fibration if p has the
directed homotopy lifting property with respect to all directed spaces (dHLP).
This property is also called the directed covering homotopy property (dCHP).

Properties of directed fibrations.
P1. If p : E → B has the directed homotopy lifting property with respect

to X and f0, f1 : X → B are directed homotopic, f0 'd f1, then f0 has a
directed lift with respect to p iff f1 has this property.

P2. Let p : E → B be a directed fibration and a ∈ dB with a(α) =
p(eα), eα ∈ |E|, and α ∈ {0, 1}. Then there exists a directed path aα ∈ dE
which is a lift of a, p ◦ aα = a, with the α-endpoint eα, aα(α) = eα.

Examples of directed fibrations.
E1. Let F and B be arbitrary directed spaces and let p : B × F → B be

the projection. Then p is a directed fibration.
E2. Let p : E → |B| be a Hurewicz fibration. For the space E consider

the maximal d-structure compatible with dB and p, i.e., d(↑ E) = {a ∈
EI/p ◦ a ∈ dB}. Then p :↑ E → B is a directed fibration.

E3. If p : E → B is a directed fibration, then the opposite map p : Eop →
Bop is also a directed fibration.

For an intrinsic characterization of the dHLP we need some notations.
Given a d-map p : E → B and α ∈ {0, 1}, we consider the following

d-subspace of the product (in dTop) E ×B↑I

Bα = {(e, a) ∈ E ×B↑I|a(α) = p(e)}

(The d-structure of B↑I is given by the exponential law, dTop(↑ I, dTop(↑
I, B)) ≈ dTop(↑ I× ↑ I, B), [12]).

Definition 2.3 A directed lifting pair for a directed map p : E → B is a
pair of d-maps

λα : Bα → E↑I, α = 0, 1, (2.1)

satisfying the following conditions:

λα(e, ω)(α) = e, (2.2)

p ◦ λα(e, ω) = ω, (2.3)

for each (e, ω) ∈ Bα.
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Directed weak and directed Dold fibrations 5

Theorem 2.4 (i) A directed map p : E → B is a directed fibration if and
only if there exists a directed lifting pair for p.

(ii) If p : E → B is a directed fibration, the d-spaces B0 and B1 are
d-homotopy equivalent.

3 Directed weak fibrations. Properties. Examples

Definition 3.1 Let p : E → B and f, g : X → E directed maps such that
p ◦ f = p ◦ g. If we suppose that f 'd g by a sequence of directed homotopies
f � f1 � f2 � f3 � ...g, p ◦ fk = p ◦ f = p ◦ g, with all the homotopies
ϕ1 : f � f1, ϕ2 : f2 � f1..., ϕk : fk � fk±1, .... satisfying the conditions
(p ◦ϕk)(x, t) = p(f(x)) , k = 1, 2, ..., (∀)x ∈ X, (∀)t ∈ [0, 1], then we denote
this by f 'd

(p)
g and say that f is vertically directed homotopic to g.

The following definition is analogous in the directed algebraic topology to
the definition of WCHP given in [3], Ch. II (6.1).

Definition 3.2 A directed map p : E → B is said to have the directed weak
covering homotopy property with respect to a d-space X if, given d-maps
f ′ : X → E and ϕ : X× ↑ I→ B, and α ∈ {0, 1}, such that ϕ ◦ ∂α = p ◦ f ′,
there is a directed lift of ϕ, ϕ′ : X× ↑ I→ E, with respect to p, p ◦ ϕ′ = ϕ,
such that:(1) ϕ′◦∂α and f ′ are vertically directed homotopic (2) ϕ′◦∂α 'd

(p)
f ′.

E
p // B

X

f ′
'd
(p)

OO

∂α
// X× ↑ I

ϕ′

gg

ϕ=

OO

Proposition 3.3 If p : E → B has the directed weak covering homotopy
property with respect to X and f0, f1 : X → B are directed homotopic,
f0 'd f1, then f0 has a direct lift with respect to p if and only if f1 has this
property.

Proof. Let f ′0 : X → E be directed lifting of f0, p ◦ f ′0 = f0. If ϕ : f0 � f1
or ϕ : f1 � f0, let ϕ ◦ ∂α = f0, α ∈ {0, 1}. Then we have ϕ ◦ ∂α = p ◦ f ′0
and let ϕ′ a directed lift of ϕ, p ◦ ϕ′ = ϕ and ϕ′ ◦ ∂α 'd

(p)
f ′0. If we define

f ′1 = ϕ′ ◦ ∂1−α, then p ◦ f ′1 = p ◦ ϕ′ ◦ ∂1−α = ϕ ◦ ∂1−α = f1. In the general
case f0 � g1 � g2 � g3 � ...f1, we recurrently apply the consequences of
the immediate homotopies. ut

Remark 3.1 In the proof of Proposition 3.3 we used only the first condition
of ϕ′ from the definition of the directed weak covering homotopy property.
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6 I. Pop

Definition 3.4 A directed map p : E → B is called a directed weak fibration
if p has the directed weak covering homotopy property with respect to every
directed space (dWCHP).

Corollary 3.5 Let p : E → B be a directed weak fibration and a ∈ dB a
directed path with a(α) = p(eα) for a point eα ∈ |E| and α ∈ {0, 1}. Then a
admits a directed lift a′α ∈ dE, p ◦ a′α = a, whose the α− end point, a′α(α),
is in the same directed path component of E as eα.

Example 3.1 Let p : E → B be an undirected weak fibration and ↑ B a d-
structure on the space B. For the space E consider the maximal d-structure
compatible with p, i.e., a ∈↑ E iff p ◦ a ∈ d(↑ B). Then the directed map
p :↑ E →↑ B is a directed weak fibration. Indeed: if f ′ : X →↑ E and
ϕ : X× ↑ I →↑ B are directed maps and α ∈ {0, 1} such that ϕ ◦ ∂α =
p ◦ f ′, then obviously there exists continuous maps ϕ′ : X × I → B and
K : X × I → E satisfying p ◦ ϕ′ = ϕ, K(x, 0) = f ′(x),K(x, 1) = ϕ′(x, α)
and pK(x, t) = pf ′(x), (∀)x ∈ X, (∀)t ∈ I. Then it is enough to observe that
the maps ϕ′ and K are directed. But this follows because if for a continuous
map g : | ↑ Y | → E the composition p ◦ g :↑ Y →↑ B is a directed map,
then g :↑ Y →↑ E is also a directed map.

Example 3.2 Consider in the directed space ↑ R×R the subspaces B =↑ R
and E = {(x, y)|x.y ≥ 0} , and the directed map p : E → B ,p(x, y) =
x. This is not a directed fibration. Consider a pointed space {∗} and the
directed maps h′ : {∗} → E, h′(∗) = (0,−1) and H : ∗× ↑ I → B,H(∗, t) =
t, for which H(∗, 0) = ph′(∗) = (0, 0). For this pair there isn’t a directed
map H ′ : {∗}× ↑ I → E such that H ′(∗, 0) = (0,−1) and p ◦ H ′ = H.
If we suppose the contrary, let H ′(∗, t) = (x(t), y(t)), x(t)y(t) ≥ 0, x(0) =
0, y(0) = −1 and x(t) = t, (∀)t ∈ [0, 1]. So y(t) ≥ 0, (∀)t ∈ I, in contradiction
with y(0) = −1. Therefore p is not a directed fibration. But we can prove
that it is a directed weak fibration. This can be achieved by Example 3.1
because p : E → B is an well known example of weak fibration and the
d-structure of E is induced by that of B.

However, for more clarity, we give all details. Suppose that for an arbitrary
directed space A are given the directed maps f ′ : A → E,ϕ : A× ↑ I →
B, and α ∈ {0, 1}, satisfying p(f ′(a)) = ϕ(a, α), (∀)a ∈ |A|. If f ′(a) =
(x(a), y(a)), x(a).y(a) ≥ 0, and ϕ(a, α) = x(a), we define ϕ′ : A× ↑ I → E
by ϕ′(a, t) = (ϕ(a, t), ϕ(a, t)). This is a directed map and pϕ′(a, t) = ϕ(a, t),
i.e., p ◦ ϕ′ = ϕ. Then ϕ′(a, α) = (ϕ(a, α), ϕ(a, α)) = (x(a), x(a)). Now we
define K : A× ↑ I→ E by K(a, s) = (x(a), (1−s)y(a)+sx(a)), s ∈ I, a ∈ |A|.
This is correctly defined since x(a).[(1 − s)y(a) + sx(a)] ≥ 0. And it is a
directed map since f ′ is and therefore x(.) is directed. For this map we
have: K(a, 0) = (x(a), y(a)) = f ′(a),K(a, 1) = (x(a), x(a)) = (ϕ′ ◦ ∂α)(a)
and pK(a, s) = x(a) = p(f ′(a)), (∀)s ∈ I, a ∈ |A|. Therefore we have K :
f ′ �d

(p)
ϕ′ ◦ ∂α.
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Directed weak and directed Dold fibrations 7

Definition 3.6 Let p : E → B, p′ : E′ → B directed maps. We say that p
is directed dominated by p′ (or p′ dominates p) if there exist directed maps
f : E → E′, g : E′ → E over B, p′ ◦ f = p, p ◦ g = p′ such that g ◦ f 'd

(p)
idE.

Theorem 3.7 If p : E → B is directed dominated by p′ : E′ → B and if
p′ has the dWCHP with respect to X, then p has the same property. Con-
sequently, if p′ is a directed weak fibration, then p is also a directed weak
fibration.

Proof. Let some maps f and g as in Definition 3.6. Let h′ : X → E,ϕ :
X× ↑ I → B, and α ∈ {0, 1}, such that ϕ ◦ ∂α = p ◦ h′. We have the
commutative diagram

E′
p′ // B′

X

f◦h′
OO

∂α
// X× ↑ I

ϕ

OO

Then by hypothesis there is ϕ′ : X× ↑ I → E′, with p′ ◦ ϕ′ = ϕ and
ϕ′ ◦∂α 'd

(p′)
f ◦h′. Then we can consider the composition ϕ′ = g ◦ϕ′. For this

we have p ◦ϕ′ = p ◦ g ◦ϕ′ = ϕ and ϕ′ ◦ ∂α = g ◦ϕ′ ◦ ∂α 'd
(p)

(g ◦ f) ◦ h′ 'd
(p)

h′.

ut
Corollary 3.8 If p : E → B is directed dominated by a directed fibration
p′ : E′ → B, then p is a directed weak fibration.

Proposition 3.9 Let p : E → B be a directed map with the dWCHP with
respect to X. Let g′ : X → E,ψ : X × (↑ I)op → B directed maps, and
α ∈ {0, 1}, such that ψ◦∂α = p◦g′, where ∂α denotes the faces of the inverse
cylinder X × (↑ I)op. Then there exists a directed map ψ′ : X × (↑ I)op → E
satisfying the conditions p ◦ ψ′ = ψ and ψ′ ◦ ∂α 'd

(p)
g′.

Proof. Define ϕ : X× ↑ I → B by ϕ(x, t) = ψ(x, 1 − t). This is a directed
map. Indeed, if c ∈ d(X× ↑ I), we write c(t) = (x(t), i(t)), with x(.) ∈ dX
and i(.) ∈ d(↑ I) and define c′ : I → |X| × I by c′(t) = (x(t), 1 − i(t)).
Since i′(t) = 1 − i(t) defines a directed path in (↑ I)op, we have that c′ ∈
d(X × (↑ I)op) and then ψ ◦ c′ ∈ d(B). But (ψ ◦ c′)(t) = ψ(x(t), 1− i(t)) =
ψ(x(t), i(t)) = (ϕ◦c)(t). Thus ϕ◦c ∈ d(B) and so ϕ is a directed map. Then
by hypothesis there is a directed map ϕ′ : X× ↑ I→ E satisfying p ◦ϕ′ = ϕ
and ϕ′◦∂1−α 'd

(p)
g′. Now define ψ′ : X×(↑ I)op → E by ψ′(x, t) = ϕ′(x, 1−t).

As above, this is a directed map. Moreover pψ′(x, t) = pϕ′(x, 1 − t) =
ϕ(x, 1 − t) = ψ(x, t). And ψ′(x, α) = ϕ′(x, 1 − α), i.e., ψ′ ◦ ∂α = ϕ′ ◦ ∂1−α,
thus we deduce ψ′ ◦ ∂α 'd

(p)
g′. ut

411



8 I. Pop

Corollary 3.10 The reflection endofunctor R : dTop → dTop conserves
the property of directed weak fibration.

Proof. Let p : E → B be a directed weak fibration. Consider its image under
the functor R, p : Eop → Bop. For an arbitrary directed space X, consider
directed maps f ′ : X → Eop, ϕ : X× ↑ I → Bop and α ∈ {0, 1} such that
ϕ ◦ ∂α = p ◦ f ′. Consider the opposite of these maps f ′ : Xop → E and
ϕ : (X× ↑ I)op ≈ Xop × (↑ I)op → B with ϕ ◦ ∂α = p ◦ f ′ also. Then by
Proposition 3.9 there is a commutative diagram

E
p // B

Xop

f ′
'd
(p)

OO

∂α
// Xop × (↑ I)op

ϕ′

ii

ϕ=

OO

and the functor R induces the diagram

Eop
p // Bop

X

f ′
'd
(p)

OO

∂α
// X× ↑ I

ϕ′

hh

ϕ=

OO

since the reflection functor translates a relation f � g into g � f , that is
the homotopies are conserved. ut
Proposition 3.11 Let p : E → B be a directed weak fibration and f : B′ →
B a directed map. Denote the pullback E

∏
B B

′ by Ef , i.e., Ef = {(e, b′) ∈
E×B′|p(e) = f(b′)} with the d-structure as subspace of the product E×B′.
Then the projection pf : Ef → B′ is a directed weak fibration.

Proof. Let the commutative diagram be given

Ef
pf // B′

X

h′

OO

∂α
// X× ↑ I

ϕ

OO

such that h′(x) = (e(x), b′(x)), p(e(x)) = f(b′(x)), with e(.) : X → E and
b′(.) : X → B′ directed maps, we have ϕ(x, α) = b′(x), (∀)x ∈ X. Now we
can consider the following commutative diagram

E
p // B

X

e(.)

OO

∂α
// X× ↑ I

f◦ϕ
OO
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Directed weak and directed Dold fibrations 9

because p(e(x)) = f(b′(x)) = f(ϕ(x, α)) = ((f ◦ ϕ) ◦ ∂α)(x).
Now, by hypothesis there is a directed map ϕ′ : X× ↑ I → E such that

p ◦ ϕ′ = f ◦ ϕ and ϕ′ ◦ ∂α 'd
(p)

e(.).

E
p // B

X

e(.)
'd
(p)

OO

∂α
// X× ↑ I

ϕ′

gg

f◦ϕ=

OO

From the relation p(ϕ′(x, t)) = f(ϕ(x, t)) we see that for all (x, t) ∈ X× ↑ I,
(ϕ′(x, t), ϕ(x, t)) ∈ Ef , such that we can define ϕ′ : X× ↑ I → Ef by
ϕ′(x, t) = ϕ′(x, t), ϕ(x, t)). This is a directed map and (pf ◦ ϕ′)(x, t) =
ϕ(x, t), i.e., pf ◦ϕ′ = ϕ. Moreover, (ϕ′◦∂α)(x) = ((ϕ′◦∂α)(x), (ϕ◦∂α)(x)) =
((ϕ′◦∂α)(x), (pf◦h′)(x)) = ((ϕ′◦∂α)(x), b′(x)), i.e., ϕ′◦∂α = (ϕ′◦∂α, b′(.)) 'd

(p)

(e(.), b′(.)) = h′,

Ef
pf // B′

X

h′
'd
(p)

OO

∂α
// X× ↑ I

ϕ′

gg

ϕ=

OO

ut

4 Directed Dold fibrations

Definition 4.1 A directed homotopy ϕ : X× ↑ I → Y is called semis-
tationary if either ϕ(x, t) = ϕ(x, 12), (∀)x ∈ X, t ∈ [0, 12 ] or ϕ(x, t) =

ϕ(x, 12), (∀)x ∈ X, t ∈ [12 , 1]. In the first case we say that ϕ is lower semis-
tationary and in the second case we say that ϕ is upper semistationary.

Definition 4.2 A directed map p : E → B is called a directed Dold fibration
if p has the directed covering homotopy property with respect to each d-space
X and for all semistationary directed homotopies ϕ : X× ↑ I→ B (dCSHP).

Example 4.1 We apply the model of Example 3.1. Let p : E → B be an
undirected Dold fibration and ↑ B a d-structure on the space B. For the
space E consider the maximal d-structure compatible with p, i.e., a ∈↑ E
iff p ◦ a ∈ d(↑ B). Then the directed map p :↑ E →↑ B is a directed Dold
fibration. Indeed: suppose that f ′ : X →↑ E is a d-map, ϕ : X× ↑ I →↑ B
is a semistationary d-homotopy directed maps and α ∈ {0, 1} such that
ϕ ◦ ∂α = p ◦ f ′. If α = 0 then there exists ϕ′ : X × I → B such that
p ◦ ϕ′ = ϕ and ϕ′ ◦ ∂0 = f ′. If α = 1, define ψ(x, t) = ϕ(x, 1− t), which is a
semistationary (undirected) homotopy. For this there exists ψ′ : X× I → B
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10 I. Pop

such that p ◦ ψ′ = ψ and ψ′ ◦ ∂0 = f ′. Then define ϕ′ = ψ′(x, 1 − t) for
which p ◦ ϕ′ = ϕ and ϕ′ ◦ ∂1 = f ′. Now it is enough to observe that the
maps ϕ′ and ϕ′ are directed. But this follows because if for a continuous
map g : | ↑ Y | → E the composition p ◦ g :↑ Y →↑ B is a directed map,
then g :↑ Y →↑ E is also a directed map.

Theorem 4.3 A directed Dold fibration p : E → B is a directed weak fibra-
tion.

Proof. Suppose that p has the dCHP with respect toX for all semistationary
directed homotopies and let a commutative diagram be given

E
p // B

X

f ′

OO

∂α
// X× ↑ I

ϕ

OO

a) Suppose α = 0. Then we define the following lower semistationary
directed homotopy: ϕ− : X× ↑ I→ B,

ϕ−(x, t) =

{
ϕ(x, 0), if 0 ≤ t ≤ 1

2 ,
ϕ(x, 2t− 1), if 1

2 ≤ t ≤ 1.

This map is well defined and directed because the map θ :↑ I→↑ I defined
by θ(t) = 0, t ≤ 1

2 and θ(t) = 2t − 1, 12 ≤ t ≤ 1 is obviously directed.

Then ϕ− is lower semistationary, ϕ−(x, t) = pf ′(x), (∀)x ∈ X, t ∈ [0, 12 ]. By
hypothesis there is a homotopy ϕ′− : X× ↑ I → E with ϕ′− ◦ ∂0 = f ′ and
p ◦ ϕ′− = ϕ−, such that

pϕ′−(x, t) = ϕ−(x, t) =

{
ϕ(x, 0) = pf ′(x), if 0 ≤ t ≤ 1

2 ,
ϕ(x, 2t− 1), if 1

2 ≤ t ≤ 1.

Define ϕ′ : X× ↑ I → E by ϕ′(x, t) = ϕ′−(x, 1+t2 ) which is a directed map

and satisfies pϕ′(x, t) = pϕ′−(x, 1+t2 ) = ϕ(x, t) and ϕ′(x, 0) = ϕ′−(x, 12) and

f ′(x) = ϕ′−(x, 0). Now we define ~ : X× ↑ I → E , by ~(x, t) = ϕ′−(x, t2).
For this directed homotopy we have ~(x, 0) = ϕ′−(x, 0) = f ′(x), ~(x, 1) =

ϕ′−(x, 12) = ϕ′0(x) and p~(x, t) = pϕ′−(x, t2) = ϕ−(x, t2) = ϕ(x, 0) = pf ′(x) =
pϕ′0. Therefore ~ : f ′ �d

(p)
ϕ′0.

b) Suppose α = 1. Then we define the following upper semistationary
directed homotopy ϕ+ : X× ↑ I→ B,

ϕ+(x, t) =

{
ϕ(x, 2t), if 0 ≤ t ≤ 1

2 ,
ϕ(x, 1), if 1

2 ≤ t ≤ 1.
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For this we have ϕ+(x, t) = ϕ(x, 1) = pf ′(x), (∀)x ∈ X, t ∈ [12 , 1]. By
hypothesis there is a homotopy ϕ′+ : X× ↑ I → E with ϕ′+ ◦ ∂1 = f ′ and
p ◦ ϕ′+ = ϕ+, such that

pϕ′+(x, t) = ϕ+(x, t) =

{
ϕ(x, 2t), if 0 ≤ t ≤ 1

2 ,
ϕ(x, 1) = pf ′(x), if 1

2 ≤ t ≤ 1.

Define ϕ′ : X× ↑ I → E by ϕ′(x, t) = ϕ′+(x, t2) which is a directed map

and satisfies pϕ′(x, t) = pϕ′+(x, t2) = ϕ(x, t) and ϕ′(x, 1) = ϕ′+(x, 12) and
f ′(x) = ϕ′+(x, 1).

Now we define ~ : X× ↑ I→ E , by ~(x, t) = ϕ′+(x, 1+t2 ). For this directed

homotopy we have ~(x, 0) = ϕ′+(x, 12) = (ϕ′ ◦ ∂1)(x), ~(x, 1) = ϕ′+(x, 1) =

f ′(x), and p~(x, t) = pϕ′+(x, 1+t2 ) = ϕ+(x, 1+t2 ) = ϕ(x, 1) = pf ′(x) = pϕ′1.

Therefore ~ : ϕ′ ◦ ∂1 �d
(p)

f ′. This finishes the proof.

ut
Remark 4.1 In the undirected case, the properties WCHP and CSHP are
equivalent, which means that a map is a weak fibration if and only if it is
a Dold fibration (see for example [3], Satz (6.12)). In the directed topology,
this is not true. The dWCHP does not generally involve the dCSHP. We
prove this by the following example. Let E′, B be following d-subspaces of
↑ R× ↑ R, E′ = {(x, y)|xy ≤ 0}, B = {(x, 0)|x ∈ R} and p : E′ → B defined
by p(x, y) = (x, 0). At first we can prove that p does not have the dCSHP.
For this consider X = {∗}, f ′ : X → E′ f ′(∗) = (0, 1) and ϕ : X× ↑ I→ B
given by

ϕ(∗, t) =

{
(0, 0), if t ≤ 1

2 ,
(2t− 1, 0), if t ≥ 1

2 .

Obviously ϕ is semistationary and does not admit any lifting to E′, since
there are no d-paths in E′ from (0, 1) to any point (x, y) ∈ E′ such that
x > 0. Therefore p : E′ → B is not a directed Dold fibration. But we can
prove that it is a directed weak fibration. Using the same notations as in
Exemple 3.2, f ′ : A → E′, φ : A× ↑ I → B, and α ∈ {0, 1}, satisfying
p(f ′(a)) = φ(a, α), (∀)a ∈ |A|, if f ′(a) = (x(a), y(a)), x(a).y(a) ≤ 0, we
define f1, f2 : A→ E′ by

f1(a) =

{
(x(a), y(a)), if y(a) ≥ 0,
(x(a), 0), if y(a) ≤ 0.

and
f2(a) = (x(a), 0).

Then by the d-homotopy h : A× ↑ I→ E′ defined by

h(a, t) =

{
(x(a), y(a)), if y(a) ≥ 0,
(x(a), (1− t)y(a)), if y(a) ≤ 0.
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12 I. Pop

we have h : f ′ � f1. And by the homotopy h : A× ↑ I → E′ defined by
h(a, t) = (x(a), (1 − t)y(a) we have h : f2 � f1. Therefore f ′ 'd f2. Then
for the inclusion map j : B → E′ we have f2 = j ◦ p ◦ f ′. Now we define the
d-map φ′ : A× ↑ I→ E′, φ′ = j ◦ φ. Then we have p ◦ φ′ = p ◦ j ◦ φ = φ and
φ′ ◦ ∂α = j ◦ φ∂α = j ◦ p ◦ f ′ = f2 'd f ′, with p ◦ h = p ◦ f ′ = p ◦ f1 and
p ◦h = p ◦ f1 = p ◦ f2 = p ◦ (φ′ ◦ ∂α, such that f ′ 'd

(p)
φ′ ◦ ∂α. Therefore p has

the dWCHP, so that it is a directed weak fibration.

Corollary 4.4 Let p : E → B be a directed Dold fibration. Let f ′ : X → E
be a d-map. Suppose that for α ∈ {0, 1} there is a map ϕ : X× ↑ I → B
such that ϕ ◦ ∂α = p ◦ f ′. Also suppose ε ∈ (0, 1) be chosen.

(i) If α = 0 and ϕ is stationary on the interval [0, ε], then there exists
ϕ′ : X× ↑ I→ E satisfying the relations ϕ′ ◦ ∂0 = f ′ and p ◦ ϕ′ = ϕ.

(ii) If α = 1 and ϕ is stationary on the interval [ε, 1], then there exists
ϕ′ : X× ↑ I→ E satisfying the relations ϕ′ ◦ ∂1 = f ′ and p ◦ ϕ′ = ϕ.

Proof. (i) Consider the directed isomorphism θ :↑ I→↑ I defined by

θ(t) =

{
2εt, if 0 ≤ t ≤ 1

2 ,
2(1− ε)t+ 2ε− 1, if 1

2 ≤ t ≤ 1.

Using this isomorphism, transfer the homotopy ϕ into a lower semista-
tionary homotopy ϕ̃ : X× ↑ I → B by defining ϕ̃ = ϕ ◦ θ. Indeed, if

t ∈ [0, 12 ], ϕ̃(x, t) = ϕ(x, 2εt), with 2εt ∈ [0, ε], such that ϕ̃(x, t) = ϕ̃(x, 0) =
ϕ(x, 0) = pf ′(x). For this, by Definition 4.2, there exists ϕ̃′ : X× ↑ I → E
such that ϕ̃′ ◦ ∂0 = f ′ and p ◦ ϕ̃′ = ϕ̃ . Now define ϕ′ : X× ↑ I → E by
ϕ′ = ϕ̃′ ◦ θ−1, i.e.,

ϕ′(x, t) =

{
ϕ̃′(x, t2ε), if 0 ≤ t ≤ ε,
ϕ̃′(x, t+1−2ε

2(1−ε) , if ε ≤ t ≤ 1.

For this we have ϕ′(x, 0) = ϕ̃′(x, 0) = f ′(x) and p ◦ ϕ′ = p ◦ ϕ̃′ ◦ θ−1 =
ϕ̃◦θ−1 = ϕ◦θ ◦θ−1 = ϕ. (Attention, θ−1 is a d-map! This is not the inverse
path of θ).

(ii) We proceed similarly to (i). If ϕ is stationary on [ε, 1], then ϕ̃ = ϕ◦θ is
upper semistationary, because for t ∈ [12 , 1], ϕ̃(x, t) = ϕ(x, 2(1−ε)t+2ε−1),
with 2(1−ε)t+2ε−1 ∈ [ε, 1], such that ϕ̃(x, t) = ϕ̃(x, 1) = ϕ(x, 1) = pf ′(x).
Then continue as in (i). ut

5 An intrinsic characterization: directed semistationary lifting
pair

Given a d-map p : E → B and α ∈ {0, 1}, we consider the following d-
subspaces of the directed product E ×B↑I:

416



Directed weak and directed Dold fibrations 13

Bs
0 = {(e, ω) ∈ E ×B↑I|ω(t) = p(e), (∀)t ∈ [0,

1

2
]},

and

Bs
1 = {(e, ω) ∈ E ×B↑I|ω(t) = p(e), (∀)t ∈ [

1

2
, 1]}.

(The d-structure of B↑I is given by the exponential law, dTop(↑ I, dTop(↑
I, B)) ≈ dTop(↑ I× ↑ I, B), [12]).

Definition 5.1 A directed semistationary lifting pair for a directed map
p : E → B consists of a pair of d-maps

λsα : Bs
α → E↑I, α = 0, 1, (5.1)

satisfying the following conditions:

λsα(e, ω)(α) = e, (5.2)

p ◦ λsα(e, ω) = ω, (5.3)

for each (e, ω) ∈ Bs
α.

Theorem 5.2 A directed map p : E → B is a directed Dold fibration if and
only if there exists a directed semistationary lifting pair for p.

Proof. Suppose that p is a directed Dold fibration. Then by Definition 4.2,
p has the dHLP with respect to all the directed spaces for directed semis-
tationary homotopies.

For α ∈ {0, 1}, define the maps f ′α : Bs
α → E and ϕα : Bs

α× ↑ I → B,
by f ′α(e, ω) = e and ϕ((e, ω), t) = ω(t). These are continuous and directed
maps by the exponential laws. Moreover, since for every pair (e, ω) ∈ Bs

α, ω
is a semistationary path, we have that ϕα is a semistationary homotopy. If
α = 0 then for all t ∈ [0, 12 ], ϕ0((e, ω), t) = ω(t) = p(e) = (p ◦ f ′0)(e, ω) and if

α = 1 then for all t ∈ [12 , 1], ϕ1(e, ω)(t) = ω(t) = p(e) = (p ◦ f ′1)(e, ω). Then
applying the dHLP for the commutative diagram

E
p // B

Bs
α

f ′α

OO

∂α
// Bs

α× ↑ I

ϕα

OO

there exists ϕ′α : Bs
α× ↑ I → E, with p ◦ ϕ′α = ϕα and ϕ′α ◦ ∂α = f ′α.

Then we can define λsα : Bs
α → E↑I, by λsα(e, ω)(t) = ϕ′((e, ω), t). For

this we have (p ◦ λsα(e, ω))(t) = p(ϕ′((e, ω), t)) = ϕα((e, ω), t) = ω(t) and
λsα(e, ω)(α) = ϕ′α((e, ω), α) = (ϕ′α ◦ ∂α)(e, ω) = f ′α(e, ω) = e. Therefore
(λsα)α=0,1 is a directed semistationary lifting pair for p.

Conversely, if (λsα)α=0,1 is a directed semistationary lifting pair for p, and
for α ∈ {0, 1} fixed, are given the d-maps f ′ : X → E and ϕ : X× ↑
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14 I. Pop

I → B, with ϕ semistationary and ϕ ◦ ∂α = p ◦ f ′, then we consider the
directed map g : X → B↑I defined by g(x)(t) = ϕ(x, t). Since g(x) is a
semistationary directed path, with g(x)(α) = p(f ′(x)), we can define ϕ′ :
X× ↑ I → E, by ϕ′(x, t) = λsα(f ′(x), g(x))(t). For this we have pϕ′(x, t) =
pλsα(f ′(x), g(x))(t) = g(x)(t) = ϕ(x, t), and ϕ′(x, α) = λsα(f ′(x), g(x))(α) =
g(x)(α) = ϕ(x, α) = f ′(x). And by this we finished the proof. ut

By Theorems 4.3 and 5.2 we have :

Corollary 5.3 If a directed map p : E → B has a directed semistationary
lifting pair then p is a directed weak fibration.

Corollary 5.4 Let p : E → B be a directed Dold fibration. For ε ∈ (0, 1)
consider the following directed subspaces of E ×B↑I:
Bε = {(e, ω) ∈ E ×B↑I| ω(t) = p(e), (∀)t ∈ [0, ε]} and

Bε = {(e, ω) ∈ E ×B↑I| ω(t) = p(e), (∀)t ∈ [ε, 1]}.
Then there exists a pair of directed maps λε : Bε → E↑I and λε : Bε →

E↑I, satisfying λε(e, ω)(0)=e, p◦λε(e, ω)=ω and, respectively λε(e′, ω′)(1)=
e′, p ◦ λε(e′, ω′) = ω′.

Proof. For a path ω ∈ dB, consider ω̃ = ω ◦ θ, i.e.,

ω̃(t) =

{
ω(2εt), if 0 ≤ t ≤ 1

2 ,
ω(2(1− ε)t+ 2ε− 1), if 1

2 ≤ t ≤ 1.

If (e, ω) ∈ Bε, then (e, ω̃) ∈ Bs
0, and we consider λs0(e, ω̃) ∈ E↑I and then

we can define λε(e, ω) = λs0(e, ω̃) ◦ θ−1. For this we have λε(e, ω)(0) =
λs0(e, ω̃)(θ−1)(0)) = λs0(e, ω̃)(0) = e and p ◦ λε(e, ω) = p ◦ λs0(e, ω) ◦ θ−1 =
ω̃ ◦ θ−1 = ω. We proceed similarly for λε. ut

Theorem 5.5 If p : E → B is a directed weak fibration with E 6= ∅ and
B is a directed path connected space, then p is surjective. If p is a directed
Dold fibration then fibres of p have all the same directed homotopy type.

Proof. Let e be a point in E and b ∈ B an arbitrary point. If p(e) � b let
ω ∈ dB be a d-path such that ω(0) = p(e) and ω(1) = b. Moreover obviously
we can suppose that ω is lower semistationary. Then by Corollary 3.5, there
is ω′ ∈ dE with ω′(0) = e and p◦ω′ = ω. It follows that b = ω(1) = p(ω′(1)),

i.e., e ∈ p(|E|). If b � p(e), and ω̃ ∈ dB̃ satisfies ω̃(0) = b, and for t ∈ [0, 1/2],
ω̃(t) = ω̃(1) = p(e), then for ω̃′ ∈ dE satisfying ω̃′(1) = e and p ◦ ω̃′ = ω̃,
we have b = ω̃(0) = p(ω̃′(0)). Finally, if b and p(e) are joined by directed
paths via the points b1, ..., bn ∈ B, we deduce at first that bn ∈ p(E), then
bn−1 ∈ p(E) and so on.

For the second part of the theorem, consider b1, b2 ∈ B and suppose at
first that there is a d-path ω with ends ω(0) = b1, ω(1) = b2. We associate
to this path the path ω̃ ∈ dB defined by
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ω̃(t) =

{
ω(0) = b1, if 0 ≤ t ≤ 1/3,
ω(3t− 1), if 1/3 ≤ t ≤ 2/3,
ω(1) = b2, if 2/3 ≤ t ≤ 1.

Now, by Corollary 5.4 we can consider the directed maps λ1/3 : B1/3 → E↑I

and λ2/3 : B2/3 → E↑I. If e ∈↑ p−1(b1), p(e) = b1 = ω(0) = ω̃(t), (∀)t ∈
[0, 1/3], such that (e, ω̃) ∈ B1/3. And because pλ1/3(e, ω̃)(1) = ω̃(1) =

ω(1) = b2,⇒ λ1/3(e, ω̃)(1) ∈↑ p−1(b2). In this way we obtain a directed map

f :↑ p−1(b1)→↑ p−1(b2), f(e) = λ1/3(e, ω̃)(1)

Analogously, we have a directed map

g :↑ p−1(b2)→↑ p−1(b1), g(e′) = λ2/3(e′, ω̃)(0)

based on the fact that e′ ∈↑ p−1(b2) ⇒ p(e′) = b2 = ω̃(t), (∀)t ∈ [2/3, 1] ⇒
(e′, ω̃) ∈ B2/3, and pλ2/3(e′, ω̃)(0) = ω̃(0) = b1. Now

(g ◦ f)(e) = λ2/3(λ1/3(e, ω̃)(1), ω̃)(0).

Now for each t ∈ [0, 1] we consider the following d-path:

θt(t
′) =

{
ω̃(32 tt

′), if 0 ≤ t′ ≤ 2
3 ,

ω̃(t), if 2
3 ≤ t′ ≤ 1.

Then we define

ϕ :↑ p−1(b1)× ↑ I→↑ p−1(b1)

by
ϕ(e, t) = λ2/3(λ1/3(e, ω̃)(t), θt)(0),

The map is well defined because (λ1/3(e, ω̃)(t), θt) ∈ B2/3. For the directed

homotopy ϕ, we have ϕ(e, 1)=(g◦f)(e), and ϕ(e, 0)=λ2/3(λ1/3(e, ω̃)(0), θ0)

(0) =λ2/3(e, (ω̃)0)(0). And, therefore ϕ : ϕ0 �d g ◦ f . Now we define a new

homotopy, ψ :↑ p−1(b1)× ↑ I→↑ p−1(b1), by

ψ(e, t) = λ2/3(e, (ω̃)t)(t),

for which ψ(e, 1) = λ2/3(e, ω̃)(1) = e, and ψ(e, 0) = λ1/3(e, (ω̃)0)(0) = ϕ0(e).
Therefore ψ : ϕ0 �d id↑p−1(b1). From the above underlined relations we have

that g ◦ f 'd id↑p−1(b1). For f ◦ g, we have

(f ◦ g)(e′) = λ1/3(λ2/3(e′ω)(0), ω)(1),

and for this we consider the homotopy ϕ′ :↑ p−1(b2)× I→↑ p−1(b2), defined
by

ϕ′(e′, t) = λ1/3(λ2/3(e′, ω̃)(t), θ′t)(1),
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16 I. Pop

where

θ′t(t
′) =

{
ω̃(t), if 0 ≤ t′ ≤ 1

3 ,

ω̃( (3t
′−1)t
2 ), if 1

3 ≤ t′ ≤ 1.

For this we have ϕ′(e′, 0) = (f ◦ g)(e′), and ϕ′(e′, 1) = λ1/3(λ2/3(e′, ω̃)(1),
(ω̃)1)(1) = λ1/3(e′, θ′1)(1). Therefore ϕ′ : f ◦ g �d ϕ′1. Then we define ψ′ :↑
p−1(b2)× I→↑ p−1(b2) by

ψ′(e′, t) = λ1/3(e′, (ω̃)t)(t).

For this we have ψ′(e′, 0) = e′ and ψ′(e′, 1) = ϕ′1. Therefore id↑p−1(b2) �d ϕ′1.

From the last underlined relations we have that f◦g 'd id↑p−1(b2). Therefore,

if b1 �d b2 (or b2 �d b1), we have proved that ↑ p−1(b1) 'd↑ p−1(b2).
If b1 and b2 cannot be joined by a directed path, but if for example

b1 � b3 and b2 � b3, then as proved above ↑ p−1(b1) 'd↑ p−1(b3) and
↑ p−1(b2) 'd↑ p−1(b3), which again implies ↑ p−1(b1) 'd↑ p−1(b2). And the
general case follows in the same way.
ut

Example 5.1 If p : E → B is a directed Dold fibration with (λsα)α=0,1 a
directed semistationary lifting pair, and if f : B′ → B is a directed map,
then for the directed weak fibration pf : Ef → B′ (Proposition 3.11) we
have the following:

B′s0 = {((b′, e), ω′) ∈ Ef ×B′↑I|ω′(t) = b′, (∀)t ∈ [0, 12 ]}, B′s1 = {((b′, e), ω′) ∈
Ef × B′↑I|ω′(t) = b′, (∀)t ∈ [12 , 1]}. For these d-spaces we can define λ′sα :

B′sα → E↑If , α = 0, 1, by λ′sα((b′, e), ω′))(t) = (ω′(t), λsα(e, f ◦ ω′)(t)). For

this we have λ′sα((b′, e), ω′))(α) = (ω′(α), λsα(e, f ◦ ω′)(α)) = (b′, e) and
pf ((λ′sα((b′, e), ω′))(t)) = ω′(t). Therefore, (λ′sα)α=0,1 is a directed semista-
tionary lifting pair for pf , so that pf is a directed Dold fibration.

Example 5.2 Let p : E → B be a directed Dold fibration with (λsα)α=0,1

a directed semistationary lifting pair. Consider the opposite directed weak
fibration p : Eop → Bop (Corollary 3.10). For this map we have: (Bop)s0 =
{(e, ω) ∈ Eop × (Bop)↑I|ω(t) = p(e), (∀)t ∈ [0, 12 ]} and (Bop)s1 = {(e, ω) ∈
Eop × (Bop)↑I|ω(t) = p(e), (∀)t ∈ [12 , 1]}.

Now it is easy to see that if (e, ω) ∈ (Bop)sα, then (e, ωop) ∈ Bs
1−α, such

that we can define (λop)sα : (Bop)sα → (Eop)↑I by

(λop)sα(e, ω) = (λs1−α(e, ωop))op

For these d-maps we have: (λop)sα(e, ω)(α) = λs1−α(e, ωop)(1− α) = e,
and p(λop)sα(e, ω)(t) = (pλs1−α(e, ωop)(1− t) = ωop(1− t) = ω(t).

Therefore ((λop)sα))α=0,1 is a directed semistationary lifting pair for

pop := p : Eop → Bop.
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Remark 5.1 A theorem similar to Theorem 5.2 exists also in the undi-
rected case. But in that case it is sufficient to have a lifting function for
the stationary path on the interval [0, 12 ] since there the spaces Bs

0 and Bs
1

are homeomorphic by the correspondence (e, ω) ∈ Bs
0 → (e, ωop) ∈ Bs

1. And
if λs0 exists, then λs1 is defined by (λs1(e, ω) = (λs0(e, ωop))op. In the general
directed case, for an arbitrary directed map p : E → B, the spaces Bs

0 and
Bs

1 are independent. But if p is a directed weak fibration, then we have the
following theorem.

Theorem 5.6 If p : E → B is a directed Dold fibration, then the d-spaces
Bs

0 and Bs
1 are d-homotopy equivalent.

Proof. By hypothesis p admits a directed semistationary lifting pair
(λsα)α=0,1, which we use in the proof. If ω ∈ dB is lower semistationary,
ω(t) = ω(12), (∀)t ∈ [0, 12 ], then we define ω+ ∈ dB by

ω+(t) =

{
ω(2t), if 0 ≤ t ≤ 1

2 ,
ω(1), if 1

2 ≤ t ≤ 1.

This path is upper semistationary, and if (e, ω) ∈ Bs
0), we have λs0(e, ω)(1) ∈

E and p(λs0(e, ω)(1)) = ω(1) = ω+(1), so that we can define the directed
map f : Bs

0 → Bs
1 by

f(e, ω) = (λs0(e, ω)(1), ω+).

Similarly we define g : Bs
1 → Bs

0 by

g(e′, ω′) = (λs1(e′, ω′)(0), ω′−),

where

ω′−(t) =

{
ω′(0), if 0 ≤ t ≤ 1

2 ,
ω′(2t− 1), if 1

2 ≤ t ≤ 1.

It follows that for g ◦ f : Bs
0 → Bs

0 we have

(g ◦ f)(e, ω) = (λs1(λs0(e, ω)(1), ω+)(0), (ω+)−).

Now if (e, ω) ∈ Bs
0 , then ωt, defined as above by ωt(t

′) = ω(tt′) is lower
semistationary and we can define ϕ : Bs

0× ↑ I→ Bs
0, by

ϕ((e, ω), t) = (λs1(λs0(e, ω)(t), (ωt)+)(0), ((ωt)+)−).

For this d-homotopy we have ϕ((e, ω), 1) = (g ◦ f)(e, ω), and ϕ((e, ω), 0) =
(λs1(e, ω0)(0), ω0). Hence ϕ : ϕ0 �d g◦f . Then we define a new d-homotopy
ψ : Bs

0× ↑ I→ Bs
0 by

ψ((e, ω), t) = (λs1(e, ω0)(t), ωt).

This is well defined since for t′ ∈ [0, 1] and t ∈ [0, 1], tt′ ∈ [0, 1/2] such that
ωt(t

′)=ω(tt′)=p(e)=pλs1(e, ω0)(t)=ω0(t), and therefore (λs1(e, ω0)(t), ωt) ∈
Bs

0.
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18 I. Pop

This induces ψ : ϕ0 �d idBs0 . From the last two underlined relations, we

deduce that g ◦ f 'd idBs0 .
For f ◦ g, we have

(f ◦ g)(e′, ω′) = (λs0(λs1(e′, ω′)(0), ω′−)(1), ((ω′−)+),

and then define ϕ′ : Bs
1× ↑ I→ Bs

1 by

ϕ′((e′, ω′), t) = (λs0(λs1(e′, ω′)(t), (ω′t)−)(1), ((ω′t)−)+),

for which we have ϕ′ : f ◦ g �d ϕ′1. And further by the d-homotopy ψ′ :
Bs

1× ↑ I→ Bs
1, defined by

ψ′((e′, ω′), t) = (λs0(e′, ω′)(t), ω′t),

we have ψ′ : idBs1 �d ϕ′1. The two last underlined relations imply f ◦ g 'd
idBs1 . And by this the proof is completed. ut
Corollary 5.7 If p : E → B is a directed Dold fibration and ε ∈ (0, 1), then
the d-spaces Bε and Bε are d-homotopy equivalent.

6 Directed fiber homotopy equivalence

Definition 6.1 Let p : E → B, p′ : E′ → B and f : E → E′ be directed
maps with p′ ◦ f = p (f is a morphism from p to p′). We say that f is a
directed fibre homotopy equivalence if there exists g : E′ → E a morphism
from p′ to p (p ◦ g = p′), such that g ◦ f 'd

(p)
idE and f ◦ g 'd

(p′)
idE′.

In usual homotopy theory, the WCHP (or equivalent CSHP) for the maps
p and p′ ensure that f is a directed fiber homotopy equivalence if it is a
simple directed homotopy equivalence, [6]. The proof is not simple even in
that case where some homotopies at the same time as their reverses are
used. This is not possible in the case of directed homotopy, but keeping
the idea and modifying the calculations we succeeded to prove the following
theorem.

Theorem 6.2 Let p : E → B , p′ : E′ → B be directed Dold fibrations. Then
a directed map f : E → E′ over B, p′ ◦ f = p, is a directed fibre homotopy
equivalence if and only if it is an ordinary directed homotopy equivalence.

The proof of this theorem is based on the following two lemmas.

Lemma 6.3 Suppose given a commutative diagram

E
f //

p
��

E′

p′��
B
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Directed weak and directed Dold fibrations 19

p′ ◦f = p, and a d-map f ′ : E′ → E, such that f ◦f ′ 'd idE′. Then, if p is a

directed Dold fibration, there exists a d-map f̃ ′ : E′ → E over B, p ◦ f̃ ′ = p′,
such that f ◦ f̃ ′ 'd idE′.

Proof. Suppose that f ◦ f ′ �d idE′ by the directed homotopy ϕ : E′× ↑ I→
E′, with ϕ0 = f ◦ f ′, ϕ1 = idE′ . Obviously we can suppose that ϕ is lower

semistationary, ϕ(e′, t) = f(f ′(e′)) for all e′ ∈ E′ and t ∈ [0, 12 ]. Consider
p′ ◦ ϕ : E′× ↑ I→ B, which is also lower semistationary and which satisfies
(p′ ◦ ϕ)(e′, t) = p′(f ◦ f ′)(e′) = (p ◦ f ′)(e′), (∀)e′ ∈ E′, (∀)t ∈ [0, 12 ], i.e.,
p ◦ f ′ = ϕ ◦ ∂0,

E
p // B

E′

f ′

OO

∂0
// E′× ↑ I

p′◦ϕ
OO

By hypothesis (Definition 4.2) there exists ϕ′ : E′× ↑ I→ E, with ϕ′ ◦ ∂0 =

f ′ and p ◦ ϕ′ = p′ ◦ ϕ. Define f̃ ′ : E′ → E, by f̃ ′ = ϕ′ ◦ ∂1. For this we

have p ◦ f̃ ′ = p ◦ ϕ′ ◦ ∂1 = p′ ◦ ϕ ◦ ∂1 = p′ ◦ idE′ = p′, and ϕ′ : f ′ �d f̃ ′.
Then f ◦ ϕ′ : f ◦ f ′ �d f ◦ f̃ ′, which together with f ◦ f ′ 'd idE′ implies

f ◦ f̃ ′ 'd idE′ .
If idE′ �d f ◦ f ′ by ϕ, with ϕ ◦ ∂0 = idE′ , ϕ ◦ ∂1 = f ◦ f ′, and ϕ an

upper semistationary directed homotopy, we apply Definition 4.2 for the
commutative diagram

E
p // B

E′

f ′

OO

∂1
// E′× ↑ I

p′◦ϕ
OO

(p′ ◦ ϕ) ◦ ∂1 = p′ ◦ f ◦ f ′ = p ◦ f ′, and let ϕ′ : E′× ↑ I → E be satisfying

ϕ′ ◦ ∂1 = f ′ and p ◦ϕ′ = p′ ◦ϕ. Define f̃ ′ = ϕ′ ◦ ∂0. For this we have p ◦ f̃ ′ =
p◦ϕ′ ◦∂0 = p′ ◦ϕ∂0 = p′ and ϕ′ : f̃ ′ �d f ′ ⇒ f ◦ϕ′ : f ◦ f̃ ′ �d f ◦f ′ 'd idE′ .
ut

Lemma 6.4 Let p : E → B be a directed Dold fibration and g : E → E be a
fibrewise d-map, p◦g = p, such that g 'd idE. Then there exists g′ : E → E,
a fibrewise d-map, p ◦ g′ = p, such that g ◦ g′ 'd

(p)
idE.

Proof. Suppose that g �d idE by an upper semistationary d-homotopy ϕ :
E× ↑ I → E, i.e., ϕ ◦ ∂0 = g and ϕ(e, t) = e, (∀)e ∈ E, (∀)t ∈ [12 , 1]. Then
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20 I. Pop

we have the following commutative diagram

E
p // B

E

idE

OO

∂1
// E× ↑ I

p◦ϕ
OO

By hypothesis (cf. Definition 4.2), there exists ψ : E× ↑ I → E, with
ψ ◦ ∂1 = idE and p ◦ ψ = p ◦ φ. Define g′ : E → E, by

g′ = ψ ◦ ∂0.

For this d-map we have: p ◦ g′ = p ◦ ψ ◦ ∂0 = p ◦ ϕ ◦ ∂0 = p ◦ g= p. And
we can prove that g ◦ g′ 'd

(p)
idE .

Define F : E× ↑ I→ E, by

F (e, s) =

{
gψ(e, 2s), if 0 ≤ s ≤ 1/2,
ϕ(e, 2s− 1), if 1/2 ≤ s ≤ 1.

For s = 1
2 we have gψ(e, 1) = g(e) = ϕ(e, 0), so that F is well defined and

a directed homotopy. Then F (e, 0) = gψ(e, 0) = gg′(e) = (g ◦ g′)(e), and
F (e, 1) = ϕ(e, 1) = e,(∀)e ∈ E. Therefore

F : g ◦ g′ �d idE .

In addition,

pF (e, s) =

{
pgψ(e, 2s) = pψ(e, 2s) = pϕ(e, 2s) if 0 ≤ s ≤ 1/2,
pψ(e, 2s− 1) = pϕ(e, 2s− 1), if 1/2 ≤ s ≤ 1.

Now we define Φ : E× ↑ I× ↑ I→ B, by

Φ(e, s, t) =

{
(p ◦ F )(e, 2st) if 0 ≤ t ≤ 1

2 ,
pF (e, s), if 1

2 ≤ t ≤ 1.

With this from the commutative diagram

E
p // B

E× ↑ I

F

OO

∂1
// E× ↑ I× ↑ I

Φ

OO

there exists Φ̃ : E× ↑ I× ↑ I→ E satisfying

Φ̃(e, s, 1) = F (e, s), p ◦ Φ̃ = Φ.
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Directed weak and directed Dold fibrations 21

Now we consider the following d-maps

Φ̃(s,t) : E → E, Φ̃(s,t)(e) = Φ̃(e, s, t), e ∈ E, s, t ∈ [0, 1].

Now by the above relations we have the following directed fiber homotopy
equivalences:

Φ̃(0,0) 'd
(p)

Φ̃(1,0), Φ̃(0,0) 'd
(p)

Φ̃(0,1), Φ̃(1,0) 'd
(p)

Φ̃(1,1),

since pΦ̃(e, s, 0) = Φ(e, s, 0) = pF (e, 0) = p(g ◦ g′)(e) = p(e), pΦ̃(e, 0, t) =

Φ(e, 0, t) = pF (e, 0) = p(e), and pΦ̃(e, 1, t) = pF (e, 1) = pϕ(e, 1) = p(e).
Thus

Φ̃(0,1) 'd
(p)

Φ̃(1,1).

And because g ◦ g′ = F0 = Φ̃(0,1) and idE = F1 = Φ̃(1,1), we obtain g ◦ g′ 'd
(p)

idE .
If idE �d g, we start instead of ϕ with a d-homotopy ϕ : E× ↑ I → E

satisfying ϕ(e, t) = e, (∀)e ∈ E, (∀)t ∈ [0, 12 ] and ϕ ◦ ∂1 = g and then follows
the above scheme.

Now consider the case g �d hd � idE . From the proof of Lemma 6.3 for

p′ = p, f = idE and f ′ = h, there exists a d-map h̃ : E → E over B,

p ◦ h̃ = p, and such that

g �d h �d h̃d � idE .

Then there exists h̃′ : E → E, with ph̃′ = p and h̃ ◦ h̃′ 'd
(p)

idE . Further,

repeating the scheme for the case g �d idE with h̃ instead of idE , there

exists g1 : E → E satisfying pg1 = p and g ◦ g1 'd
(p)

h̃. Then (g ◦ g1) ◦ h̃′ 'd
(p)

h̃ ◦ h̃′ ⇒ g ◦ (g1 ◦ h̃′) 'd
(p)

idE .

The conclusion for the general case g �d ...d � idE follows in a similar
way.
ut

Proof of Theorem 6.2. We prove the ”if-part”. Assume then that f : E →
E′ is an (ordinary) directed homotopy equivalence; let f ′ : E′ → E be a
directed homotopy inverse, f ◦ f ′ 'd idE′ . Then by Lemma 6.3, there is

f̃ ′ : E′ → E over B,p ◦ f̃ ′ = p′, such that f ◦ f̃ ′ 'd idE′ . Now for the

composition g := f ◦ f̃ ′ : E′ → E′ we have p′ ◦ g = p′ ◦ f ◦ f̃ ′ = p ◦ f̃ ′ = p′

, and g 'd idE′ . Then by Lemma 6.4, for the directed weak fibration p′

and the map g, there exists g′ : E′ → E′, over B, p′ ◦ g′ = p′, such that
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22 I. Pop

g ◦ g′ 'd
(p)

idE′ ⇒ f ◦ (f̃ ′ ◦ g′) 'd
(p)

idE′ . Therefore for f ′ := f̃ ′ ◦ g′ : E′ → E,

we have
f ◦ f ′ 'd

(p)
idE′ .

On the other hand, because we have also f ′ ◦ f 'd idE , which implies

f ′◦f◦f ′ 'd f ′, it follows f ′ 'd f ′, i.e., f ′ is a directed homotopy equivalence,
over B. Then as above, using the property of a directed weak fibration for

p, there exists for f ′ a d-map f̂ : E → E′ over B, such that f ′ ◦ f̂ 'd
(p)

idE .

Then f ◦ f ′ ◦ f̂ 'd
(p)

f , so that f̂ 'd
(p)

f , and finally

f ′ ◦ f 'd
(p)

idE .

This completes the proof.

Definition 6.5 A d-map p : E → B is called d-shrinkable if one of the
following equivalent properties is satisfied:

(a) p is a directed fibre homotopy equivalence (viewed as a d-map over B
into idB),

(b) p is directed dominated by idB ,
(c) there is a d-section s : B → E , p ◦ s = idB, and a vertical homotopy

d-equivalence s ◦ p 'd idE .
By Theorem 6.2 we obtain:

Corollary 6.6 If p : E → B is a directed Dold fibration, then p is d-
shrinkable if and only if p is a directed homotopy equivalence.

Lemma 6.7 If p : E → B× ↑ I has dCSHP, then there exists a d-map
R : E× ↑ I→ E such that

(i) pR(e, t) = (π(e), t),
(ii) r 'd

(p)
idE,

where π : E → B, ρ : E → E are defined by p(e) = (π(e), ρ(e), r(e) =
R(e, ρ(e)), e ∈ E.

Proof. Define ϕ : (E× ↑ I)× ↑ I→ B× ↑ I by

ϕ(e, t1, t2)) =





(π(e), ρ(e)) = p(e), if 0 ≤ t2 ≤ 1
2 , t1 ∈ [0, 1],

(π(e), 2(1− t2)ρ(e) + t1(2t2 − 1)), if 1
2 ≤ t2 ≤ 1, ρ(e) ≤ t1,

(π(e), 2t1(1− t2) + (2t2 − 1)ρ(e)), if 1
2 ≤ t2 ≤ 1, ρ(e) ≥ t1.

This is a well defined d-map and it is a lower semistationary d-homotopy
with ϕ ◦ ∂0 = p(e) = (p ◦ pr1)(e, t), for pr1 : E× ↑ I is the projection
pr1(e, t) = e. Then, by hypothesis, there exists ϕ′ : (E× ↑ I)× ↑ I → E ,
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with p◦ϕ′ = ϕ and ϕ′(e, t1, 0) = pr1(e, t1) = e, (∀)t1 ∈ [0, 1]. Define R : E× ↑
I→ E by R(e, t) = ϕ′(e, t, 1). This satisfies (1), since for t2 = 1, and t1 = t,
we have pR(e, t) = pϕ′(e, t, 1)) = ϕ(e, t, 1) = (π(e), t). And (ii) follows from
r(e) = R(e, ρ(e)) = ϕ′(e, ρ(e), 1), i.e. r = ϕ′(., ρ(.), 1) �d

(p)
ϕ′(., ρ(.), 0) by

κ(e, t) = ϕ′(e, ρ(e), t), with pκ(e, t) = ϕ(e, ρ(e), t) = (π(e), t) = p(e). ut
Corollary 6.8 With the same conditions and notations as in Lemma 6.7,
let pt : Et → B the part of p : E → B× ↑ I over B × {t} ≈ B. Then the
d-maps

h1 : E0 → E1, h1(x) = R(x, 1),

h0 : E1 → E0, h0(y) = R(y, 0)

are reciprocal directed fibre homotopy equivalences.

Proof. At first, p1h1(x) = p1R(x, 1) = pR(x1, 1) = (π(x), 1) ≡ π(x) ≡
(π(x), 0) = p0(x), therefore h1 is a d-map over B. Analogously we have p0 ◦
h0 = p1. Then, h1 ◦ h0 = R(R((., 0), 1) �d

(p)
R(R(., 1), 1) = r ◦ r �d

(p)
idE0 . The

first �d
(p)

is achieved by the (ordinary) d-homotopy ϕ(y, τ) = R(R(y, τ), 1)

and the second by Lemma 6.7 (ii). Therefore h1 ◦ h0 'd idE0 . Similarly

h0 ◦ h1 'd idE1 . It follows that h0 is a d-map over B and a d-homotopy

equivalence. Now since obviously pi, i = 0, 1, are directed weak fibrations,
by Theorem 6.2 we have that h0 is a directed fibre homotopy equivalence
with inverse h1. ut

Using the last two results we can prove the following corollary by para-
phrasing a part of the proof of Theorem 6.3 in [6], p. 246.

Corollary 6.9 Let p : E → B, p′ : E′ → B be directed Dold fibrations and
f : E → E′ a d-map over B, p′◦f = p. Suppose that B is directed contractible
to a point b ∈ B (i.e., idB 'd cb, where cb is the constant map cb(B) = b),
and that the restriction fb :↑ p−1(b)→↑ p′−1(b) is a (ordinary) directed
homotopy equivalence. Then f is a directed fibre homotopy equivalence.

Acknowledgements The author is grateful to the anonymous reader who gave him the
example in Remark 4.1.

References

1. Brown, R. – Elements of modern topology, McGraw-Hill Book Co., New York-
Toronto, Ont.-London 1968 xvi+351 pp.

2. Brown, R.; Heath, P.R. – Coglueing homotopy equivalences, Math. Z. 113 (1970),
313-325.

3. tom Dieck, T.; Kamps, K.H.; Puppe, D. – Homotopietheorie, Lecture Notes in
Mathematics, 157, Springer-Verlag Berlin Heidelberg, 1970.

4. Coram, D.S.; Duvall, P.F.Jr. – Approximate fibration, Rocky Mountain J. Math.,
7 (1977), no. 2, 275-288.

427



24 I. Pop

5. Coram, D.; Duvall, P. – Approximate fibrations and a movability condition for
maps, Pacific J. Math. 72 (1977), no. 1, 41-56.

6. Dold, A. – Partitions of unity in the theory of fibrations, Ann. of Math. (2) 78 (1963),
223-255.

7. Fajstrup, L.; Raussen, M.; Goubault, E. – Algebraic topology and concurrency,
Theoretical Computer Science, 357 (2006), no. 1-3, 241-278.

8. Fajstrup, L.; Goubault, E.; Haucourt, E.; Mimram, S.; Raussen, M. – Directed
algebraic topology and concurrency, With a foreword by Maurice Herlihy, Springer,
[Cham], 2016, xi+167 pp.

9. Gaucher, P. – Homotopy invariants of higher dimensional categories and concur-
rency in computer science. Geometry and concurrency, Math. Structures Comput.
Sci. 10 (2000), no. 4, 481-524.

10. Gaucher, P.; Goubault, E. – Topological deformation of higher dimensional au-
tomata, Algebraic topological methods in computer science (Stanford, CA, 2001),
Homology Homotopy Appl. 5 (2003), no. 2, 39-82.

11. Goubault, E. – Geometry and concurrency: a user’s guide. Geometry and concur-
rency, Math. Structures Comput. Sci. 10 (2000), no. 4, 411-425.

12. Grandis, M. – Directed homotopy theory I. The fundamental category. Cahiers de
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